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Design and Analysis of Optical and Microwave Antennas: Is it Simply a 
Matter of Scaling? 

 
Raj Mittra  
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(OHFWURPDJQHWLF�&RPPXQLFDWLRQ�/DERUDWRU\��3HQQ�6WDWH�8QLYHUVLW\��86$�

FRUUHVSRQGLQJ�DXWKRU��(�PDLO��rajmittra@ieee.org 
�
�

Abstract 
5HFHQWO\�� WKHUH KDV� EHHQ� D� FRQVLGHUDEOH� LQWHUHVW� LQ�
1DQRDQWHQQDV��ZKLFK�ILQG�SULPDU\�DSSOLFDWLRQV�LQ�WKH�RSWLFDO�
DQG� WHUDKHUW]� IUHTXHQF\� UDQJH�� 6RPH� RI� WKHVH� DSSOLFDWLRQV�
LQFOXGH� RSWLFDO� VHQVLQJ�� VHUYLQJ� DV� UHFHSWRUV� RI� LQIUDUHG�
HQHUJ\� LQ� VRODU� FHOOV�� OHQVHV� IRU� WHUDKHUW]� UDGLDWLRQ�� DQG�
GLUHFWHG� HQHUJ\� GHYLFHV� DW� LQIUDUHG� IUHTXHQFLHV�� 0LFURZDYH�
DQWHQQDV�� RQ� WKH� RWKHU� KDQG�� KDYH� WKHLU� RZQ� VHW� RI�
DSSOLFDWLRQV�� ERWK� IRU� FRPPXQLFDWLRQ� DQG� VHQVLQJ�� :H� DOO�
NQRZ��RI�FRXUVH��WKDW�0D[ZHOO¶V�HTXDWLRQV�FDQ�EH�VFDOHG�ZLWK�
IUHTXHQF\�� 7KLV� SURPSWV� XV� WR� H[DPLQH� WKH� TXHVWLRQ�� � ³,V� LW�
SRVVLEOH� WR� GHVLJQ� RSWLFDO� DQWHQQDV� VLPSO\� E\� VFDOLQJ� WKHLU�
PLFURZDYH� FRXQWHUSDUWV�� RU� VKRXOG� ZH� IROORZ� GLIIHUHQW�
VWUDWHJLHV�IRU�WKH�WZR�IUHTXHQF\�UHJLPHV"´���
�
Keywords: 2SWLFDO� DQWHQQDV�� VHQVRUV�� SODVPRQLFV�� 'LSROH�
0RPHQW��'0��PHWKRG�
�
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Abstract 

A new current-mode biquad filter based on employing dual-X 
second generation current conveyors (DXCCIIs) is introduced. 
The filter circuit uses two grounded capacitors with two MOS 
transistors and realizes a lowpass and a bandpass responses. The 
proposed circuit is electronically tunable by adjusting the control 
voltage of the gate of the MOS transistors. 

1. Introduction 

In electrical engineering applications, it is well known that 
an analog filter is an important block that is widely used for 
continuous-time signal processing. It can be found in many 
fields for instance, communication, measurement and 
instrumentation, and control systems. One of the most 
popular analog filters is the universal biquadratic filter as it 
can provide several functions [1]. Recently the research 
activities have trended to the development of current-mode 
(CM) filters since they offer several potential advantages 
such as wider bandwidth, better linearity, wider dynamic 
range and simplicity of signal operation compared with their 
voltage-mode (VM) counterparts [2]. Therefore, a number 
of multifunction CM filters based on CM active elements 
have been presented [3-18]. Multifunction filters are able to 
achieve more than one basic filter function simultaneously 
with the same topology. 

A biquadratic filter is a very useful second-order function 
block for realizing high-order circuit transfer functions. The 
biquadratic circuit, employing various types of the current 
conveyors has already been reported in the literature. 
Unfortunately, these reported circuits suffer from one or 
more of following weaknesses:  

•  Excessive use of the active and/or passive elements 
• Requirement for changing circuit topologies to achieve 

several functions  
• Lack of electronic adjustability (tunability)  
• The pole frequency and quality factor cannot be tuned 

independently 

Active filters with current or voltage controllable (tunable) 
frequency have a wide range of applications in the signal 
processing and instrumentation area. Therefore, new 
advantageous filter topologies can be realized by 
introducing dual-X current conveyors (DXCCIIs) in the 

filter design that leads to voltage controllability of the 
filters. 

2. Circuit Description 

A DXCCII is a five-terminal block, shown in Figure 1, that is 
characterized by [19] 

   IY=0, VXp=VY, VXn=-VY, IZp=IXp, IZn= IXn                 (1) 

The proposed new CM biquadratic filter using two DXCCIIs, two 
MOS transistors and two grounded capacitors is shown in Figure 
2. The circuit can realize band-pass (BP) and low-pass (LP) 
functions simultaneously. 
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Figure 1: The electrical symbol of DXCCII 

Thanks to the DXCCII, which supplies VXp=VY and VXn=-
VY, by which the drain-source voltage of the triode MOS is 
fully differential. This enhances the linearity of this tunable 
MOS resistor. This makes the proposed circuit be 
electronically tunable by adjusting the control voltage of the 
gate of the MOS transistors. 
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Figure 2: The proposed tunable CM LP and BP filter 

Using the preceding equations, a routine analysis of the 
proposed filter circuit shown in Figure 2, yields the 
following transfer functions: 
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Eqs. (2a) and (2b) represent the CM filter functions for BP 
and LP responses, respectively. The parameters ωo and Q are 
given by: 
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The resistance value of the electronic resistors R1 & R2 
constructed by MOS transistors working in teriod region is 
calculated from 
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where, Vth is the threshold voltage and Kn is the 
transconductance parameter of the MOS transistor and VC is 
the control voltage applied to the gate of the transistor. 
The circuit requires no component matching conditions for 
realizing the transfer functions listed above. Additionally, 
the circuit parameters Q and ω0 can be tuned orthogonally 
by adjusting the bias voltages of the MOS transistors’ gates 
and grounded capacitors. 
Sensitivity analysis of the filter parameters shows that 
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It is clear from sensitivity analysis that the biquadratic 
circuit has very low sensitivities with respect to the circuit 
components.  
It is obvious that the biquadratic circuit configuration is very 
suitable for implementation CMOS VLSI technology. 

3. Simulation Results 

In order to confirm the theoretical validity of the proposed 
filter configuration given in Figure 2 it is simulated with 
SPICE simulation program. To implement the DXCCIIs the 
CMOS structure given in Figure 3 is used [19]. The aspect 
ratios of the MOS transistors are given in Table 1. The 
device model parameters TSMC 0.25µm CMOS process 
model parameters given in Table 2 are used for the SPICE 
simulations and the supply voltages of VDD=-VSS=1 V are 
selected. Note here that an additional current output terminal 
can be constructed easily just by adding two MOS 
transistors by connecting them in parallel with M13 and 
M15 of the CMOS structure given in Figure 3. 

Simulated magnitude responses of the proposed filter circuit 
are given in Figure 4. For this purpose, equal equivalent 
resistances of 2.2 kΩ and the capacitance values of C1 and 
C2 are taken as C1=2C2=50 pF for a natural frequency of foҮ
3.7 MHz and a quality factor of Q=0.707. The W/L ratio for 
the equal MOS resistors is chosen as 3/0.5. 

To show the electronical tunability of the proposed filter, 
different values of VC1 and VC2 as 0.8 V, 0.9 V and 1 V are 
selected to obtain resonance frequencies of 3.7 MHz, 4.6 
MHz, and 5.4 MHz, respectively. The results are shown, as 
an example, for the BP response in Figure 5. 

It can be observed from Figures 4-5 that the simulation 
results agree well with the theoretical ones. However, the 
differences between ideal (theoretical) and simulated 
responses mainly stem from the parasitic effects and non-
ideal current and voltage gains of the DXCCIIs. 

Table 1: Transistor dimensions of the CMOS DXCCII [19] 

Transistor W (µm) L (µm) 

M1-M2, M4-M5 2 0.25 

M3, M6-10, M15-M20 4 0.25 

M11-M14 8 0.25 

 

4. Conclusions 

A new CM multifunction filter using only two DXCCIIs is 
proposed in this work. The validity of the proposed filter has 
been demonstrated through SPICE simulations. The 
proposed filter has the following advantages:  

(i) The configuration of the filter is simple due to the use of 
only two DXCCIIs and minimum number of grounded 
capacitors with only two MOS transistors 

(ii) Realization of the LP and BP filter responses from the 
same configuration simultaneously 

(iii) Low sensitivities 

(iv) Employing only grounded capacitors so it is easy to 
realize the proposed filter in IC process 

(v) It is free from the critical active and passive component 
matching conditions and/or cancellation constraints 

(vi) No need to employ inverting-type current input signal or 
double input current signal to realize the filter functions 

(vii) Capability of electronically adjusting of the parameters 
ωo and Q, through adjusting the bias voltage of MOS 
resistors 

(ix) ωo can be adjusted without disturbing Q (orthogonally 
controllable) 

(iix) Suitable for implementation with CMOS technology 
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Figure 3: The CMOS realization of DXCCII used for the simulations derived from [19]. 

 

 

Figure 4: Magnitude responses of the proposed filter for BP and LP responses 

 

 

Figure 5: Magnitude of the BP response for different control voltages 
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Table 2: 0.25µm TSMC CMOS parameters 

.MODEL NT NMOS (                                 LEVEL  = 3   
+ TOX    = 5.7E-9          NSUB   = 1E17            GAMMA  = 0.4317311          
+ PHI    = 0.7             VTO    = 0.4238252       DELTA  = 0                   
+ UO     = 425.6466519     ETA    = 0               THETA  = 0.1754054          
+ KP     = 2.501048E-4     VMAX= 8.287851E4   KAPPA  = 0.1686779          
+ RSH    = 4.062439E-3     NFS    = 1E12            TPG    = 1                   
+ XJ     = 3E-7            LD     = 3.162278E-11    WD     = 1.232881E-8        
+ CGDO   = 6.2E-10         CGSO   = 6.2E-10         CGBO   = 1E-10              
+ CJ     = 1.81211E-3      PB     = 0.5             MJ     = 0.3282553           
+ CJSW   = 5.341337E-10    MJSW   = 0.5             )                            
 
.MODEL PT PMOS (                                 LEVEL  = 3                   
+ TOX    = 5.7E-9          NSUB   = 1E17            GAMMA  = 0.6348369          
+ PHI    = 0.7             VTO    = -0.5536085      DELTA  = 0                   
+ UO     = 250             ETA    = 0               THETA  = 0.1573195           
+ KP     = 5.194153E-5    VMAX = 2.295325E5   KAPPA  = 0.7448494          
+ RSH    = 30.0776952      NFS    = 1E12            TPG    = -1                  
+ XJ     = 2E-7            LD     = 9.968346E-13    WD     = 5.475113E-9        
+ CGDO   = 6.66E-10        CGSO   = 6.66E-10        CGBO   = 1E-10              
+ CJ     = 1.893569E-3     PB     = 0.9906013       MJ     = 0.4664287          
+ CJSW   = 3.625544E-10    MJSW   = 0.5             )        
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Abstract 
Gravity discovered by Isaac Newton and defined as the 
phenomenon of mutual attraction of bodies, dependent of 
their mass and distance between them, does not have until 
now a scientifically sustained explanation regarding the 
generation of this force. 
According to atomic and nuclear studies, the gravity is 
hypothetically attributed to a nuclear particle called 
graviton, particle that would generate the gravity forces but 
whose existence was not proved by laboratory tests. 
From his studies and research compared to the existing 
theories carried out on the hydrogen atom, the author Ioan 
Rusu discovered that:  
- The static spatial field of the proton generates strong 
attraction  forces for other electrons in the vicinity of the 
atom 
- By attracting the electrons of the atoms in the immediate 
vicinity the proton of the atom attracts in fact the electron - 
proton assemblies, namely the neighbouring atoms, and thus 
chemical bonds between atoms are created and molecules 
are formed. 
- When the static field of a proton belonging to atom attracts 
distant electrons, meaning far located electron – proton 
assemblies, the force generated is the gravity force which is 
much smaller than the force of chemical bonds. 

1. Introduction 
From the classical theory for the simplest atom, the atom of 
hydrogen, consisting of one proton and one electron orbiting 
the proton, and considering that the proton imaginative 
dimension is the size of a stadium while the one of the 
electron is the size of a bead and the distance of the electron 
rotation against the proton is about 10 km, the following has 
been found: 
• Both the proton of positive charge and the electron of 

negative charge exercise an electrostatic field 
• The electron of negative charge is captured by the 

proton gravity field and is orbiting the proton 
according to Bohr’s first postulate.  

• Electrostatic force of attraction exerted by the proton 
is balanced by the centrifugal force of the electron  

Studing the hydrogen atom, the author Ioan Rusu discovered 
that: 
• The positive charge of the proton and the negative 

charge of the electron are cloud charges which 

decrease with the distance. The total compensation of 
the proton positive cloud charge by a negative charge 
would mean that around the proton, the negative 
charge would have the shape of a covering sphere. 

• The hydrogen atom is in a balanced state with one 
proton and one electron in rotation, but the static 
spatial field of the proton is not completely annihilated 
by the static spatial field of the electron. The spatial 
field of the proton far exceeds the limits of the electron 
orbit. 

• Also, the static negative field of the electron is spatial 
and occupies a circular arc on the orbit around the 
proton 

• The static spatial field of the proton generates strong 
attraction  forces for other electrons in the vicinity of 
the hydrogen atom 

• By attracting the electrons of the atoms in the 
immediate vicinity the proton of the hydrogen atom 
attracts in fact the electron - proton assemblies, namely 
the neighbouring atoms, and thus chemical bonds 
between atoms are created and molecules are formed. 

• When the static field of a proton belonging to a 
hydrogen atom attracts distant electrons, meaning far 
located electron – proton assemblies, the force 
generated is the gravity force which is much smaller 
than the atomic force or the force of chemical bonds. 

In the particular case of the hydrogen mass, the gravity 
forces generated by protons for distant electron – proton 
assemblies, lead to the attraction of atoms to the central 
atom. In this case the shape of the gas mass will be finally a 
spherical one. 

2. Atomic spatial forces 
The physical dimension of a proton is about 10 -15m being 
infinitely greater than the dimension of an electron which is 
about 10 -22m, the electrostatic charges, positive for the 
proton Q p and negative for the electron Q e, are comparable 
in value and theoretically mathematical compensated. 

 
Qp - Qe = 0   (1) 

 
Let us consider a stationary proton and an electron which is 
moving to the proton due to the electrostatic attraction forces 
 The equation (1) Q p- Q e = 0 is true both for the 
proton and for the electron for a stationary regime only. 
When the electron is entering the electrostatic field of the 



2 
 

proton, the two fields interfere and the electron is oriented 
due to its own speed to a certain orbit around the proton and 
it continues his movement. 

According to Fig 2, the electron and the interfering 
electrostatic fields, rotate around the proton at a speed 
comparable to the light speed. From his visual area, an 
outside observer should see during a complete rotation of the 
electron, the negative electrostatic field of the electron, 
followed by the positive electrostatic field of the proton. As 
the electron rotation speed around the proton, is comparable 
to the speed of light, practically there is no technical 
possibility to measure either the proton or the electron 
electrostatic field when the electron is moving on its orbit. If 
for the proton-electron assembly we consider an analogical 
magnetic model, Fig 3 is showing the lines of the magnetic 
field. It can be seen that the attraction of the magnetic poles 
N-S doesn’t totally collect the magnetic fields of the two 
poles. Both, North and South Poles, even being in direct 
interaction, are developing their own magnetic space fields 
in all directions, similarly to the case of protons and 
electrons in Fig.2.  

3. Formation of molecules from free hydrogen 
atoms 

To study the generation of the universal attraction, two 
isolated atoms of hydrogen are considered each being 
situated at a distance large enough not to form a molecule, 
within an ideal imponderability environment and in absence 
of any external forces including gravity and electromagnetic 
forces.  
Protons reject each other. Electrons reject each other as they 
have the same type of charge. Protons and electrons attract 
each other as shown in Figure 4. Within the hydrogen atom, 
the electron is attracted by the proton by electrostatic force.  
Within an atom, protons and electrons create a permanent 
electrostatic bond. If we had to exemplify by a similar 
experiment from magnetism, the resulting situation would 
be as shown by Figure 5. 
Between the magnet 1 and the magnet 2, even separated by a 
certain distance, i.e. by a plastic separator, the magnitude of 
the attraction force depends on the distance between 
magnets and it remains constant.  
To the two magnets assembly from Fig 5 another magnet is 
attached as shown in Fig 6, but the distance between magnet 
2 and magnet 3 is much smaller. Due to this fact, the 
attraction force between magnet 2 and magnet 3 is much 
bigger than in case of attraction between magnet 1 and 
If a mechanical tensile force F is applied to magnet 1 it can 
be seen that the magnet 2 and 3 are moving in the same 
direction. 
Fig 7 presents the case of two hydrogen atoms with protons 
placed successively with electrons in line. Similarly to the 
magnets situation shown in Fig. 6 it results that the proton of 
the atom 2, interacts with the electron of the atom 1 .Due to 
the strong static bond between the proton and the electron of 
the same atom by the attraction of the proton of one atom 
and the electron of the other atom the two atoms 1 and 2 
move one to another. As the electron rotates around the 
proton with the speed of light, there is a false theory that the 

electron charge annihilates the proton charge because the 
electrostatic field of the proton cannot be seen or measured 
from outside sequentially on the electron orbit. 
The attraction force between the proton of the atom 2 and 
the electron-proton assembly of the atom 1 is practically 
defined as gravity force. The model in Fig 7 was called by 
the author Ioan Rusu, The Electrostatic Gravity Model. 
Due to the action of the attraction force between the two 
hydrogen atoms (see Fig 7) their approach is done until 
reaching an equilibrium distance, according to Fig 8, as 
following:   
- The protons reach a minimal critical distance, when the 

repulsive action starts due to electrostatic forces 
- The electrons of the two atoms, during their move, keep 

between them a permanent minimum critical distance 
due to the electrostatic rejecting forces 

The attraction force between the protons of one atom and the 
electron of the other atom become stronger due to the 
decrease of the distance between the atoms and becomes the 
chemical bond between atoms within molecules 
When a supplementary third atom occurs in the first two 
hydrogen atoms neighborhood (see Fig 9), the attraction 
forces between the proton of the first atom and the proton of 
the second atom to the electron of the third atom, in fact 
toward the electron-proton assembly of the third atom, 
which are gravity forces lead to the bonding of the third 
atom to the hydrogen molecule, already composed from two 
atoms, according to Fig. 10. 
In the new molecule made up of three atoms, due to the 
electrostatic repulsive forces between protons, repulsive 
forces between electrons and attraction forces between 
protons-electrons (assembly electron-proton=atom) the 
protons and the electrons take a position of equal distance 
between them. The new formed bonds between the 3 
hydrogen atoms in one new molecule are chemical bonds. 
If an agglomeration of hydrogen atoms exists, due to the 
space electrostatic attraction forces between the proton and 
the electron (electrons-protons assembly = atoms), meaning 
to the gravitational forces, the hydrogen atoms move and 
bind to the new hydrogen molecule, by forming a gas 
agglomeration. 
For the hydrogen agglomeration generated from molecules 
chemical bonded according to Fig 11, the protons by space 
electrostatic attraction with the electrons (electrons-protons 
assembly = atoms ) create a variety of electrostatic forces 
vectors whose vector sum is oriented toward the center of 
the agglomeration of gas. 
The proton of the central atom also attracts the electron of 
the distant atom, meaning the electron-proton assembly. 
This force is also considered as part of gravitational force. 
According to Fig 11 it can be seen that electrons are 
spatially interposed between the proton of the central atom 
and protons of the neighboring atoms. 
The spatial arrangement proton-electron-proton represents 
the spatial location of the electrostatic fields positive-
negative-positive. The rejection proton-proton is shielded by 
the electron due to its location between the two protons. 
Thus, the possibility for the atoms to be brought close 
together, in fact for the protons to be closely located as the 
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mutual repulsive force is shielded by the electrons placed 
between them, can be explained by using the electrostatic 
model of gravity. 
 

4. The electrostatic model of gravity applied for 
explaining the attraction of non-electrized bodies by 

positively or negatively electrized bodies 
 
By rubbing an ebonite or plastic stick with fur, wool, etc, it 
can be seen that ebonite and plastic become statically 
electrized and attract pieces of paper or hairs, dust, etc. 
It was demonstrated by experiments that some bodies 
become negatively charged, as ebonite, amber and the others 
become positively charged, as plastic and glass. 
Practically by friction, the ebonite receives supplementary 
electrons becoming negatively electrized while the plastic 
releases electrons becoming positively electrized. Both 
bodies, even being differently electrized exert the same 
attraction forces on pieces of paper which are not electrized. 
According to Fig 12, the protons of the paper pieces interact 
with the electrons of the ebonite which is negatively 
charged. The ebonite electrons being more numerous and 
being linked by atomic bonds create an important 
supplementary electrostatic attraction force with respect to 
the gravity force explicated in Fig 7. Due to the much bigger 
mass of the ebonite, the resultant forces of attractions lead to 
a move of the light pieces of paper to the ebonite.  
According to Fig 13, the protons of positively charged 
plastic, without an important part of electrons enter in 
attraction with the paper electrons (in fact with the electron-
proton assembly = paper atom). The plastic’s protons being 
without electrons create an important supplementary 
electrostatic force, relative to the gravity force explained in 
Fig 7. As plastic has a much bigger mass, the resultant of the 
attraction forces leads to the move of light pieces of paper to 
the plastic stick. 
 
5. The electrostatic gravity model applied to explain 

Coanda’s effect 
 
To study Coanda’s effect, a solid body. is considered (i.e. a 
plastic stick which by rubbing with other materials releases 
electrons and becomes positively electrized), on which a 
liquid drop slides as shown in Fig 14. 
Due to the action of the gravity force G, by Coanda’s effect, 
the liquid drop moves by following the inclined surface of 
the solid. By using the electrostatic model of gravity, it 
results that between the plastic body and the liquid drop, 
attraction forces develop of gravity type similarly to the 
situation shown in Figure 6.  
In case of the displacement a rubbing phenomenon of the 
drop against the plastic surface in zone A. is developing. 
By rubbing, the plastic donates electrons to the drop and that 
one becomes negatively electrized. When the drop is 
entering the B area, it is already negatively charged and the 
protons of the plastic from that zone develop much bigger 
attraction forces for the supplementary drop’s electrons, 
similarly to the attraction of paper to the plastic described 
in Fig 13. 

6. The electrostatic gravity model applied to explain 
the thermonuclear reaction from the space 

hydrogen agglomerations, respectively from stars 
 
From the results of physical research the thermonuclear 
reaction in stars, respectively from very large 
agglomerations of hydrogen is generated by gravity. In this 
sense, the scientific explanation is that due to the high 
pressure inside the stars, generated by gravity and of the 
high temperatures, the hydrogen atoms fuse to each other 
resulting in the helium atoms. From the hydrogen atoms 
containing one proton and one neutron helium atoms are 
formed which contain two electrons and nuclei consisting of 
two protons and two neutrons. 
Using the electrostatic model of gravity, after explaining the 
gravitational forces in Fig7-11 the pressure increasing inside 
the hydrogen agglomeration, along with the increase of 
internal temperature and the start of thermonuclear reaction 
can be observed. 
Steps for triggering the thermonuclear reaction: 

1. When increasing the agglomeration of hydrogen, 
the gravitational force also increases with its vector 
resultant orientation to the central atom. 
2. The gravitational force leads to atoms nearness 
according to the gravity static model.  
3. The increase of gravity force due to gas 
agglomeration, leads to decrease of the distance 
between atoms 
4. The distance between protons is reduced but due 
to their location in line proton - electron - proton as 
shown in Fig, 7, protons are not in a position to reject 
each other as between them an opposite charge electron 
is interposed.  
5. The negatively charged electrons reject each other 
and due to the shrinking distance between protons, they 
are electrons, are forced by rejection to descend to 
lower orbits around the protons with release of energy. 
The mass of hydrogen begins to warm up. 
6. The force of gravity increases while the distance 
between atoms still decreases, the electrons descend on 
even lower orbits releasing large amounts of energy. 
The gaseous mass continues to warm up. 
7. When reaching a critical value of the forces of 
gravity and temperature, the distance between atoms is 
much smaller, the electrons are located on a lower 
energy orbit, the temperature of the hydrogen mass is 
very high, and because of the rejecting forces between 
electrons the central electron in Fig. 15, is forced to 
descend to the proton surface with the release of large 
quantities of energy. Thus the first neutron is formed. 

Forces acting on the orbiting electron : 
The electrostatic force of attraction to the proton Fp 
The rotational centrifugal force on the orbit Fc  
The rejection force with neighbouring electrons Fr 
The vectorial resultant of the above mentioned forces pushes 
the electron located on the atom orbit to the proton surface 
while releasing a large amount of energy  

 
FResultant=Fp+Fc+Fr    ( 2 ) 



4 
 

According to the electrostatic model of gravity, the electron 
and the proton are bonded and both particles keep their 
electric cloud charges, positive and negative respectively. 
The new assembly proton-electron = neutron of spin motion 
continues its spin movement. 
8. By bonding the central electron to the proton rejecting 

pressure zone between the electrons from the layers 1, 
2, etc ... is temporarily released. 

9. The above phenomenon is repeated in the central area 
of the agglomeration of hydrogen to form neutrons 

10. The new formed neutron, namely the proton-electron 
assembly bonded in spin movement, when aligned to a 
neighbouring atom, according to the electrostatic 
gravitational model bonds to the proton of the atom’ 

        The new nucleic assembly i.e. proton- electron -proton-
namely -proton neutron continues its spin movement. This 
explains the statements in physics asserting that “protons 
coexist with neutrons in nuclei" as shown in Fig. 18. 
11. Formation of helium atom: 
- At very high temperatures, atomic bonds between the 
orbiting electrons and nuclei are loosened. In the state of 
plasma, free electrons also occur. 
- The avalanche production of neutrons, of neutron-proton 
pairs, of protons without electrons and free electrons leads to 
the formation in the center of the gas agglomeration of an 
area in which the energy barriers between protons and 
electrons are loosened and between neutrons and protons 
electrostatic combinations can occur, as shown in Fig. 18 as 
well as neutrons-neutrons as shown in Fig. 19, under 
pressure gravitational conditions.  
- The formation of a helium atom is not chaotic. Under 
gravitational pressure conditions, by releasing electrons and 
sending them on protons through forces which reject the 
neighbouring electrons, the space forces of attraction and 
repulsion generated by neutrons (proton and electron bonded 
to proton) lead to the formation of spatial configuration of 
helium nucleus of 2 protons and 2 neutrons, which is a two-
electrons balanced nucleus 
The assembly in Fig. 20 represents the helium atom. The 
arrangement of the nucleus consisting of two protons and 
two neutrons, (two protons and two electrons) is spatial. 
Thus,  
- the electrons screen the rejection electrostatic forces 
between protons  

- the electrons between them, are screened by protons and do 
not reject each other 

-  the nucleus is formed as a stable whole and has its own 
spin movement. 

12. Depending on the spatiality of electrostatic fields of 
neutrons namely a positive one given by the proton and a 
negative one given by the electron, protons bonding in 
stable combination is well determined and the number of 
neutrons is always at least equal to the number of 
protons. In the case of complex combinations, the spatial 
availability of protons ensures the bonding of additional 
protons neutrons, namely of the combination of electron-
proton = neutron. 

13. The new helium atoms formed in the center of the 
agglomeration of gas exert their electrostatic forces to 

the surrounding atoms, including gravitational forces and 
ensure the continuation of the thermonuclear reaction of 
the hydrogen atoms. 

 
Following the steps for triggering the thermonuclear 
reaction, explained using the gravity electrostatic model, it 
results that the energy released is composed of: 
o Radiations generated by electrons which descend on 
lower orbits because of the gravitational forces  
o Radiations generated by the impact of electrons on the 
protons surface when forming neutrons. The impact force is 
given by the high speed of the electron, comparable to the 
speed of light and not by the mass of the electron which is 
very small as compared to the proton mass. 
o Radiations generated by the impact of electrons from 
neutrons with the protons when helium nuclei are generates 
This impact, although it occurs at lower speeds, due to the 
large masses in motion, which in fact are the masses of two 
protons, is much higher than in electron-proton impact 
during the neutron formation . 
 
7. Controlled and uncontrolled thermonuclear reaction 

using the electrostatic model of gravity 
 
7.1 The hydrogen bomb 
 
Artificially, uncontrolled thermonuclear reaction was 
performed to build the hydrogen bomb. The principles 
followed in its construction refer to the creation of 
conditions similar to those in the agglomerations of 
hydrogen, stars, outer space, namely: to very high 
temperatures in high pressure tight spaces which assimilate 
the phenomenon of gravity. Uncontrolled thermonuclear 
reaction in the hydrogen bomb is very easy to explain using 
the gravity electrostatic model, the phenomena being similar 
to those presented in Fig. 16 and Fig.18. 
Since the electrons are deflected on the protons at lightning 
speed, the avalanche formation of neutrons and helium 
atoms with release of radiations is performed at the same 
speeds comparable to the speed of light; consequently the 
uncontrolled thermonuclear reaction on a fixed quantity of 
fuel is explosive. 

 
7.2 Controlled thermonuclear reaction 

 
According to the electrostatic model of gravity, the 
thermonuclear reaction involves: 
1. Creating of strong gravitational forces conditions for the 
hydrogen mass subject to the thermonuclear reaction to 
ensure the deviation of the electrons from the atoms orbits to 
the protons in order to create neutrons. 
 2. Raising the temperature of the hydrogen mass thus 
reaching a temperature similar to that of stars to create free 
protons interacting with the newly formed neutrons ,by 
loosening the electrons energetic barrier,  
Current research directions of the controlled thermonuclear 
reaction take into account specific solutions for: 
- obtaining of plasma control in delimited spaces 
- collisions between protons 
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- heating the mass of hydrogen by laser, etc... 
According to the electrostatic model of gravity, getting of 
plasma in the laboratory without the possibility of  its 
compression similarly to the gravitational compression in 
stars, does not ensure the development of the thermonuclear 
reaction by forming neutrons and protons and by their 
collision with protons due to electrostatic attraction proton-
electron attached to proton = neutron with release of energy. 
Of course, research in the thermonuclear reaction field made 
substantial contributions in science. 
From a technological perspective the artificial increase of 
gas mass pressure combined with the temperature increase at 
high values is very difficult to achieve. 
Research solutions for the controlled thermonuclear reaction 
using the electrostatic model of gravity: 

- studies and experiments on electrons infusion in plasma 
in order to force the electrons orbiting the hydrogen atoms 
to descend on protons with energy release and formation of 
neutrons which in turn combine with protons to form 
helium atoms,  
- studies and experiments on electrons infusion in plasma 
to combine them with free protons, by the release of 
quanta of impact energy proton – electron = neutron proton 
attached to form helium atoms. 
-construction of mini-reactors of very low power with 
instantaneous and unique operation similar to the 
hydrogen bomb. The mini-reactors are placed inside heat 
capture enclosures of boiler type from thermo-power 
stations by means of which the heat released during the 
thermonuclear reaction is captured by the thermo-power 
plant. The solution of continuous operation is given by the 
successive time release of the mini-reactors .An example 
would be the development of mini-reactors where the 
reactive hydrogen mass, small as volume, is enclosed in a 
glass sphere, having the size of a tennis ball. Inside the 
sphere, triggering of the thermonuclear reaction will be 
achieved by increasing the volume of hydrogen pressure 
while increasing temperature by using lasers. The 
production of the thermonuclear explosion will lead to the 
sphere destruction with energy release in the enclosure to 
capture heat .The resistance of the enclosure at the 
thermonuclear mini-explosion must be ensured.  

 
8. Classification of interaction forces using 

electrostatic model of gravity 
 
1. Nuclear forces - are the electrostatic forces of attraction 

from nuclei consisting of protons and neutrons, the 
forces of attraction between protons-and neutrons, 
namely between proton-electron-proton-. Due to 
addition of the electron to the proton (neutron), the 
distances between the positive and negative charges are 
zero and consequently the attraction forces are very high. 

2. Atomic forces - are electrostatic forces between the 
nucleus (protons) and the electrons orbiting the atoms. 
The size of the attraction force is directly proportional to 
the distance between the nucleus and the electrons. 

3. Forces of chemical bonds between atoms - are the 
forces of electrostatic attraction between the nucleus of 
an atom (protons) and the electrons of neighboring 
atoms. The attraction force size is smaller than the 
atomic force due to the longer distance between the 
nucleus and the electrons of neighboring atoms. 

4. Forces of gravity - are the forces of electrostatic 
attraction between the nucleus of an atom (protons) and 
the electrons of distant atoms. The size of the attraction 
force is much smaller than the force of chemical bonds 
between atoms due to the very large distance between 
the nucleus and the electrons of the distant atoms 

 
9. Conclusion 

  
The electrostatic model of gravity is based on the study of 
the classical forces of electrostatic attraction and of the 
spatial disposition of positive and negative charges at the 
atomic level for the orbiting electron and proton. Ioan 
Rusu’s researches on spatial arrangement and size of the 
electron and proton electrostatic fields, have demonstrated 
theoretically, using the magnetism analogy, that the negative 
charge of the electron and the  positive charge of the proton, 
although mathematically can be considered equal in module 
,physically they interfere partially but do not annul each 
other completely. By its electrostatic field the proton creates 
a bond with the orbiting electron but the spatial field of the 
proton also interferes to the electrons of the neighbouring or 
distant atoms. The rotation of the electron around the proton 
with the speed of light leads to the false theory that the 
electron charge annihilates the proton charge because the 
electrostatic field of the proton cannot be sequentially 
observed and measured on the electron rotation orbit from 
outside. 
Using the electrostatic model of gravity new research 
directions opens up such as: 

- In physics on the size and intensity of the spatial 
electrostatic fields for electrons, protons, neutrons, complex 
atomic nuclei  

- In nuclear technology in the field of controlled 
thermonuclear reaction 

-  In mathematics by modeling the phenomenon of the 
gravity electrostatic model through equations 
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Abstract 
7KLV�SDSHU�DLPV�DW�DQDO\VLV�RI�WKH�FRURQD�GLVFKDUJH�LQ�ZLUHV�
��WZR�SODQHV�FRQILJXUDWLRQV��7KH�HIIHFW�RI�WKH�SUHVVXUH�LQ�WKH�
HOHFWURVWDWLF� SUHFLSLWDWRUV� KDV� EHHQ� VWXGLHG�� (OHFWURVWDWLF�
SUHFLSLWDWRUV�KDYH�EHHQ�XVHG�ZLGHO\�LQ�LQGXVWU\��DQG�SOD\�DQ�
LPSRUWDQW� UROH� LQ� HQYLURQPHQWDO� SURWHFWLRQ�� (OHFWURVWDWLF�
SUHFLSLWDWLRQ� FDQ� EH� RSHUDWHG� ZLWK� KLJK� FROOHFWLRQ�
HIILFLHQF\�� 5HFHQWO\�� (63� DOVR� KDV� EHHQ� XVHG� IRU� FOHDQLQJ�
LQGRRU�� ([SHULPHQWDO� UHVXOWV� VKRZV� WKDW� GLVFKDUJHG�
SURSULHWLHV� ZHUH� VWURQJO\� DIIHFWHG� E\� WKH� SUHVVXUH� IRU� D�
JLYHQ�DWPRVSKHULF�FRQGLWLRQ��&KDQJLQJ�WKH�QXPEHU�RI�ZLUHV�
DQG� YDOXHV� SUHVVXUH� QRW� RQO\� FKDQJHG� WKH� SURSHUW\� RI� WKH�
JDV� EXW� DOVR� DIIHFW� WKH� FRURQD� RQVHW� FRQGLWLRQV� DQG� LRQ�
PRELOLW\�� 7KH� DSSDUHQW� PRELOLW\� KDV� EHHQ� LGHQWLILHG� E\�
ILWWLQJ� WKH� H[SHULPHQWDO� GDWD� ZLWK� DQ� HPSLULFDO� FXUUHQW�
YROWDJH�UHODWLRQVKLS��
�
Keywords�� &RURQD� GLVFKDUJH�� &XUUHQW�YROWDJH�
FKDUDFWHULVWLFV��&XUUHQW�GHQVLW\��2QVHW�YROWDJH��3UHVVXUH��

Introduction 
$�FRURQD�LV�D�SURFHVV�E\�ZKLFK�D�FXUUHQW�GHYHORSV�EHWZHHQ�
WZR�KLJK��SRWHQWLDO�HOHFWURGHV�LQ�D�QHXWUDO�IOXLG��XVXDOO\�DLU��
E\� LRQLVLQJ� WKDW� IOXLG� VR� DV� WR� FUHDWH� SODVPD� DURXQG� RQH�
HOHFWURGH�� DQG� E\� XVLQJ� WKH� LRQV� JHQHUDWHG� LQ� SODVPD��
SURFHVVHV� DV� WKH� FKDUJH� FDUULHUV� WR� WKH� RWKHU� HOHFWURGH�� ,Q�
KLJK�YROWDJH�� FRURQDV�PD\� EH� SRVLWLYH� RU� QHJDWLYH��7KLV� LV�
GHWHUPLQHG� E\� WKH� SRODULW\� RI� WKH� YROWDJH� XVLQJ� D� KLJKO\��
FXUYHG�HOHFWURGH��
'&� KDV� PDQ\� DGYDQWDJHV� RYHU� FRQYHQWLRQDO� $&� OLQHV� IRU�
ORQJ�GLVWDQFH�SRZHU�WUDQVPLVVLRQ��7KH�HFRQRPLF�IHDVLELOLW\�
RI� '&� WUDQVPLVVLRQ� KDV� LQFUHDVHG� UHFHQWO\� ZLWK�
GHYHORSPHQW� RI� KLJK� YROWDJH� WHUPLQDO� HTXLSPHQW�� &RURQD�
GLVFKDUJH��DV�DSSOLHG�WR�(OHFWURVWDWLF�3UHFLSLWDWRUV��(63���LV�
D�JDV�GLVFKDUJH�SKHQRPHQRQ�DVVRFLDWHG�ZLWK�WKH�LRQL]DWLRQ�
RI�JDV�PROHFXOHV�E\�KLJK�HQHUJ\�HOHFWURQV�LQ�D�UHJLRQ�RI�WKH�
VWURQJ� HOHFWULF� ILHOG�� (VVHQWLDOO\�� HOHFWURVWDWLF� SUHFLSLWDWRUV�
UHPRYH�GXVW�E\�FKDUJLQJ�WKH�FRQVWLWXHQW�SDUWLFOHV�E\�PHDQV�
RI� WKH� LRQV� SURGXFHG� E\� WKH� FRURQDWLQJ� HOHFWURGHV�� 7KH�
HOHFWULFDOO\� FKDUJHG� SDUWLFOHV� DUH� WKHQ� FROOHFWHG� RQ� WKH�
FROOHFWLQJ� SODWHV� WRZDUG� ZKLFK� WKH\� DUH� SURSHOOHG� YLD� WKH�
HOHFWULF� ILHOG� SUHVHQW� LQ� WKH� LQWHUHOHFWURGH� VSDFH�� SURGXFHG�
E\� WKH� YROWDJH� DSSOLHG� WR� WKH� HPLWWHU� HOHFWURGHV� DQG� WKH�
FROOHFWRU�SODWHV�>�@��
7KH�SURFHVV�RI�FRURQD�JHQHUDWLRQ� LQ� WKH�DLU�DW� DWPRVSKHULF�
FRQGLWLRQV�UHTXLUHV�D�QRQ�XQLIRUP�HOHFWULFDO�ILHOG��ZKLFK�FDQ�

EH� REWDLQHG� E\� WKH� XVH� RI� D� VPDOO� GLDPHWHU�ZLUH� HOHFWURGH�
DQG�D�SODWH�RU�F\OLQGHU�DV�WKH�RWKHU�HOHFWURGH��
,QGXVWULDO� (63� DUH� XVHG� ZLWK� VXFFHVV� WR� UHGXFH� WKH�
HPLVVLRQV�RI� VPRNH�� IXPHV� DQG�GXVW�� SOD\LQJ� DQ� LPSRUWDQW�
UROH� WR�PDLQWDLQ� D� FOHDQ� HQYLURQPHQW� DQG� WR� DFKLHYH�PRUH�
KHDOWK\�DLU�TXDOLW\�>�@��7KH\�DUH�DEOH� WR� UHPRYH�PRUH� WKDQ�
�����RI�SDUWLFXODWHV�IURP�WKH�IOXH�JDV�>�@��,Q�WKHVH�V\VWHPV��
SDUWLFOHV�DUH�FKDUJHG�E\�PHDQV�RI�WKH�LRQV�SURGXFHG�E\�D�GF�
FRURQD� GLVFKDUJH� LQ� WKH� FRPPRQ� FDVHV�� 7KH� SDUWLFOHV�
PLJUDWH� WR� WKH� FROOHFWLQJ� SODWH� GXH� WR� WKH�&RXORPE� IRUFHV��
EXW� WKH\� DUH� DOVR�XQGHU� WKH� LQIOXHQFH�RI� WKH�YLVFRXV� IRUFHV�
GXH�WR�WKH�IOXLG�IORZ�DQG�LRQLF�ZLQG�>���@���
,Q� VXFK� V\VWHPV�� WKH� NQRZOHGJH� RI� WKH� SUHVVXUH� HIIHFW� RQ�
'&�FRURQD�GLVFKDUJH�EHKDYLRU�LV�RI�FUXFLDO� LPSRUWDQFH�>�@��
6RPH�HIIHFW�RI�SUHVVXUH�RQ�'&�FRURQD�DUH�QRW�ZHOO�NQRZQ�
DQG� UHTXLUHV� IXUWKHU� LQYHVWLJDWLRQV� LQ� RUGHU� WR� DFKLHYH�
UHDOLVWLF�DQG�YDOLG�PRGHOV��ZKLFK�DUH�DEOH�WR�EH�LQWHJUDWHG�LQ�
D�QXPHULFDO�VLPXODWLRQ��
7KH� PDLQ� REMHFWLYH� RI� WKLV� LQYHVWLJDWLRQ� LV� WR� VWXG\� WKH�
HIIHFW�RI�WKH�SUHVVXUH��YDU\LQJ�IURP�����EDU�XS�WR�VDWXUDWHG�
FRQGLWLRQV� �§� �� EDU��� RQ� SRVLWLYH� DQG� QHJDWLYH� FRURQD�
GLVFKDUJH� EHKDYLRU� LQ� ZLUH�WR�SODQH� HOHFWURVWDWLF�
SUHFLSLWDWRU�� 6HYHUDO� GHVLJQ� SDUDPHWHUV� ZHUH� WDNHQ� LQWR�
FRQVLGHUDWLRQ�HVSHFLDOO\�WKH�QXPEHU�RI�DFWLYH�HOHFWURGHV�DQG�
WKHLU� GLDPHWHU�� ,Q� SDUWLFXODU�� FXUUHQW�YROWDJH� FXUYHV��
DYHUDJHG� SRZHU� DQG� RQVHW� YROWDJH� DUH� DQDO\]HG� DQG�
GLVFXVVHG���
�

2. Experimental setups 

7KH� VFKHPDWLF� UHSUHVHQWDWLRQV� RI� WKH� ZLUH�WR�SODQH� (63�
XVHG� LQ� WKLV� LQYHVWLJDWLRQ� DUH� VKRZQ� LQ� )LJ�� ��� 7KH� (63��
EDVHG�RQ�D�'&�FRURQD��FRQVLVWHG�RI�WZR�SDUDOOHO�HOHFWURGHV�
�VWDLQOHVV�VWHHO�SODWHV������PP�OHQJWK�DQG�����PP�ZLGWK�LQ�
[�GLUHFWLRQ� DQG� ]�GLUHFWLRQ�� UHVSHFWLYHO\��� %RWK� SDUDOOHO�
HOHFWURGHV� ZHUH� JURXQGHG�� 7KH� KLJK� YROWDJH� HOHFWURGHV�
FRQVLVWHG�RI�D�VWDLQOHVV�VWHHO�ZLUHV�ZLWK�����PP�RI�GLDPHWHU�
DQG� SDUDOOHO� WR� ]�D[LV� PLGZD\� EHWZHHQ� WKH� JURXQGHG�
HOHFWURGHV�� 7KH� GLVWDQFH� EHWZHHQ� ERWK� JURXQGHG� SODWHV� LV�
HTXDO�WR�����PP��,Q�WKH�ILUVW�(63��FDOOHG��:�(63��)LJ���D���
RQO\�RQH�ZLUH�ZDV�FRQQHFWHG�WR�WKH�KLJK�YROWDJH��+RZHYHU��
WKH� VHFRQG� FRQILJXUDWLRQ� �FDOOHG� �:�(63�� )LJ�� �E�� XVHG� ��
VLPLODU�ZLUHV� WR�FUHDWH� WKH� FRURQD�GLVFKDUJHV��7KH�GLVWDQFH�
EHWZHHQ�WZR�VXFFHVVLYH�ZLUHV�ZDV�VHW�WR����PP���

,Q� WKLV�VWXG\� WKH� WZR�'&�KLJK�YROWDJH�SRODULWLHV�ZHUH�XVHG�
�SRVLWLYH�DQG�QHJDWLYH���7KH�KLJK�YROWDJH�ZDV�DSSOLHG�E\�D�
'&� SRZHU� VXSSO\� �63(//0$1� 6/� ����� �� ��� N9�� ������
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P$�� ZLWK� DQ� DFFXUDF\� RI� ���� N9�� 7KH� SRZHU� VXSSO\� ZDV�
SURWHFWHG�E\�D�EDOODVW� UHVLVWRU�RI���N��7KH� WLPH�DYHUDJHG�
FXUUHQW� ZDV� PHDVXUHG� XVLQJ� D� GLJLWDO� PLOOLPHWHU�
�0(7(50$1����;5��DFFXUDF\�§��$����
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)LJXUH����(OHFWURVWDWLF�3UHFLSLWDWRU� FRQILJXUDWLRQV�� �D�� �:�
(63��DQG��E���:�(63�

$V�VKRZQ�LQ�)LJ�����WKH�H[SHULPHQWV�ZHUH�FDUULHG�RXW�LQVLGH�
D� FRXOG� F\OLQGULFDO� YHVVHO� �JODVV�� ���� PP�KLJK�� DQG� ����
PP�GLDPHWHU�� ILOHG�ZLWK�FOHDQ�DLU��7KLV�FDSVXOH�ZLWK�VWDQG�
YDFXXP� XS� �� N3D�� $OO� WKH� SUHVVXUH�� WHPSHUDWXUH� DQG�
KXPLGLW\� VHQVRUV�ZHUH� VHFXUHO\�SODFHG�ZLWKLQ� WKH�FKDPEHU�
WKURXJK� FRPSOHWHO\� VHDOHG� UXEEHU� SOXJV�� 7KH� FKDPEHU�
SUHVVXUH�ZDV�GHFUHDVHG�IURP���EDU�WR�����EDU��
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)LJXUH����([SHULPHQWDO�VHW�XS�

6LQFH�WKH�HIIHFW�RI�WHPSHUDWXUH�RQ�WKH�HOHFWULFDO�EHKDYLRU�RI�
D� FRURQD� GLVFKDUJH� KDV� EHHQ� H[DPLQHG� H[WHQVLYHO\� LQ� WKH�
OLWHUDWXUH�>������@�� WKH�HIIHFW�RI�SUHVVXUH�DQG�WKH�QXPEHU�RI�
DFWLYH� HOHFWURGHV�ZHUH� SDUDPHWHUV� WDNHQ� LQWR� FRQVLGHUDWLRQ�
LQ� WKH� SUHVHQW� VWXG\�� 'XULQJ� HDFK� H[SHULPHQW�� WKH�
WHPSHUDWXUH� DQG� UHODWLYH� KXPLGLW\� LQVLGH� WKH� WHVW� FKDPEHU�
DUH�FRQWUROOHG���

(DFK� FXUUHQW�YROWDJH� FXUYHV� UHSUHVHQWV� WKH� DYHUDJH� RI� ILYH�
VHULHV� RI� PHDVXUHPHQW�� %HWZHHQ� WZR� RI� WKHP�� WKH� JDV� LV�
HQWLUHO\� UHQHZHG�� %HFDXVH� WKH� SUHVHQFH� RI� FRURQD� FDQ�
UHGXFH� WKH� UHOLDELOLW\� RI� D� V\VWHP� E\� GHJUDGLQJ� LQVXODWLRQ��
:KLOH�FRURQD�LV�D�ORZ�HQHUJ\�SURFHVV��RYHU�ORQJ�SHULRGV�RI�
WLPH�� LW� FDQ� VXEVWDQWLDOO\� GHJUDGH� LQVXODWRUV�� FDXVLQJ� D�
V\VWHP� WR� IDLO� GXH� WR� GLHOHFWULF� EUHDNGRZQ�� 7KH� HIIHFWV� RI�
FRURQD�DUH�FXPXODWLYH�DQG�SHUPDQHQW��DQG�IDLOXUH�FDQ�RFFXU�
ZLWKRXW�ZDUQLQJ��&RURQD�FDXVHV�2]RQH��1LWULF�DQG�YDULRXV�
RWKHU�DFLGV���

$OO� PHDVXUHPHQWV� ZHUH� PDGH� LQ� DQ� DLU�FRQGLWLRQHG�
ODERUDWRU\��ZKHUH� WKH� WHPSHUDWXUH�ZDV�PDLQWDLQHG� DW� ���&�
DQG�UHODWLYH�KXPLGLW\�ZDV�PDLQWDLQHG�DW������7KH�SK\VLFDO�
SDUDPHWHUV�RI�DLU�DUH�UHJXODUO\�FRQWUROOHG���
�

2 Discussion 
,Q�WKLV�VHFWLRQ��WKH�HIIHFW�RI�WKH�(63�GHVLJQ�DQG�SUHVVXUH�RQ�
WKH� FXUUHQW�YROWDJH� FKDUDFWHULVWLFV� LV� GLVFXVVHG�� )LUVWO\�� WKH�
RSWLPXP�RSHUDWLQJ�FRQGLWLRQV�IRU�WKH�(63�ZHUH�GHWHUPLQHG�
E\�YDU\LQJ�WKH�GHVLJQ�DQG�RSHUDWLQJ�SDUDPHWHUV�VXFK�DV� WKH�
ZLUHV�QXPEHU�DQG�WKH�DSSOLHG�YROWDJH��%HIRUH�RSHUDWLQJ�WKH�
(63��FRURQD�FXUUHQW���YROWDJH�FKDUDFWHULVWLFV�ZHUH�PHDVXUHG�
LQ� RUGHU� WR� HYDOXDWH� WKH� HOHFWULFDO� FKDUJH� RI� SDUWLFOHV�� 7KH�
FXUUHQW�ZDV�PHDVXUHG�DW�WKH�FROOHFWLRQ�SODWHV��
�
3.1. Current-voltage characteristics 
)LJXUHV��D��E�VKRZ�WKH�FXUUHQW�YROWDJH�FXUYHV�LQ�WKH�FDVH�RI�
RQH�ZLUH��WZR�SODWHV�HOHFWURVWDWLF�SUHFLSLWDWRU���:�(63��IRU�
ERWK�KLJK�YROWDJH�SRODULWLHV���
7KH� GLVFKDUJH� FXUUHQW� LQFUHDVHV� ZLWK� WKH� DSSOLHG� YROWDJH�
KRZHYHU�� ZKHQ� LW� H[FHHGV� WKH� FRURQD� RQVHW� YROWDJH� �9V��
XQWLO�JDV�EUHDNGRZQ�RFFXUV���
���$V� H[SHFWHG�� WKH� FRURQD� GLVFKDUJH� LV� LJQLWHG� DW� ORZHU�
YROWDJH�ZKHQ�WKH�ZLUH�GLDPHWHU�GHFUHDVHV��7KH�HOHFWULF�ILHOG�
E�GHFULHV�ZLWK�WKH�UDGLL�RI�ZLUHV��HOHFWURGH����E�LV�H[SUHVVHG�
LQ�NLORYROWV�SHU�FHQWLPHWHU�DV�>�����@�
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ZKHUH� �r ��LV�WKH�FRQGXFWRU�UDGLXV�LQ�FHQWLPHWHUV�DQG���LV�WKH�
VXUIDFH� LUUHJXODULW\� IDFWRU� ��� IRU� VPRRWK� FRQGXFWRUV���
)XUWKHUPRUH��RQH�FDQ�DOVR�REVHUYH� WKH�HIIHFW�RI�SRODULW\�RQ�
WKH� FXUUHQW±YROWDJH� FXUYHV�� ,QGHHG�� DW� D� JLYHQ� YROWDJH� WKH�
GLVFKDUJH�FXUUHQW�LV�KLJKHU�ZLWK�WKH�QHJDWLYH�SRODULW\��ZKLFK�
FRXOG� EH� H[SODLQHG� E\� WKH� GLIIHUHQFH� EHWZHHQ� WKH� DSSDUHQW�
PRELOLW\� RI� QHJDWLYH� FKDUJH� FDUULHUV� FRPSDUHG� WR� SRVLWLYH�
RQHV�>��@��

�
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)LJXUH� ��� &XUUHQW�YROWDJH� FKDUDFWHULVWLF� RI� �:�(63�� �D��
QHJDWLYH�FRURQD���E��SRVLWLYH�FRURQD��
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6LPLODU�GLVFKDUJH�EHKDYLRU�ZDV�REVHUYHG�LQ�WKH�FDVH�RI��:�
(63�� DV� VKRZQ� LQ� )LJV�� �D��E�� :KDWHYHU� WKH� SRODULW\�� WKH�
GLVFKDUJH� FXUUHQW� LQFUHDVHV�ZLWK� WKH� KLJK� YROWDJH� HOHFWURGH�
QXPEHU�� +RZHYHU�� FXUUHQW� PDJQLWXGH� XVLQJ� WKUHH� ZLUHV� LV�
WKUHH�WLPHV�ORZHU�WKDQ�WKH�FXUUHQW�PDJQLWXGH�ZLWK�RQH�ZLUH�
�,�ZLUH� �� ,�ZLUHV� �� �� ,�ZLUH��� 7KLV� LV� GXH� WR� WKH� HOHFWULF� ILHOG�
LQWHUDFWLRQ� EHWZHHQ� WZR� VXFFHVVLYH� KLJK� YROWDJH� ZLUHV�� ,Q�
IDFW�� WKH� GLVWDQFH� EHWZHHQ� WKH� ZLUHV� LV� ORZHU� WKDQ� WKH�
LQWHUHOHFWURGH�JDS��

7KH� LRQL]DWLRQ� SURFHVV� E\� D� FROOLVLRQ� LV� WKH� EDVLV� IRU� JDV�
PXOWLSOLFDWLRQ��7KH�QXPEHU�RI�HOHFWURQ�LRQ�SDLUV�FUHDWHG�E\�D�
VLQJOH�HOHFWURQ�GULIWLQJ�D�XQLW�GLVWDQFH� LQ� WKH� ILHOG�GLUHFWLRQ�
LQ�D�JDV�LV�GHQRWHG�DV�WKH�ILUVW�7RZQVHQG�FRHIILFLHQW���RI�WKH�
JDV�� ,W� GHSHQGV� SULQFLSDOO\� XSRQ� WKH� QDWXUH� RI� WKH� JDV�� WKH�
JDV�SUHVVXUH��DQG�WKH�HOHFWULF�ILHOG�LQWHQVLW\�>��@��

7KH� SUHVVXUH� LQFUHDVH� FDXVHV� D� YDULDWLRQ� RI� WKH� LRQL]DWLRQ�
FRHIILFLHQW�Į��LQ�WKH�LRQL]DWLRQ�UHJLRQ��DQG�D�YDULDWLRQ�RI�WKH�
LRQ�PHDQ� IUHH�SDWK� OHQJWK�Ȝ�� LQ� WKH�GULIW� UHJLRQ�� IRU�D� IL[HG�
SRWHQWLDO�YROWDJH�YDOXH�9�EHWZHHQ�WKH�HOHFWURGHV��

����7KH� LRQL]DWLRQ� DQG� DWWDFKPHQW� FRHIILFLHQWV� FDQ� ZHOO� EH�
UHSUHVHQWHG�E\�WKH�HTXDWLRQV�RI�WKH�W\SH�>������@��
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ZKHUH��p�LV�WKH�DWPRVSKHULF�SUHVVXUH�LQ�3D�DQG�E�WKH�HOHFWULF�
ILHOG�LQ�9�FP����

7KH� FRQVWDQWV� A�� B��C��D� DQG� F� DUH� GHWHUPLQHG� E\� FXUYH�
ILWWLQJ�WKH�H[SHULPHQWDO�UHVXOWV�RQ�LRQL]DWLRQ�DQG�DWWDFKPHQW�
GDWD�>��@��$FFRUGLQJO\��IRU��������E/p���������WKH�YDOXHV�DUH�
A�  � ������� B�  � ����� C�  � ��������� ������� D ��

�������� F �����DQG�IRU��������E/p���������WKH�YDOXHV�DUH�A�
 ������DQG�B� ������

%XW� IRU� E/p� �� ����� DQG� E/p� !� ������ WKH� YDOXH� RI� WKH�
DWWDFKPHQW� FRHIILFLHQW� LV� QRW� NQRZQ�� 2JDVDZDUD� >��@� KDV�
XVHG� D� GLIIHUHQW� HTXDWLRQ� WR� ILW� WKH� H[SHULPHQWDO� GDWD� RI�
DWWDFKPHQW�YDOLG�RYHU�D�ZLGH�UDQJH�RI�E/p�������WR��������
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ZKHUH ����������C � ����������D , ���������F �DQG�
����������G ��

�
,W� LV� DVVXPHG� WKDW� WKH� WUDQVSRUW� SURSHUWLHV� RI� WKH� DLU� DUH�
GHWHUPLQHG�E\�E/N��ZKHUH�E�LV�WKH�ORFDO�HOHFWULF�ILHOG�DQG�N�
LV� WKH� QHXWUDO� JDV� GHQVLW\�� )RU� PRVW� UHDO� JDVHV�� 3� FDQ� EH�
GLUHFWO\� PHDVXUHG� ZKHUHDV�N� FDQ� QRW�� ZH� RIWHQ� TXRWH� WKH�
TXDOLW\�E/P�LQ�SODFH�RI�E/N��N�LV�WKH�QXPEHU�RI�PROHFXOHV�LQ�
XQLW�YROXPH���
$V� WKH� SUHVVXUH� JRHV� XS�� Į� GHFUHDVHV�� WKXV� SURGXFLQJ� D�
ORZHU�LRQL]DWLRQ�UDWH�FORVH�WR�WKH�WLS��$V�D�FRQVHTXHQFH��WKH�
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FXUUHQW� JHQHUDWHG� E\� WKH� FRURQD� GLVFKDUJH� GHFUHDVH�� 7KH�
VHTXHQFH� RI� SKHQRPHQD� DW� ���� DQG� ���� EDU� JDV� ZHUH�
HVVHQWLDOO\� WKH� VDPH� DV� DW� �� EDU�� H[FHSW� WKDW� WKUHVKROG�
SRWHQWLDOV� ZHUH� FRUUHVSRQGLQJO\� ORZHU� WR� &RURQD� RQVHW�
YROWDJH��
�
3.2. Current density 
7KH�HOHFWULF�FXUUHQW�GHQVLW\��)LJV����DQG����LV�GHILQHG�DV�WKH�
HOHFWULF� FXUUHQW� �DQ� HOHFWULF� FXUUHQW� LV� D� GLVSODFHPHQW� RI� D�
JURXS� HOHFWULFDO� FKDUJHV�� SHU� XQLW� DUHD� �DQ� DUHD� JHQHUDOO\�
UHIHUV�WR�WKH�VXUIDFH�OD\HU�RI�DQ�REMHFW���
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)LJXUH� ��� 9DULDWLRQ� RI� FXUUHQW� GHQVLW\� RI� �:�(63��������������
�D��QHJDWLYH�FRURQD���E��SRVLWLYH�FRURQD���
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)LJXUH� ��� 9DULDWLRQ� RI� FXUUHQW� GHQVLW\� RI� �:�(63��������������
�D��QHJDWLYH�FRURQD���E��SRVLWLYH�FRURQD���

0DWKHPDWLFDOO\�� WKH� FXUUHQW� DQG� FXUUHQW� GHQVLW\� DUH� OLQNHG�
E\�WKH�IROORZLQJ�UHODWLRQ�>��@��

� 
s

dSyxJI ��� �� ����

I LV� WKH� HOHFWULF� FXUUHQW� LQ� DPSHUHV� $�� J(x,y)� LV� WKH� FXUUHQW�
GHQVLW\�DW� WKH�FRRUGLQDWHV�SRLQW�(x,y)� LQ�$�P����S� LV� WKH�DUHD�
LQ�P���

7R�FDOFXODWH� WKH�GLVWULEXWLRQ�RI�FXUUHQW�GHQVLW\� LQ� WKH�SODQH�
�)LJV�� �D� ±� �E��� ZH� XVH� WKH� H[SUHVVLRQ� JLYHQ� E\�:DUEXUJ�
>������@��
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GLVFKDUJH�FRURQD�SRVLWLYHIRU����������

m �

%XW�PDQ\�DXWKRUV�XVH�D�VLQJOH�YDOXH��m = 5��>������@��
)RU�RXU�FDVH�DQG�IRU�DQ\�WULDQJOH�$%&��)LJ������
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:KHUH�r�LV�D�IXQFWLRQ�RI�x DQG�\�LQ�WKH�SODQ��
�������� iii yxyxfyxr  ����������������

xi� � DQG� yi� DUH� WKH� FRRUGLQDWHV� RI� DQ\� SRLQW� LQ� WKH� SODQH�
JURXQGHG��
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:H�FDQ�ZULWH�WKH�GLVWULEXWLRQ�LQ�WHUPV�RI�FXUUHQW�GHQVLW\�DV�
D�IXQFWLRQ�RQO\�RI�WKH�YDULDEOHV�x�DQG�\��
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�
)LJXUH����&XUUHQW�GHQVLW\�'LVWULEXWLRQ�DW�WKH�SODQH��

�
3.3. Corona onset voltage 
)LJXUH���VKRZV�WKH�HYROXWLRQ�RI�Vs�DJDLQVW�WKH�SUHVVXUH� IRU�
ERWK� KLJK� YROWDJH� SRODULWLHV� DQG� WKH� WZR� (63� GHVLJQV��
5HVXOWV�DUH�REWDLQHG�IURP�ILWWLQJ�WKH�H[SHULPHQWDO�GDWD�IURP�
WKH�SUHYLRXV�HTXDWLRQ��
%\� DSSO\LQJ� FRUUHFWLRQ� IDFWRUV�� D� GLVFKDUJH� YROWDJH�
PHDVXUHG�LQ�JLYHQ�WHVW�FRQGLWLRQV��PD\�EH�FRQYHUWHG�WR�WKH�
YDOXH� WKDW� ZRXOG� KDYH� EHHQ� REWDLQHG� XQGHU� WKH� VWDQGDUG�
UHIHUHQFH�DWPRVSKHULF�FRQGLWLRQV��7KHUHIRUH�ZH�KDYH��

� sp VV ��  �� �����

ZKHUH�į� LV� WKH�DLU�GHQVLW\�FRUUHFWLRQ� IDFWRU��Vs� LV� WKH�RQVHW�
YROWDJH�DW�VWDQGDUG�UHIHUHQFH�DWPRVSKHUH��
:KHQ� WKH� WHPSHUDWXUHV�T� DQG�T0� DUH� H[SUHVVHG� LQ� GHJUHHV�
&HOVLXV� DQG� WKH� DWPRVSKHULF� SUHVVXUHV� p� DQG� p0� DUH�
H[SUHVVHG�RQ� WKH�VDPH�XQLWV� �N3D�RU�PEDU��� WKH� UHODWLYH�DLU�
GHQVLW\�LV��
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)LJXUH� ���9DULDWLRQ� RI� FRURQD� RQVHW� YROWDJH�ZLWK� SUHVVXUH��
�D���:�(63���DQG���E���:�(63��
�

7KH�DWWHPSW�WR�FDOFXODWH�WKH�FRURQD�RQVHW�YROWDJH�LV�D�UHDVRQDEOH�
ILUVW�DSSUR[LPDWLRQ�VLQFH�WKH�VXUIDFH�ILHOG�LV�WKH�SULPDU\�IDFWRU�WKDW�
LQIOXHQFHV�FRURQD�IRU�PDQ\�HOHFWURGH�DUUDQJHPHQWV�>��@��

�
3.4. Corona onset field strength 
8VLQJ� WKH� RQVHW� SRWHQWLDO� VS� ZH� IRXQG� E\� GUDZLQJ� WKH�
FXUUHQW±YROWDJH�I = f(V)�FKDUDFWHULVWLF��E0�FDQ�EH�FDOFXODWHG�
DV�IROORZV�>��@����
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GLVWDQFH�EHWZHHQ�WKH�ZLUH�DQG�WKH�FROOHFWRU�SODWH����

)LJXUHV��D��E�VKRZ�WKH�RQVHW�HOHFWULF�ILHOG�FXUYHV�LQ�WKH�FDVH�
RI� RQH� ZLUH�� WZR� SODWHV� HOHFWURVWDWLF� SUHFLSLWDWRU� IRU� ERWK�
KLJK�YROWDJH�SRODULWLHV���
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3.5. The mobility of the charge 
7KH� WLPH�DYHUDJHG� GLVFKDUJH� FXUUHQW�� ZKLFK� FURVVHV� WKH�
LQWHU� HOHFWURGH� JDS� LV� D� QRQ�OLQHDU� IXQFWLRQ� RI� WKH� DSSOLHG�
YROWDJH�� $OWKRXJK� WKH� GLVFKDUJHV� LQFOXGH� FRPSOH[�
SKHQRPHQD��D�VLPSOH�HPSLULFDO�UHODWLRQVKLS�EHWZHHQ�FXUUHQW�
�I��DQG�YROWDJH��V��LV�JHQHUDOO\�XVHG�>��@��,W�LV�H[SUHVVHG�E\��

��������� �� sVVCVI  �� �����

:KHUH�Vs LV� WKH� FRURQD� RQVHW� YROWDJH� DQG�C� LV� D� FRQVWDQW�
WKDW�GHSHQGV�RQ�WKH�HOHFWURGH�FRQILJXUDWLRQ�DQG�WKH�PRELOLW\�
RI�FKDUJH�FDUULHUV��
7KH� FRQVWDQW� C�� ZKLFK� LV� SURSRUWLRQDO� WR� WKH� DSSDUHQW�
PRELOLW\� RI� WKH� FKDUJH� FDUULHUV�� LV� ORZHU� LQ� WKH� FDVH� RI�
SRVLWLYH� SRODULW\�� )LJXUH� �� VKRZV� WKH� HYROXWLRQ� RI� C� LQ�
GLIIHUHQW�FRQGLWLRQV�RI�DFWLYH�HOHFWURGH�DQG�JDV�SURSHUWLHV��
�
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3.6. The power corona discharge 

7KH� DYHUDJH� SRZHU� FRQVXPSWLRQ� �3�� RI� WKH� GLVFKDUJH� LV�
FDOFXODWHG�IURP�WKH�PHDVXUHPHQW�RI� WKH�FXUUHQW� �,��DQG� WKH�
YROWDJH��9����
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ZKHUH�N�LV�WKH�QXPEHU�RI�PHDVXUHPHQW�VHULHV��
7KH�HIIHFW�RI�WKH�SUHVVXUH�RQ�WKH�DYHUDJH�SRZHU�LV�VKRZQ�LQ�
)LJXUHV����DQG�����7KH�GLVFKDUJH�SRZHU�LV�KLJKHU�ZLWK�WKH�
QHJDWLYH�SRODULW\� DQG��:��(63��ZKLFK� FRXOG�EH� H[SODLQHG�
E\� WKH� GLIIHUHQFH� EHWZHHQ� WKH� DSSDUHQW� PRELOLW\� DQG� WKH�
HOHFWULF�ILHOG����
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4. Conclusions 

,Q�WKLV�SDSHU��WKH�HIIHFW�RI�SUHVVXUH�RQ�D�GF�FRURQD�GLVFKDUJH�
EHKDYLRU� LQ�ZLUH�WR�SODQH�HOHFWURVWDWLF�SUHFLSLWDWRU�KDV�EHHQ�
LQYHVWLJDWHG�� ,QIOXHQFH�RI�QXPEHUV�RI� DFWLYH� HOHFWURGHV� DQG�
WKHLU�GLDPHWHU�ZHUH�LQYHVWLJDWHG��

,Q� DQ� HOHFWURVWDWLF� SUHFLSLWDWRU� WKH� YROWDJH�FXUUHQW�
FKDUDFWHULVWLFV� DUH� LPSRUWDQW� LQ� GLDJQRVLQJ� WKH� HOHFWULFDO�
SUREOHPV�DVVRFLDWHG�ZLWK�LW�GXULQJ�LWV�RSHUDWLRQ���

7KH� DSSDUHQW� PRELOLW\�� ZKLFK� LV� KLJKHU� ZLWK� WKUHH� ZLUHV�
FRQVWUXFWLRQ�DQG�WKLFNHU�RQHV��GHFUHDVHV�ZLWK�LQFUHDVLQJ�WKH�
SUHVVXUH�� 7KH� FRURQD� SRZHU� LQ� HOHFWURVWDWLF� SUHFLSLWDWRU�
GHSHQGV� XSRQ� DWPRVSKHULF� FRQGLWLRQV� DQG� WKH� DSSOLHG�
YROWDJH��7KH�RQVHW�YROWDJH�DQG�HOHFWULF�ILHOG�DUH�SURSRUWLRQDO�
WR� WKH� LQFUHDVH�RI�SUHVVXUH��$W� ORZ�SUHVVXUH�� WKH�QXPEHU�RI�
:LUHV� KDV� QR� HIIHFW�� EXW� IRU� KLJK� SUHVVXUH� RQVHW� YROWDJH�
LQFUHDVH�ZLWK�WKH�QXPEHU�RI�ZLUHV��
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Abstract 
Transmission line approach is often applied for approximate 
modeling of buried horizontal wires in many electromagnetic 
compatibility applications. Although this approximation is usually 
related to long wires it is also applied for finite length wires. In 
this paper we analyze the validity domain of this approximation by 
comparison with a full wave electromagnetic method. We compare 
currents computed by the approximate and rigorous models in 
centrally fed wires for different wire lengths and earth 
characteristics, in wide frequency range. 

1. Introduction 
The electromagnetic analysis of buried wires is of interest in 
different research areas, such as: electromagnetic 
compatibility (EMC), lightning protection, communication, 
geophysics, power system and grounding studies [1]–[2]. 
The temptation to use transmission line (TL) formulation to 
buried horizontal wires is big due to the simplicity in 
implementation and possibility to use in existing software 
for high frequency and transient analysis, based on circuit 
approach. However, it is not a simple task to generally 
determine the validity domain of this approximate 
formulation since it often depends on the case considered 
and the computed quantities [3]. Another problem is the use 
of several different formulations for approximate evaluation 
of TL parameters. One approach to analyze the validity 
domain of different approximate approaches is to compare 
results with a full-wave rigorous method based on 
Maxwell’s equations. This problem has recently attracted 
considerable attention [3]–[6].  

In this paper we compare currents along horizontal buried 
wires computed by TL approach with currents computed by 
rigorous approach. We compare several TL formulations, 
three that are based on uniformly distributed RLC 
parameters [7], and additional three that are based on direct 
evaluation of the unit length impedance and admittance [8]. 
The rigorous formulation used as a reference is based on a 
method of moment solution of integral field equations in 
frequency domain, with exact Green functions for 

homogenous earth, implemented in the well known antenna 
computer code NEC4 [9]. 

2. System under analysis 
Configuration of the analyzed system is illustrated in Fig. 1. 
Bare horizontal wire with radius a  and length 2A  is buried 
in a homogeneous soil at depth d . The soil is characterized 
by its conductivity gV , permittivity 0g rgH  H H , and 
permeability of vacuum 0P .  
 

Figure 1: Configuration of the analyzed system. 

Harmonic voltage source sV  is located at the middle point 
of the wire. The range of parameters considered in the 
analysis, is given in Table 1. 
 

Table 1: Parameters of the analyzed system. 
Parameter Value Unit 

2A 10, 100 m 
a 0.007 m 
d  1 M 
rgH  10  

gV  0.1, 0.01,  0.001 S/m 

sV  1+j0 V 
f  0.0001 – 10  MHz 

 

 



2 
 

3. Calculation of currents along the wire using 
 TL approach 

Buried wire in Fig. 1 is represented as a TL with open ends. 
The excitation is by a serial harmonic voltage source is in 
the middle point. The current distribution can be evaluated 
by a well known formula, for example from [10]: 
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where x  is distance along the wire from the source, J is 
propagation constant, 0Z  is characteristic impedance and 

inZ  is input impedance of one half of the line (as seen by the 
source). The unit length impedance Z  and admittance Y , 
are calculated using two different approaches, described in 
the following sections.  

3.1. Uniformly distributed RLC parameters 

A simple method to approximately estimate the required 
unit length parameters was suggested by Sunde [7, p. 256]. 
The leakage conductance, external inductance and 
capacitance of the finite length conductors were first 
derived from static (dc) conditions. Then, their values were 
divided by the conductor length, yielding the approximate 
unit length parameters: 
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Effects of the earth surface are treated for the conductance 
and capacitance by applying the image theory, while they 
are neglected for the inductance, leading to expression 
equivalent to inductance of wire in homogeneous medium. 
This approximate method is still very popular and was 
recently compared with other methods for high-frequency 
and surge analysis of grounding electrodes [11]. However, 
there is no consensus in using an approximate expression 
for inductance and several formulas are often used in 
calculations. In addition to (6), here we also compare two 
additional approximate expressions for external inductance: 
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where (8) is derived from the image theory [11], and (9) is 
derived from an exact expression for the magnetic field due 
to a horizontal dc electric dipole in a lossy half-space [12]. 

The per unit length impedance and admittance are then 
calculated as 

 Z j L Z , (10) 

 Y G j C � Z . (11) 

In the next text we will refer to the approaches in this 
section 3.1 as TL-RLC approaches. 

3.2. Unit length impedance and admittance 

Several expressions for the external impedance are available 
in the literature and their applicability in high-frequency 
analysis was recently investigated [8].  

Here we compare the Sunde’s expression for unit length 
impedance [7] and recently proposed simpler expression by 
Theethayi et al. [8]:  
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where 0K is modified Bessel’s function of second kind and 
zero order. 

Unit length admittance is computed from (2), where the 
propagation constant is approximated by 

 � �0 g gj jJ  ZP V � ZH . (14) 

The third compared formula is by Saad et al. [13]: 
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where low frequency approximation is used for the 
propagation constant 

 0 gjJ  ZP V . (16) 

In the next text we will refer to the approaches in this 
section 3.2 as TL-ZY approaches. 
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4. Numerical results 
In this section we compare currents computed by different 
TL formulations with the currents computed by the antenna 
theory model for horizontal buried wires in frequency 
domain. We use the following scalar parameter, referred to 
as normalized RMS error [14]:  
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where EiI  and TLiI  are phasors of the current samples along 
the wire, computed by the rigorous and TL formulations, 
respectively, and N is number of samples.  

Figure 2 shows normalized RMS errors of computed 
currents for 10 m long wires and Fig. 3 for 100 m long 
wires, in soils with different conductivities.  

One general conclusion, from the results in Fig. 2 for short 
wires  (10 m long), is that there is a systematic difference 
between the different TL approaches and the antenna results, 
for all considered parameter values. This difference is 
always greater or equal to about 10%. Furthermore, results 
from the three TL-RLC approaches are somewhat grouped 
together, which is also the case for the results of the three 
TL-ZY approaches.   

The differences between the TL-RLC and antenna 
approaches are constant (about 10%) at low frequencies and 
rise to few tens percents at high frequencies. Such increase 
starts at frequencies lower than about 100 kHz for highly 
conductive soil (V = 0.1 S/m), Fig. 2a, and at frequencies 
higher that 500 kHz for less conductive soil (V = 0.01 S/m), 
Fig. 2b. In cases in Figs. 2a and 2b, Sunde’s formula for 
inductance (6) leads to smaller differences in high frequency 
ranges. For highly resistive soil (V = 0.001 S/m) resonant 
behavior is visible in MHz range of frequencies, Fig. 2c. In 
this case, smaller differences with the antenna model are 
obtained using the formula (8). 

The three TL-ZY approaches (12)–(16) lead to great 
differences with antenna model at low frequencies (more 
than about 40%). The difference is smaller with the rise of 
frequencies and become smaller than the TL-RLC at high 
frequency ranges for less resistive soil with V = 0.1 S/m 
(Fig. 2a) and V = 0.01 S/m (Fig. 2b). For highly resistive 
soil, with conductivity V = 0.001 S/m (Fig. 2c) the 
differences with antenna model results are larger than for 
TL-RLC approaches in the whole considered frequency 
range. The Saad et al. formula (15) leads to larger 
differences at high frequencies. 

Results in Fig. 3 for longer wires (100 m long), also show 
systematic differences between TL and antenna results. The 
computed normalized RMS error is always larger or equal to 
about 10%. In the considered cases, TL-ZY approaches 
generally lead to smaller differences with the antenna model 

results than TL-RLC approaches, in nearly all considered 
ranges of parameters.  
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Figure 2: Normalized RMS error for currents in 10 m long 
buried wire (a) V = 0.1 S/m, (b) V = 0.01 S/m, (c) V = 0.001 S/m 
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Figure 3: Normalized RMS error of currents in 100 m long 
buried wire (a)�V = 0.1 S/m, (b) V = 0.01 S/m, (c) V = 0.001 S/m

 

The computed error (17) between TL-RLC and antenna 
model is about 10% at 100 Hz and rises with frequencies up 
to about 50 %. Best results are obtained for Sunde’s formula 
for inductance (6). 

The TL-ZY approach leads to differences of about 10% in 
all cases, except Saad et al. formula (15) that leads to larger 
differences in high frequency ranges due to the low 
frequency approximation. 

5. Conclusion 
In this paper we compared currents computed by several TL 
formulations with currents computed by antenna model 
along buried horizontal wires that are fed at the center by 
harmonic series voltage source. We have computed 
normalized RMS error of the currents along the wire taking 
the antenna model results as reference. The following 
conclusions can be drawn from the present study: 
x There is a systematic error (larger or equal to about 

10%) between all TL approaches and antenna model 
for all values of parameters in considered ranges. 

x TL formulations based on RLC parameters are more 
consistent with antenna model in the low frequency 
ranges and for smaller wire length, while after some 
switch frequency differences increase with frequency. 
Among considered three formulations, Sunde’s formula 
for inductance (6) leads to smaller differences with 
antenna model.  

x TL formulations based on unit length Z and Y lead to 
smaller differences with antenna model at high 
frequencies and for long wires. Among considered 
three formulations, Saad at al. formula (15) leads to 
largest differences with antenna model. 
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Abstract
The electromagnetic field expressions for the focused field
of a 3-D Cassegrain system with its paraboloidal reflector
coated with chiral medium are analyzed. Maslov’s method
is used to find the field expressions at high frequencies.
The dependency of focused field on the thickness of chi-
ral coating, chirality parameter and relative permittivity is
studied. It is concluded that the field strength at focal region
increases by increasing the thickness of chiral layer, chiral-
ity parameter and relative permittivity of the chiral coat-
ing. Therefore, it is possible to maximize the focused field
strength by adjusting these parameters.

1. Introduction
In focusing applications such as optical devices, laser cav-
ities and solar energy collectors, different types of metal-
lic and dielectric reflectors are used. The losses which
occur due to these reflectors can be controlled by coating
these reflectors with the layer of chiral medium as it has the
property to minimize the losses by adjusting the parameter
termed as chirality parameter [1, 2]. Such types of chiral
coating may be useful for collection of data by remote sens-
ing of different vegetation layers and also in biomedicine
and biochemistry applications [3, 4].

In 19th century, the chiral medium was studied be-
cause of its optical rotation property. Later, it was theoret-
ically and experimentally proved that left circularly polar-
ized (LC) and right circularly polarized (RC) waves exist
in the chiral medium. These waves have different phase
velocities, it means that the chiral medium has two dif-
ferent refractive indices for LC and RC waves [5]. Also
due to different circular polarizations, the waves have dif-
ferent modes of propagation [6]. Many scientists have
explored the interaction and properties of electromagnetic
waves with chiral slabs, reflection and transmission through
chiral interfaces and characteristics of antennas embedded
in the chiral medium [7-11].

To observe the field strength at focal region, Maslov’s
method is used as an alternative because Geometrical Op-
tics (GO) is an approximate method and fails at focal points
[12-19]. The physical explanation of Maslov’s method and
its comparison to different asymptotic ray theory (ART)
techniques have been given by Ziolkowski et al. [12]. Anal-
ysis of focal region fields of chiral coated 2-D Cassegrain

and Gregorian reflector systems has been done by [20, 21].
In this paper, focused field of a 3-D Cassegrain reflector is
analyzed when its main paraboloidal reflector has a coating
of chiral medium.

The present study is divided into five sections. Section
2 describes the relation of incident and reflected field am-
plitudes from perfect electric conductor (PEC) plane coated
with a layer of chiral medium. In section 3, GO fields ex-
pressions for 3-D Cassegrain reflector system are presented.
The simulation results and the conclusions are presented in
section 4 and 5, respectively.

2. Relation of Incident and Reflected Fields
by PEC Plane Coated with Chiral Medium

To observe the focal region fields of a 3-D Cassegrain sys-
tem when its paraboloidal reflector has a coating of chiral
material, the reflection phenomenon is considered from the
PEC plane which is coated with a chiral layer as in [1, 2].
The region z ! 0 is occupied with free space i.e., with pa-

Figure 1: Reflection from the PEC plane coated with chiral
medium

rameters (!0, µ0) while the region 0 ! z ! d consists of



chiral layer i.e., (!, µ," ) which is actually the coating at
PEC plane as shown in Figure 1. At interfaces z = 0 and
z = d, the application of boundary conditions yields fol-
lowing equation [1],
!

B!
B"

"
=
#
[r] + [T ] ([!] [R2] [!]" [R])#1 [t]

$

#
!

A!
A"

" (1)

where A!, B! and A", B" are the amplitudes of perpen-
dicular and parallel components of incident and reflected
fields, respectively. In Equation (1), the matrices [r], [R],
[t], [T ], [!] and [R2] are of 2#2 order, defined in terms of
Fresnel coefficients as given in [1]. By using this relation,
the amplitudes of reflected waves from chiral coated 3-D
Cassegrain reflector system are obtained in the next section.

3. Geometrical Optics Field for 3-D
Cassegrain Reflector System Coated with

Chiral Medium
Cassegrain reflector system consists of a paraboloidal
and the hyperboloid reflector. The geometry equations
of paraboloidal and the hyperboloid reflector of a 3-D
Cassegrain system can be formulated as [13],

#1 = g " f +
$2
1

4f
, #2 =

d

e

%
$2
2 + e2, g2 = d2 + e2 (2)

where,

$1 = %21 + &21 , $2 = %22 + &22 , dH2 = g#2 " d2 (3)

and (%1, &1, #1) and (%2, &2, #2) are the points in cartesian
coordinate system which lie at the paraboloidal reflector
and hyperboloid sub-reflector, respectively. Let the inci-
dent electromagnetic wave is traveling along the z-direction
as shown in Figure 2. The Incident wave equation can be
written as,

Ei = ax exp("jkoz) (4)

Unit vectors an1 and an2 normal to the paraboloidal and
hyperboloid surfaces are given as,

an1 = sin'1 cos'2ax + sin'1 sin'2ay " cos'1az (5)

where,
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Figure 2: 3-D Cassegrain System

Here H1 is the distance from point (%2, &2, #2) to the fo-
cal point z = "g and H2 is the distance from the same
point to the focal point z = g. The reflected wave from the
paraboloidal surface will behave as incident wave for the
hyperboloid reflector is given by,

Ei
2 = E exp{jko(x sin 2'1 cos'3 + y sin 2'1 sin'3

"z cos 2'1)} (9)

The rectangular components of the field reflected from
paraboloidal reflector are given as [2],

Ex = B! sin2 '2 "B" cos
2 '2 cos 2'1 (10)

Ey = " cos'2 sin'2(B" cos 2'1 +B!) (11)
Ez = "B" sin 2'1 cos'2 (12)

The initial value of the reflected wave from the surface of
hyperboloid reflector can be obtained using snell’s law as,

Er
2 = "Ei

2 + 2(Ei
2.an2)an2 (13)

The rectangular components of reflected wave from the hy-
perboloid reflector are,
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Er

2y = cos'2 sin'2(B" cos 2'1 +B!)

"2G sin'3 sin'2 (15)
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The expression for the focal region field is calculated by
using Maslov’s method, given as [13],
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The rectangular components of field are given as,
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where the terms in phase function are given as,
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and the limits of integration are chosen using relations,
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4. Results and Discussion
In this section, Equation (17) is solved numerically for L =
16, l = 4, a = 5, b = 6 and kf = 20. The limits of
integration are taken using the formulas for W1 and W2.
The effects of chiral layer thickness (d), chirality parameter
(") and relative permittivity (!) on the focal region of a 3-D
Cassegrain reflector system are investigated and analyzed.

Figure 3: Chiral thickness effect in 3-D Cassegrain system

Figure 3 shows the dependence of chiral thickness (d)
on the strength of focal region field. It is clear that by
increasing the thickness, focal region field strength in-
creases because of increase in the number of chiral medium
molecules, here " and ! are kept constant i.e., " = 0.5 and
! = 2. Figure 4 indicates that by increasing the chirality
parameter " keeping ! = 2 and d = 0.1, the focused field
strength increases, the reason is the increased concentration
of chiral medium molecules.

Figure 5 shows the effect of change in relative permit-
tivity ! when " = 0.5 and d = 0.1. It is observed that grad-
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Figure 4: Chirality parameter effect in 3-D Cassegrain sys-
tem

Figure 5: Relative permittivity effect in 3-D Cassegrain sys-
tem

ual increase in the value of ! increases the strength of focal
region field. The reason is, the chiral material impedance is
inversely proportional to

$
!. When ! is increased, there is

decrease in & and ultimately the focal region field strength
is increased.

Finally, the chirality parameter is fixed i.e., " = 0 and
the dependency of dielectric thickness on focal region field
is observed. Figure 6 shows the increased focal region field
strength when d is increased keeping " = 0 and ! = 2. The
effect of dielectric relative permittivity on focal region field
is shown in Figure 7, with " = 0 and d = 0.4. The focal re-
gion field strength increases as value of relative permittivity
is increased.

5. Conclusions
The focal region fields of a 3-D Cassegrain reflector system
are observed with its paraboloidal reflector coated with chi-
ral layer. It is concluded that by increasing the chiral coat-
ing thickness (d), chirality parameter (") and relative per-

Figure 6: Dielectric thickness effect in 3-D Cassegrain sys-
tem

Figure 7: Dielectric relative permittivity effect in 3-D
Cassegrain system

mittivity (!) of chiral coating, the strength of focal region
field is increased. Also the dielectric layer coating effect is
analyzed by putting the chirality parameter equal to zero. It
is concluded that the focused field strength can be increased
by increasing the relative permittivity ! and thickness d of
the dielectric coating. Thus, present study is useful for the
optimization in different focusing applications.
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Abstract−Both rectangular and equilateral triangular microstrip patches antennas with 
and without an adjustable air gap of an isotropic substrate are investigated in this paper 
and compared. An applicable and efficient method based on an analytical process is 
proposed to calculate the value of the resonant frequency for different cases. The 
structure is analysed in spectral domain using the moment method and an electric field 
integral equation based on Galerkin’s   procedure. The electric field due to the basis 
current on the rectangular and triangular patch is described for each form and  Green’s  
function corresponding to each layer is determined.  
 
1. INTRODUCTION: 
�����+DYLQJ�UHODWLYHO\�WKH�VDPH�UDGLDWLRQ�SURSHUWLHV�DV� WKH�UHFWDQJXODU�PLFURVWULS�DQWHQQD�� WKH�
HTXLODWHUDO� WULDQJXODU� SDWFK� ILQGV� DQ� H[WHQVLYH� DSSOLFDWLRQ� VXFK� DV� UDGDUV� DQG� VDWHOOLWH�
FRPPXQLFDWLRQ�� +RZHYHU�� WKH� DQDO\VLV� DQG� GHVLJQ� RI� WKH� UHFWDQJXODU� PLFURVWULS� DQWHQQDV�
PRXQWHG�RQ�GLIIHUHQW�VWUXFWXUHV�KDYH�EHHQ�H[WHQVLYHO\�UHYLHZHG�>�@�>�@��EXW�IHZ�VWXGLHV�KDYH�
EHHQ�SHUIRUPHG�IRU�WKH�GHWHUPLQDWLRQ�RI�WKH�UHVRQDQW�IUHTXHQFLHV�RI�WKH�HTXLODWHUDO�WULDQJXODU�
PLFURVWULS�VWUXFWXUH�>�@��>�@�>�@��
�����$�UHFWDQJXODU�DQG�DQ�HTXLODWHUDO�WULDQJXODU�SDWFK�KDYLQJ�WKH�VDPH�VXUIDFH�DUHD�PRXQWHG�RQ�
WZR� GLIIHUHQW� IRUPV� RI� VXEVWUDWH� DUH� LQYHVWLJDWHG� DQG� FRPSDUHG�� ,Q� WKH� ILUVW� LQVWDQFH�� ZH�
FRPSDUH�WKH�YDOXHV�RI�WKH�UHVRQDQW�IUHTXHQF\�IRU�HDFK�SDWFK�LPSOHPHQWHG�RQ�VLQJOH�OD\HU�RI�
DQ� LVRWURSLF� GLHOHFWULF� VXEVWUDWH�� 6HFRQGO\� WKH� VDPH� JHRPHWULHV� DUH� PRXQWHG� RQ� WRZ�OD\HU�
VWUXFWXUH�LQ�RUGHU�WR�VWXG\�WKH�DLU�JDS�WXQLQJ�HIIHFW�RQ�WKH�UHVRQDQW�IUHTXHQFLHV��7KH�VWUXFWXUHV�
DUH�PRGHOOHG�DQG�DQDO\VHG�ZLWK�VSHFWUDO�GRPDLQ�PHWKRG�RI�PRPHQWV�>��@��>��@��7KH�UHVRQDQW�
IUHTXHQF\�LV�FDOFXODWHG�IRU�GLIIHUHQW�YDOXHV�RI�WKH�DQWHQQD¶V�VWUXFWXUDO�SDUDPHWHUV���
����,Q�RUGHU�WR�YDOLGDWH�WKH�SURSRVHG�VWXG\��RXU�UHVXOWV�DUH�FRPSDUHG�ZLWK�WKH�GDWD�UHSRUWHG�LQ�
WKH�RSHQ�OLWHUDWXUH�IRU�ERWK�UHFWDQJXODU�DQG�WULDQJXODU�PLFURVWULS�DQWHQQDV���
 
2. ANALYSIS FORMULATIONS: 
    7KH�DQDO\VLV�RI�WKH�SURSRVHG�VWUXFWXUHV�LV�OHDGHG�E\�WKH�*DOHUNLQ¶V�PRPHQW�PHWKRG��0R0��
LQ�WKH�VSHFWUDO�GRPDLQ�XVLQJ�ERXQGDU\�FRQGLWLRQV�DV�DQ�HOHPHQW�WR�VROYH�WKH�SUREOHP��)RU�WKLV�
FDVH�ZH�KDYH�GHYHORSHG�WKH�H[DFW�FDOFXOXV�RI�WKH�G\DGLF�*UHHQ¶V�IXQFWLRQV���
����,W� LV� SUHIHUDEOH� WR� H[SUHVV� WKH� XQNQRZQ� SDWFK� FXUUHQW� LQ� WHUPV� RI� DQ� DSSURSULDWH� EDVLV�
IXQFWLRQV� IRUPHG� E\� D� VHW� RI� WUDQVYHUVH� PDJQHWLF� PRGHV� RI� WKH� UHFWDQJXODU� DQG� WULDQJXODU�
FDYLWLHV�ZLWK�PDJQHWLF�VLGH�ZDOOV�DQG�HOHFWULF�WRS�DQG�ERWWRP�ZDOOV��+RZHYHU��DQ�DSSURSULDWH�
EDVLV� FXUUHQW� V\VWHP� LV� FKRVHQ� IURP� >�@� IRU� WKH� UHFWDQJXODU� SDWFK�� DQG� IURP� >�@� IRU� WKH�
WULDQJXODU� RQH�� :H� KDYH� FDOFXODWHG� DQDO\WLFDOO\� WKH� )RXULHU� 7UDQVIRUP� RI� WKH� FXUUHQW�
FRPSRQHQWV� E\� DSSOLHG� D� PDWKHPDWLFDO� PHWKRG� >��@�� EHFDXVH� RI� WKH� FRPSOH[LW\� RI� WKH�
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WULDQJXODU�JHRPHWU\�� ,Q� WKLV� OHWWHU�ZH�DUH�FRQFHUQHG�RQO\�ZLWK� WKH�UHVRQDQW� IUHTXHQF\�RI� WKH�
VWUXFWXUH�ZLWKRXW�FRQVLGHULQJ�WKH�IHHG�� ,W� LV�DVVXPHG�WKDW� WKH�GLHOHFWULF� OD\HUV�DUH�DQ�LQILQLWH�
LVRWURSLF� GLHOHFWULF�� 7KH� PHWDOOLF� VODEV� �JURXQG� SODQH� DQG� SDWFKHV�� DUH� SHUIHFW� FRQGXFWRUV�
KDYLQJ�QHJOLJLEO\�WKLQ��
�����
����6WDUWLQJ� E\� WKH� 0D[ZHOO¶V� HTXDWLRQV�� DQG� DVVXPLQJ� WKDW� WKH� SURSDJDWLRQ� LV� LQ� WKH� =�
GLUHFWLRQ��IRU�HDFK�OD\HU�i�WKH�ZDYH�HTXDWLRQ�LQ�WKH�VSHFWUDO�GRPDLQ�ZLWK�IUHH�VRXUFH�LV�GHILQHG�
E\�WKH�IROORZLQJ�HTXDWLRQ�����
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A DQG� B DUH�IRXQG�ZKHQ�DVVXPLQJ�WKH�ERXQGDU\�FRQGLWLRQV��
�
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+RZHYHU��WR�VROYH�ULJRURXVO\�WKH�SUREOHP��ZH�FRQVLGHU�DW�ILUVW�WKH�ZDYH�SURSDJDWLQJ�PHGLD�DV�
D�VLQJOH�OD\HU�OLPLWHG�EHWZHHQ�WRZ�OHYHOV�� �iZ �DQG iZ ��DV�VKRZLQJ�LQ�)LJXUH�����
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)LJXUH����0RGHO�RI�WKHRUHWLFDO�ZDYH�SURSDJDWLQJ�PHGLD�
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7KH�SUREOHP�ZLOO�EH�VROYHG�ZKHQ�VXEVWLWXWLQJ�WKH�XQNQRZQ�FRHIILFLHQWV� A DQG�B DV��
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2.1. Formulation for single layer:  
7KH� VWUXFWXUH� FRQILJXULQJ� D� UHFWDQJXODU� �RU� DQ� HTXLODWHUDO� WULDQJXODU�� SDWFK� DQWHQQD�
LPSOHPHQWHG�RQ�VLQJOH�GLHOHFWULF�OD\HU�LV�LOOXVWUDWHG�LQ�)LJXUH����
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2.2. Formulation for two layers: 
�����7KH�)LJXUH���LOOXVWUDWH�D�VLQJOH�SDWFK�RQ�WZR�OD\HUV��WKH�XSSHU�OD\HU�LV�DQ�LVRWURSLF��
GLHOHFWULF�VXEVWUDWH�DQG�WKH�XQGHU�RQH�LV�DLU��   
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2.3. Choice of basis functions:  
������:KHQ�DSSO\LQJ�*DOHUNLQ¶V�PHWKRG�WR�VROYH�WKH�LQWHJUDO�HTXDWLRQ��LW�LV�SUHIHUDEOH�WR�H[SUHVV��
WKH� XQNQRZQ� SDWFK� FXUUHQW� LQ� WHUPV� RI� DQ� DSSURSULDWH� EDVLV� IXQFWLRQV� IRUPHG� E\� D� VHW� RI�
WUDQVYHUVH�PDJQHWLF�PRGHV�RI�UHFWDQJXODU��RU�WULDQJXODU��FDYLW\���
�
)RU� WKH� UHFWDQJXODU� SDWFK� LOOXVWUDWHG� LQ� WKH� )LJXUH� ��� WKH� SURSRVHG� EDVLV� IXQFWLRQV� IURP� WKH�
UHIHUHQFH�>���(TV����D��DQG���E�@�DUH��
�
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7KH�HOHFWULF�ILHOG�LQWHJUDO�HTXDWLRQ�LV�GHGXFHG�E\�DSSO\LQJ�WKH�ERXQGDU\�FRQGLWLRQV�UHTXLULQJ�
WKDW� WKH� FXUUHQW� GLVWULEXWLRQ� YDQLVK� RQ� WKH� UHFWDQJXODU� �RU� WKH� WULDQJXODU�� SDWFK� \LHOGV�
� �a�aa  JGEsurface ��>��@��FDVFDGLQJ�WKH�PDWULFHV�E\�VLPSOH�PXOWLSOLFDWLRQ�\LHOGV��WKH�IROORZLQJ�
PDWUL[�IRUP�LV�REWDLQHG�IRU�HDFK�FDVH�RI�WKH�SURSRVHG�VWUXFWXUHV��
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3. NUMERICAL RESULTS AND DISCUSSIONS: 
     7KH�SURSRVHG�PHWKRG� FDQ� VXSSO\� UHVXOWV� IRU� VHYHUDO� FRQVLGHUDWLRQV� DQG�GLIIHUHQW�PRGHV��
2QO\� DQDO\VLV� IRU� WKH� IXQGDPHQWDO� PRGH� 70��� FRQFHUQLQJ� WKH� UHVRQDQW� IUHTXHQF\� DUH�
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IRU�HDFK�FDVH�ZLWK�DQG�ZLWKRXW�DLU�JDS���
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7DEOH����9DULDWLRQ�RI�WKH�UHVRQDQW�IUHTXHQF\�YHUVXV�DLU�JDS¶V�WKLFNQHVV�
�WZR�OD\HUV��IRU�� ����� r �� mmd ���� DQG� ������ cmS   

�
7KH� FKDQJH� RI� ³d´� DQG� ³S´� KDV� DOVR� D� VLJQLILFDQW� HIIHFW� RQ� IUHTXHQF\�� IRU� H[DPSOH� IRU�
d ����PP� ����� r � DQG� ������ cmS  � cmacmbcmw ����������  ��� 7DEOH� ��
VXPPDUL]HV�VRPH�YDOXHV�IRU�VHYHUDO�DLU�JDS�ZLGWKV���
�
*HQHUDOO\�LW�FDQ�EH�VHHQ�WKDW�WKH�EHKDYLRXU�RI�WKH�IUHTXHQF\¶V�YDULDWLRQ�YHUVXV�WKH�JDS¶V�ZLGWK�
LV� WKH�VDPH�IRU�ERWK� UHFWDQJXODU�DQG� WULDQJXODU�SDWFK�� WKH�UHVRQDQW� IUHTXHQF\� LQFUHDVH�ZKHQ�
LQFUHDVLQJ�WKH�WKLFN�RI�WKH�JDS�DQG�WKH�SHUPLWWLYLW\�RI� WKH�GLHOHFWULF��EXW� WKXV�GHFUHDVLQJ�WKH�
HTXLYDOHQW� SHUPLWWLYLW\�� )URP� WKH� WDEOH� ��� ZH� REVHUYH� WKDW� WKH� YDOXHV� RI� WKH� IUHTXHQF\�
GHFUHDVHV� VXEVWDQWLDOO\� ZKHQ� LQFUHDVLQJ� WKH� VXUIDFH¶V� SDWFK� DQG� WKH� VXEVWUDWH¶V� WKLFN�
VLPXOWDQHRXVO\��7KLV�UHVXOW� LV� ORJLFDO�EHFDXVH�LQ� WKLV�FDVH�VRPH�HOHFWURPDJQHWLF� LQWHUIHUHQFH�
FDQ�DSSHDU�>��@��)RU�WKH�WULDQJXODU�SDWFK��LW�PXVW�EH�PHQWLRQHG�WKDW�RXU�UHVXOWV�XVLQJ�PRPHQW�
PHWKRG�DUH�UHODWLYHO\�FORVH�IURP�WKDW�RI�WKH�UHIHUHQFH�>�@�XVLQJ�FDYLW\�PRGHO�PHWKRG����
7KH� QRWHZRUWK\� REVHUYDWLRQ� KHUH� LV� WKDW� WKH� UHVRQDQW� IUHTXHQFLHV� YDOXHV� RI� WKH� UHFWDQJXODU�
SDWFK�DUH� UHODWLYHO\� ORZHU� IURP� WKDW�RI� WKH� WULDQJXODU�RQHV�XQOLNH� WR� WKH� ILUVW� FDVH�ZKHQ� WKH�
VXEVWUDWH�LV�ZLWKRXW�DLU�JDS�� 
 
4. CONCLUSION: 
����:H� KDYH� FDUULHG� RXW� DQ� LQYHVWLJDWLRQ� DQG� FRPSDULVRQ� EHWZHHQ� WZR�PLFURVWULS� DQWHQQD¶V�
VWUXFWXUHV� IRU� WZR� VKDSHV� RI� SDWFK� LQ� HDFK� FDVH��:H� KDYH� XVHG� QHZ� DQG� ULJRURXV� DSSURDFK�
EDVHG�RQ�DQ�DQDO\WLFDO�FDOFXODWLRQ�FRPELQHG�ZLWK�WKH�PRPHQW�PHWKRG�LQ�VSHFWUDO�GRPDLQ��7KH�
VWXG\� VXPPDUL]HV� D� FKDUDFWHUL]DWLRQ� RI� ERWK� UHFWDQJXODU� DQG� DQ� HTXLODWHUDO� WULDQJXODU�
PLFURVWULS�DQWHQQD�KDYLQJ�WKH�VDPH�VXUIDFH��ZLWK�DQG�ZLWKRXW�DQ�DGMXVWDEOH�DLU�JDS��*HQHUDOO\�
LW� LV� REVHUYHG� IURP� WKH� REWDLQHG� UHVXOWV� WKDW� WKH� UHVRQDQW� IUHTXHQF\� RI� UHFWDQJXODU� SDWFK� LV�
UHODWLYHO\� ORZHU� WKDQ� WKH� WULDQJXODU� RQH� LQ� DOO� FDVHV�� +RZHYHU�� WKH� LQWURGXFWLRQ� RI� DQ�
DGMXVWDEOH�DLU�JDS�KDV�D�PRUH�SURQRXQFHG�HIIHFW�RQ�WKH�UHVRQDQW�IUHTXHQF\�IRU�WKH�SURSRVHG�
DQWHQQD¶V�SDWFKHV�� 
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Abstract
High-frequency plane wave diffraction by strongly elon-
gated bodies is considered. As well known at very high
frequencies the field on the surface is given by Fock asymp-
totics. A similar approximation is derived for less high fre-
quencies when the effect of large transverse curvature is
essential. Both in the case of positive and in the case of
negative transverse curvatures the attenuation of diffracted
electromagnetic field in penumbra becomes smaller.

1. Introduction
Some problems of high-frequency diffraction remain diffi-
cult for numerical computation and the use of asymptotic
methods is still actual. One of such problems is diffraction
by strongly elongated bodies. It was noted that for on-axial
incidence the field in the penumbra attenuates less quickly
than described by V.A.Fock asymptotics [1]. In [2, 3] it
was shown that, the reason for that less quick attenuation is
in the large transverse curvature of the surface which influ-
ences the diffraction process via the parameter

! = k"3/2t "!1/2, (1)

where k is the wave number, " is the radius of curvature in
longitudinal direction and "t is the radius of transverse cur-
vature. In the case of spheroid the parameter ! is constant
and can be expressed via the semi-axes: small – a and large
– b as

! =
ka2

b
. (2)

The asymptotic procedure developed in [3] in the supposi-
tion k" ! 1, ! = O(1) results in the following leading
order approximation for the induced current on spheroidal
surface

J = eikzA
!z
b
,!

"
sin#, (3)

where special functionA($,! ) is given by the integral

A($,! ) =
2e!i!/4

%

e!i"#/2

"
!
#

1# $2

+i"$

!i"

%
1# $

1 + $

&µ

$

$ !(1/2 + µ) Wµ,1(#i!)

Wµ,0(#i!)Ẇµ,1(#i!) + Ẇµ,0(#i!)Wµ,1(#i!)
dµ

(4)

involving Whittaker functionsWµ,$.
As shown in [4] for ! % & formula (3) reduces to

V.A.Fock asymptotics and in this sense is uniform with re-
spect to transverse curvature.

The correctness of the asymptotics (3) is also check by
comparison with test results computed by finite elements
method by M.Duruflé (University of Bordeaux) [5].

2. The case of negative transverse curvature
In this paper in a similar manner we derive the asymptotic
formula for the field excited by an incident plane wave on
the surface which is convex in the direction of the incident
wave and is concave in the transverse cross-section. We as-
sume that the body possesses the symmetry of revolution
and the incident wave runs along its axis (see fig. 1). In
a vicinity of light-shadow boundary the surface can be ap-
proximated by one-sheeted hyperboloid and its deviation
from that hyperboloid can be accounted for with the next
order terms of the asymptotics, which however we do not
derive in this paper.

The surface of hyperboloid is infinite, however we con-
sider it only locally and exclude effects of multiple reflec-
tions.

Figure 1: diffraction by a bodywith negative transverse cur-
vature.

2.1. Coordinate system

Let us introduce the one-sheeted hyperboloid, which has
the same radii of curvature at the light-shadow boundary as
the surface under consideration. The semiaxes (small a and
large b) of that hyperboloid are defined by the formulae

" =
b2

a
, "t = a. (5)



Here " is the radius of curvature of the body in longitudi-
nal cross-section on the light-shadow boundary and " t is its
radius of curvature in transverse cross-section.

We introduce hyperboloidal coordinates (&, $,# )

z = p&$, r = p
#
1# &2

#
1 + $2, p =

#
b2 # a2,

(6)
where (r,#, z) are cylindrical coordinates with the z axis
coincident with the axis of the hyperboloid, and z = 0 on
the light-shadow boundary. Coordinate & takes values & '
1, coordinate $ varies from minus infinity to plus infinity.

The surface of the hyperboloid is given by the formula

& = const = &0. (7)

Taking into account that a ( b, we get in the leading order

p =
"

m

'
'

2
, &0 = 1# '

4m2
, (8)

wherem is the usual asymptotic parameter [1]

m =

%
k"

2

&1/3

(9)

and
' = 2m2 "t

"
. (10)

We shall characterize the rate of elongation by the parame-
ter ! ) '3/22!1/2.

2.2. Maxwell equations

Maxwell equations
(

rot E = ikH,
rot H = #ikE

(11)

in hyperboloidal coordinates take the form

(

(&
h%E% # (

(#
h&E& = #ikh&h%H#, (12)

(

(#
h#E# #

(

($
h%E% = #ikh%h#H&, (13)

(

($
h&E& #

(

(&
h#E# = #ikh#h&H%, (14)

(

(&
h%H% # (

(#
h&H& = ikh&h%E#, (15)

(

(#
h#H# #

(

($
h%H% = ikh%h#E&, (16)

(

($
h&H& #

(

(&
h#H# = ikh#h&E%, (17)

where h&, h# and h% are metric coefficients given by the
formulae [6]

h& = p

)
&2 + $2

1# &2
, h# = p

)
&2 + $2

1 + $2
,

h% = p
#
1# &2

#
1 + $2. (18)

Assuming that the field dependence on the angle # is
given by the multiplier ei$%, from equations (12), (13), (15)
and (16) we express E&, E# , H& and H# via E% and H%.
Substituting these expressions into equations (14) and (17)
yields the system of differential equations for E% and H%.
We exploit now the symmetry of these two equations. By
setting

E% = *P + *Q, H# = #i *P + i *Q, (19)

this system is reduced to two independent equations. We do
not present here these very cumbersome equations.

2.3. Stretched coordinate and variables separation

Further we perform scaling of coordinate & and introduce
new normal coordinate ) by the formula

& = 1# '

4m2
). (20)

Note that on the surface ) = 1 and on the axis of hyper-
boloid ) = 0.

Following the usual asymptotic procedure of Parabolic
equation method [1] we extract the quick oscillating factor

P̂ = exp(ikp$)P ($,) ), Q̂ = exp(ikp$)Q($,) ) (21)

and represent functions P and Q in the form of the series

P =
+

j=0

Pjm
!j , Q =

+

j=0

Qjm
!j . (22)

Sorting the terms in the equations for P andQ by the pow-
ers of the large parameter m, we get a recurrent system of
equations for Pj andQj . In the leading order the equations
are

L1!$ P0 = 0, L1+$ Q0 = 0, (23)

where

Ln = )
(2

()2
+

(

()
+

i

2
!($2 + 1)

(

($

+

%
i

4
!$ # !2)

4
# n2

4)

&
. (24)

Equations (23) allow variables separation. A particular
solution of equation LnUn = 0 can be written in the form
of an integral by variables separation parameter µ in the
form

Un = Un(", F ) =
1

"
!)

#
1 + $2

$

$
$

"(µ)e2µ arctan(#)Fiµ, n/2(!))dµ, (25)

where " is arbitrary function and Fm, n/2(x) is a solution
of Whittaker equation [7]

d2F

dx2
+

%
#1

4
+

m

x
+

1# n2

4x2

&
F = 0. (26)
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We shall choose appropriate solutions among Whittaker
functions Mm,n/2(x), Wm,n/2(x), M!m,n/2(#x) and
W!m,n/2(#x).

Electromagnetic field in the problem can be represented
as the sum of the incident wave and some wave reflected
from the surface. In the representation (25) for the inci-
dent wave which is regular at the axis of revolution, we can
choose functions Miµ,n/2(!)) or M!iµ,n/2(#!)) which
are regular at ) = 0. The reflected wave is subject to ra-
diation condition. So, when writing the representation (25)
for the reflected wave we need to choose such solution of
Whittaker equation which corresponds to waves propagat-
ing away from the surface. This wave is incoming in terms
of coordinate ). The domain of large ) is behind the bound-
ary of hyperboloid, however the type of wave does not de-
pend on the presence of the boundary, and we analyze it at
) >> 1 with the use of the asymptotics [8]

W',m(x) * x'e!x/2, |x| % &. (27)

This chooses the solutionW!iµ, n/2 (#*)).

2.4. Incident and reflected fields

Let us find the representation (25) for the incident wave.
We assume that locally it is a plane wave

E(i) = eikzex, H(i) = eikzey, (28)

where ex are ey are unit vectors in Descartes coordinate
system. In the hyperboloidal coordinate system this wave
has the components

E(i)
% = eikp&# cos#, H(i)

% = eikp&# sin# (29)

and for functions P , Q we get

P (i)
0 =

1

2
exp

%
i## i

2
!)$

&
, (30)

Q(i)
0 =

1

2
exp

%
#i## i

2
!)$

&
. (31)

Function P (i)
0 satisfies the first parabolic equation in

(23) with + = 1 and Q(i)
0 satisfies the second parabolic

equation with + = #1. The representations for both P (i)
0

and Q(i)
0 follow from the identity

exp
,
i
2x$

-
"
x
#
1 + $2

+"$

!"

e2µ arctan(#)M!iµ,0(#x)

cosh(%µ)
dµ ) i (32)

derived in [9]. We get

P (i)
0 = ei%U0(",M!iµ,0(#!))),

Q(i)
0 = e!i%U0(",M!iµ,0(#!)))

(33)

with
"(i) =

#i"
* cosh(%µ)

. (34)

Formulae (33) allows the total field of diffraction to be
written in the form

E% =
#ieikp# cos(#)
"
!)

#
1 + $2

+"$

!"

e2µ arctan(#)

cosh(%µ)

!
M!iµ,0(#!))

+ ,0(µ)W!iµ,0(#!)) + ,1(µ)W!iµ,1(#!))
"
dµ, (35)

H% =
#ieikp# sin(#)
"
!)

#
1 + $2

+"$

!"

e2µ arctan(#)

cosh(%µ)

!
M!iµ,0(#!))

+ ,0(µ)W!iµ,0(#!))# ,1(µ)W!iµ,1(#!))
"
dµ. (36)

Here we have taken into account the made above choice of
particular solution W!iµ,n/2(#!)) of Whittaker equation
which corresponds to waves going away from the surface.
Functions ,0 and ,1 should be taken such that the field
satisfies the boundary conditions on the surface.

A special question is in the appropriate choice of the
integration path. Namely, when using the representation
for the incident plane wave, the path of integration can be
deformed in the finite domain almost arbitrarily. The only
restriction is that when performing such a deformation we
can not cross the poles at semi-integer imaginary points. As
it will be seen below the functions ,0 and ,1 have poles.
This gives some additional restrictions on the possible de-
formations of the integration path. That is dependently on
the deformation of the integration path in the representation
of the incident wave we shall include or exclude contribu-
tions of poles presented in functions ,0 and ,1. We shall
examine that poles below and choose the integration path.
At this section we only fix the ends of the contour that starts
from#& and ends at +&.

2.5. Boundary conditions

The boundary conditions on a perfectly conducting surface
of hyperboloid have the form

E%($, 1) = 0 (37)

and
E#($, 1) = 0. (38)

With the help of the formula expressingE# via E% andH%

and accounting for (37) the second condition yields

2
(H%($, 1)

()
+H%($, 1) = 0. (39)

Substituting representations (35) and (36) into the condi-
tions (37) and (39) we get the system of algebraic equations
for the amplitude functions ,0 and ,1

(
,0W!iµ,0(#!) + ,1W!iµ,1(#!) = #M!iµ,0(#!),
,0Ẇ!iµ,0(#!)# ,1Ẇ!iµ,1(#!) = #Ṁ!iµ,0(#!).

(40)
Here and below, dot denotes derivative of a function.
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Table 1: Zeros of the denominator.

! µ0 µ1 µ2 µ3 µ4

0.1 1.550622 + 0.393790 i -0.000895 + 0.511917 i -0.062846 + 1.356437 i -0.074132 + 1.632544 i -0.154036 + 2.295688 i
0.5 0.129071 - 0.056480 i -0.186936 + 0.594482 i -0.381803 + 1.154738 i -0.461135 + 1.647171 i -0.599989 + 2.148862 i
1.0 -0.120641 - 0.180254 i -0.390031 + 0.517184 i -0.616925 + 1.030631 i -0.731991 + 1.547721 i -0.897053 + 2.042077 i
2.0 -0.333362 - 0.373716 i -0.643920 + 0.311608 i -0.925053 + 0.814817 i -1.096494 + 1.338831 i -1.296782 + 1.835297 i
3.0 -0.448176 - 0.568983 i -0.825406 + 0.098262 i -1.148691 + 0.604578 i -1.366097 + 1.130667 i -1.595123 + 1.628809 i
5.0 -0.582388 - 0.984233 i -1.095406 - 0.328612 i -1.486433 + 0.184338 i -1.777583 + 0.714907 i -2.056523 + 1.215151 i

Solving this system we find

,0 = # 1

Z

!
M!iµ,0(#!)Ẇ!iµ,1(#!)

+ Ṁ!iµ,0(#!)W!iµ,1(#!)
"
, (41)

,1 =
1

Z

!
Ṁ!iµ,0(#!)W!iµ,0(#!)

#M!iµ,0(#!)Ẇ!iµ,0(#!)
"
, (42)

where

Z=W!iµ,0(#!)Ẇ!iµ,1(#!)+Ẇ!iµ,0(#!)W!iµ,1(#!).
(43)

2.6. Induced current

Substituting these expressions into representation (36) and
setting ) = 1, we can find the current on the surface. To
simplify the formula we use the expression for the Wron-
skian

Ṁ',0(z)W',0(z)#M',0(z)Ẇ',0(z) =
1

!(1/2# -)
,

(44)
which follows from formulae 13.1.22, 13.1.32 and 13.1.33
of [7], and exploit the symmetry property of Gamma func-
tion. The final formula for the induced current can be writ-
ten as

J = eikzB
!z
b
,!

"
sin#, (45)

where

B($,! ) =
2i

%

ei"#/2
"
!
#

1 + $2

+"$

!"

e2µ arctan(#)$

$ W!iµ,1(#!)
Z

!

%
1

2
+ iµ

&
dµ. (46)

It is worth discussing the choice of the path of integra-
tion in (46). The subintegral expression has poles and val-
ues of the integral computed along different paths may dif-
fer in the contributions of the residues in that poles. Each
of such residues corresponds to a creeping wave that prop-
agates along the surface, and the only rigorous way to find
out which waves should be included in the diffraction field

is to match the asymptotics of the special function B for
large negative $ with the incident field. However this is
not an easy question because on one hand letting $ % #&
yields no significant simplifications in the integral represen-
tation and we use numerical matching. On the other hand,
the one-sheeted hyperboloid presents a kind of wave-guide
with slowly varying cross-section and the incident field can
be represented as a sum of modes or as a complicated com-
bination of ray contributions undergoing multiple reflec-
tions from the walls. However we want to exclude these
multiple reflections and expect the absolute value of the in-
duced current to be close to 2 in the illuminated region.

There are also some non-rigorous speculations giving a
hint on the choice of the integration path. The path of in-
tegration should not depend on frequency. While the elon-
gation parameter ! depends on frequency, and the poles as
shown below depend on !, the path of integration should
be chosen such that the poles do not cross it when !
varies from very small to very large values (almost from
zero to infinity). One set of poles is associated with the
gamma function. These poles are at points µ = i

,
1
2 + n

-
,

n = 0, 1, 2, . . . The other poles are at zeros of the denom-
inator Z , and need to be examined. For every fixed value
of elongation parameter ! there is an infinite series of ze-
ros µs, s = 0, 1, 2, . . . (see table 1, where we present 5
zeros with the minimal imaginary parts for different values
of the elongation parameter). All zeros except µ0 have neg-
ative real part for any value of the elongation parameter !.
When ! tends to zero, that is when the surface becomes
extremely elongated these zeros approach the poles of the
Gamma function in semi-integer points on the imaginary
axis of µ. The zero µ0 with the smallest imaginary part
behaves as a function of ! in a different way. When ! is
greater than !0 + 0.700777 its real part is negative, but for
more elongated surfaces this poles shifts to the right half-
plane of µ and its real part grows to infinity when ! % 0.
The residues in all the poles µ1, µ2, . . . represent functions
which decrease with $ % +&. The residue in the pole µ0

decreases with $ only if ! < !0. When the body is more
elongated, ! > !0, the contribution of the residue in µ0

grows with $, however remains bounded.

Basing on numerical experiments (see the next section,
where we check that |B| % 2 when $ % #&) we choose
the path of integration in (46) such that it avoids zeros of
the denominator from below.
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Figure 2: Amplitudes of induced currents on spheroids with
! = 0.1, 0.5, 1, 2, 5, 10 and 15.

3. Numerical results
We present results of computations of functionsA from (3)
and B from (45). The integrals in (4) and (46) rapidly con-
verge and the only difficulty is in the computation of Whit-
taker functions. This is done with the help of the code de-
veloped in [10] for the computation of Coulombwave func-
tions. Using the relations between Whittaker and Coulomb
wave functions one can rewrite the integral representations
(4) and (46) as

A($,! ) =
4"
%

e!i"#/2

"
!
#

1# $2

+"$

!"

%
1 + $

1# $

&iµ

$

$H+
1/2

,
µ, "

2

-.
H+

1/2

,
µ, "

2

-
Ḣ+

!1/2

,
µ, "2

-

+ Ḣ+
1/2

,
µ, "

2

-
H+

!1/2

,
µ, "

2

-/!1 e!µ/2#
cosh(%µ)

dµ (47)

and

B($,! ) =
4ei!/4"

%

ei"#/2
"
!
#

1 + $2

+"$

!"

e2µ arctan(#)$

$H!
1/2

,
#µ, i"2

-.
H!

1/2

,
#µ, i"2

-
Ḣ!

!1/2

,
#µ, i"2

-

+Ḣ!
1/2

,
#µ, i"2

-
H!

!1/2

,
#µ, i"2

-/!1
$

$ e!!µ/2

#
cosh(%µ)

dµ. (48)

Absolute values of special functions A and B from the
asymptotics (3) and (45) are presented on figs. 2 and 3.
These figures show that the induced currents both on

spheroids and on hyperboloids decrease along the surface

-5 -4 -3 -2 -1 0 1 2 3 4 $
0.0

0.5
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1.5

2.0

2.5

|B|

3 2 1
0.5

0.3

0.2

0.1

Figure 3: Amplitudes of induced currents on hyperboloids
with ! = 0.1, 0.2, 0.3, 0.5, 1, 2 and 3.

less quicker the smaller the elongation parameter !. The
growth of current amplitude shown on fig. 2 in a vicinity of
shadowed end of spheroids for ! , 2 can be explained by
the effect of focusing. However the asymptotic expansion
(3) does treat this effect in a proper way. So, this effect may
be artificially introduced by neglecting smaller order terms
in the asymptotics.

Figure 3 shows that the induced currents have a max-
imum near the light-shadow boundary. When the body is
not too strongly elongated this maximum is in the illumi-
nated domain. However when the elongation increases (pa-
rameter ! decreases) the maximum shifts to the domain of
geometrical shadow.

To justify the choice of the integration path we present
on fig. 4 the absolute value of the functionB with excluded
contribution of the residue in the pole µ0. We see that for
negative $ the absolute values of functionB vary and do not
approach to the expected value of 2 (compare with much
better matching on fig. 3).

4. Conclusion
We have considered problems of diffraction by strongly
elongated spheroid-like bodies and by strongly elongated
hyperboloid-like bodies. In both cases the ratio of curva-
tures of the surface in longitudinal and in transverse cross-
section was assumed asymptotically large. In the case of a
spheroid-like body the transverse curvature is positive and
in the case of a hyperboloid-like body it is negative. The
asymptotic formula that describes induced currents on large
strongly elongated spheroid was derived in previous papers
and was shown to give very accurate approximation. In
this paper we have presented asymptotic formula for the
induced currents on large strongly elongated hyperboloid-
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Figure 4: Induced current with excluded contribution of the
creeping wave corresponding to the pole µ0.

like surface. Computations according to that formulae show
that both in the cases of positive and negative transverse
curvatures attenuation becomes smaller when the surface
becomes more elongated.

In the case of hyperboloid-like surface we have ex-
cluded contributions of multiply reflected rays. However
these rays are never tangent to the surface of one-sheeted
hyperboloid and therefore their field can be well described
by ray method asymptotics.
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Abstract 
The paper presents two approximate quasi-static models of 
horizontal wire conductor buried in homogeneous lossy 
soil. The main objective is to analyze the approximation 
effects of image theory and complex image theory applied 
to simplify the Green’s functions that arise in the rigorous 
electromagnetic (EM) model. A detailed study of the 
accuracy of the proposed two approximate models is given 
looking for possibilities to improve their consistency with 
respect to rigorous EM model. 

1. Introduction 
The electromagnetic analysis of horizontal wire-conductors 
buried in finitely conductive earth is often part of complex 
electromagnetic compatibility studies. Different strategies 
for modeling have been developed, ranging from 
transmission line theory to exact approach based on 
electromagnetic theory [1]. The last one is based on the 
electromagnetic theory and uses rigorous Sommerfeld 
formulation for the electric field due to elementary Hertz 
dipoles sources and thus represents the most accurate 
solution of the problem. This model involves numerical 
integration of appropriate Green’s functions that take into 
account the influence of the air/soil half-spaces by rigorous 
Sommerfeld formulation [2]. However, such rigorous 
treatment in the electromagnetic model is very demanding 
in terms of both computer memory and time. For that reason 
approximate formulations have been intensively studied 
[3]–[7].  

In this paper the authors investigate the effects of the 
proposed quasi-static approximations of the Green’s 
functions related to the given problem. This study is based 
on the comparison of the current distribution along a center 
fed wire conductor buried in homogeneous lossy soil. The 
calculations are done in wide frequency range from 0.001 to 
10 MHz. A detailed parametric analysis clearly illustrates 
the validity domain of the proposed approximations with 
respect to their practical applications. 

2. Mathematical model 
Consider x–directed horizontal conductor of radius a and 
length L placed at depth d in homogeneous lossy soil, as 
shown in Fig. 1. The central fed energization is assumed by 
a harmonic voltage generator VS in frequency range from 
1 kHz to 10 MHz, the time variation j te Z

 is assumed and 
suppressed. The air (medium “0”) occupies the upper half-
space (z > 0), whereas the soil (medium “1”) occupies the 
lower half-space (z < 0). Both mediums are characterized by 
corresponding values of permeability ȝ0 and permittivity H0 
and İ1 = İ0İr respectively. The conductivity of the soil is V. 
 

 
Figure 1: A center fed horizontal wire conductor in 
homogeneous lossy soil. 

The rigorous EM model for a given problem is based on 
the Electric Field Mixed Potential Integral Equation (EF-
MPIE) that is solved by the Method of Moments (MoM) 
using Galerkin formulation [8]. In due course, thin-wire 
conductor is divided into N+1 fictitious sections, as shown 
in Fig. 2. 

 
Figure 2: Approximation of the current with roof-top basis 
functions over two neighbor segments. 
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Next, the unknown current I is approximated by a 
sequence of expansion functions In (n = 1, …, N) over two-
neighbor sections thus forming a segment of length ln. Here, 
we use roof-top expansion functions which results in a 
piecewise linear approximation of the current. 

The boundary conditions regarding the tangential 
component of the electric field at the wire surface are 
satisfied approximately in an average (weighted) way. We 
choose the weighting functions to be the same roof-top 
functions. The current distribution is obtained by solving 
the well known matrix equation [9] 

 [ ] [ ] [ ]Z I V�  , (1) 

where the column matrix [I] represents the unknown 
current samples, [Z] is the generalized impedance matrix 
related to mutual impedances between segments, [V] is the 
excitation matrix.  

The elements of the impedance matrix denoted by zmn 
represent self or mutual impedances between a pair of 
observation (m) and source (n) segment. 

 
1

m

mn
mn nx m

n n l

Vz E dl
I I

�
  ³ , (2) 

where Enx is x–directed component of the electric field 
vector tangential to the surface of the observation segment 
m with length lm due to filaments of current In and charge qn 
along the axis of the source segment n. Here we use the 
following EF-MPIE [10, 11] 

 nx nx nE j A VZ � �� , (3) 

 n

n

xx
nx A n n

l

n V n n
l

A G I dl

V G q dl

 

 

³

³
. (4) 

2.1. Exact formulation of the Green’s functions 

The rigorous EM model involves exact formulations for 
the Green’s functions of the vector and scalar potentials. 
Here, xx

AG  is the x-component of the dyadic Green’s 
function for the magnetic vector potential due to x-directed 
horizontal electric dipole HED in conductive half space. 
Respectively, GV is the scalar potential Green’s function 
due to one charge q associated to the HED. 

The Green’s functions xx
AG  and GV are obtained firstly 

in the transformed Fourier domain by solving the 
corresponding wave equations with respect to the boundary 
conditions at the air-soil interface. Next, the spatial domain 
Green’s functions are obtained by solving the following 
Sommerfeld-type integral  

 ^ `, 0 , , 0
0

1 ( ) ( )
2A V A V A VG S G G J dO OU O O
S

f

  ³� � . (5) 

The expressions for the vector and scalar Green’s 
functions relative to this problem may be found in [12, 13]. 
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where RTE and RTM  are Fresnel reflection coefficients [14] 
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and K10 is quasi-static reflection coefficient 
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The first term in Equations (6) and (7) corresponds to 
the direct term 
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, (11) 

where Rdir is the distance between the dipole and the 
observation point.  

Respectively the term Gimg corresponds to the image 
term 

 

22
1 1

22

e imgjk z z jk R

img
img

eG
Rz z

U

U

c� � � �

  
c� �

, (12) 

where Rimg is the distance between the image of the dipole 
located at zc�  and the observation point.  

Gdir and Gimg are obtained from the Sommerfeld identity 
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where h z zc r , and represents a spherical wave radiated 
by a Hertz dipole placed in infinite homogeneous medium 
“1”, i.e. with propagation constant k1.  

The terms ^`0S �  have no analytical solution. We 
determine their spatial domain solution by direct numerical 
integration in a similar way to the approach used by Burke 
et al. [15]. 

2.2. Quasi-static approximation of the Green’s functions 

The quasi-static approximations of the Green’s functions 
xx
AG and GV are based on the exponential approximation of 

the spectral expressions that arise in ^`0S �  when frequency 
tends to zero. The spatial domain Green’s functions are later 
obtained in closed form in terms of Sommerfeld identity. In 
comparison to the classical quasi-static approach, this image 
representation involves the propagation effect [6, 7]. 

As Z o 0, and 2
0 0k o  the most simple approximation 

in spectral domain is based on u1 ~ u0 since 2 2
nkO !!  for 

n = 0, 1. By substitution in (8), we come to the following 
low-frequency approximation of the Fresnel reflection 
coefficients 
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This leads to the following approximation of (6) and (7) 
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The second approximation [7] is based on the 
assumption u0 ~ O, u1 z u0 and Wait-Spies [16] and 
Bannister’s air-earth complex image theory [17] 
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 1 1u z z jk z z a z z be e e Oc c c� � � � � �  (18) 

where 1 02 / 2 / ( )d j jJ ZP V ZH  �  denotes complex 
depth and G  is skin depth. The constants a and b get values 
of 0.4 and 0.96 (valid when 2 / 1R G � ), or 0.96 and 0.4 
(valid when 2 / 1R G ! ) [3]. 

 By using (17) and (18) we obtain the following 
approximate formulations of (6) and (7)  
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Equations (19) and (20) may be readily evaluated by 
using the following analytic solutions 
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that leads to the following approximations of (6) and (7) 
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3. Numerical results 
To determine the domain of applicability of proposed 
approximate quasi-static expressions we compare the 
current along a horizontal conductor in homogeneous lossy 
soil in wide frequency range.  

Firstly, we investigate the influence of the current 
components that arise respectively due to the two terms in 
the expression of the electric field  (3) in the rigorous EM 
model. The first component of the current IA is related to the 
magnetic vector potential A, whereas the second current 
component IV is related to the electric scalar potential V. 
Thus, we define the phasor of the total current I as a sum of 
two components  

 A VI I I � . (25) 
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Next, we investigate the accuracy of each of the 
proposed approximations: (15) and (23) for xx

AG , and (16) 
and (24) for GV. The objective of this analysis is to 
determine the error that arises when calculating the current I 
due to approximation of only one of the corresponding 
Green’s functions xx

AG  and GV. 
Further, we develop two approximate models on the 

basis of the two sets of approximate Green’s functions:  

x Model A - based on the approximations (15) and (16);  

x Model B – based on the approximations (23) and (24). 

We compare the accuracy of the above models by 
comparing the current along the conductor with respect to 
rigorous EM solution on the basis of a rms error [18]  
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where EMiI   and approxiI  are phasors of the current samples 
along the wire computed by the EM model and by using the  
approximate models A and B, and N is number of samples. 

Here also, we compare the currents calculated by using 
the Numerical Electromagnetic Code (NEC) reflection 
coefficient approximation [19]. 

The studied cases are: L = 10-m (short conductor) and 
L = 100-m (long conductor), with radius a = 0.007 m 
positioned at depth D: 0.5 m, 1 m and 1.5 m. Three values 
for the soil conductivity V are assumed:  0.001 S/m, 
0.01 S/m and 0.1 S/m. The relative permittivity of the soil is 
fixed at Hr = 10. The excitation is central feed by a harmonic 
voltage source of 1 V in frequency range from 1 kHz to 
10 MHz. 

3.1. Short 10-m conductor 

We start our study by analyzing the effects of the two 
current components as given by (25). Fig. 3 shows the 
magnitudes of the total current I and its components IA and 
IV along a short 10-m conductor placed at depth of 1 m in 
lossy soil with conductivity of 0.01 S/m. The results 
correspond to frequencies of 0.1MHz, 1 MHz and 10 MHz.  

As may be observed, in the lower frequency range (up to 
0.1 MHz) the total current I is practically based on the IV 
component, while IA is negligible. At higher frequencies the 
magnitudes of IA and IV become of the same rang and much 
larger than the magnitude of the total current I. This shows 
that the approximation of GV is important in the lower 
frequency range whereas good approximation of both xx

AG  
and GV is very important at higher frequencies.  

Fig. 4 shows the Hrms error that arises due to each of the 
approximate expressions: (15) and (23) for xx

AG , and (16) 
and (24) for GV respectively. For that purpose we use the 
following expression 
  

 
(15 23)

(16 24 )

approx approxA or V

approx A approxV or

I I I
I I I

 �

 �
, (27) 

where the approximate current Iapprox is calculated in a 
way that only one of its components is calculated by using 
one of the corresponding approximate expressions, whereas 
the other current component is calculated by using the exact 
expression for the corresponding Green’s function. 

As may be observed, the expression (24) represents 
better approximation of GV than the expression (16) in the 
intermediate frequency range, but it introduces some small 
error in the low frequency range. The expression (23) shows 
better agreement than (15) practically in all studied 
frequency range except at very high frequencies. 

Next, we compare the accuracy of the approximate 
models A and B. Fig. 5 to Fig. 7 show respectively the 
current magnitude and phase calculated by using the EM 
model, the two approximate models A and B. 

 

 
Figure 3: Comparison of the magnitudes of I and the 
corresponding components IA and IV at 0.1, 1 and 10 MHz 
(L = 10-m, D = 1 m, V = 0.01 S/m). 
 

 
Figure 4: Current Hrms error due to each of the 
approximations (15), (16), (23) and (24) (L = 10-m, D = 1 m, 
V = 0.01 S/m). 
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Figure 5: Current magnitude and phase at 0.1 MHz obtained 
by different models (L = 10-m, D = 1 m, V = 0.01 S/m). 
 

 
 

Figure 6: Current magnitude and phase at 1 MHz obtained 
by different models (L = 10-m, D = 1 m, V = 0.01 S/m). 
 

Here also, we represent the currents obtained by using 
NEC refection coefficient method (denoted by NEC-rc). For 
all three studied frequencies: 0.1 MHz; 1 MHz; and 10 MHz 
the results show generally very good agreement of the 
approximate currents with respect to the results obtained by 
using the EM model.  

 
 

Figure 7: Current magnitude and phase at 10 MHz obtained 
by different models (L = 10-m, D = 1 m, V = 0.01 S/m). 
 

 
 

Figure 8: Current Hrms error when using approximate models 
A, B and NEC-rc (L = 10-m, D = 1 m, V = 0.01 S/m). 

 
The Hrms error (26) given in Fig. 8 shows that the 

accuracy of all models is within 5%. However, we my 
observe that Model A and NEC-rc show more significant 
dependence on the resonant frequency not observed in 
Model B. On the other hand, Model B introduces some 
small error at low frequencies, however not exceeding 1%. 

Next, we study the influence of the soil conductivity on 
the accuracy of the proposed approximate models. The 
results are obtained for a short 10-m conductor placed at 
depth of 1 m in lossy soil with conductivityV = 0.001 S/m 
(solid line) and V = 0.1 S/m (dash line) respectively. As 
shown in Fig. 9, the Hrms error has tendency to increase 
significantly when decreasing the soil conductivity. Again, 
the best agreement is obtained by using the Model B, 
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especially in case of high conductive soil. The accuracy of 
all models decreases significantly when the soil 
conductivity is low. 

Finally, in Fig. 10 it may be observed the influence of 
the conductor depth D on the accuracy of the approximate 
models. The results are obtained for a short 10-m conductor 
placed at depth D of 0.5 m (solid line) and 1.5 m (dash line) 
respectively in lossy soil with V = 0.01 S/m. The best 
accuracy is obtained by using Model B with about 5% Hrms 
error. The other models show more significant dependence 
on the conductor depth. 

 

 
 

Figure 9: Influence of the soil conductivity on the current 
Hrms error (L = 10-m, D = 1 m). 
 
 

 
 

Figure 10: Influence of the conductor depth on the current 
Hrms error (L = 10-m, V = 0.01 S/m). 
 

3.2. Long 100-m conductor 

Firstly we study the total current I and its two components 
IA and IV along a 100-m long conductor at –1 m in lossy soil 
with conductivity of 0.01 S/m. The results given in Fig. 11 
correspond to frequencies of 0.1 MHz, 1 MHz and 10 MHz. 
The results show that the currents IA and IV are of the same 
range even at lower frequencies. They tend to cancel each 

other resulting in much lower magnitude of the total current 
I. This leads to the conclusion that the approximation of  
both Green’s functions xx

AG  and GV plays an important role 
in all studied frequency range.  

Similarly as in previous section, Fig. 12 shows the Hrms 
error that arises due to each of the approximate expressions: 
(15) and (23) for xx

AG ; and (16) and (24) for GV. Again, the 
results show that the second set, i.e. expressions (23) and 
(24) represent better approximation of xx

AG  and GV. 
 
 
 

 
 

Figure 11: Comparison of the magnitudes of I and the 
corresponding components IA and IV at 0.1, 1 and 10 MHz 
(L = 100-m, D = 1 m, V = 0.01 S/m). 

 

 
 

Figure 12: Current Hrms error due to each of the 
approximations (15), (16), (23) and (24) (L = 100-m, D = 1 m, 
V = 0.01 S/m). 

 
We continue our analysis by comparing the currents 

calculated by using models A, B and NEC-rc. Fig. 13 to 
Fig. 15 show respectively the magnitude and phase of the 
current along a 100-m conductor placed at –1 m in 
homogeneous lossy soil with conductivity of 0.01 S/m 
calculated at 0.1 Hz, 1 MHz and 10 MHz. 
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Figure 13: Current magnitude and phase at 0.1 MHz 
obtained by different models (L = 100-m, D = 1 m, 
V = 0.01 S/m). 

 

 
 

Figure 14: Current magnitude and phase at 1 MHz obtained 
by different models (L = 100-m, D = 1 m, V = 0.01 S/m). 

 
The corresponding Hrms error (26) may be observed in 

Fig. 16. The best accuracy (max 2% Hrms error) is obtained 
by using the model B. The results obtained by using Model 
A and NEC-rc show much higher Hrms error around the 
resonant frequency. 

 

 
 

Figure 15: Current magnitude and phase at 1 MHz obtained 
by different models (L = 100-m, D = 1 m, V = 0.01 S/m). 

 
 

 
 

Figure 16: Current Hrms error due to each of the 
approximations (15), (16), (23) and (24) (L = 100-m, D = 1 m, 
V = 0.01 S/m). 

 
Fig. 17 shows the accuracy of the approximate models 

regarding the soil conductivity. As may be observed, when 
the soil conductivity is low the Hrms error tends to increase 
significantly, particularly at higher frequencies above 
1 MHz. In case of very large value of the soil conductivity 
the accuracy of all models is much better.  

In Fig. 18 it may be observed the variations of the Hrms 
error with respect to the conductor depth D: 0.5 m (solid 
line) and 1.5 m (dash line). As may be observed, Model B 
results in max 5% Hrms error, whereas the other models 
introduce higher Hrms errors especially when the conductor is 
close to the soil surface.  
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Figure 17: Influence of the soil conductivity on the current 
Hrms error (L = 100-m, D = 1 m). 

 

 
 

Figure 18. Influence of the conductor depth on the current 
Hrms error (L = 100-m, V = 0.01 S/m). 

 

4. Conclusions 
In the paper, the authors derive two approximate models 

of a horizontal wire conductor buried in homogeneous lossy 
soil. The two models are based on quasi-static image and 
complex image theory applied to the Green’s functions 
related to this problem. The results of a detailed wide 
frequency range numerical analysis of a 10-m  (short) and a 
100-m (long) wire by using various soil parameters may be 
summarized in: 

x The model A, based on the quasi-static image theory 
represents generally good approximation with respect 
to the rigorous EM model in all studied frequency 
range. However, this model shows limitations due to 
higher Hrms error when in cases of low conductivity of 
the soil and when the conductor is located close to the 
soil surface. Similarly as NEC reflection coefficient 
model, the accuracy of this model shows significant 
dependence on the resonant frequency. 

x The model B, based on the quasi-static complex image 
theory represents very good approximation with respect 
to the rigorous EM model in wide frequency range. The 
high accuracy of this model with max 5% Hrms error is 
confirmed for all studied cases. The only exception 
concerns the case of low conductive soil (here 
V = 0.001 S/m) when the Hrms error exceeds 5% at very 
high frequencies, above few MHz.   
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Abstract 
A computer program for modeling inductors on flexible 
substrates has been created and tested. Self and mutual 
inductances are obtained by integrating vector potential. 
The results are validated by comparison with analytical 
expressions and some measurement results. The program 
includes geometrical transformations for twisting 
conductive segments printed on flexible surface and for 
displacements. 

1. Introduction 
Electronics on flexible substrates is rapidly developing, 
promising new applications and low-cost components and 
circuits [1].  In this paper, we describe a computer program 
written in C++ designed for accurate modeling of inductors 
printed on flexible substrate. This program has two 
purposes: to help the design of inductors in various 
electronic circuits and to provide fast and reliable 
simulation tool for inductive position sensors. Therefore, it 
should take into account both twisting the surfaces on which 
the inductors are printed and relative displacements of 
inductors.  The approach used for inductance calculation 
will be explained first. The modeling of inductors’ 
geometry and displacements is detailed in the next section. 
After that, several examples of self- and mutual inductance 
calculation are provided and convergence of the method is 
investigated. Finally, a conclusion with discussion of results 
and possible improvements is given. 

2. Inductance calculation by integration 
A classical approach for modeling inductors of arbitrary 
shapes is using the finite element software, describing them 
as three-dimensional (3D) magnetostatic problem. However, 
the absence of ferromagnetic materials in modeled circuits 
has allowed us to simplify the inductance calculation by 
integrating vector potentials in the circuit due to the 
currents. By doing so, we no longer need time and memory 
consuming 3D finite element computation, and we also 
avoid the problem of domain truncation which can affect 
finite element results. 

In order to perform the numerical integration, each inductor 
is divided into small volume elements. 

The inductance is calculated by integrating over the 
elements using the formula [2]: 
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where: J – current density vector in the element;  A – vector 
potential at the center of element; dv – volume of the 
element. The vector potential at a point is computed by 
integration through all the other elements in the problem, 
using the following expression [2]: 
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where: R – distance between elements; µ – magnetic 
permeability (of vacuum, in our case). 

The integrals in (1) and (2) are calculated as sums over all 
the elements in the problem, excluding the elements where 
R=0. Some parameters from expression (2) have been 
illustrated in Figure 1. The vector potential of the element 1 
is obtained by taking into account current density and 
distance of all the other elements with respect to the center 
of the element 1. For example, in Figure 1 the element 2, its 
current density and its distance R from the element 1 are 
shown. 

 
Figure 1: Elements on conductors C1 and C2  

Obviously, it is not possible to take into account the current 
density of the element where the vector potential is 
calculated because in that case R = 0, and (2) is undefined. 
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In order to increase the accuracy for a given number of 
elements, the self-inductance of each element, considered as 
straight line segment with rectangular cross-sections is 
added in (1). 

All results obtained by the program are saved in a log file. It 
is possible to see mutual inductances between all segments, 
which can be useful in verification of obtained results and in 
design of inductive components.  

A significant advantage of this method is that only current 
carrying conductors are represented in the model, there is no 
need for meshing the empty space. Compared to the finite 
element method, this leads to several advantages: smaller 
number of elements, problems with badly shaped elements 
are avoided and the infinite domain is automatically taken 
into account. 

3. Modeling the geometry of printed conductors 
The geometry of printed conductors is described in three 
stages corresponding to printing, 3D geometry forming and 
displacement of inductors printed on flexible substrates. 

The initial geometry of printed components is defined by the 
printed pattern. In the program, this pattern is described as 
sets of straight segments connected in series which are 
printed in plane - on a flat flexible substrate. 

 A flexible substrate can be deformed in many ways. This 
deformation is taken into account when three-dimensional 
coordinates of each element are calculated. 

If there is more than one flexible inductor, their mutual 
inductance will vary with their relative position. The 
displacements of inductors are defined by transformation of 
three-dimensional coordinates for each of these inductors.   

3.1. Initial printed geometry 

The inkjet printing technology can be used to make thin 
layers of conducting material on a flexible substrate. In this 
way, it is possible to fabricate inductors on a flat substrate 
which can be twisted afterwards. 

In the presented program, the conductors are described as set 
of straight conductive segments connected in series. 

The coordinates of linear segments are entered in u-v plane, 
as a set of points which are connected with straight 
conductors. Each segment is assigned a division in the 
elements – a number of elements by length, by width and by 
thickness. A uniform current density is supposed for all 
segments, with total current equal to 1, in order to simplify 
calculation of integrals in (1) and (2). 

 
Figure 2:  A meander inductor printed using silver ink on a 
Kapton substrate 

An example of the printed inductor is given in Figure 2. It 
was printed with silver ink on a Kapton flexible substrate 
using Dimatix ink-jet printer DMP-3000 [3]. In Figure 3, a 
representation of this inductor in our program is illustrated 
with uniform current density corresponding to each straight 
segment. 

 
Figure 3:  A meander inductor and its current density as they 
are represented in the program 

It should be noted that this representation of the current 
density is only an approximation of real lines of current 
which depend on each conductor’s geometry. It will be 
demonstrated that this approximation can give very accurate 
results in a large number of practical cases. 

3.2. Modeling the final shape of flexible substrates 

The u-v coordinates of elements obtained by the initial 
geometry input are transformed by the program into x-y-z 
coordinate system. The deformation of flexible substrate is 
defined by using by using appropriate mathematical 
expressions. In this manner, drawing complicated 
geometries in three dimensions is avoided and the structure 
is described in the same way as it is fabricated afterwards. 

There are currently two modes of expressing three-
dimensional coordinates in the program. The first one is 
defined by a set of coefficients cx0, cy0, cz0 … cx7, cy7, cz7 the 
meaning of which is given by: 
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This mode is sufficient for describing some frequently used 
shapes, like planes and circular surfaces. However, the 
applications with spirally wound conductors have been 
investigated and are very promising [4]. For this reason, a 
second mode of expressing three-dimensional coordinates 
has been added, for this special case. Polar coordinates r and 
ș are used for this mode: 
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Auxiliary variables r and ș are calculated from u which is 
equal to the total arc length of the spiral. It can be written: 

Trddu        (5) 

Tarr � 0
     (6) 

where a is the pitch from one turn to the next divided by 2ʌ. 

From (5) and (6) and by fixing ș(0) = 0, the final 
expressions for  ș  is obtained: 
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The x-y-z coordinates are obtained from u-v coordinates in 
the printing plane. The thickness of printed conductors is 
usually very small, but it can be divided into elements, 
which are then considered to be aligned on the normal of the 
surface. 

3.3. Modeling the displacements of inductors 

A matrix and a vector representing the displacement in 
three-dimensional space are used for each inductor 
separately. The displacement is described by following 
expression: 
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where x, y and z are initial three-dimensional coordinates of 
the element in the inductor; x’, y’ and z’ are three-
dimensional coordinates of the element after the 
displacement; T is 3 by 3 matrix and d is vector with 3 
elements. 
The initial values for T and d are unit matrix and zero vector 
respectively. 
The expression (8) is applied for each element in order to 
calculate the distance needed in (2) correctly. 
 

4. Examples of inductance calculations 
The aim of this work is to provide an efficient tool for 
calculating inductances of conductors with different 
geometry (shapes), which are likely to be used in various 
practical applications. In this section, self-inductances for 
three such shapes are calculated and compared with results 
obtained from analytical expressions and tables: straight line 
segments (no twisting), circular conductors and spirally 
rolled conductors. 
 

4.1. Straight line segments 

First step in validation is calculating the inductances of 
straight printed conductive segments having 31.4 mm length 
(l), 5 µm thickness and three different widths (w) equal to 1, 
0.5 and 0.2 mm. A straight segment is shown in Figure 4. 

 
Figure 4: Straight line segment  

 
These inductances (for different conductor widths) can be 
calculated using the following analytical expression [5]: 
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where L is the inductance in nH, w is width, t is thickness, 
and  l is length of conductive segment in centimeters. The 
inductances (practically just self-inductances) obtained by 

in-house developed software tool are given in Table 1, as 
well as those obtained from analytical expression (9). 
 

Table 1: Calculated inductances (L) for straight 
conductors 

w [mm] L analytical 
[nH] 

L our program 
[nH] 

1 29.18 29.01 
0.5 33.47 33.43 
0.2 39.11 40.16  

 

4.2. Circular conductors 

We can apply the expressions (3), adjusting the coefficients 
cx0, cy0, cz0 … cx7, cy7, cz7 in order to obtain circular segments 
having same width and thickness and radius r (see Figure 5) 
such that l = 2ʌr. 

 
Figure 5: Straight line segment (up) and the corresponding 
circular segment (down) after rolling the straight segment. 

Weinstein’s formula for calculating the inductance of a 
circular segment has been used [6] for comparison with our 
program: 

)(4 2 OPS � rnL      (10) 

where n is the number of turns in the coil (1 in our case) and 
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where x = w/t , (w and t correspond to conductor’s width 
and thickness, respectively). 

 

The comparison of inductances obtained by expression (10) 
and by our program is given in Table 2. 
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Table 2: Calculated inductances (L) for circular 
conductors 

w [mm] L analytical 
[nH] 

L our program 
[nH] 

1 20.02 19.84 
0.5 24.33 24.38 
0.2 29.99 31.03  

 
We can observe a very good agreement of results calculated 
by our program and by the analytical expression (10).  
 

4.3. Spirally rolled conductors 

 
A spiral conductor is defined by its width w, thickness t, 
inner radius r0, the pitch D measured from one turn to the 
next and the number of turns N, as can be seen in Figure 6. 

 
Figure 6: Spiral conductor  

 
In reference [7], a self-inductance of a spiral conductor is 
calculated by an analytical expression which includes data 
from tables presented in [7] for this purpose.  
In the presented program, a spiral conductor is obtained by 
entering a straight segment along the u axis and introducing 
spirally rolled plane, according to (7).  
An example given in [7] considers a spiral conductor with 
following parameters:  N = 38, r0 = 51.5 mm, w = 9.525 
mm, t = 0.79 mm, D = 4 mm. 
The inductance value obtained by the analytical expressions 
from [7] was 322.8 µH and the measured value 
acknowledged in [7] was 323.5 µH. The inductance value 
obtained by our program for the same geometrical 
parameters is 324.2 µH, which is very close to the reference 
values. 
 

4.4. Conductors consisting of several straight segments 

4.4.1. Square planar coil 

The inductance of a square planar coil, shown in Figure 7, 
has been considered in reference [5]. 

 
Figure 7: Square planar coil 
 
The parameters of the coil in [5] were: l = 1 mm, w=0.1 
mm, s  =  0.1 mm. 
The inductance obtained by our program is 1.994 nH which 
matches closely the value 1.9573 nH given in [5] as the most 
accurate one, obtained by expanded Grover formula. 

4.4.2. Printed meander inductor 

The inductance of printed meander inductor shown in Figure 
2, having straight segments 10 mm long and 2 mm wide has 
been measured by impedance analyzer (HP-4194A). The 
inductance obtained by the program is 202 nH, while the 
measured value was 190 nH. 
 

4.5. Mutual inductances 

The mutual inductances of conductors depend on their 
relative position. The program takes into account the 
displacement given by (8) when mutual inductance is 
calculated. The aim is to provide a tool for calculation of 
mutual inductances of moving parts, for example in position 
sensors. 
Let us consider two coaxial circular conductors having 
rectangular cross section with 1 mm width and 5 µm 
thickness. The first conductor has 5 mm radius and the 
second one 8 mm. The distance between their centers varies 
from 3 to 7 mm. These conductors are drawn in Figure 8. 

 
Figure 8:  Two circular conductors with rectangular cross-
section 

 
It is possible to calculate the mutual inductance of these two 
conductors using the Rayleigh’s formula [6]: 

)2(
6
1

087654321 MMMMMMMMMM ��������  (13) 

where M0 is mutual inductance of circles going through the 
centers of the coils, and M1, M2, … are mutual inductances 
of circles going through center of one coil and the middle of 
a boundary of the cross-section of the other coil.  
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The mutual inductances of the circles can be calculated 
using the Weinstein’s formula [6]: 
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A and a being the radii of two circles and d distance between 
their planes. 
The mutual inductance of two coaxial circular coils, 
obtained by analytical expressions and by the program are 
compared in Table 3.  
 

Table 3: Calculated mutual inductances (M) for two 
circular conductors 

d [mm] M analytical 
[nH] 

M our program 
[nH] 

3 5.21 5.21 
4 4.30 4.30 
5 3.52 3.51 
6 2.88 2.87 
7 2.35 2.35  

 
Excellent agreement is observed between the values 
obtained by the program and those obtained by the analytical 
expression. 
 
Another important feature of the program is the calculation 
of mutual inductances of conductors whose relative angle 
changes.  
This feature is validated by the example of mutual 
inductance of inclined solenoids, found in the literature [8]. 
First solenoid has a radius 6 cm, length 12 cm and it is 
wound with 10 turns per centimeter. Second solenoid has a 
radius 5 cm, length 4 cm and it is wound with 15 turns per 
centimeter. The center of the second solenoid is always on 
the axis of the first solenoid, while the angle between their 
axes and the distance between their centers vary. 
Their mutual inductances between these solenoids are 
calculated for the cases when their axes are inclined at an 
angle Į, whose cosine is equal to 1, 0.9, 0.8, 0.7, 0.6, 0.5, 
0.4, 0.3, 0.2, 0.1 and 0.  
The data in reference [8] was compared with the data from 
another reference in the literature [9]. In [8] mutual 
inductances were obtained from thin filamentary coils, 
starting from the formula given by Grover [10]. In [9], 
mutual inductances were obtained as infinite series using 
Legendre polynomials. 
The shapes and positions of the specified solenoids are 
easily entered in the program, however, it takes into account 
only one turn per solenoid (corresponding to one printed 
conductor). Therefore, the data given in [8] is adjusted by 
dividing it by n1·n2, n1 and n2 being the number of turns of 
first and second solenoid respectively (120 and 60). 

We can now present the tables 4, 5, 6 and 7 with the results, 
given for four different distances d, between the center of 
the second solenoid from the middle plane of the first 
solenoid, equal to 0, 3 cm, 6 cm and 12 cm respectively. In 
the tables, M1 analytical is the mutual inductance from 
reference [8] divided by n1·n2, M2 analytical is the mutual 
inductance from reference [9] divided by n1·n2, and M 
program is the mutual inductance obtained by the program. 
 

Table 4: Calculated mutual inductances (M) for two 
inclined solenoids, d = 0 

Cos(Į) M1 ref [8] 
analytical 

   [nH] 

M2 ref [9] 
analytical 

[nH] 

M our 
program 

[nH] 
1 61.08 61.08 61.08 

0.9 53.75 53.75 53.75 
0.8 46.78 46.78 46.78 
0.7 40.16 40.16 40.16 
0.6 33.83 33.88 33.83 
0.5 27.77 27.81 27.77 
0.4 21.94 21.96 21.88 
0.3 16.29 16.30 16.33 
0.2 10.78 10.77 10.78 
0.1 5.37 5.34 5.39 

0 0 0     0.00  
 

Table 5: Calculated mutual inductances (M) for two 
inclined solenoids, d = 3 cm 

Cos(Į) M1 ref [8] 
analytical  

[nH] 

M2 ref [9] 
analytical 

[nH] 

M our 
program 

[nH] 
1 55.91 55.91 55.91 

0.9 48.79 48.79 48.78 
0.8 42.26 42.26 42.26 
0.7 36.16 36.16 36.17 
0.6 30.42 30.42 30.42 
0.5 24.97 24.97 24.97 
0.4 19.74 19.74 19.69 
0.3 14.68 14.68 14.72 
0.2 9.72 9.72 9.72 
0.1 4.84 4.84 4.86 

0 0 0 0.00  
 

Table 6: Calculated mutual inductances (M) for two 
inclined solenoids, d = 6 cm 

Cos(Į) M1 ref [8] 
analytical  

[nH] 

M2 ref [9] 
analytical 

[nH] 

M our 
program 

[nH] 
1 37.07 37.07 37.07 

0.9 33.25 33.25 33.24 
0.8 29.45 29.45 29.45 
0.7 25.69 25.69 25.70 
0.6 21.96 21.96 21.96 
0.5 18.26 18.26 18.26 
0.4 14.58 14.58 14.55 
0.3 10.92 10.92 10.94 
0.2 7.27 7.27 7.27 
0.1 3.63 3.63 3.64 

0 0.00 0.00 0.00  
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Table 7: Calculated mutual inductances (M) for two 
inclined solenoids, d = 12 cm 

Cos(Į) M1 ref [8] 
analytical  

[nH] 

M2 ref [9] 
analytical 

[nH] 

M our 
program 

[nH] 
1 8.55 8.55 8.55 

0.9 8.27 8.27 8.27 
0.8 7.83 7.83 7.83 
0.7 7.22 7.22 7.22 
0.6 6.42 6.46 6.46 
0.5 5.59 5.59 5.59 
0.4 4.60 4.60 4.60 
0.3 3.53 3.53 3.53 
0.2 2.39 2.39 2.39 
0.1 1.21 1.21 1.21 

0 0.00 0.00 0.00  
 
In all considered cases, an excellent agreement of results 
obtained by the program and by two analytical methods is 
achieved. 

5. Additional considerations 
The presented in-house developed software tool is aimed at 
every-day use for engineering problems, thus some 
additional questions can be considered, for example, the 
acceptable number of elements needed to achieve the 
desired accuracy. Another practical question, related to the 
previous one, is the time needed for an accurate 
computation. At first, some modifications of the algorithm 
described in the section 2 will be explained. After that, some 
examples of inductance calculations with different number 
of elements will be given. 
 

5.1. Program adjustments 

Considering the expression (2), one can remark that the 
elements which are close to the point where vector potential 
is calculated are more significant for the final result. 
Therefore, we expect that influence of the currents at larger 
distances can be taken into account with smaller number of 
elements, thus increasing the speed of calculation without 
significant impact on the accuracy. In the presented 
program, the number of elements by length and by width is 
divided by two if a mutual inductance of two different 
segments is calculated. 
The second solution to speed up the calculation is the use of 
parallel programming [11]. It is possible because the vector 
potentials can be calculated separately for each element. 
 

5.2. Computational time and accuracy 

The calculations which have already been detailed in Tables 
1 and 2 (paragraphs 4.1 and 4.2) are now done with different 
number of elements in order to illustrate its impact at the 
computational time and accuracy. The times given in this 
section are obtained with intel i3 processor at 3.07 GHz 
using two threads (out of four). In Tables 8 and 9 the 
division is given by number of elements by length (Nl) and 

number of elements by width (Nw), there was always one 
element in thickness. 
 

Table 8: Calculated inductances (L) from Table 1 for 
straight conductors with different divisions into elements 

w 
[mm] 

L 
analytical 

[nH] 

L our 
program 

[nH] 

Division 
Nl x Nw 

Time 
[s] 

1 29.18 31.81 100u30 2 
1 29.18 30.27 150u30 3 
1 29.18 29.57 300u50 37 
1 29.18 29.01 500u36 54 
1 29.18 29.1 600u50 149 

0.5 33.47 39.51 100u30 2 
0.5 33.47 36.37 150u30 3 
0.5 33.47 34.68 300u50 37 
0.5 33.47 33.48 500u36 55 
0.5 33.47 33.59 600u50 150 
0.2 39.11 58.41 100u30 2 
0.2 39.11 49.76 150u30 3 
0.2 39.11 40.89 300u50 37 
0.2 39.11 40.49 500u36 52 
0.2 39.11 38.94 600u50 148  

 
 

Table 9: Calculated inductances (L) from Table 2 for 
circular conductors with different divisions into elements 

w 
[mm] 

L 
analytical 

[nH] 

L 
program 

[nH] 

Division 
Nl x Nw 

Time 
[s] 

1 20.02 22.65 100u30 2 
1 20.02 21.11 150u30 5 
1 20.02 20.42 300u50 63 
1 20.02 19.86 500u36 94 
1 20.02 19.95 600u50 264 

0.5 24.33 30.35 100u30 3 
0.5 24.33 27.23 150u30 6 
0.5 24.33 25.54 300u50 64 
0.5 24.33 24.34 500u36 94 
0.5 24.33 24.45 600u50 253 
0.2 29.99 49.26 100u30 3 
0.2 29.99 40.62 150u30 5 
0.2 29.99 31.76 300u50 67 
0.2 29.99 31.36 500u36 93 
0.2 29.99 29.81 600u50 251  

 
The results converge towards the reference values of 
inductance as the number of elements increases. A very 
good performance is achieved for a number of elements 
which is acceptable for today’s computers – reasonable 
computational times are obtained. For example, for 0.2 mm 
width the relative difference is changed from 64 % for 
100u30 division up to -0.6 % for 600u50 division (Table 9). 
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6. Conclusion 
A program for inductance calculation using integration of 
vector potential has been presented. Its main application is 
calculation self- and mutual inductances of printed 
conductors on a flexible substrate which can be twisted after 
the printing. The calculation of self-inductances of straight, 
circular, square and spiral conductors has been validated 
through comparison with analytical expressions. The 
calculated inductance of printed meander inductor has been 
compared with the measured value. Mutual inductance of 
circular conductors taking into account linear displacement 
and rotation has been compared with analytical expressions 
and very good agreement has been found. The convergence 
of results with variation of number of elements per segment 
has been successfully examined. Further developments 
could include calculation of current density, which would be 
useful for some conductor geometries, the dependence on 
frequency could also be added, etc. 
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Abstract 
Several generations of scientists and engineers have 
successfully solved electromagnetic problems using the 
frequency domain or time-harmonic approach. It is indeed 
very elegant and suitable for almost any practical 
applications. However, there are situations where the time-
harmonic model is no longer practical and even leads to 
physically wrong conclusions, such as in highly nonlinear 
scenarios or in cases where the steady state is actually never 
reached. The time domain approach must be used in such 
cases to preserve causality and to avoid drawing 
conclusions that conflict with the laws of Physics. 

1. Introduction 
The introduction of the time-harmonic formalism into 

Maxwell’s theory of electromagnetic fields, as we know it 
today, is due to Heaviside. It not only reduces the number of 
dimensions by one (since the time dimension can be omitted 
in all expressions), but the complex notation reduces 
differentiation and integration with respect to time to 
multiplication and division by jȦ, and allows both the 
active/passive and reactive properties of materials, 
structures and circuits to be described by a single complex 
number or function. However, this does not limit its 
application to processes with sinusoidal time dependence, 
since solutions of general time-dependence can be obtained 
through the Fourier or Laplace transform, as long as all 
properties are linear, and spectral data are known for a 
sufficiently large frequency range to yield a causal time 
response. One might thus think that time domain 
approaches are not really needed to solve transient, or at 
least, wideband electromagnetic problems.  

One essential condition that is often neglected when 
using the time-harmonic form of Maxwell’s equations, is 
that the fields must have actually reached a steady or 
stationary state. It is thus important to verify that this is 
indeed the case. If it is not, the time-harmonic solution can 
lead to confusion and to erroneous conclusions, as the well-
publicized controversy over the “Perfect Lens” by 
Veselago/Pendry [1]-[3] has vividly demonstrated. 

A classical case in point is the behavior of waveguides 
at or slightly below cutoff. The time-harmonic expression 
for the TE-mode input impedance of a semi-infinite 

waveguide below cutoff is given by the following 
expression: 

 

 
2 2

0
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where ck and 0k are the cutoff and free-space numbers, 
respectively. Since this impedance is purely inductive and 
very large for values of 0k close to ck , one might tend to 
expect the average power flow into the waveguide to be 
zero. However this is not true since it will take a very long 
time to fill the waveguide with resonant energy, resulting in 
an extended net flow of the Poynting Vector into the guide. 
A transient time domain simulation of such a scenario will 
show this very clearly, but since it is not predicted by the 
time-harmonic expression (1) one might erroneously 
conclude that time domain methods do not work well at 
cutoff. 
 
 
 
 
 
 
 
 
Fig. 1 Poynting Vector in x-direction at cutoff (TE10-mode, 
a=11 mm, f=13.62693 GH, shown at time t=1 ns). 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2 Time-dependent flux of the Poynting vector through 
the input port of a semi-infinite TE10 rectangular waveguide 
at the cutoff frequency of 13.627 GHz (a=11 mm). 
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2. The Veselago/Pendry Superlens 
The Veselago/Pendry Superlens [1], [2] consists of an 

infinite slab of double-negative metamaterial with negative 
refractive index. This is a most unusual and controversial 
device that has challenged conventional ideas and has 
triggered a heated debate, in which some skeptics claimed 
that it is incompatible with the laws of physics, in particular 
that it violates causality and Einstein’s postulate that the 
velocity of light is the same in all frames of reference [3]. 
Pendry has shown analytically [2] that as long as the object 
plane and the image plane are separated by twice the 
thickness of the lens, all spatial Fourier components of an 
object field will be perfectly transferred by the lens to the 
image plane and hence, the total image field will exactly 
replicate the object field. 

2.1. Transient Response of the Superlens 

The evanescent Fourier components of the image excite 
resonant modes of the electromagnetic surface polaritons of 
the superlens which decay exponentially away from the 
faces of the superlens. They have first been studied by 
Ruppin [4] and Haldane [5]. When excited by an electric 
field polarized parallel to the superlens, it can support the 
two weakly coupled resonant plasmonic surface modes 
shown in Fig. 3. The superlens behaves thus exactly like 
two weakly coupled resonators. When one of these 
resonators is excited by the evanescent field produced by 
sub-wavelength objects nearby, energy is progressively 
transferred to the second resonator over many cycles of 
oscillation. Both the event and the odd resonance are 
excited in the process, and the field distribution eventually 
converges to the steady state. The weaker the coupling 
between the two surface resonances, the longer it takes for 
the field to reach that steady state [3], [6]. This is obvious in 
Figs. 4 (a) to (c) where the settling of the image amplitude 
is shown for three spatial harmonics corresponding to trans-
verse wavelengths Ȝt = Ȝ0/4, Ȝ0/8, and Ȝ0/12, respectively. 

 
Fig. 3 Odd (a) and even (b) surface polaritons of a thin 
superlens excited by an evanescent field. The field Ez varies 
sinusoidally in y-direction (normal to the page). (From [6]). 

 

No�loss
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Fig. 4 Transient envelope of the image field transmitted 
by a superlens without and with losses, for three spatial 
harmonics:  (a) Ȝt = Ȝ0/4, (b) Ȝt = Ȝ0/8, and (c) Ȝt = Ȝ0/12. 
The other parameters are: d=38 nm, İ’=1, ȝ’=1, Ȝ0=400 nm 
(From [7]). 

If one defines the settling time as the time at which the 
image field settles within ±1 percent of its steady-state 
amplitude, the settling time of the evanescent special 
harmonics increases exponentially with the spectral index p 
which we define by Ȝt = Ȝ0/(4p). These harmonics can also 
be considered as evanescent terms of a spatial Fourier series 
produced by a periodic array of line sources separated by 
Ȝ0/4. Fig. 5 shows this settling time as a function of the 

(a) 

(b) 

(c) 
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spectral index p for a lossless superlens. This figure shows 
that the 5th spatial harmonic will take about 3x10-8 s to 
settle, and the 10th spatial harmonic almost 0.1 s. This 
means that the image resolution will never reach perfection, 
since the finer detail of the image will take an ever longer 
time to emerge, exceeding two centuries for the 20th term. 
Hence, the lens will never reach the steady state condition 
in the absence of losses. In conclusion the steady state 
condition is never fulfilled in the lossless superlens.  

 

Fig. 5 Typical settling time for higher order terms of the 
spatial spectrum transmitted by an ideal superlens of 38 nm 
thickness at 0.75 PHz (Ȝ0=400 nm). (From [8]). 

If the lens metamaterial is lossy, the settling time is 
greatly reduced, but so is the transmitted amplitude. The 
impact of loss on the transmitted image becomes more 
dramatic as the spectral index increases, and loss is thus, at 
present, the dominant factor that limits the resolution of the 
lens. One might think that settling time of the higher spatial 
terms is not an issue in time-harmonic analysis, and that 
frequency-domain computational models would thus, in the 
absence of losses, be able to reach a spatial resolution 
limited only by the space discretization. However, there is 
another factor that limits the resolution of time-harmonic 
computational models. Since higher spectral terms are 
associated with ever steeper exponential increases of the 
fields inside the lens, the ratio of fields at the two faces of 
the lens will at some point exceed the dynamic range of the 
computer. This is illustrated in Fig. 6. It shows the values of 
the function      which characterizes the dynamic range 
required to process a particular spectral term. kx is the decay 
factor of the evanescent term in x-direction. For example, to 
process the term p=6 having a transverse wavelength Ȝt = 
Ȝ0/(6x4) = Ȝ0/24, a dynamic range of 124.3 dB is required, 
which is close to the typical range of a single-precision 
computer. Hence, only the first six evanescent terms of the 
spatial spectrum will reach the image plane, even in the 
lossless time-harmonic superlens models. This dynamic 
range limitation has indeed been observed in superlens 
simulations with time-harmonic electromagnetic simulators 
[6], [8] revealing the limiting effect of dynamic range on 
superresolution. 

 

Table 1: Dynamic Range required to process the spectral 
terms inside the superlens. 

Spectral�term Dynamic�Range��~ ekxd in�dB

1 10.093 20.1
2 114.179 41.2
3 1258.804 62.0
4 13790.982 82.8
5 150711.121 103.6
6 1644951.778 124.3
7 17941204.287 145.1
8 195594550.066 165.8
9 2131734568.742 186.6
10 23228404962.587 207.3
11 253069685308.405 228.1
12 2756841042855.030 248.8
13 30029322551528.000 269.6
14 327076734616112.000 290.3
15 3562296147386820.000 311.0
16 38796370036411100.000 331.8
17 422509301701740000.000 352.5
18 4601169316011820000.000 373.3
19 50105915909485400000.000 394.0
20 545632609920803000000.000 414.7  

3. Discussion 
In a lossless Veselago/Pendry superlens consisting of 
double-negative metamaterial the steady-state cannot be 
reached in finite time. Conclusions based on a lossless time-
harmonic model of the superlens must thus be considered 
with caution. In fact, only a time-domain analysis employing 
a dynamic model of the lens metamaterial will yield results 
that are always causal. When losses are present, frequency-
domain analysis will give physical results, and the resolution 
will be reduced due to progressively greater attenuation of 
the higher spatial frequencies. However, even if one could 
compensate losses in the material, one would face other 
limiting factors, such as long settling times of the higher 
Fourier terms and finite dynamic range of the computer.  

4. Conclusions 
In this paper the importance of considering the dynamic time 
response of the superlens was discussed, and two 
phenomena that limit the achievable resolution were 
addressed in detail; these are the increasingly large settling 
times of the higher Fourier terms of the spatial spectrum, 
and the dynamic range of the computing system. While even 
small losses tend to overshadow these two issues, the latter 
become dominant in lossless numerical models of the 
superlens. Finally, their existence indicates that it is not 
possible to achieve very high superresolution by simply 
reducing or compensating losses.  
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Abstract

In this paper we present an electric field volume integral
equation approach to simulate surface plasmon propagation
along metal/dielectric interfaces. Metallic objects embed-
ded in homogeneous dielectric media are considered. Start-
ing point is a so-called weak-form of the electric field inte-
gral equation. This form is discretized on a uniform tensor-
product grid resulting in a system matrix whose action on a
vector can be computed via the fast Fourier transform. The
GMRES iterative solver is used to solve the discretized set
of equations and numerical examples, illustrating the sur-
face plasmon propagation, are presented. The convergence
rate of GMRES is discussed in terms of the spectrum of
the system matrix and through numerical experiments we
show how the eigenvalues of the discretized volume scat-
tering operator are related to plasmon propagation and the
medium parameters of a metallic object.

1. Introduction

While photons and phonons are quanta of energy for light
and mechanical vibrations, plasmons result from the quan-
tization of plasma oscillations in a conductor. Plasmons are
not elementary particles, like photons, but quasiparticles,
like phonons; nonetheless, they can be used to transfer en-
ergy and information, when coupled to a photon to create a
polariton [1, 2]. Surface plasmon polaritons (SPPs) occur
usually at the interface between a dielectric and a conduc-
tor [3, 4].

In this paper SPPs are studied, in particular how they
form, propagate, and dissipate in a variety of solid-state
configurations mimicking the surface of a conventional
CMOS structure. The paper outlines how the equations
governing SPPs can be derived from Maxwell’s equations
and it describes the engine simulating SPP transients in de-
tails. The goal is to achieve the equivalent of a device simu-
lator for SPPs for guiding researchers in the design process
of data processing systems based on SPPs.

It is well known that SPPs can be excited by electro-
magnetic fields in three dimensions and by H-polarized
fields in two dimensions (magnetic field strength parallel to
the invariance direction) [4, 5]. Local and global solution

methods are available to simulate these SPPs along a vari-
ety of metallic objects. In a local method, Maxwell’s equa-
tions are discretized directly (as in the well known Finite-
Difference Time-Domain method), whereas in a global
method an integral form of these equations is solved. In this
paper we use a global volume integral approach, since we
are interested in electromagnetic fields operating in steady-
state and electromagnetic field strength unknowns are de-
fined on the scattering domain only. In addition, outward
radiation is automatically taken into account via the Green’s
tensor of the background medium and there is no need to
implement any absorbing boundary conditions as is the case
in a local method. A global integral equation approach also
allows us to analyze plasmon propagation in terms of the
spectrum of the volume integral operator.

For three-dimensional electromagnetic fields and for
H-polarized fields in two dimensions, the electric field
strength satisfies a vectorial volume integral equation con-
taining a gradient-divergence term that takes the effects of
induced charges into account. It is well known that this
term must be handled with care when discretizing the in-
tegral equation [4, 6]. In this paper, we follow the ap-
proach proposed, for example, in [6] and approximate the
gradient-divergence term by second-order centered finite-
differences. Furthermore, the singular Green’s function is
weakened in a manner that is consistent with the finite-
difference approximation error and we make use of the Kro-
necker product to show that the discretized set of equations
has a similar structure as the continuous volume integral op-
erator. Details of the discretization procedure are provided,
but to keep the bookkeeping to a minimum, we restrict
ourselves to two-dimensional configurations only. Three-
dimensional problems can be handled in a similar manner.

This paper is organized as follows. In Section 2, we
briefly review the basic integral representation for the scat-
tered electric field strength and formulate an integral equa-
tion for the total electric field strength inside the object of
interest. This integral equation is discretized in Section 3
and a detailed description of the discretization procedure
and the structure of the discretized set of equations is pro-
vided. In Section 4 we illustrate the performance of our
integral equation solver through a number of numerical ex-



periments in which we simulate surface plasmon propaga-
tion along a golden strip and a silver plasmonic waveguide.
The discretized set of equations is solved using the General-
ized Minimum Residuals (GMRES) iterative solver [7] and
a numerical analysis of its convergence rate for plasmonic
configurations is presented as well.

2. Basic equations

We consider steady-state H-polarized fields in a two-
dimensional configuration that is invariant in the z-
direction. A (metallic) object occupies a bounded do-
main Dobj in the transverse xy-plane (see Figure 1) and is
characterized by a position dependent admittance per unit
length ⌘s

(x) = �s
(x) + j!"s

(x) and constant impedance
per unit length ⇣ = j!µ0. In these expressions, �s

(x) and
"s
(x) are the conductivity and the permittivity of the object,

respectively, and µ0 is the permeability of vacuum.
The object is embedded in a homogeneous background

medium that is characterized by a constant conductivity �,
permittivity ", and permeability µ0. We write the cor-
responding admittance and impedance per unit length as
⌘ = � + j!" and ⇣ = j!µ0, respectively. Furthermore,
the wave number of the background medium is introduced
as

kb = (�⌘⇣)1/2 (1)

with Im(kb)  0.
Now let the external sources occupy a bounded do-

main Dsrc with Dsrc \ Dobj
= ; (see Figure 1). To find the

electric field strength in and around the object, we make use
of the linearity of Maxwell’s equations and set up a scatter-
ing formalism. Specifically, we first introduce the incident
electric field as the field that would be present in our do-
main of interest if the object was absent. We denote this
field by E

inc and assume that it is known. Second, we take
the presence of the object into account by introducing the
scattered electric field as E

sc
= E � E

inc, where E is the
total electric field strength. The scatterer acts as a source
for the scattered electric field and it is well known that this
field can be found at any point in the transverse plane from
the integral representation [8]

E

sc
(x) = (k2b +rr·)

Z

x

02Dobj
G(x� x

0
)�(x0

)E(x

0
) dA.

(2)
In the above equation, G is the Green’s function of the ho-
mogeneous background medium and is given by

G(x) = � j
4

H(2)
0 (kb|x|), (3)

where H(2)
0 is the Hankel function of the second kind and

order zero. This function has a logarithmic singularity at
the origin [9]. Furthermore,

�(x) =
⌘s
(x)

⌘
� 1, (4)

is the contrast function of the object and it obviously van-
ishes if ⌘s

= ⌘, that is, if there is no object present.

Figure 1: A metallic object illuminated by electromagnetic
waves. The object occupies the object domain Dobj. The
sources are located in the source domain Dsrc.

From the integral representation (2) it is clear that the
scattered electric field strength is known as soon as the total
electric field strength inside the object has been found. To
find this total field, we restrict the observation vector x to
the object domain Dobj and use the definition of the scat-
tered electric field strength to obtain

E(x)� (k2b +rr·)A(x) = E

inc
(x), x 2 Dobj, (5)

where we have introduced the vector potential A as

A(x) =

Z

x

02Dobj
G(x� x

0
)�(x0

)E(x

0
) dA. (6)

Equation (5) is an integral equation for the total electric
field strength inside the scattering object. Written out in
components, this equation becomes
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x
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x
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(7)
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(x)� @
y

@
x

A
x

(x)� @2
y

A
y

(x) = Einc
y

(x),
(8)

with x 2 Dobj. As mentioned above, by solving the above
integral equation for the electric field strength, we have es-
sentially solved the complete scattering problem, since the
scattered field at any point in the transverse plane can then
be found using the integral representation of Eq. (2).

2.1. The contrast function for metallic objects

For metallic objects, it is customary to use the relative com-
plex permittivity "r as a constitutive parameter. Writing this
parameter in terms of its real and imaginary part as

"̂r = "1 � j"2, (9)

where "1 and "2 are real-valued, we have

�s
= !"0"2, "s

= "0"1, and ⌘s
= !"0("2 + j"1).

(10)

2



Now if the background medium is vacuum, we have ⌘ =

j!"0 and the contrast function becomes

� = "1 � 1� j"2, (11)

showing that the contrast is simply a shifted version of the
relative permittivity of the metal.

3. Discretizing the Integral Equation

Let the object occupy a rectangular domain with side
length `

x

> 0 in the x-direction and a side length `
y

> 0 in
the y-direction. Furthermore, let the origin O of our refer-
ence frame coincide with the upper left corner of our scat-
tering domain. We introduce the grid coordinates

x
m

=

�x

2

+m�x for m = 0, 1, ...,M + 1, (12)

with �x = `
x

/(M + 2), and

y
n

=

�y

2

+ n�y for n = 0, 1, ..., N + 1, (13)

with �y = `
y

/(N + 2). Notice that x0 = �x/2, x
M+1 =

`
x

� �x/2, y0 = �y/2, and y
N+1 = `

y

� �y/2.
The scattering domain is divided into nonoverlapping

discretization cells

S
i,j

= {i�x < x < (i+1)�x, j�y < y < (j+1)�y}, (14)

for i = 0, 1, ...,M + 1 and j = 0, 1, ..., N + 1. Obviously,
the total number of discretization cells is (M + 2)(N + 2).
The position vector of the midpoint of cell S

i,j

is denoted
by

x

i,j

= x
i

i

x

+ y
j

i

y

,

for i = 0, 1, ...,M + 1 and j = 0, 1, ..., N + 1.
As a first step in the discretization procedure, we re-

quire that Eqs. (7) and (8) hold for all grid points within
the scattering domain with position vectors x

m,n

, where
m = 1, 2, ...,M and n = 1, 2, ..., N . Consequently, we
have
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(16)

for m = 1, 2, ...,M and n = 1, 2, ..., N . Notice that the
discretization cells located at the outer boundary are not in-
cluded. These cells are used as dummy cells to properly
handle the discretization of the gradient-divergence term
(see Subsection 3.1).

As a second step, we approximate the spatial deriva-
tives in Eqs. (15) and (16) by second-order centered

finite-differences. For example, the mixed derivative term
@
x

@
y

A
y

|
x=xm,n

is approximated as
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and for the double derivative term (one-dimensional Lapla-
cian) in the x-direction, we have

@2
x

A
x

|
x=xm,n

⇡
A

x

(x

m�1,n)� 2A
x

(x

m,n

) +A
x

(x

m+1,n)

�x2
.

(18)

Similar finite-difference expressions are used for @
y

@
x

A
x

and @2
y

A
y

at x = x

m,n

.
All these local finite-difference approximations can be

written in a more compact global form by introducing a
number of field and differentiation matrices. Specifically,
let us introduce the (M + 2)-by-(N + 2) electric field ma-
trices E

x

and E
y

with elements

(E
x

)

m,n

= E
x

(x

m�1,n�1) (19)

and

(E
y

)

m,n

= E
y

(x

m�1,n�1) (20)

for m = 1, 2, ...,M + 2 and n = 1, 2, ..., N + 2. Incident
electric field matrices Einc

x

and Einc
y

are defined similarly. In
addition, we introduce the vector potential matrices A

x

and
A
y

with elements

(A
x

)

m,n

= A
x

(x

m�1,n�1) (21)

and

(A
y

)

m,n

= A
y

(x

m�1,n�1) (22)

for m = 1, 2, ...,M + 2 and n = 1, 2, ..., N + 2.
Differentiation in the x-direction is carried out by the

M -by-(M + 2) differentiation matrices

X =

1

2�x
tridiag(�1, 0, 1)

and

L
x

=

1

�x2
tridiag(1,�2, 1)

while the N -by-(N + 2) matrices

Y =

1

2�y
tridiag(�1, 0, 1)

and

L
y

=

1

�y2
tridiag(1,�2, 1)

3



take care of differentiation in the y-direction. The first entry
between the brackets in the above equations corresponds to
a diagonal element.

Finally, we introduce the N -by-(N +2) restriction ma-
trix

R
N

=

�
0 I

N

0
�
,

where I
N

is the identity matrix of order N .
With the introduction of all these matrices, we can write

the finite-difference approximation of Eqs. (15) and (16) in
global form as

R
M

E
x

RT

N

� k2bRM

A
x

RT

N

� XA
y

YT � L
x

A
x

RT

N

= Einc
x

(23)

and

R
M

E
y

RT

N

� k2bRM

A
y

RT

N

� XA
x

YT � R
M

A
y

LT
y

= Einc
y

,
(24)

respectively.
As a final step, we turn these equations into matrix-

vector form by applying the vec-operation to both equa-
tions. Recall that for a given matrix A, vec(A) stacks the
columns of matrix A from left to right into a single col-
umn vector [10]. Using this operation, we first introduce
the vectors

e
x

= vec(E
x

), e
y

= vec(E
y

), (25)

einc
x

= vec(Einc
x

), einc
y

= vec(Einc
y

), (26)

and
a
x

= vec(A
x

) and a
y

= vec(A
y

). (27)

Applying now the vec-operation to Eqs. (23) and (24) sep-
arately, using the linearity of this operator, and the prop-
erty [10]

vec(AXBT

) = (B⌦ A)vec(X),

where ⌦ denotes the Kronecker (tensor) product, we arrive
at

Re
x

� k2bRax � (Y ⌦ X)a
y

� (R
N

⌦ L
x

)a
x

= einc
x

, (28)

and

Re
y

� k2bRay � (Y ⌦ X)a
x

� (L
y

⌦ R
N

)a
y

= einc
y

, (29)

where R = R
N

⌦ R
M

. The only thing left to do now, is
to relate the vector potentials a

x

and a
y

to the electric field
strengths e

x

and e
y

using the definition of the vector poten-
tial.

3.1. Weak form of the vector potential and its dis-

cretization

With x 2 Dobj, the expression for the vector potential can-
not be discretized using standard Newton-Cotes quadra-
ture formulas, because of the logarithmic singularity of
the Green’s function. Our approach is, therefore, to first

weaken the Green’s function such that this weakening
is consistent with the second-order finite-difference dis-
cretization procedure discussed above [6]. In particular, we
introduce the weakened Green’s function Gw that satisfies

(@2
x

+ @2
y

+ k2b )G
w
= �f(x), (30)

and the radiation condition at infinity. The right-hand side
f(x) is given by

f(x) =

(
1

⇡a2
if x 2 Dcirc,

0 if x /2 Dcirc,

where Dcirc is a circular disk with radius a =

1
2min{�x, �y}

and centered at the origin. Clearly, f satisfies
Z

x2R2

f(x) dA =

1

⇡a2

Z

x2Dcirc
dA = 1,

and Gw approaches the original Green’s function G as a #
0.

Replacing now the original Green’s function by its
weakened counterpart, we have

A(x) ⇡
Z

x

02Dobj
Gw

(x� x

0
)�(x0

)E(x

0
) dA (31)

and the expression on the right-hand side of the above equa-
tion is used to approximate the vector potential at the grid
nodes with position vectors x = x

m,n

.
To this end, we consider

A(x

m,n

) ⇡
Z

x

02Dobj
Gw

(x

m,n

�x

0
)�(x0

)E(x

0
) dA, (32)

for m = 0, 1, ...,M + 1 and n = 0, 1, ..., N + 1. Subse-
quently, we restrict ourselves to piecewise constant contrast
functions for which � is constant within each discretization
cell. Writing

�(x) = �
i,j

if x 2 S
i,j

, (33)

where �
i,j

is position independent, we obtain

A(x

m,n

) ⇡
M+1X

i=0

N+1X

j=0

�
i,j

Z

x

02Si,j
Gw

(x

m,n

� x

0
)E(x

0
) dA,

(34)
for m = 0, 1, ...,M+1 and n = 0, 1, ..., N+1. Finally, we
approximate the remaining integral over the discretization
cell using the midpoint rule and arrive at

A(x

m,n

) ⇡ �x�y
M+1X

i=0

N+1X

j=0

Gw
(x

m,n

� x

i,j

)�
i,j

E(x

i,j

),

(35)
for m = 0, 1, ...,M + 1 and n = 0, 1, ..., N + 1. Notice
that the vector potential approximations are required at grid
nodes with indices running from m = 0 to m = M + 1

and n = 0 to n = N + 1. The summations in Eq. (35)
run from i = 0 to M + 1 and from j = 0 to j = N +
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1 as well. The electric field strength unknowns E(x

m,n

),
however, are defined at grid node coordinates x = x

m,n

with m = 1, 2, ...,M and n = 1, 2, ..., N . To relate the
vector potential to these electric field strength unknowns
only, we always set the contrast to zero at the outer cells of
the computational domain, that is, we set

�0,n = 0 and �
M+1,n = 0 (36)

for n = 0, 1, ..., N + 1, and

�
m,0 = 0 and �

m,N+1 = 0 (37)

for m = 1, ...,M . Equation (35) can then equivalently be
written as

A(x

m,n

) ⇡ �x�y
MX

i=1

NX

j=1

Gw
(x

m,n

� x

i,j

)�
i,j

E(x

i,j

),

(38)
for m = 0, 1, ...,M + 1 and n = 0, 1, ..., N + 1. However,
to evaluate the vector potential values at the grid nodes we
do not use Eq. (38), but follow an embedding procedure and
implement Eq. (35) with the contrast at the boundaries set to
zero. The electric field strength quantities at the outer cells
then become redundant dummy variables, but the advan-
tage of keeping these extra variables is that all approximate
vector potential values can be computed very efficiently by
evaluating Eq. (35) via two-dimensional FFTs. This is not
possible if we use Eq. (38) to evaluate the vector potential
at the required grid nodes.

From Eq. (35), we observe that the weakened Green’s
function is required at grid nodes outside the circular
disk Dcirc and at the origin. To find these function values,
we return to Eq. (30). The solution of this equation is given
by

Gw
(x) =

1

⇡a2

Z

x

02Dcirc
G(x� x

0
) dA

= � j
4⇡a2

Z

x

02Dcirc
H(2)

0 (kb|x� x

0|) dA
(39)

and evaluating the integral for x /2 Dcirc, we find (see Ap-
pendix A)

Gw
(x) = � j

2kba
J1(kba)H

(2)
0 (kb|x|), (40)

where J1 is the first-order Bessel function of the first kind.
Notice that the above expression for the weakened Green’s
function is just a scaled version of the original Green’s
function. To show that this scaling is consistent with the
second-order finite-difference approximations of Eqs. (17)
and (18), we use the series expansion of J1(kba) around
zero [9] and obtain

Gw
(x) =

� j
2kba


kba

2

� (kba)3

16

+

(kba)5

384

� ...

�
H(2)

0 (kb|x|) =

� j
4

H(2)
0 (kb|x|)

�
1 +O[(kba)

2
]

 
as kba # 0,

showing that the weakening procedure is indeed consistent
with the second-order finite-difference discretization proce-
dure.

Finally, at the origin the integral evaluates to (see Ap-
pendix A)

Gw
(0) = � j

2kba


H(2)

1 (kba)� 2j
⇡kba

�
(41)

and we call this weakened Green’s function value the self
patch element.

With this result, we have completely determined the dis-
cretized vector potential operator of Eq. (35). To write this
operator in matrix-vector notation, we introduce the con-
trast vector c and contrast matrix C as

c = vec(�
i,j

) and C = diag(c). (42)

In addition, we introduce the matrices ˜G
j,n

, j, n =

0, 1, ..., N + 1, of order M + 2 with elements
⇣
˜G
j,n

⌘

i,m

= �x�y Gw
(x

m,n

� x

i,j

), (43)

for i,m = 0, 1, ...,M + 1. With the introduction of these
matrices, we can write

a
x

= GCe
x

and a
y

= GCe
y

, (44)

where matrix G is given by

G =

0

BBB@

˜G0,0
˜G0,1 ... ˜G0,N+1

˜G1,0
˜G1,1 ... ˜G1,N+1

...
...

...
˜G
N+1,0

˜G
N+1,1 ... ˜G

N+1,N+1

1

CCCA
. (45)

Using Eq. (43), it is easily verified that matrix G is block
Toeplitz and each block is Toeplitz as well (matrix G is a
so-called Block-Toeplitz Toeplitz-Block or BTTB matrix).
This implies that its action on a vector can be computed
via two-dimensional FFTs. Furthermore, matrix G is sym-
metric (but not Hermitian) and all self patch elements are
located on the diagonal.

Substituting Eq. (44) in Eqs. (28) and (29), we arrive at
the system of equations

Ku = uinc, (46)

where the system matrix is given by

K =

✓
R(I� k2bGC) 0

0 R(I� k2bGC)

◆

�
✓
R
N

⌦ L
x

Y ⌦ X
Y ⌦ X L

y

⌦ R
M

◆✓
GC 0
0 GC

◆ (47)

and the field vectors are given by

u =

✓
e
x

e
y

◆
and uinc

=

✓
einc
x

einc
y

◆
. (48)

Since the action of matrix K on a vector can be computed
efficiently via FFTs, we solve Eq. (46) using an iterative
method such as GMRES or BiCGStab [7].
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Figure 2: Line source located next to a golden strip.

Figure 3: Snapshot of the instantaneous magnitude of the
electric field strength in and around the golden strip.

4. Simulations

To illustrate the performance of our integral equation ap-
proach, we present two numerical experiments in which we
simulate surface plasmon propagation. In both examples,
the electromagnetic field is computed by iteratively solving
Eq. (46) using the GMRES algorithm [7]. This algorithm
takes an initial guess u0 as input and generates field ap-
proximations u1, u2, ..., such that the Euclidean norm of
the corresponding residual

r
n

= uinc � Ku
n

, n = 1, 2, ..., (49)

is minimized at every iteration. In our numerical experi-
ments, we take u0 = 0 as an initial guess leading to an ini-
tial residual r0 = uinc. Iterations are terminated as soon as
the normalized Euclidean norm of the residual kr

n

k/kr0k
falls below a user specified tolerance.

As a first example, we compute the electromagnetic
field in and around a golden strip (see Figure 2). The strip
is illuminated from the left by electromagnetic waves that
are generated by a line source operating in steady-state at a
frequency of 4.73 · 1014 Hz (� = 633 nm). The complex
relative permittivity of gold is "r = �11.6 � 1.2j at this
frequency and the iteration process is terminated as soon as
the normalized residual falls below 10

�6. A snapshot of
the instantaneous magnitude of the electric field strength is
shown in Figure 3 and the convergence history of GMRES
is shown in Figure 4. We observe that initially there is a
fairly sharp drop in the norm of the residual, but conver-
gence slows down to a steady rate of decrease as GMRES

Figure 4: Convergence history of GMRES for the golden
strip problem.

Figure 5: The first 30 eigenvalues of the system matrix with
the smallest imaginary part (circles) and the first 50 har-
monic Ritz values (crosses) for the golden strip problem.

Figure 6: The first 30 eigenvalues of the system matrix with
the smallest imaginary part (circles) and the first 100 har-
monic Ritz values (crosses) for the golden strip problem.
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Figure 7: Line source located next to a plasmonic waveg-
uide consisting of two silver strips.

proceeds (after about 50 iterations in the above example).
To study this effect, we first recall that GMRES constructs
field approximations u

k

such that [7]

kr
k

k = min

pk2Pk;pk(0)=1
kp

k

(K)r0k, (50)

where P
k

is the set of polynomials of degree  k. In other
words, of all polynomials p

k

belonging to P
k

and normal-
ized such that p

k

(0) = 1, GMRES constructs the polyno-
mial for which kp

k

(K)r0k is minimum. The roots of this
optimal polynomial are called harmonic Ritz values [11]
and approximate the eigenvalues of the system matrix K.
We have computed these eigenvalue estimates after 50 and
100 iterations of the GMRES algorithm. We also computed
the first 30 eigenvalues of the system matrix with the small-
est imaginary part. These eigenvalues are shown as circles
in Figures 5 and 6. In Figure 5, the crosses show the first
50 harmonic Ritz values obtained after 50 GMRES itera-
tions, while the first 100 harmonic Ritz values are shown
as crosses in Figure 6. From these figures, we observe that
the harmonic Ritz values cluster along curves in the com-
plex plane. Eigenvalues of banded Toeplitz matrices are
known to have this property [11], but here we have a full
BTTB-type matrix. Also note that the leftmost point of the
upperleft spectral line corresponds to the complex relative
permittivity "r = �11.6� 1.2j of the golden strip (see Fig-
ures 5 and 6). Finally, we observe that GMRES quickly
approximates the eigenvalues located at the outer bound-
ary of the spectrum as is typical for Krylov subspace meth-
ods [11]. The inner eigenvalues are approximated as GM-
RES proceeds and the harmonic Ritz values start to clus-
ter along curves in the complex plane. Convergence slows
down to a steady rate of decrease as soon as GMRES starts
“filling” these curves.

In our second set of experiments, we consider a plas-
monic waveguide consisting of two silver strips and an air
gap (see Figure 7). The same source as in the previous ex-
ample is placed to the left of the waveguide and it again op-
erates at a wavelength of 633 nm. The complex relative per-
mittivity of silver at this frequency is "r = �18.2�0.5j [4].
Since the total waveguiding structure consists of air and sil-
ver and since the contrast function of silver has a larger
absolute real part and a smaller absolute imaginary part
(smaller losses) compared with gold, we expect that our
solver converges at a slower rate than in the previous exam-
ple. Figure 8 shows that this is indeed the case. After 750

Figure 8: Convergence history of GMRES for the plas-
monic waveguide problem.

Figure 9: Snapshot of the instantaneous magnitude of the
electric field strength in and around the plasmonic waveg-
uide after 100 GMRES iterations.

Figure 10: Snapshot of the instantaneous magnitude of the
electric field strength in and around the plasmonic waveg-
uide after 500 GMRES iterations.
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Figure 11: The first 30 eigenvalues of the system matrix
with the smallest imaginary part (circles) and the first 50
harmonic Ritz values (crosses) for the plasmonic waveg-
uide problem.

GMRES iterations, the normalized residual has dropped to
1.73 · 10�3, while for the golden strip problem 500 itera-
tions are sufficient to obtain a normalized residual that falls
below 10

�6.

To illustrate how the field approximations improve as
iteration proceeds, we show in Figures 9 and 10 snapshots
of the magnitude of the electric field strength in and around
the waveguide. Figure 9 shows the approximate electric
field strength obtained after 100 iterations, while Figure 10
shows the approximate field obtained after 500 iterations.
Comparing both figures, we observe that as the number of
iterations increases, improvements go from left to right, that
is, from the source (left-hand side of Figures 9 and 10) to
the far end of the waveguide (right-hand side of Figures 9
and 10). The plasmonic wave is built up along the waveg-
uide as iteration proceeds.

The first 30 eigenvalues of the system matrix with the
smallest imaginary part have also been computed for this
waveguide problem (circles in Figures 11 and 12) along
with the harmonic Ritz values obtained after 50 and 100
iterations of GMRES (crosses in Figures 11 and 12, re-
spectively). Again, we observe that eigenvalues at the outer
boundary of the spectrum are approximated first, although
after 50 iterations GMRES misses an extremal eigenvalue
(see Figure 11). Furthermore, the harmonic Ritz values
again cluster along curves in the complex plane. As op-
posed to the previous example, it is now difficult to recog-
nize any material parameter values from the spectral curves
in the complex plane, since the total scattering object is now
inhomogeneous. The spectral analyses of this section do
seem to indicate, however, that the clustering of harmonic
Ritz values along curves may provide a spectral explanation
of how a plasmonic wave along a metal/dielectric interface
is approximated by an iterative solver such as GMRES.

Figure 12: The first 30 eigenvalues of the system matrix
with the smallest imaginary part (circles) and the first 100
harmonic Ritz values (crosses) for the plasmonic waveg-
uide problem.

5. Conclusions

In this paper, we have discussed a volume integral equa-
tion method to simulate propagation of surface plasmon
polaritons in media that mimic the silicon-to-silicon diox-
ide interface on standard CMOS integrated circuits. We
started from Maxwell’s equations and formulated an inte-
gral equation for the electric field strength which contains
a gradient-divergence term that takes the induces charges
into account. The discretization of the integral equation was
discussed in detail and by formulating the discretized set of
equations in terms of Kronecker products, it was shown that
the discretized system matrix has a similar structure as the
continuous volume scattering operator. Moreover, the ac-
tion of the system matrix on a vector can be computed via
FFTs and we therefore used GMRES to iteratively solve
the discretized integral equation. The convergence rate of
the algorithm was discussed in detail, while numerical ex-
amples illustrated surface plasmon generation, propagation,
and decay in different media.

Even though the simulator efficiently solves practical
surface plasmon problems, we can still further improve
its performance by preconditioning the discretized integral
equation. Future work will focus on the development of
an effective preconditioner. This may be beneficial in par-
ticular for surface plasmon simulations in electrically large
geometries (geometries with a spatial extent in the order of,
say, a hundred wavelengths). The eigenvalue analysis pre-
sented in this paper may then be helpful, since knowledge
about the spectrum or pseudospectrum of the system matrix
may provide us a means to construct an effective precondi-
tioner [11].

We believe that the simulator presented in this paper is
a practical and efficient tool to simulate surface plasmons
and is especially useful to guide optimization of CMOS
processes and geometries for plasmonics based data and en-
ergy transfer and miniaturization.

8



A. Explicit expression for the weak Green’s

function

To evaluate the integral in Eq. (39), we make use of the
addition theorem for the Hankel function H(2)

0 (see, for ex-
ample [9]):

H(2)
0 (kb|x� x

0|) =
(P1

k=�1 J
k

(kb|x|)H(2)
k

(kb|x0|) exp(jk'), |x0| � |x|,
P1

k=�1 J
k

(kb|x0|)H(2)
k

(kb|x|) exp(jk'), |x0|  |x|,
(51)

where J
k

is the kth order Bessel function of the first kind,
H(2)

k

is the kth order Hankel function of the second kind,
and ' is the angle between x and �x

0.
Let us first evaluate the integral for observation points

outside the circular disk Dcirc. In this case, we have |x| >
|x0| and substituting the second line of Eq. (51) in Eq. (39),
we obtain

Gw
(x) = � j

4⇡a2
⇥

1X

k=�1
H(2)

k

(kb|x|)
Z

a

r=0
J
k

(kbr)r dr
Z 2⇡

'=0
exp(jk') d' dr,

(52)

where we have introduced polar coordinates as well. Now
since Z 2⇡

'=0
exp(jk') d' =

(
2⇡ if k = 0,

0 if k 6= 0,
(53)

the above simplifies to

Gw
(x) = � j

2a2
H(2)

0 (kb|x|)
Z

a

r=0
J0(kbr)r dr (54)

and using the differentiation property [9]

d
dz

[zJ1(z)] = zJ0(z), (55)

the integral can be evaluated as
Z

a

r=0
J0(kbr)r dr =

a

kb
J1(kba). (56)

Substitution then gives

Gw
(x) = � j

2kba
J1(kba)H

(2)
0 (kb|x|) (57)

for x /2 Dcirc.
To evaluate Gw

(0), we take x 2 Dcirc with |x| = ✏ < a
and subsequently take the limit ✏ # 0. Integration over Dcirc

is split in two parts: in one part we integrate from |x0| = ✏
to |x0| = a (domain D1;✏), while in the second part we
integrate over a disk centered at the origin and having a
radius ✏ (domain D2;✏). Notice that when integrating over

Figure 13: Integration over the domain D1;✏.

D1;✏, we have |x0| > |x| = ✏, while if we integrate over
D2;✏, we have |x0| < |x| = ✏. To summarize, we have

Gw
(0) = � j

4⇡a2
⇥

lim

✏#0

"Z

x

02D1;✏;|x|=✏

H(2)
0 (kb|x� x

0|) dA

+

Z

x

02D2;✏;|x|=✏

H(2)
0 (kb|x� x

0|) dA

#
.

(58)

Let us start with the integral over D1;✏ (see Figure 13).
Since |x0| > |x| in this case, we substitute the first line of
Eq. (51) in the integrand and follow similar steps as above
to obtain
Z

x

02D1;✏;|x|=✏

H(2)
0 (kb|x� x

0|) dA = 2⇡J0(kb✏)

Z
a

r=✏

H(2)
0 (kbr)r dr.

(59)
Since the Hankel function satisfies Eq. (55) with J0 and
J1 replaced by H(2)

0 and H(2)
1 , respectively, the integral on

the right-hand side in the above equation can be evaluated
explicitly and we arrive at
Z

x

02D1;✏;|x|=✏

H(2)
0 (kb|x� x

0|) dA =

2⇡

kb
J0(kb✏)

h
aH(2)

1 (kba)� ✏H(2)
1 (kb✏)

i
.

(60)

Using now the power series expansions of J0(x) and
H(2)

1 (x) around x = 0, namely,

J0(x) ⇡ 1� x2

4

, (61)

and

H(2)
1 (x) ⇡ 2

⇡

j
x
� jx[2 ln(x) + ↵]

2⇡
(62)
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Figure 14: Integration over the domain D2;✏.

where ↵ is a constant (its particular value can be found in
[9], but it is not relevant to us), we find

lim

✏#0

2⇡

kb
J0(kb✏)aH

(2)
1 (kba) =

2⇡

kb
aH(2)

1 (kba) (63)

and

lim

✏#0

2⇡

kb
J0(kb✏)✏H

(2)
1 (kb✏) =

4

k2b
j. (64)

Combining all results, we have

� j
4⇡a2

lim

✏#0

Z

x

02D1;✏;|x|=✏

H(2)
0 (kb|x� x

0|) dA =

�j
2kba


H(2)

1 (kba)� 2j
⇡kba

�
.

(65)

Finally, we need to evaluate the integral over D2;✏ (see
Figure 14). We now have |x0| < |x| = ✏ and substituting
the second line of Eq. (51) in the integrand leads to
Z

x

02D2;✏;|x|=✏

H(2)
0 (kb|x� x

0|) dA =

2⇡H(2)
0 (kb✏)

Z
✏

r=0
J0(kbr)r dr.

(66)

Since Z
✏

r=0
J0(kbr)r dr =

✏

kb
J1(kb✏), (67)

we find
Z

x

02D2;✏

H(2)
0 (kb|x� x

0|) dA =

2⇡✏

kb
H(2)

0 (kb✏)J1(kb✏)

(68)

and upon taking the limit ✏ # 0, we obtain

lim

✏#0

Z

x

02D2;✏;|x|=✏

H(2)
0 (kb|x� x

0|) dA = 0. (69)

Finally, putting Eqs. (65) and (69) together, we arrive at

Gw
(0) = � j

2kba


H(2)

1 (kba)� 2j
⇡kba

�
. (70)
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Abstract

This paper proposes a novel compression of far field matri-
ces in the fast multipole method and its multilevel extension
for electromagnetic problems. The compression is based on
a spherical harmonic representation of radiation patterns in
conjunction with a radiating mode expression of the surface
current. The method is applied to study near field effects
and the far field of an antenna placed on a ship surface.
Furthermore, the electromagnetic scattering of an electri-
cally large plate is investigated. It is demonstrated, that the
proposed technique leads to a significant memory saving,
making multipole algorithms even more efficient without
compromising the accuracy.

1. Introduction
The method of moments (MoM) [1] is well established
for solving surface integral equations (SIEs) in the range
of electromagnetic compatibility. Acceleration techniques
like the fast multipole method (FMM) or the multilevel fast
multipole algorithm (MLFMA) are often applied when an-
alyzing electrically large objects to reduce both computa-
tion time and memory [2]. In order to gain a time- and
memory-efficient FMM implementation, various measures
have been introduced in the past [3]. This contribution pro-
poses a compression of the far field matrices combining a
spherical harmonic representation of the radiation pattern
[4] with a radiating mode expression of the currents in a
FMM group [5].

The paper is organized as follows: In Section 2 the fun-
damentals of MoM and FMM are briefly outlined. Section 3
describes the theoretical background of the proposed com-
pression technique and in Section 4 two numerical exam-
ples are considered to investigate the impact of the devel-
oped approach on the required memory and the accuracy.

2. Formulation of MoM and FMM
The MoM can be applied to solve various types of SIEs. In
this paper, it is focussed on the electric field integral equa-
tion (EFIE) for perfect electric conducting (PEC) bodies.
Discretizing the EFIE with MoM leads to a system of lin-
ear equations

Z · I = V . (1)

Here, Z 2 CN⇥N is the dense system matrix, I 2 CN⇥1

includes the unknown current amplitudes and V 2 CN⇥1

represents the excitation of the system. N is the number
of unknowns. Applying FMM to MoM results in a block-
wise approximated system matrix. The matrix block Zr,s

couples a group s of basis functions and a group r of test
functions. It is approximated as [5]

Zr,s ⇡ R✓
r ·↵↵↵r,s · F✓

s + R�
r ·↵↵↵r,s · F�

s , (2)

with↵↵↵r,s and R✓,�
r being the translation matrix and the dis-

aggregation matrices, respectively. The columns of the ag-
gregation matrices

F✓,�
s =

⇥
fs1(k), fs2(k), ..., fsNs(k)

⇤✓,� (3)

are radiation patterns of the Ns basis functions in group s

evaluated at K discrete points kk on the unit sphere (k-
space representation). For the i-th basis function of group s

the radiation pattern is given by

fsi
�
k) =

ˆ
S

�̄̄
I� k̂k̂

�
· bi

�
r0)ejk·di

dS

0
, (4)

where di is the distance between source point r0 and the
center of group s. ¯̄I denotes the unit dyadic and k̂ is the
normalized k-vector, pointing in radial direction on the unit
sphere [2].

3. Compression of Far Field Matrices
In the following a compression technique for the aggre-
gation matrices is described, which consist of two parts:
The radiation pattern given by Equation (4) is represented
by spherical harmonics and only radiating current modes
are considered for the aggregation matrices given by Equa-
tion (3).

3.1. Spherical Harmonic Representation of the Aggre-
gation Matrices

The number K is determined by the spectral content of
the translation operator and the radiation patterns [2]. This
leads to an oversampling of radiation patterns in the k-space
formulation [4]. Thus, a more appropriate basis for the rep-
resentation of fsi

�
k) should be applied. Since each radia-

tion pattern is quasi-bandlimited (bandwidth P ) [2], it can



be expressed by spherical harmonics Y m
l as

fsi(k) ⇡
PX

l=0

m=lX

m=�l

cl,msi Y

m
l (k) , (5)

where cl,msi 2 C3⇥1 are weighting coefficients for the x-, y-
and z-component of fsi(k). Following Eq. (5), the aggrega-
tion matrices of group s read

Fx,y,z
s ⇡ Y ·Cx,y,z

s . (6)

Note that Fx,y,z
s are expressed in Cartesian coordinates to

avoid Gibb’s phenomenon caused by discontinuities at the
poles of F✓,�

s in spherical coordinates. The discretized
spherical harmonics are globally stored in Y 2 CK⇥Msph .
The number of spherical harmonics is Msph = (P + 1)2

according to Eq. (5). This representation leads to a mem-
ory reduction, since only coefficients cl,msi have to be stored
instead of an explicit k-space pattern [4].

In [4] a radiation pattern is computed in k-space and
then transferred to spherical harmonics. Instead of doing
that, we propose to determine the coefficients cl,msi directly
from a spherical wave expansion for plane waves [6]

e

jk·di ⇡ 4⇡
PX

l=0

m=lX

m=�l

j

l
jl

�
k|di

��)Y m
l (k)Ȳ m

l (di) , (7)

where jl is the spherical Bessel function of order l and Ȳ

denotes the conjugate of Y . Substituting Eq. (7) into Eq. (4)
leads to the spherical harmonic representation of Eq. (5).
Hence, the corresponding weighting coefficients cl,msi can
be computed via

cl,msi = 4⇡jl
ˆ
S

bi

�
r0
�
jl

�
k|di|

�
Ȳ

m
l (di) dS

0
. (8)

In the implementation, this integral is numerically evalu-
ated by a quadrature rule.

3.2. Radiating Current Modes

To further reduce memory it is exploited that only a few cur-
rent modes contribute to the radiation pattern of a group [5].
These modes are determined by using a truncated singular
value decomposition (TSVD) [7] of Cs ⇡ As · Bs, with
As 2 CMsph⇥qs and Bs 2 Cqs⇥Ns . Here, only qs singular
values larger than a predefined threshold ✏ are considered.
The singular values for the matrices Cx

s , Cy
s and Cz

s of an
example structure are given in Fig. 1. Applying TSVD to
the matrices Cx,y,z

s leads to the aggregation matrices

Fx,y,z
s ⇡ Y ·Ax,y,z

s ·Bx,y,z
s . (9)

These matrices can be interpreted as follows: B transfers
the considered basis functions into qs radiating modes and
A contains the weighting coefficients for the spherical har-
monics of the far field pattern associated with these radiat-
ing modes. Figure 2 illustrates the radiating current modes
corresponding to the three largest singular values of matrix
Cx

1 . These modes are defined by the first three rows of Bx
1 .
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Figure 1: Singular values of the coeffcient matrices Cx
1 , Cy

1

and Cz
1 for an example structure inside a group with edge-

length 0.5�.

 



Figure 2: Current pattern in a group corresponding to the
first, second and third singular value of matrix Cx

1 for the
example structure given in Fig 1.

3.3. Memory Complexity

The number of elements needed to be stored for the ag-
gregation matrices of one group with Ns basis functions is
shown in Table 1. Note that the memory required to hold Y
is neglected, because it does not depend on the total num-
ber of unknowns. The factor 2 takes into account that ✓-
and �-components have to be stored in the conventional ap-
proach and the compression with TSVD. The factor 3 takes
into account the use of Cartesian components for the other
techniques. As indicated in Table 1, the proposed method is
superior to a pure spherical harmonic representation if the
condition

qs <
MsphNs�

Msph +Ns

� (10)

is fulfilled. Table 2 illustrates the resulting elements,
needed to be stored for the considered example structure.

2



Table 1: Number of elements for one aggregation matrices
with different compression methods.

Method Elements
Conventional 2KNs

TSVD [5] 2qs
�
K +Ns

�

Spherical Harmonics [4] 3MsphNs

Proposed Method 3qs
�
Msph +Ns

�

In this example a threshold ✏ = 0.001 is applied, which
leads to qs = 20. This factor is usually different for each
matrix Cx,Cy and Cz as shown in Fig. 1. For the sake
of simplicity it is assumed to be the same for all matri-
ces. Furthermore the value P = 7 leads to Msph = 64.
The group under consideration includes Ns = 95 basis
functions and the number of points for discretizing the unit
sphere is K = 338.

Table 2: Number of elements for the aggregation matrices
associated with the example structure in Fig. 1.

Method Elements Factor
Conventional 64 220 -
TSVD of [5] 17 320 3.70
Spherical Harmonics [4] 18 240 3.52
Proposed Method 9 540 6.7

4. Numerical Results
Results of the proposed compression technique are pre-
sented in the following. This technique was applied to a
MoM Code [8] with FMM and MLFMA acceleration, re-
spectively. All computations have been performed in dou-
ble precision on a PC with a 2.6 GHz AMD 6140 Opteron
Processor. TFQMR [9] was used to solve the equation sys-
tem iteratively. The first example to be considered is a ship
model with a total length of 120 m as depicted in Fig. 3
and Fig. 4. The discretized surface involves 126 962 Rao-
Wilton-Glisson (RWG) basis functions [10]. The ship is
excited by a monopole antenna at a frequency of 72 MHz.
The compression was carried out using the techniques de-
scribed by [4], [5] and the proposed method for different pa-
rameters P and ✏ (a detailed accuracy analysis related to the
value P can be found in [2]). These techniques have been
applied to the FMM with a box size of 0.5� and MLFMA
with a box size of 0.25� on the finest level. In all cases
a Galerkin approach with R = FH was used. Table 3 il-
lustrates the memory reduction for the aggregation matri-
ces. The proposed technique has a better performance than
the techniques suggested in [4] and [5] because it combines
both aspects, i. e. spherical harmonics and radiating modes.
It has to be emphasized, that the approach under considera-
tion requires slightly more memory than the spherical har-
monic representation, choosing P = 4 and ✏ = 0.001. This
is because the requirement of Eq. (10) has been violated

Table 3: Memory for the aggregation matrices with the pro-
posed technique using FMM (box size: 0.5�) and MLFMA
(box size: 0.25�). Example: ship surface with 126 962 un-
knowns.

FMM (0.5�) Memory (MB) Factor
Conventional 1 310 -
P = 8, ✏ = 10�3 250.0 5.24
P = 5, ✏ = 10�2 123.4 10.6
[4] (P = 5) 209.3 6.26
[5] (✏ = 10�2) 292.4 4.48

MLFMA (0.25�) Memory (MB) Factor
Conventional 627.7 -
P = 4, ✏ = 10�3 148.0 4.24
P = 4, ✏ = 10�2 104.1 6.03
[4] (P = 4) 145.4 4.32
[5] (✏ = 10�2) 289.5 2.17

for some groups of basis functions. In this first example
the total memory for all required FMM matrices is reduced
by 27% from 4.24GB to 3.09GB. The total memory for
MLFMA is decreased from 1.30GB to 0.82GB, which cor-
responds to a 37% reduction. Fig. 3 shows the electric field
along an observation path 1 m above the deck. Only small
deviations are caused by the proposed technique. Further-
more the radiation pattern of the antenna is given in Fig. 4,
where the deviation to a conventional approach is hardly
noticeable. The time for compressing the far field matrices
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Figure 3: Max. magnitude of E field along the indicated ob-
servation path (length 21 m), computed with a conventional
FMM approach and the proposed compression for aggrega-
tion matrices. P : Maximum order of spherical harmonics.
✏: Accuracy of compression with TSVD.

was 46 s (P = 8) and 25 s (P = 5) for FMM as well as 10 s
for MLFMA. These values are negligible compared to the
total solution time for this problem with FMM (61 min) and
MLFMA (22 min), respectively.

3



0204060 20 40 60

20

40

60

Conventional
=8, �=10-3

=5, �=10-2



60°

30°

90°

0°

120°

150°

180°



P 
P

[V]

Figure 4: Radiation pattern in the upper hemisphere due to
an monopole antenna placed on the ship surface. Compar-
ison of proposed approach with conventional method. P :
Maximum order of spherical harmonics. ✏: Accuracy of
compression with TSVD

The second example is an electrically large PEC plate
excited by a linearly polarized plane wave as illustrated in
Fig. 5. Two different cases are investigated: The square
plate with an edge length of a = 32� and a = 64�, re-
spectively. In both cases it is discretized with 1 085 544
basis functions. Computational results for a conventional



Figure 5: Considered PEC Plate in Cartesian coordinate
system. Excitation with plane wave, incident angle is
✓ = 0.

approach, the proposed technique with P = 4 and ✏ = 0.01
as well as a pure spherical harmonic representation with
P = 4 are given in Table 4. The memory required for
the aggregation matrices with the introduced technique is
0.63GB in case of a = 32� and 1.07GB in case of
a = 64� compared to 5.24GB with a conventional ap-
proach. For a = 64�, the total memory of all MLFMA
matrices is decreased from 7.89GB to 3.72GB, which re-
lates to 53%. Solving this problem with a residual tolerance
✏res = 3 · 10�3 took 6.9 h on a single CPU. As illustrated
by Table 4, the compression rate of the proposed technique

Table 4: Memory for the aggregation matrices with dif-
ferent compression techniques using MLFMA (box size:
0.25�). Example: square plate with 1 085 544 unknowns
for the edge lengths a = 32� and a = 64�

MLFMA (0.25�) Mem. (GB) Factor

32
�

Conventional 5.24 -
P = 4, ✏ = 10�2 0.63 8.32
[4] (P = 4) 1.21 4.32

64
�

Conventional 5.24 -
P = 4, ✏ = 10�2 1.07 4.93
[4] (P = 4) 1.21 4.32

grows with the number of basis functions inside a group on
the finest MLFMA level. For a = 32� the average num-
ber of basis functions in one group was 66.3, for a = 64�
the average was 16.6 basis functions per group. To validate
the accuracy of our approach, MLFMA is compared to an
analytical estimation for the plate with a = 64�. Based on
assumptions known from physical optics, the surface cur-
rent density is approximated by J ⇡ 2 · n̂⇥Hinc. From this
the bistatic radar cross section (RCS) is analytically com-
puted using Green’s function for the far field [11]. Since
the plate is large in terms of wavelength, accurate results are
expected for the reflected wave around ✓ = 0�. Fig. 6 com-
pares MLFMA with the analytical estimation. Here, the
bistatic radar cross section for ✓ = 0�... 90� and � = 90�

is given. A very good agreement can be observed in the
range between ✓ = 0� and ✓ = 10�. With increasing angle
the deviations become more pronounced due to the optical
approximation for the analytical computation.
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Figure 6: Bistatic RCS of a square PEC plate (a = 64�)
with 1 085 544 unknowns, computed with the proposed
technique and an analytical estimation. P : Maximum or-
der of spherical harmonics. ✏: Accuracy of compression
with TSVD
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5. Conclusions
An efficient compression of far field matrices in multipole
methods is proposed. The compression technique has
been applied to the conventional FMM and its multilevel
extension MLFMA, leading to a significant memory
reduction up to 53%. It turns out that the developed method
is superior to techniques known from literature. In addition
to this the proposed approach is shown to be very accurate.
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Abstract 

This paper proposes a methodology based in computational 
intelligence to determine the electric field of broadcasting 
medium wave.  A  Bayesian  network  was  generated  using  
data collected from a measurement campaign carried out in 
Brasília city and it shows the correlation between  Altitude  
and  Electric  field  measured.  Conditional  probabilities  
values  were  used  to generate probabilities values of the 
behavior of the electric field versus terrain´s altitude. Thus, 
in similar places this methodology can be applied without 
additional computational efforts. 

1. Introduction 

In Brazil, the medium wave digital broadcasting service is 
in a process of evaluation in order to define the standard to 
be adopted. It is important for the planning and 
management of the system to know the real amount of 
signal being propagated in determined condition, aiming it 
is also important to delimit the covering area of the signal. 
Thus, prediction models are used to delimit the theoretical 
value of the covering area [1]. In this work, the measured 
values of the E-field have been compared with the values 
obtained from computational intelligence simulation, inside 
the coverage area of the broadcasters in test. These 
simulations have been performed using the probability 
conditional tables generated by a Bayesian Network tool 
[2]. Thus, we provide a methodology for determining the 
correlation between altitude and electric field through the 
use of measuring technique and computational intelligence. 
The paper is organized as follows:  Section 2 presents the 
measurement campaigns where the measurements were 
conducted, Section 3 describes the computational 
intelligence model used and Section 4 describes the 
methodology employed, data processing used at the values 
collected at the measurement campaigns and the results, 
Section 5 concludes the paper. 

 

2. Measurement Campaign 

A measurement campaign was carried out in the heartland 
of the country and it aimed to collect electric field values at 
fixed and mobile (allowing the characterization of the 
channel and analysis of its coverage area by means of the 
parameters used in prediction models in use) over six radial 
routes (about 25.000 samples were collected), evenly 
distributed, with a radius of 120Km each. In this paper are 
being analyzed data from Routes 2 and 3. The medium 
wave  signals collected in the measures were irradiated from 
the broadcast center of the Brazilian communications  S/A  
– Radiobrás. The equipment used are also from Radiobrás 
and Anatel, the telecommunications regulatory agency in 
Brazil. 

3. Computational Intelligence Model 

The main objective of bayesian networks is to find valid and 
potentially useful patterns from the data. The extraction of 
knowledge from data can be seen as a process with, at least, 
the following steps: understanding of the application 
domain, selection and preparation of the data, data mining, 
evaluation of the extracted knowledge and consolidation and 
the use of the extracted knowledge. In this work, the 
computational intelligence algorithm used for data mining 
was based on Bayesian networks. 
A Bayesian network is composed of several nodes, where 
each node of the network represents a variable, that is, an 
attribute of the database; directed arcs connecting them 
implies in the relation of dependency that the variable can 
possess over the others; and finally probability tables for 
each node. The Bayesian networks can be seen as encoding 
models of the probabilistic relationships between the 
variables that represent a given domain. These models 
possess as components a qualitative representation of the 
dependencies between the nodes and a quantitative 
(conditional probability tables of these nodes) structure, that 
can evaluate, in probabilistic terms, these dependencies. 
These components together provide an efficient 



2 
 

representation of the joint probability distribution of the 
variables of a given domain. 
One of the major advantages of the Bayesian networks is 
their semantics, which facilitates, given the inherent causal 
representation of these networks, the understanding and the 
decision making process for the users of these models. 
Basically, due to the fact that the relations between the 
variables of the domain can be visualized graphically, 
besides providing an inference mechanism that allows 
quantifying, in probabilistic terms, the effect of these 
relations [3]. 
The Bayesian network type chosen to be used in this work 
was the Naive Bayesian Network, because it stands out 
among the many existing classification methods as one of 
the simplest and computationally more efficient; being also 
robust against noises in the data and irrelevant attributes, in 
such a way that they would not influence in the probabilities 
of the other attributes [3]. 

4. Methodology and Results 

After a data cleaner, the altitude and electric field were used 
to generate a Naive Bayesian Network. The correlation 
between altitude and electric field for Route 2 and Route 3 
are shown in Fig. 1 and Fig. 2. 

 
Figure 1. E- Field Estimated versus E- Field Measured for Route 2 

 

 
 

Figure 2. E-Field Estimated versus E- Field Measured for Route 3 
 

In table I is one example of Conditional Probability Table 
obtained for Route 2 generated through the Naive 
Bayesian Network. In table II is showed the MSE and 
correlation indicators calculated for Routes 2 and 3. 

Table I-Conditional Probabilities Values obtained from Bayesian Network 

Conditional 
 

Probability 
 

Table 

Eletric Field 

Altitude [67.83 

 
83.40] 

 
[83.4085.70] 

[85.70 

 
89.76] 

[89.76104.01] 

[491.0 604.0] 0.534 0.285 0.180 0.000 
[604.0 936.0] 0.412 0.282 0.300 0.006 
[936.0 1033.0] 0.046 0.396 0.305 0.253 

[1033.0 1223.0] 0.012 0.035 0.215 0.738 

 
Table II – Calculated Data for Routes 2 and 3 

 Route 2 Route 3 

Mean   Square    Error 
 

(MSE) – Db 
4,74 3,56 

Correlation  Measured 
 

Field x Altitude 
0,8319 0,7523 

Correlation  Measured 
 

Field  x Estimated 
 

Field 

0,6658 0,7413 

 

In Fig. 1 and Fig. 2 is showed the Electric Field estimated 
through the use of probabilities generated from the Bayesian 
network comparing with the electric field measured. 
According with table II, to Route 2 MSE is 4,74dB and for 
Route 3 is 3,56dB. The correlation between Measured Field 
and Altitude was 0,8319 for Route 2 and 0,7523 for Route 3. 
The correlation between Measured Field and Estimated 
Field for Route 2 was 0,6658 and 0,7413 for Route 3. This 
similarity is shown in Fig. 3 and Fig. 4, which shows 
respectively the electric field estimated by the program and 
the electric field measured.  

 

                 Figure 3. Electric Field Estimated for Route 2. 

 



3 
 

 
Figure 4. Electric Field Measured for Route 2. 

 

For Route 3 the correlation between Measured Field and 
Estimated Field was 0,7413. The Fig. 5 and Fig. 6 shows the 
similarity for Route 3. 

 

 
                            Figure 5. Electric Field Estimated for Route 3 

 
                                Figure 6. Electric Field Measured for Route 3 
 

 

5. Conclusions 

The coherent indicators evaluated by the study and the 
methodology proposed showed that  the  results  are  
feasible  to  be  used  in  similar  terrains  to  predict  the  
electric  field  without  the  use  of measurement campaign. 

 

Acknowledgements 

The  authors  would  like  to  thank  to  UFPA,  CNPq  
and  National  Institute  of  Science  and Technology - 
Wireless Communication (INCT-CSF) for the support 
provided for the research described in this paper. 

References 

[1] B. Monteiro, G.P.S. Cavalcante, H. S. Gomes, D. M. 
Rosário, F.F. Lima, H.A. Junior, “Evaluation of Radio 
Propagation Parameters for Field Strength Prediction 
Using Neural Network”, Microwave and 
Optoelectronics International Conference, pp. 888 – 
892, October 2007. 

[2] Bayesware Discoverer, Copyright© 2000, Bayesware 
Limited.  http://www.bayesware.com/ accessed in 

01/10/11. 

[3] A. L. S. et al. Strategies for improving the modeling and 
interpretability of bayesian networks. Data knowl. Eng., 

        63(1):91-107, November 2006.Lastname, F. M., Book 
Title, Wiley-Interscience, New York, 1986. 

 



 ADVANCED ELECTROMAGNETICS SYMPOSIUM, AES 2012, 16 – 19 APRIL 2012, PARIS - FRANCE 

  

Efficient Computation of the Magnetic Field of Low-Frequency 
Antenna 

 
Rania Oubaid, Yvan Lefevre*, and Jean Rene Poirier 

 
1Université de Toulouse: INPT, UPS and CNRS; Laboratoire Plasma et Conversion d’Energie (LAPLACE); 

Ecole Nationale Supérieure d´Electrotechnique, d´Electronique, d´Informatique, d´Hydraulique  
et des Télécommunications (ENSEEIHT), F-31071 Toulouse cedex 7, France, 

*Corresponding author, E-mail: Yvan.Lefevre@laplace.univ-tlse.fr 
 
 

Abstract 
The 3D magnetostatic moments method (MoM) is applied 
to a low frequency antenna for the fast computation of the 
magnetic field at short and large distance. The errors from 
3D finite element results are very acceptable. The results 
are validated by finite element analysis and measurements. 

1. Introduction 
Low frequency magnetic communications are more and 

more applied in radio frequency identification (RFID). In 
tire pressure monitoring systems, a RFID is used to wake-up 
the pressure sensors and temperature sensors. In this 
wireless communication, the main component of the 
transmitter is a low frequency antenna operating at 125 kHz. 
This antenna is generally made of multi-turns coil wound 
around a ferrite core. One of the main challenge of 
manufacturers is to obtain very low power TPMS. One of 
the key to reach this challenge is to have a model that can 
quickly predict the magnetic field characteristics of low 
frequency antennas [1][2]. In this paper, we present a first 
step towards this goal: an efficient and simple tool to predict 
quickly the effect of the coil and core parameters on the 
magnetic field around the antenna is developed.  

To calculate the magnetic field of this device a 3D 
finite-element or finite difference method can be used. But 
to calculate the magnetic field at large distance from the 
device, a huge amount of elements would be needed. [3] 
describes a model for a cylindrical ferrite rod core antenna. 
Using the axial symmetry, a 2D semi-numerical procedure, 
based on a vector potential formulation, is developed in 
order to calculate magnetic field at short and large distance. 
In our device, there is no axial symmetry so a 3D approach 
is needed. To calculate the static magnetic field, [4] presents 
a model based on magnetic moment method where the 
magnetized core is replaced by a distribution of induced 
magnetization. Assuming that magnetization is parallel to 
the axis of the cylindrical rod and uniform along its section, 
the rod is reduced to a line.  

We will show that in our problem the magnetization 
cannot be assumed parallel to an axis nor uniform in a 
section of the core. Our tool is based on a 3D magnetostatic 
moment method (MoM) as presented in [5] and applied to 

ferrite core low-frequency RFID antennas with no axial 
symmetry. In this method, the magnetic field at any distance 
is calculated by a Volume Integral Equations Method (IEM) 
and only the core region and not the surrounding air region 
is meshed [6]. 

The article is organized as follows. In the next section, 
the calculation of the induced magnetization M in the core 
as done in [5] will be presented. The computation of 
elementary matrices is developed. The method to obtain a 
very fast and efficient method to calculate these elementary 
matrices is explained in section three. In section four, this 
method is applied to a low frequency antenna in order to 
develop a very efficient and simple specific tool for this 
kind of device. The results are compared to results obtained 
from a 3D finite element code (FEM). In section five,  the 
influence of the mesh of the core and the influence of the 
value of the core permeability on the results are studied. 
The last section gives some concluding remarks. 

2. Matrix formulation of Moment Method 
A low frequency antenna is made of a ferrite core 

around which a coil is wounded as shown schematically on 
Fig. 1. 

 
Figure 1: Theoretical configuration of the studied ferrite 
core and its coil 

The flux density 	at any point P is given by the 
following expressions: 

                         =  +                        (1) 

The first term of this expression is the flux density  
due to the coil 	and which is expressed by means of the 
Biot and Savart law. The second term is the flux density due 
to the induced magnetization in the core  and can 
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be expressed with the gradient  of the magnetic scalar 
potential [5]: 
 

where  is the vector joining the interior point N to the 
point P. We have: 

In order to compute   at any point P, the induced 
magnetization  must be known on each point N of the 
core   . Assuming that the core is not saturated, the 
relation between the magnetization and the flux density at 
any point Q in the core can be written as follows: 

 =  − 1                           (4) 

where  is the permeability and  the relative permeability 
of the core. 

2.1. Subdivision of the core  

In order to establish the matrix formulation, the core 
volume is subdivided in N blocks. It is assumed that the 
magnetization is uniform in each block. In the block 
number I, VI, the magnetization at each point Q of the block 
is given by: 

 =                                       (5) 
An example of subdivision made with 4 blocks is shown 

on Fig. 2. 

  
Figure 2:  The division of the magnetized volume into 4 
blocks. The magnetization in each block is uniform. 

2.2. Induced flux density at the center of a block 

In the following, the induced flux density at the center of a 
block, VI, due to the magnetization  of a block, VJ, is 
noted .  is the vector joining a point N of the block VJ 
to the center  of the block VI. From(2) and (3), we have: 

 = − 
∭ ∇ 	.


                   (6) 

As  is uniform inside the block VJ,  it can be shown that 
the volume integral (6) can be transformed to a surface 
integral on the external surface SJ of VJ (Fig. 3) 

 = 
∬

.


                            (7) 

If   ≠ , the induced flux density , according to equation 
(6), can be expressed as: 

 = 
∭ 3 

.


 − 


            (8) 

If I=J, to avoid singularities due to the fact that RII is null, 
expression (7) is used instead of expression (8). The induced 
flux density  at the center of a given block VI,  is the sum 
of the flux density due to its own magnetization M and 
the flux density  due to the magnetization  of each of 
the remaining  blocks   : 

 B = B + B




                               (9) 

2.3. Decomposition on natural basis 

Using an orthonormal basis  , , , the magnetization 
and the vector position can be decomposed into their 
components in this basis: 


 = ∑ 




 = ∑ 


                                       (10) 

and the induced flux density as well: 
 B = ∑ B

 e		                                      (11) 
According to (9), we have: 

 =  + ∑ 



                               (12) 

2.4. Putting  volume integrals in a matrix form 

In relation (12),   is the kth component of vector  . 
From (8), we can write: 

 = 
∭ 3 

.


 −




            (13) 

Developing equation (13) leads to a matrix form: 






 = 
  
  
  

 








                      (14) 

For  ≠ ,  is given by the integral: 

	 =

∭ 3

.


                               (15) 

and the diagonal components are given: 

 =

∭ 3 





− 


                   (16) 

IJ
mB
r

JM
r

 

Figure 3: The induced flux density  on element I due to 
the magnetization  on element J. 

2.5. Putting surface integral in a matrix form 

In relation (12),   is the kth component of vector  . 
From (7), we can write: 

 			= 		 ∭



dΩ 		                (2)  

 			= 	− 
 ∇φP		                         (3)  
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 = 
∬ 

.


                         (17) 

 is the vector joining a point Q of  surface SI and the 
center of block VI. The surface SI can be decomposed in six 
surfaces such as (Fig. 4): 

 = 



 

If k >0, then the normal vector to SIk is  and: 
.  = 

  
 If k<0 the normal vector is − and: 

.  = −
  

Thus, integral (17) can be written in the form: 

 = 
 ∑ ∬ 

  −∬ 





  

(18) 
Knowing that: 

 = ∑ 
                             (19) 

and: 
 = ∑  

                                 (20) 
the development of equation (18) leads to a matrix form: 






 = 
  
  
  

 








               (21) 

where (Fig. 4): 

 = 
 ∬




  −∬ 




          (22) 

 

 
Figure 4: Surface of integration SIk to calculate the induced 
the flux density at the center of elementary volume I due to 
its own magnetization. 
 

2.6. General matrix form 

From (12), (14) and (21) the ith component of the induced 
flux density on the center of block I can be written as 
follows: 

 = ∑ ∑ . 
 

                   (23) 
This can be put in a general matrix form: 

 =                                     (24) 
where   and  are 3Nx1 column matrices containing 
respectively all the components of the induced flux density 
in each blocks and all the components of the magnetization 
vector  in each block. Their components can be defined by: 

∗
 = 
∗ = 

                                 (25) 

 is a 3Nx3N matrix that can be linked to the elementary 
matrices [] by the following relations: 

∗,∗ =                       (26) 
It is also possible to put equation (1) and (4) in a matrix 
form: 


 =  + 
 = 

  	                           (27) 

where   is a 3Nx1 column matrix containing the flux 
density components in each block and    the column 
matrix with all the components of the flux density 
calculated by the Biot & Savart Law. From equations (24) 
and (27), we can write: 

 − 
   = 

               (28) 
Solving equation (28) gives  i.e. the components of the 
vector magnetization in each block. In the following, the 
matrix [FIJ] is called  elementary interaction matrix and   
global interaction matrix 

2.7. Computation of the magnetic flux density 

Relation (27) allows to obtain the value of the flux density 
at the center of blocks inside  the core. 
At a point P, outside the core, knowing the magnetization 
 inside each block the flux density can be computed from 
equation (1) where: 

 = 
∭

ʌ
                    (29) 

and: 

 = ∑ 
∭ 3 




 − 




       (30) 

3. Fast computation of  interaction matrix 
The main difficulty in the method of moment is the 
computation of elementary coefficient  F by means of the 
volume integrals (15) and (16) when I is different from J and 
by means of the surface integrals (22) when I equal J.  
In low frequency antennas the ferrite core has generally a 
very regular geometric configuration, it is easy to divide 
them in blocks of the same size.  
The surface integrations in (22) are done by the use of  
Gauss method. A relatively high number of integration 
points (ng=16) is taken. This number is necessary to ensure 
a relative error less than 0.5% with respect to  the analytical 
solution [7]. To save computation time, as the blocks are of 
the same size, the surface integrations (22) are done only 
once. Thus, this relatively high number of integration points 
does not affect  the total computation time. 
The same number of integration points can be taken to 
compute the coefficients   in (15) and (16). But, this 
number  leads to a very high computation time. In fact, for 
the same number of integration points the precision of the 
computation of these coefficients depends on the mean 
distance between the center of elementary volume VJ and 
the integration points in the elementary volume VI. If the 
center of the volume of integration is near the center of 
block VJ, a high number of  integration points must be used 
and if it is far enough, the magnetic flux density is almost 
uniform inside the block, thus a lower number of integration 
points is sufficient to guarantee appropriate accuracy. Thus, 
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the number  integration points must be adapted in function 
of the distance between the centers of blocks VI and VJ. The 
variation of errors in function of distance between blocks  
and in function of the number of integration points have 
been studied (Fig. 5) 
 

 
 

Figure 5: Illustration of  the adaptation of the number of 
integration points in function of the distance between the 
centers of two blocks for a given desired relative errors. 
 
For a given error relatively to results obtained  from a 
supposed very high numbers of integration points (ng=20), 
the number of integration points in function of distance can 
be calculated. Figure 6 gives the results for relative errors of  
(erel=10-8) and  (erel=10-2). 

 
Figure 6: The value of adaptive ng in function of the distance 
between  the centers of  two blocks for two relative errors (eref=10-

8 and eref=10-2). 
 

4. Application to a low frequency antenna 
The formulations presented in the second section was 
numerically implemented and used to compute the magnetic 
flux density produced by low frequency antenna (LFA). 
Figure 1 shows the theoretical configuration of the studied 
low frequency ferrite core antenna. It is composed only of a 
coil (ΩB) of Nw turns carrying a current Is, and the 
ferromagnetic material (ΩM) of relative magnetic 

permeability µr greater than unity. The geometry of the coil 
surrounding the ferrite core looks like a racetrack (Fig. 7).  
The size of the core and the coil are reported on Table I . 
 
Table I: Size of the coil and the core of the antenna 

Parameter Symbol Value Unit 
 Number of turns  Nw 61  
Height of the coil (along Oz) Hw 0.079 m 
Thickness of the coil Ew 0.0004 m 
Height of core  (along Oz) Hc 0.085 m 
Width of the core  (along Oy)  Wc 0.008 m 
Length of the core  (along Ox) Lc 0.003 m 
Gap between coil and core gwc 0.0005 m 

 

 
Figure 7: Geometries of the ferrite core and the racetrack 
coil 
 

4.1. Computation of the flux density due to the coil 

The first step of our study is the modeling of the flux density 
created by the racetrack coil. It can be easily computed by 
means of the Biot and Savart’s law (29). The racetrack coil 
is crossed by a current density . Figure 8 shows the current 
density crossing the straight parts and the curved parts of the 
coil.  The module of the current density is linked to the 
number of turns Ns and the actual value of current Is  in the 
coil by the relation:  

.  = .                                                   (31) 
where SB is the section of the coil perpendicular to the 
current density (Fig. 8). 

 
Figure 8: The geometries of the straight part and the curved part of 
the racetrack coil and direction of the current density  
To compute the flux density  due to the coil, the straight 
parts and the curved parts are subdivided in straight or 
curved blocks. By means of Biot and Savart law, the flux 
density due to each block is computed and sum up in order 
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to get the source flux density  due to the whole coil.
II shows the results obtained at different distance from
center of the coil along  the Oz direction for a current 
density Js of 1A.mm-2.  In order to calculate the 
magnetization by  the developed method of moment, a very 
good accuracy is needed to calculate the flux density due to 
the coil. 
 

Table II: Distribution along Oz, inside the upper half of the core, 
the flux density due to the coil for different number of blocks
for a current density of Js=1.A.mm-2:  Values of  

Nbloc Distance from the center of the core
 0.0085 0.017 0.0255 0,034
72000 0.5008 049935 0.49470 0.4
36800 0.50105 0.49964  0.49499 0.4

7488 0.50025 5.0023 0.49695 0.4
 

 
Table II shows that 7488 blocks is sufficient to obtain a very 
good accuracy for the computation of the flu
the core. The detailed subdivision of the coil
blocks, is given in table III:  a curved part are divide in 
(nr.na.nz) blocks and, a straight part, in (nr.nw.nz) blocks
 

Table III: Subdivision of racetrack coil
Direction symbol value
thickness nr 
angular na 
width nw 
height nz 

 

 

4.2. Finite Element Analysis (FEA) 

In order to make a first validation, the results obtained by 
the developed method of moment are compared to numerical 
model obtained by the software package ANS
Figure 9 shows the study domain considered for FEA

 

Figure 9: Left: study domain with in red a zone for a layer of 
infinite element, Right: the mesh of the study domain with in red 
infinite elements. 

The study domain is a fourth part of the whole domain in 
order to save time and memory. The red zone is meshed of a 
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Figure 9: Left: study domain with in red a zone for a layer of 
infinite element, Right: the mesh of the study domain with in red 

is a fourth part of the whole domain in 
order to save time and memory. The red zone is meshed of a 

layer of infinite element. In ANSYS/EMAG the reduced 
scalar magnetic potential formulation is used. The study 
domain has been meshed by 245000 elements and 
nodes. Figure 10 shows the finite element mesh around the 
core and its coil. 

 

Figure 10: Finite element mesh around the 

4.3. Measurement set-up 

Figure 11 shows the actual LFA
with 61 turns. 

Figure 11: The actual low frequency antenna 

The flux density due to the LFA has been measured along 
direction OX and OZ and at 
figure 7. The measurement set up is shown on figure 12.

Figure 12: The measurement set up 

The measurements has been made using AC supply at a 
frequency of 125kHz. As the conductors are very thin there 
is a very little difference from a DC situation. The main 
difference is due to the hysteresis
core. It was experimentally 

Y 

layer of infinite element. In ANSYS/EMAG the reduced 
scalar magnetic potential formulation is used. The study 
domain has been meshed by 245000 elements and 48030 
nodes. Figure 10 shows the finite element mesh around the 

 
Figure 10: Finite element mesh around the LFA 

LFA with its stranded coil made 

 
: The actual low frequency antenna  

The flux density due to the LFA has been measured along 
 distance already specified on 

ent set up is shown on figure 12. 

 
The measurement set up  

The measurements has been made using AC supply at a 
he conductors are very thin there 

is a very little difference from a DC situation. The main 
difference is due to the hysteresis phenomena in the ferrite 

experimentally verified that hysteresis 

X 

Z 
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phenomena have a very little effect by measuring the 
inductance of the coil at different frequency around 125kHz.  

4.4. Simulations results and measurements 

The distributions of the magnetic flux density along the coil 
axis (Oz) and along (Ox) perpendicular to the coil axis 
shown on  figure 7 have been calculated by the developed 
method moments and 3D finite element method (FEM). The 
results are compared to the values of the components of the 
flux density measured on a test bench (Fig. 12), the 
distribution of the flux density along (Oz) and (Ox) are 
shown on Fig. 13 and Fig. 14 respectively.  The value of the 
measured current Is in the coil is 0.63A. 
For the method of moment and finite element analysis the 
relative permeability of the core is taken equal to 3000 
which is the value given by the data sheet of the employed 
ferrite material. The core is meshed with the same number of 
blocks (MoM) or elements (FEA) equal to (NVE=3528). 
The study gives very similar results. In fact, theoretically, to 
use FEA, the mesh of the surrounding space should extend 
off to infinity for an exact solution. Of course this is 
impossible, so it is necessary to arbitrarily decide how far 
the mesh should extend away from the model to get an 
acceptable solution. This can be a major problem. Make the 
exterior region too small, the solution may never be accurate 
enough. On the other hand, make it larger and the number of 
unknowns, hence, the solution time increases. We observe 
that the FEA needs very large number of elements in the 
material and in the surrounding space. In contrast, MoM 
requires few subdivisions. To  obtain the accuracy of the 
results  in Fig . 13 and Fig .14  only the core is subdivided. 
The CPU time required to compute the external flux density 
of an antenna in our approach is smaller than the one 
required for FEA. For example, the external flux density of 
low frequency antenna can be obtained with a precision 
better than 9% in less than 2 seconds, while it would take a 
few minutes with a  FEM code on a same processor. 

 
Figure 13: Distribution of magnetic field density computed 
by MoM and FEM and measured along the LFA axis (Oz) 

 
Figure 14: Distribution of magnetic field density computed by 
MoM and FEM and measured along (Ox) perpendicular to  the 
LFA axis  

5. Study of parameters variation 
In order to assess, the results obtained by method of 
moments it is interesting to study how these results change 
with the variation of some parameters. In this last section, 
the influence of the number of subdivisions of the core and 
the permeability of the core are studied. 

5.1. Influence of the subdivisions of the core 
Several simulations with different subdivisions have 
been performed with the method of moment. Figure 15 
shows the distribution of the component Bz of the flux 
density along the Ox direction for a current density of 
1A.mm-2. The precision of the field integral computation 
depends only on the number  of subdivisions of the core 
region, but not on the mesh of an arbitrary exterior 
region, and boundary conditions applied at infinity as is 
the case with FEM codes. The results on Fig. 15 shows 
that  the results quickly with the number of subdivisions. 
The relative quadratic error between the results obtain 
with the highest number of subdivisions and the lowest 
number of subdivisions is less than 5%.  

Figure 15: Distribution of the component Bz of the magnetic 
flux density along Ox computed by MoM for different number 
of subdivisions (NVE). 
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Table IV details the values of Bz along Ox for the 
distance [0.5:0.8] m  for a value of the current density 
equal to 1.Amm-2. 

Table IV: Values of  Bz (nT) computed along Ox  
NVE 0.5 0.55 0.6 0.65 0.7 0.75 
3528 56.0 46.8 39.5 33.7 28.9 25.0 
392 54.1 45.3 38.2 32.6 28.0 24.2 
280 53.2 44.4 37.5 32.0 27.5 23.8 
50 51.9 43.4 36.6 31.2 26.8 23.2 

 

5.2. Permeability variation 
     For the study of the permeability variation, the 
reference results are those obtained with the number of 
subdivisions  equal  to  (NVE=3528) in the core region.  

 
Figure 16: Influence of the variation of the permeability 

The values of the relative quadratic error for µr=100, 
500, 1000 with respect to the reference results are shown 
clearly in Table V and Fig. 16. 
The method of moments leads to inaccuracies when the 
relative permeability is high, more than 100, and the 
number of subdivisions is low, less than 12. It leads to 
acceptable results ( the quadratic error is less than 6%), 
for µr less than 100. Nevertheless, for  a number of 
subdivisions  equal to 50, the errors does not exceed 5% 
for any value of the permeability, which can be very 
satisfactory in compensation for a really fast and easy 
computation. 
 
Table V: The percentage of the quadratic error for different 
number of subdivisions (NVE) and different values of the relative 
permeability with respect to reference results 

NVE Relative Permeability 
 100 500 1000 
392 0.2026 0.5743 0.6878 
280 0.4632 1.3438  1.5960 
50 1.0356 2.7789 3.3299 
12  5.8258  20.6059 25.8915 

 

6. Conclusions 

This paper has presented a new application of the 
method of moment. For this application the method of 
moment is more efficient than 3D FEA to calculate the 
magnetic fields at large distance from a low frequency  
antenna. With respect to FEM, the matrix system is 
smaller: a number of subdivisions of the core equal to 
50 is sufficient to have a very good accuracy. Only 
few seconds is needed to solve the problem with MoM 
and the results are in a good agreement (less than 8%) 
with numerical results and measurements. In FEA we 
use a mesh of about 245000 elements and 48030 
elements. This huge number of elements is needed to 
take into account the air region around the antenna. 
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Abstract 
,Q� RUGHU� WR� LQYHVWLJDWH� WKH� VHPLFRQGXFWRU� GHYLFH� KLJK�
IUHTXHQF\� RSHUDWLRQ�� ZH� DUH� GHYHORSLQJ� D� �'��'� WLPH�
GRPDLQ�HOHFWURPDJQHWLF�SK\VLFDO�VLPXODWRU��,W�LV�EDVHG�RQ�D�
VHOI�FRQVLVWHQW� VROXWLRQ� RI� ERWK� WKH�0D[ZHOO� HTXDWLRQV�DQG�
WKH� IUHH� FDUULHU� PDFURVFRSLF� FRQVHUYDWLRQ� HTXDWLRQ� VHWV�
LVVXHG� IURP� WKH� %ROW]PDQQ� JHQHUDO� WUDQVSRUW� HTXDWLRQ�� ,WV�
ODUJH�SRWHQWLDO�DSSOLFDWLRQ�ILHOG�SUHVHQWO\�FRQFHUQV�WKH�7+]�
GLVWULEXWHG�7UDQVIHUUHG�(OHFWURQ�'HYLFH��7('��EXW�DOVR�WKH�
LQYHVWLJDWLRQ�RI�WKH�KHDWLQJ�SURFHVV�LQVLGH�D�VHPLFRQGXFWRU�
SRZGHU�XQGHU�WKH�DFWLRQ�RI�D�KLJK�SRZHU�PLFURZDYH�VLJQDO���

1. Introduction 
��7KH� GHVFULSWLRQ� RI� WKH� LQIOXHQFH� RI� WKH� IUHH� HOHFWULF�

FKDUJHV� LV� VWLOO� WRGD\� D� FKDOOHQJH� LQ� WKH� VHPLFRQGXFWRU�
GHYLFH� HOHFWURPDJQHWLF� PRGHOLQJ�� � ,Q� WKLV� FRQWH[W�� ZH� DUH�
SUHVHQWO\�GHYHORSLQJ�D��'��'�WLPH�GRPDLQ�HOHFWURPDJQHWLF�
SK\VLFDO� VLPXODWRU� LQFOXGLQJ� WKH� IUHH� FDUULHU� WUDQVSRUW�
SKHQRPHQD�GHVFULSWLRQ�IROORZLQJ�WKH�PDFURVFRSLF�DSSURDFK��
,W� KDV� EHHQ� RULJLQDOO\� GHYRWHG� WR� WKH� PP�ZDYH� GLVWULEXWHG�
,03$77� GLRGH� PRGHOLQJ� >�@�� � ,W� LV� QRZ� XVHG� LQ� WKH�
PRGHOLQJ� RI� 7+]� GLVWULEXWHG� 7UDQVIHUUHG� (OHFWURQ� 'HYLFHV�
�7('¶V���%HFDXVH�RI�LWV�ODUJH�SRWHQWLDO�DSSOLFDWLRQ�ILHOG��LW�LV�
IRU�H[DPSOH�DOVR�XVHG�LQ�WKH�VWXG\�RI�WKH�WUDQVSRUW�SK\VLFDO�
SKHQRPHQD� LQYROYHG� LQ� WKH� HOHFWURPDJQHWLF� KHDWLQJ� RI�
VHPLFRQGXFWRU�SRZGHU�JUDLQV���
�

2. The Electromagnetic simulator 
�
7KH� ODERUDWRU\�PDGH� VLPXODWRU� LV� IXQGDPHQWDOO\� VSOLW� LQ�

WZR�PDLQ�HQWLWLHV� �ILJXUH�����7KH� ILUVW�RQH� LV�GHYRWHG� WR� WKH�
QXPHULFDO� VROXWLRQ� RI� WKH�0D[ZHOO� HTXDWLRQV� LQ� WKH� ZKROH�
FRQVLGHUHG� SK\VLFDO� YROXPH�� 7KLV� VROXWLRQ� PXVW� EH�
DVVRFLDWHG� ZLWK� WKH� VROXWLRQ� RI� WKH� HOHFWURVWDWLF�
3RLVVRQ�$PSHUH� HTXDWLRQ� VROXWLRQ� LQ� RUGHU� WR� DFFRXQW� IRU�
WKH� LQLWLDO� QHW� HOHFWULF� FKDUJH� GLVWULEXWLRQ� DQG� WKH� SRVVLEOH�
VHPLFRQGXFWRU�GHYLFH�'&�ELDV�FRQGLWLRQV��7KXV��WKH�HOHFWULF�

ILHOG�LV�VSOLW�LQ�'&�DQG�5)�FRPSRQHQW� �� RFDC EEE


��

7KH�WUDQVSRUW�PRGHO�IRU�WKH�SHUIHFW�RU�PRUH�UHDOLVWLF�PHWDO�LV�
GLUHFWO\� LPSOHPHQWHG� LQ� WKH� 0D[ZHOO� PRGHO�� 0XU¶V�
DEVRUELQJ�ERXQGDU\�FRQGLWLRQV�DUH�SUHVHQWO\�FRQVLGHUHG�>�@��

7KH� FDOFXODWHG� HOHFWURPDJQHWLF� ILHOG� ��� HE


LV� WKH� LQSXW�
TXDQWLW\� IRU� WKH� VHFRQG� HQWLW\�ZKLFK� LV� GHYRWHG� WR� WKH� IUHH�
FDUULHU� WUDQVSRUW� PRGHOLQJ�� ,W� UHOLHV� RQ� WKH� PDFURVFRSLF�
FRQVHUYDWLRQ�HTXDWLRQ�VHW�LVVXHG�IURP�WKH�%ROW]PDQQ�JHQHUDO�
WUDQVSRUW� HTXDWLRQ� QDPHO\� DQ\� RQH� RI� WKH� GULIW�GLIIXVLRQ��
HQHUJ\� DQG� HQHUJ\�PRPHQWXP�DSSURDFKHV��7KH� FRQGXFWLRQ�

FXUUHQW� GHQVLW\ cJ

�LV� WKH� TXDQWLW\� UHTXLUHG� E\� WKH�0D[ZHOO�

PRGHO��
�

�
)LJXUH���

�
7KH�QXPHULFDO�PHWKRG�RI� VROXWLRQ� LV� WKH�)'7'�PHWKRG��

7KH� VSDWLDO� PHVK� LV� YDULDEOH� DQG� WKH� SRVLWLRQ� RI� ERWK� WKH�
VFDODU�DQG�YHFWRU�SK\VLFDO�TXDQWLWLHV�LV�GHILQHG�IROORZLQJ�WKH�
<HH¶V� WRSRORJ\��7KH�$OWHUQDWLQJ�'LUHFWLRQ� ,PSOLFLW�PHWKRG�
�$',�� LV� V\VWHPDWLFDOO\� XVHG� IRU� WKH� DSSUR[LPDWLRQ� RI� WKH�
SDUWLDO� GLIIHUHQWLDO�0D[ZHOO� DQG� FDUULHU� WUDQVSRUW� HTXDWLRQV�
>�@�� ,W� OHDGV� WR� WKH� HIILFLHQW� QXPHULFDO� VROXWLRQ� RI� VLPSOH�
WULGLDJRQDO�PDWUL[�YHFWRU� HTXDWLRQV�� 0RUHRYHU�� WKH� LPSOLFLW�
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PHWKRG� DOORZV� WKH� XVH� RI� WLPH� LQFUHPHQW� YDOXHV� FORVH� WR�
WKRVH�LPSRVHG�E\�WKH�PDFURVFRSLF�WUDQVSRUW�PRGHOV��
�
�

3. THz distributed TED 
�

�
�

)LJXUH����*D1�YHORFLW\�ILHOG�FKDUDFWHULVWLF�
�
�
$� VWXG\� LV� SUHVHQWO\� GHYRWHG� WR� WKH� ,Q3� DQG� *D1� 1�11��
GLVWULEXWHG�7('¶V�DW�7+]�RSHUDWLQJ�IUHTXHQFLHV��7KH�7('¶V�
5)� RSHUDWLRQ� IXQGDPHQWDOO\� UHOLHV� RQ� WKH� VHPLFRQGXFWRU�
PDWHULDO� SK\VLFDO� SURSHUWLHV� QDPHO\� WKH� H[LVWHQFH� RI� D�
QHJDWLYH� GLIIHUHQWLDO� PRELOLW\� ]RQH� LQ� WKH� HOHFWURQ�
YHORFLW\�ILHOG� FKDUDFWHULVWLF� DV� VKRZQ� IRU� *D1� LQ� ILJXUH� ���
)URP�DQ�(0�SRLQW�RI�YLHZ��WKH�VWUXFWXUH��ZKHQ�VLPXODWHG�LQ�
WZR� GLPHQVLRQV� ��'��� LV� VLPLODU� WR� WKDW� RI� DQ� DFWLYH�
PXOWLOD\HUHG� SDUDOOHO� SODWH� ZDYHJXLGH� �ILJXUH� ���� ,Q� WKUHH�
GLPHQVLRQV���'��� WKH�GLVWULEXWHG�7('¶V�LV�QHDUO\�VLPLODU�WR�
DQ�DFWLYH�PLFURVWULS� OLQH��7KH�GHYLFH�5)�RSHUDWLRQ� LV�EDVHG�
RQ�WKH�LQWHUDFWLRQ�RI�D�WUDQVYHUVDO�(0�ZDYH��SURSDJDWLQJ�LQ�
D�SDUDOOHO�WR�WKH�GHYLFH�1�11��HSLWD[LDO�OD\HUV��DQG�HOHFWURQV�
PDLQO\�GULIWLQJ�SHUSHQGLFXODU�WR�WKH�HSLWD[LDO�OD\HUV��7KH�(0�
ZDYH�DPSOLILFDWLRQ�UHVXOWV�IURP�WKH�WUDQVYHUVH�PRGXODWLRQ�RI�
WKH�HOHFWURQ�PRWLRQ�XQGHU�WKH�DFWLRQ�RI� WKH�(0�ILHOG� LQ� WKH�
GHYLFH�1�DFWLYH�]RQH�ZKLFK�FRQVHTXHQWO\�DFWV�DV�D�QHJDWLYH�
5)�UHVLVWDQFH�PHGLXP��

 
)LJXUH����'LVWULEXWHG�7('¶V�EDVLF�VWUXFWXUH�

3.1. Mesa  GaN  TED’s  RF  operation   

�
�

)LJXUH����0HVD�*D1�7('¶V�PRGHOLQJ�
�
,Q� D� ILUVW� DSSURDFK�� LW� LV� QHFHVVDU\� WR� LQGHSHQGHQWO\�
LQYHVWLJDWH�WKH�5)�RSHUDWLRQ�RI�WKH�YHUWLFDO��RU�PHVD��1�11��
GRSHG�7('�VWUXFWXUH��7KLV�VWXG\�LV�SHUIRUPHG�E\�PHDQV�RI�D�
FODVVLFDO� RQH� GLPHQVLRQDO� ��'�� WLPH� GRPDLQ� TXDVL�
HOHFWURVWDWLF� HQHUJ\�PRPHQWXP� PRGHOLQJ�� 7KH� HOHFWURQ�
XQLSRODU� WUDQVSRUW� PRGHO� LV� EDVHG� RQ� D� QRQ�VWDWLRQDU\�
PDFURVFRSLF� DSSURDFK� GHULYHG� IURP� WKH� JHQHUDO�%ROW]PDQQ�
WUDQVSRUW�HTXDWLRQ�DQG�LQFOXGHV� WKH� IUHH�HOHFWURQ�FRQWLQXLW\��
WRWDO� HQHUJ\� DQG� PRPHQWXP� HTXDWLRQV� >�@�� ,W� DOORZV� WR�
DFFRXQW� IRU� WKH� HOHFWURQ� LQHUWLD� HIIHFWV� DW� KLJK� RSHUDWLQJ�
IUHTXHQFLHV� VXFK� DV� 7+]� RQHV� E\� PHDQV� RI� WKH� UHOD[DWLRQ�
WLPH�DSSUR[LPDWLRQ��1RWH�WKDW�WKH��'�PRGHO�LV�DOVR�XVHG�WR�
REWDLQ� WKH�'&� LQLWLDO� VROXWLRQ� IRU��'�VLPXODWLRQV��7KXV�� WKH�
JHRPHWULFDO� DQG� WHFKQRORJLFDO� SDUDPHWHUV� RI� WKH� GHYLFH�
DFWLYH� ]RQH� DUH� RSWLPL]HG� XQGHU� &:� SXUH� VLQH� RSHUDWLQJ�
PRGH� �9�W� 9'&�95)VLQȦW�� �ILJXUH� ���� 7KH� 7('¶V� QRQ�
OLQHDU� 5)� RSHUDWLRQ� LV� DQ� HOHFWURQLF� ORQJLWXGLQDO� ZDYH�
SURSDJDWLQJ�WKURXJK�WKH�GHYLFH�1�DFWLYH�]RQH�QDPHO\�LQ�WKH�
SUHVHQW� FDVH� WKH� HOHFWURQ� DFFXPXODWLRQ� OD\HU� DQG� WUDQVLW�
PRGH��)RXULHU�DQDO\VLV�RI�ERWK�WKH�ELDV� YROWDJH�DQG�FXUUHQW�
ZDYHIRUPV�DOORZV� WR�FDOFXODWH� WKH�GHYLFH� LPSHGDQFH� �PRUH�
HVSHFLDOO\� WKH� QHJDWLYH� UHVLVWDQFH� OHYHO��� 5)� HPLWWHG�
SHUIRUPDQFH� DQG� FRQYHUVLRQ� HIILFLHQF\� �ILJXUH� ���� $W� RQH�
7+]�� WKH� 1� DFWLYH� ]RQH� WKLFNQHVV� LV� ����� ȝP�� 7KH� GRSLQJ�
OHYHO� LV� ��� ����P����7KLV� YDOXH� LV� UHODWHG� WR� WKH�'&� FXUUHQW�
GHQVLW\�ZKLFK� LV� FORVH� WR� ���� ����� $�P��� ,QGHHG�� D� VR� KLJK�
'&� FXUUHQW� GHQVLW\� LV� QHFHVVDU\� WR� PDLQWDLQ� WKH� GHYLFH�
QHJDWLYH�UHVLVWDQFH�OHYHO�WR�D�KLJK�HQRXJK�YDOXH�QDPHO\�RQH�
RKP� IRU� D� GHYLFH� DUHD� RI� ������P��� 1RWH� WKDW� WKH� '&� ELDV�
YROWDJH�LV�KHUH�DV�KLJK�DV���9�WR�WKH�GHWULPHQW�RI�WKH�-RXOH�
GLVVLSDWHG�SRZHU��,QGHHG��WKH�LQWHUQDO�HOHFWULF�ILHOG�LQ�WKH�1�
DFWLYH� ]RQH� PXVW� RYHUFRPH� WKH� VHPLFRQGXFWRU� PDWHULDO�
WKUHVKROG�HOHFWULF�ILHOG��DURXQG���������9�P�LQ�*D1��WR�\LHOG�
WKH�HOHFWURQLF�WUDQVIHU�SKHQRPHQRQ�DQG�WKH�IRUPDWLRQ�RI�WKH�
HOHFWURQ�DFFXPXODWLRQ�OD\HU��
�
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)LJXUH� ��� � (YROXWLRQV� RI� WKH� 5)� HPLWWHG� SRZHU� 35)� � DQG�
QHJDWLYH�UHVLVWDQFH�OHYHO�5G�DV�D�IXQFWLRQ�RI�WKH�5)�YROWDJH�
IRU�WKH�RSWLPXP�'&�ELDV�SRLQW��
�
�

3.2. THz GaN TED’s  2D  modeling 
�

�
�

)LJXUH�����'�GLVWULEXWHG�*D1�7('¶V�PRGHOLQJ�
�
7KH��'�(0�HQHUJ\�PRPHQWXP�PRGHO�LV�XVHG�WR�LQYHVWLJDWH�
WKH�LQWHUDFWLRQ�EHWZHHQ�WKH�(0�ZDYH�SURSDJDWLQJ�DORQJ�WKH�
HSLWD[LDO� OD\HUV� LQ� WKH�;�GLUHFWLRQ�DQG� WKH� HOHFWURQV�PDLQO\�
PRYLQJ�WUDQVYHUVDOO\�LQ�WKH�<�GLUHFWLRQ��ILJXUH�����0XU�ILUVW�
RUGHU� ERXQGDU\� FRQGLWLRQV� DUH�DSSOLHG� LQ� WKH� GHYLFH� RXWSXW�
SODQ��7KLV� DOORZV� WR� VWXG\� WKH� SURSDJDWLRQ� RI� D� SURJUHVVLYH�
ZDYH�WKURXJK�WKH�VWUXFWXUH��7KXV��LQ�DPSOLILFDWLRQ�PRGH��WKH�
VSDWLDO� HOHFWURPDJQHWLF� ILHOG� LV� LPSRVHG� LQ� WKH� LQSXW� SODQ�
�70���LQSXW�SURSDJDWLQJ�PRGH����
�
,Q� &:� RVFLOODWLRQ� RSHUDWLQJ� PRGH�� WKH� GHYLFH� LV� ³VKRUW�
FLUFXLWHG´� LQ� WKH� LQSXW� SODQ� DQG� WKH� 5)� FRPSRQHQW� RI� WKH�
HOHFWURPDJQHWLF� ILHOG� LV� FRQVLGHUHG� DV� ]HUR� �ILJXUH� ���� 7KH�
LQWULQVLF� SHUIRUPDQFH� RI� WKH� VWUXFWXUH� DV� ZHOO� DV� WKH� /[�
RSWLPXP�GHYLFH�OHQJWK�FDQ�EH�HYDOXDWHG��)LJXUH���VKRZV�WKH�
LQVWDQWDQHRXV� HYROXWLRQ� RI� WKH� <� GLUHFWLRQ� WUDQVYHUVH� 5)�
YROWDJH� 95)\� � � DORQJ� WKH� SURSDJDWLRQ� ;� GLUHFWLRQ�� 7KLV�
TXDQWLW\�LV�FDOFXODWHG�IURP�WKH�FLUFXODWLRQ�RI�WKH�<�GLUHFWLRQ�
5)� HOHFWULF� ILHOG� FRPSRQHQW�(\� DORQJ� WKH�<�GLUHFWLRQ��7KLV�
UHVXOW� FOHDUO\� LOOXVWUDWHV� KRZ� WKH� (0� ILHOG� DPSOLWXGH�
LQFUHDVHV�DORQJ�WKH�VWUXFWXUH��
�

 
 
)LJXUH�����,QVWDQWDQHRXV�<�GLUHFWLRQ�5)�YROWDJH�FRPSRQHQW�
95)\� DORQJ� WKH� SURSDJDWLRQ� GLUHFWLRQ� XQGHU� IUHH� UXQQLQJ�
RVFLOODWLRQ�RSHUDWLQJ�PRGH��
�

3.3. CW  THz  GaN  TED’s  oscillator  modeling 
$�EHVW� XQGHUVWDQGLQJ� RI� WKH�5)�RSHUDWLRQ�DQG�SHUIRUPDQFH�
HYDOXDWLRQ�RI� WKH�&:�7K]�*D1�7('¶V�RVFLOODWRU�UHTXLUHV�D�
PRGHOLQJ�LQFOXGLQJ�WKH�ZKROH�FLUFXLW�QDPHO\�GHVFULELQJ�WKH�
DFWLYH� GHYLFH�SDVVLYH� FLUFXLW� LQWHUDFWLRQ�� $� ILUVW�
LPSURYHPHQW� FRQVLVW� LQ� WDNLQJ� LQWR� DFFRXQW� WKH� LQSXW� DQG�
RXWSXW� PDWFKLQJ� FLUFXLW� E\� PHDQV� RI� H[WHUQDO� OXPSHG�
HOHPHQWV� LQ� WKH��'�(0�WUDQVSRUW�PRGHO� >�@��%\�RWKHU�ZD\��
ZH� KDYH� GHYHORSHG� D� IXOO� �'� (0�WUDQVSRUW� PRGHOLQJ�� 7KH�
PRGHO� KDV� EHHQ� YDOLGDWHG� E\� PHDQV� RI� WKH� VLPXODWLRQ� RI�
VPDOO� VL]H� VWUXFWXUHV�� +RZHYHU�� WKH� PRGHOLQJ� RI� ZKROH�
VWUXFWXUH� UHTXLUHV� WKH� LPSOHPHQWDWLRQ� RI� WKH� VRIWZDUH� RQ� D�
PRUH�SRZHUIXO�FRPSXWHU�VXFK�DV�D�SDUDOOHO�RQH���
�

4. Semiconductor Powder Heating by EM 
waves 

�
)LJXUH���

�
�
%HFDXVH�RI�LWV�ODUJH�SRWHQWLDO�DSSOLFDWLRQ�ILHOG��WKH�VLPXODWRU�
FDQ�EH�XVHG�WR�VWXG\�WKH�DFWLRQ�RI�D�KLJK�SRZHU�PLFURZDYH�
VLJQDO�RQ�D�VHPLFRQGXFWRU�SRZGHU�QDPHO\�6L&��%HFDXVH�RI�
WKH� IUHTXHQF\� RI� LQWHUHVW� �DURXQG� ��*+]��� D� GULIW�GLIIXVLRQ�
DSSURDFK�RI� WKH�FDUULHU�WUDQVSRUW�LV� VDWLVIDFWRU\��7KH�JRDO� LV�
WR� LQYHVWLJDWH� WKH� LQWHUQDO�PRWLRQ�RI� WKH� IUHH�FDUULHUV�LQVLGH�
WKH� JUDLQV� DQG� WR� HYDOXDWH� WKH� LQGXFHG� KHDWLQJ� SURFHVV��
%HFDXVH�RI�WKH�FRPSXWHU�WLPH�FRQVXPSWLRQ��D��'�VLPXODWLRQ�
LV�SUHVHQWO\�SHUIRUPHG��7KXV��LQ�D�ILUVW�VWHS��D�VLQJOH�VTXDUH�
JUDLQ�LV�SODFHG�LQVLGH�D�SDUDOOHO�SODWH�ZDYHJXLGH�LQ�ZKLFK�D�
70��� (0� ZDYH� LV� SURSDJDWLQJ� �ILJXUH� ���� 3XUH� GLHOHFWULF��
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PHWDO� DQG� VHPLFRQGXFWRU� JUDLQV� KDYH� EHHQ� VXFFHVVLYHO\�
FRQVLGHUHG�� ,QVLGH� WKH� VHPLFRQGXFWRU� JUDLQ�� WKH� FDUULHUV� DUH�
LQLWLDOO\�DW�WKHUPDO�HTXLOLEULXP�DQG�WKHLU�PRWLRQ�LV�REVHUYHG�
XQGHU� WKH�DFWLRQ�RI� WKH�H[WHUQDO�HOHFWULF� ILHOG� OHDGLQJ� WR� WKH�
DSSHDUDQFH�RI�DFFXPXODWLRQ�DQG�GHSOHWLRQ�OD\HUV�DW�WKH�JUDLQ�
VXUIDFH�� ,I� D� VHFRQG� JUDLQ� LQ� HOHFWULF� FRQWDFW� LV� DGGHG�� D�
FRQWLQXRXV� FDUULHU� LQWHUFKDQJH� LV� SRLQWHG� RXW�� $V� DQ�
LOOXVWUDWLRQ�� ILJXUH� �� VKRZV� LQVWDQWDQHRXV� HYROXWLRQV� RI� WKH�
HOHFWURQ�DQG�GRQRU�GHQVLWLHV��YHORFLW\�DQG��;�DQG�<�GLUHFWLRQ�
HOHFWULF� ILHOG� FRPSRQHQWV� DORQJ� WKH� WZR� JUDLQV� ;� DQG� <��
GLUHFWLRQ� LQWHUIDFHV� �VHH� ILJXUH� ���� 7KH� HOHFWULF� ILHOG�
HYROXWLRQV� VKRZ� KRZ� WKH� VHPLFRQGXFWRU� JUDLQV� GLVWXUE� WKH�
(0�ZDYH�SURSDJDWLRQ��7KH�VSDWLDO�GLVWULEXWLRQ�RI�WKH�HOHFWULF�
ILHOG� LQVLGH� WKH� JUDLQV� DOORZV� WR� FDOFXODWH� WKH� DEVRUEHG� 5)�
SRZHU�� 7KH� VLPXODWLRQ� RI� D� ODUJHU� QXPEHU� RI� JUDLQV�ZRXOG�
DOORZ� D� EHWWHU� XQGHUVWDQGLQJ� RI� WKH�PDFURVFRSLF� SURSHUWLHV�
RI�WKH�SRZGHU�DQG�D�FRPSDULVRQ�ZLWK�H[SHULPHQWDO�GDWD��
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7KH� VLPXODWLRQ� PXVW� EH� VWLOO� LPSURYHG�� ,QGHHG�� GLHOHFWULF�
ORVVHV�DQG�WKH�HIIHFWV�RFFXUULQJ�DW�WKH�JUDLQ�VXUIDFH�VXFK�DV�
WKH�FDUULHU�GHSOHWLRQ�PXVW�EH� WDNHQ�LQWR�DFFRXQW��0RUHRYHU��
WKH� DGGLWLRQ� RI� WKH� VHOI� FRQVLVWHQW� KHDW� GLIIXVLRQ� HTXDWLRQ�
VROXWLRQ�PXVW�EH�DGGHG�LQ�RUGHU�WR�VLPXODWH�ERWK�WKH�5)�DQG�
WKHUPDO�WUDQVLHQW�RSHUDWLRQ��

5. Conclusions 
$� �'��'� WLPH�GRPDLQ� HOHFWURPDJQHWLF� SK\VLFDO� VLPXODWRU�
KDV�EHHQ�SUHVHQWHG��,W�LV�EDVHG�RQ�D�VHOI�FRQVLVWHQW�VROXWLRQ�
RI� ERWK� WKH� 0D[ZHOO� HTXDWLRQV� DQG� WKH� IUHH� FDUULHU�
PDFURVFRSLF� FRQVHUYDWLRQ� HTXDWLRQ� VHWV� LVVXHG� IURP� WKH�
%ROW]PDQQ� JHQHUDO� WUDQVSRUW� HTXDWLRQ�� ,W� LV� ZHOO� VXLWHG� WR�
WKH�PRGHOLQJ�RI�QRQ�OLQHDU�5)�RSHUDWLRQ�� ,WV�ODUJH�SRWHQWLDO�
DSSOLFDWLRQ� ILHOG� KDV� EHHQ� LOOXVWUDWHG� E\� PHDQV� RI� WZR�
H[DPSOHV�� 7KH� ILUVW� RQH� FRQFHUQV� WKH� 7+]� GLVWULEXWHG�
7UDQVIHUUHG� (OHFWURQ� 'HYLFH� �7('��� 7KH� VHFRQG� RQH�
FRQFHUQV� WKH� LQYHVWLJDWLRQ� RI� WKH� KHDWLQJ� SURFHVV� LQVLGH��
VHPLFRQGXFWRU� SRZGHU� JUDLQV� XQGHU� WKH� DFWLRQ� RI� D� KLJK�
SRZHU�PLFURZDYH�VLJQDO���
�
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Abstract
We describe here a Vector Finite Difference approach to the
evaluation of waveguide eigenvalues and modes for rect-
angular, circular and elliptical waveguides. The FD is ap-
plied using a 2D cartesian, polar and elliptical grid in the
waveguide section. A suitable Taylor expansion of the
vector mode function allows to take exactly into account
the boundary condition. To prevent the raising of spuri-
ous modes, our FD approximation results in a constrained
eigenvalue problem, that we solve using a decomposition
method. This approach has been evaluated comparing our
results to the analytical modes of rectangular and circular
waveguide, and to known data for the elliptic case.

1. Introduction
In many applications, such as the analysis of waveguide
junctions using mode matching [1], the knowledge of both
eigenvalues and field distributions of waveguides modes [2]
is required. The same type of information is also required
in the analysis, using the method of moments (MoM), of
thick-walled apertures [3]. Indeed, these apertures can be
considered as stub waveguides, and the modes of these
guides are the natural basis functions for the MoM [4].

Apart from some simple geometries, mode computation
cannot be done in closed form, so that suitable numerical
techniques must be used. Until now, many different numer-
ical techniques have been proposed. The most popular [5]
are the Finite Difference (FD) Method and scalar and vec-
tor Finite Element Method (FEM). FD techniques, despite
of their long history, are still very popular because of their
simplicity and computational effectiveness. However, they
compute the Hertz potential eigenfunctions, so that, since
the basis functions of the MoM are the vector eigenfunc-
tions, a numerical derivative is required, which can results
in a reduced accuracy.

Aim of this work is to present the direct computation
of mode vectors in a waveguide, using a finite difference
(FD) approximation of the vector Helmholtz equation on a
suitable discretization grid. Since we are mainly interested
in using those modes in the MoM, the entire development
will be expressed in term of equivalent magnetic surface
currents. For each grid point, suitable second–order Taylor
approximations allow to replace the continuous eigenfunc-
tion problem with a discrete one. This leads to a matrix

eigenvector problem, when suitable conditions are added.
These come out from the boundary conditions (which are
included directly in the problem matrix), and the solenoidal
or irrotational condition on mode vectors. This constrained
eigenvalue problem can then be solved using linear algebra
techniques [6].

We consider here rectangular, circular and elliptic [7]
waveguides. In order to improve both the accuracy and the
computational effectiveness, a discretization grid fitting ex-
actly the waveguide boundary is chosen. Therefore, our FD
approach has been implemented using cartesian, polar and
elliptic frameworks.

2. Description of the Technique
Let use consider a waveguide. The TE mode vectors !"e are
the eigenfunctions of the Helmholtz equation :

!
"#

"$

#2
t
!"e + k2t

!"e = 0
#t ·!"e = 0
!"e $!"

in
%%%
C
= 0

(1)

where C is the contour of the waveguide section. If we in-
troduce the (two-dimensional) magnetic current

!"
M equiva-

lent to the transverse field !"e =
!"
iz $!"

M we get from (1)

#2
t
!"e = !#t $#t $!"e = !#t $

&!"
iz#t ·

!"
M

'
=

&
!#t $#t $

!"
M +#2

t
!"
M

'
$!"

iz
(2)

#t ·!"e = #t ·
&!"
iz $!"

M
'
= !!"

iz ·
&
#t $

!"
M

'
= 0 (3)

From (3), it follows that #t$
!"
M = 0. When substituted

in (1) , after replacing and collecting terms we get:

#2
t
!"e + k2t

!"e =
&
!#t $#t $

!"
M +#2

t
!"
M

'
$!"

iz + k2t

(!"
iz $!"

M
)
=

=
!"
iz $

&
!
(
#2

t
!"
M + k2t

!"
M

)'

(4)



Figure 1: Vectors geometry with respect to the contour of
the conductor.

The TE eigenvalue problem can therefore be rewritten,
taking into account the contour geometry as in Fig.1, as:

!
""""#

""""$

#2
t
!"
M + k2t

!"
M = 0

#t $
!"
M =

!My

!x
! !Mx

!y
= 0

!"
M ·!"in

%%%
C
= Mx cos (") +My sin (") = 0

(5)

In order to solve problem (5) with FD, both the un-
known

!"
M and the equations of (5) are discretized, i.e., eval-

uated only on the points of a suitable grid. In this way,
for each discretization point, we have a difference equa-
tion, corresponding the first of (5), expressed in terms of
the samples of

!"
M . This equation takes into account also

the boundary condition on the waveguide contour. On the
other hand, the requirement #t $

!"
M = 0, suitably dis-

cretized, must be imposed separately. As a consequence,
(5) becomes a constrained matrix eigenvalue problem. It is
worth noting that the latter requirement could be incorpo-
rated into the eigenvalue equations. In this way a standard
matrix eigenvalue problems follows, but it can contain spu-
rious solutions, which are not present in our formulation.

3. Rectangular waveguides
Let us consider first a rectangular waveguide, whose dis-
cretization grid is shown in Fig.2. Since this is the simpler
structure, we discuss in detail, for this case, the passage
from (5) to the discretized form.

Figure 2: TE grid for the rectangular case.

The discretization of the first of (5) depends on the grid
point that we consider. For an internal point P , as in Fig. 3,
we can use a second-order Taylor expansion as:

Figure 3: Internal Point of TE grid.

!"
MB =

!"
MP +

!
!"
M

!y

%%%%%
P

· (!!y) +
1

2

!2
!"
M

!y2

%%%%%
P

· (!!y)2

!"
MD =

!"
MP +

!
!"
M

!y

%%%%%
P

· (+!y) +
1

2

!2
!"
M

!y2

%%%%%
P

· (+!y)2

(6)

Adding these equation we find:

!2
!"
M

!y2

%%%%%
P

=
1

!y2
·
(!"
MB +

!"
MD ! 2

!"
MP

)
(7)

Likely in the x direction:

!2
!"
M

!x2

%%%%%
P

=
1

!x2
·
(!"
MA +

!"
MC ! 2

!"
MP

)
(8)

Summing (7) and (8) we obtain :

#2
t

!"
MP =

!"
MA

!x2
+

!"
MC

!x2
+

!"
MB

!y2
+

!"
MD

!y2
+

!
*

2

!x2
+

2

!y2

+
!"
MP

(9)

We need also to discretize the second of (5). Using a
first–order Taylor expansion (compare (6) ) we easily get:

*
!My

!x
! !Mx

!y

+
=

MC,y

2!x
! MA,y

2!x
! MD,x

2!y
+

MB,x

2!y
= 0

(10)

For a boundary point P , as in Fig.4, we need a different
approach, since D is not a sampling point for the current.
We force in D the boundary condition MD,y = 0, and in-
corporate it into the FD matrix. Now MD,y can be obtained
as a Taylor expansion

2



Figure 4: Boundary point.

MD,y =

MP,y +
!My

!y

%%%%
P

·
*
+
!y

2

+
+

1

2

!2My

!y2

%%%%
P

·
*
+
!y

2

+2

(11)
which can be added to 1

2MB,y given by (6), to get:

!2Mx

!y2

%%%%
P

=
1

!y2
· (MH,x ! 2MB,x +MP,x) (12)

and so for a boundary point P

#2
tMP,y =

MA,y

!x2
+

MC,y

!x2
+

3MB,y

4!y2
+

!
*

2

!x2
+

4

!y2

+
MP,y

(13)

For the x–component #2
tMP,x we need another grid

point H (see Fig. 4), in which

MH,x =

MP,x +
!Mx

!y

%%%%
P

· (2!y) +
1

2

!2Mx

!y2

%%%%
P

· (2!y)2
(14)

From (14) and MB,x given by (6) we get:

!2Mx

!y2

%%%%
P

=
1

!y2
· (MH,x ! 2MB,x +MP,x) (15)

and the x–component of (9) is replaced by:

#2
tMP,x =

MA,x

!x2
+

MC,x

!x2
+

MH,x

!y2
! 2

MB,x

!y2
+

!
*

2

!x2
+

1

!y2

+
MP,x

(16)

In the same way, the condition (10) becomes:

MC,y

2!x
! MA,y

2!x
! MH,x

2!y
+ 4

MB,x

2!y
! 3

MP,x

2!y
= 0 (17)

The FD matrix equivalent of (5) is then given by (9) (or
(15) and (16) for a boundary point) with the constraint (10)
or (17).

It is worth noting that the appproach described in this
section can be used on more general waveguides, i.e., on all
waveguides whose boundary is made of segments parallel
to the cartesian axes.

4. Extension to the Circular and Elliptic
waveguide

4.1. Circular waveguides

Figure 5: TE grid for a circular waveguide.

Let us consider now the discretization of (15) for a cir-
cular waveguide. In order to mantain the correct boundary
condition, we use a polar discretization grid, as in Fig.5,
with spacing !r,!#.

We start from the expansion of the vector Laplace oper-
ator in polar coordinates:

(#2
t
!"
M)r =

!2Mr

!r2
+

1

r
· !Mr

!r
! Mr

r2
+

1

r2
· !

2Mr

!#2
! 2

r2
· !M!

!#

(#2
t
!"
M)! =

!2M!

!r2
+

1

r
· !M!

!r
! M!

r2
+

1

r2
· !

2M!

!#2
+

2

r2
· !Mr

!#
(18)

For each internal point (whose geometry is quite sim-
iliar to the one of Fig.3), using suitable Taylor approxima-
tions, as in the rectangular case, the derivatives in (18), in
the sample point P , can be expresssed as:

!2M!

!#2
=

MA,! +MC,! ! 2MP,!

!#2

!M!

!#
=

MC,! !MA,!

2!#
!2M!

!r2
=

MB,! +MD,! ! 2MP,!

!r2

!M!

!r
=

MD,! !MB,!

2!r
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!2Mr

!r2
=

MB,r +MD,r ! 2MP,r

!r2

!Mr

!r
=

MD,r !MB,r

2!r
!2Mr

!#2
=

MA,r +MC,r ! 2MP,r

!#2

!Mr

!#
=

MC,r !MA,r

2!#
When substituted in (18) we get:

(#2
t
!"
MP )r =

MB,rK1 +MD,rK2 +MA,rK3 +MC,rK3

!MP,rK4 +MA,!K5 !MC,!K5

(#2
t
!"
MP )! =

MB,!K1 +MD,!K2 +MA,!K3 +MC,!K3

!MP,!K4 !MA,rK5 +MC,rK5

(19)

Figure 6: Boundary point of polar framework.

For a boundary point, such as P in Fig.6, the boundary
condition is MD,r = 0 and this condition can be incor-
porated into the FD matrix, much in the same way as in
rectangular case. The result is that (19) is then replaced by:

(#2
t
!"
MP )r =

MB,rH1 +MA,rK3 +MC,rK3

!MP,rH4 +MA,!K5 !MC,!K5

(#2
t
!"
MP )! =

MH,!K1 !MB,!H2 +MA,!K3 +MC,!K3

!MP,!H5 !MA,rK5 +MC,rK5

(20)

The constants of (19) and (20) are

K1 = 1
!r2 ! 1

2rp!r H1 = 4
3!r2 ! 1

3rp!r

K2 = 1
!r2 + 1

2rp!r H2 = 2
!r2 + 4

2rp!r

K3 = 1
r2p!!2 H3 = 1

rp!r + 2
rp!!2

K4 = K1 +K2 + 2K3 +
1
r2p

H4 = 3H1 +H3 + 2K3

K5 = 1
2r2p!! H5 = 1

rp!r + 3
2rp!r

! 1
r2p

! 2K3

The constraint

#$!"
M =

1

r
· ! (r ·M!)

!r
! 1

r
· !Mr

!#

=
1

r
·M! +

!M!

!r
! 1

r
· !Mr

!#
= 0

(21)

can be discretized in an internal point using a first–order
Taylor expansion as:

MP,!

rp
+

MD,! !MB,!

2!r
! MC,r !MA,r

2rp !#
= 0 (22)

which becomes, in a boundary point:

*
1

rp
+

3

2!r

+
MP,!+

MH,!

2!r
!4MB,!

2!r
!MC,r !MA,r

2!rp #
= 0

(23)
It remains to consider the circle center. In this point it is

not possible to use a Taylor expansion since it is a singular
point for the polar framework. Therefore, we integrate the
first of (5) on a circle S with radius !r/2

,

S

#2
t

!"
M · dS = !k2t

,

S

!"
M · dS (24)

Because of (18), the Laplace operator becomes :

#2
t
!"
M = #t

(
#t ·

!"
M

)
!#t $#t $

!"
M = #t

(
#t ·

!"
M

)

and substituting in (24):
,

S

#t

(
#t ·

!"
M

)
· dS = !k2t

,

S

!"
MdS (25)

We apply the theorem of the gradient [8] to the l.h.s of
(25)

,

S

#t

(
#t ·

!"
M

)
dS =

,

C

(#t ·
!"
M)

!"
in dl =

,

C

(#t ·
!"
M)

!"
in

!r

2
d#

(26)

From the divergence of
!"
M in polar coordinates we get,

for the r.h.s of (26):

,

C

! (rMr)

!r

!"
in

!r

2
d#+

,

C

!M!

!#

!"
ind# (27)

Since
!"
in =

!"
ix cos (#) +

!"
iy sin (#), we can decompose

(26) in a x–component:

,

C

! (rMr)

!r

!"
ix cos (#)

!r

2
d#+

,

C

!M!

!#

!"
ix cos (#) d#

(28)
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Figure 7: component of between center and next point.

and a y–component:

,

C

! (rMr)

!r

!"
iy sin (#)

!r

2
d#+

,

C

!M!

!#

!"
iy sin (#) d#

(29)

The second integral of (28) and (29) can be evaluated
by parts as

,

C

!M!

!#
·!"ix cos (#) · d# =

= |M! cos (#)|+"
!" !

+",

!"

!M! sin (#) · d# =

=

+",

!"

M! sin (#) · d#

(30)

,

C

!M!

!#
·!"iy sin (#) · d# = !

+",

!"

M! cos (#) · d# (31)

As a consequence, (25) becomes:

-

.
,

C

! (rMr)

!r
cos (#)

!r

2
d#+

+",

!"

M! sin (#) d#

/

0 !"
ix

+

-

.
,

C

! (rMr)

!r
sin (#)

!r

2
d#+

+",

!"

M! cos (#) d#

/

0 !"
iy

= !k2t

,

S

!"
M0 dS

(32)
wherein

!"
M0 is the value at the circle center, which must

be expresssed in Cartesian coordinates:
!"
M0 = M0x

!"
ix +

M0y
!"
iy

To evaluate (32) we need M!

1
!r
2 ,#

2
, #(r·Mr)

#r

%%%
r=!r

2 ,!

along C, and therefore outside the discretization grid. In

order to include (32) into the FD matrix, we must express
both in terms of

!"
M at the discretization points, one as an

average, and the other as a finite difference. Since
!"
M0 does

not have polar components, M!

1
!r
2 ,#

2
, #(r·Mr)

#r

%%%
r=!r

2 ,!

must be computed as (compare Fig.7)

M!

*
!r

2
,#

+
=

1

2

&
M! (!r,#) + lim

$"0
M! ($,# )

'

=
1

2

3
M! (!r,#) +

1
M0,y cos (#)!M0,x sin (#)

24

! (rMr)

!r

%%%%
!r
2 ,!

=

5
(rMr)|!r ! lim$"0 (rMr)|$

!r

6
=

=

5
!rMr (!r,# )! 0

!r

6
= Mr (!r,#)

(33)
Therefore

,

C

! (rMr)

!r

%%%%
!r
2 ,!

cos (#)
!r

2
·d# =

N7

q=1

Mr,q cos (#q)!#

(34)

,

C

! (rMr)

!r

%%%%
!r
2 ,!

sin (#)
!r

2
·d# =

N7

q=1

Mr,q sin (#q)!#

(35)
where Mr,q = Mr (!r, q!#), and

+",

!"

M! sin (#) d# =

=
!#

2

N7

q=1

[M!,q +M0,y cos#q !M0,x sin#q] sin#q

(36)

+",

!"

M! cos (#) d# =

=
!#

2

N7

q=1

[M!,q +M0,y cos#q !M0,x sin#q] cos#q

(37)
where M!,q = M! (!r, q!#). Summing (35) and (37)

we get, for the x–component of the l.h.s. of (32):

!#

2

N7

q=1

[2Mr,q cos#q +M!,q sin#q

+Mq
0,y sin#q cos#q !Mq

0,xsin
2#q

4
(38)

In the same way, summing (34) and (36) we get, for the
y–component of the l.h.s. of (32):
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!#

2

N7

q=1

[2Mr,q sin#q !M!,q cos#q

!Mq
0,y sin#q cos#q +Mq

0,xcos
2#q

4
(39)

4.2. Elliptic waveguides

In the same way as the circular case, in an elliptic waveg-
uide,

!"
M is evaluated only on the points of a elliptic grid

(see Fig.8) with spacing !u, !v.

Figure 8: Geometry of the elliptic cylindrical coordinates.

The expression of the Laplace vector operator in elliptic
coordinates can be simplified if we let

!"
A = h

!"
M , where

h =
1

af
8

sinh2u+ sin2v

is the common value of the scale factor, 2af being the inter–
focal distance. The u component of #2

t
!"
M is

! 1

h5
· !h

2

!u
· !Au

!u
+

1

h3

!2Au

!u2
!

1

h5
· !h

2

!u
· !Av

!v
! !h

!v
· 1

h3
· ! (Av)

!u
+

!h

!v
· 1

h3
· !Au

!v
+

1
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and the v components is:
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!
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!u
· ! (Av)

!u
+

1

h5
· !h

2

!u
· !Au

!v

(41)

Figure 9: Internal point of the elliptic cylindrical coordi-
nates grid TE.

For each internal grid point, as in Fig.9, a second order
Taylor approximation allows to discretize the Laplace op-
erator (40,41) in terms of the current samples at the neigh-
boring points. The resulting derivatives are as follows:

!Au

!u
=

AD,u !AB,u

2!u
!Av

!u
=

AD,v !AB,v

2!u
!Au

!v
=

AC,u !AA,u

2!v
!Av

!v
=

AC,u !AA,u

2!v
!2Au

!u2
=

1

(!u)2
(AD,u +AB,u ! 2AP,u)

!2Av

!v2
=

1

(!v)2
· (AC,v +AA,v ! 2AP,v)

(42)

The same simplification is obtained for the second
equation (5) for elliptic case, since letting

!"
A = h

!"
M makes

this equation almost identical to the rectangular case:

1

h2
·
*
!Av

!u
! !Au

!v

+
=

1

h2
·
*
AC,u !AA,u

2!u
! AD,v !AB,v

2!v

+
= 0

(43)

The singular points of the elliptical framework, either
the foci, or the points on the inter–focal segment, require a
different treatment. For a focus of the ellipse, Fig.10, as in
the circular case we use the integral form of the eigenvalue
equation, as in (25–27). The central term of (26) becomes
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Figure 10: Focus A of the ellipse.

,

C

#t
!"
M ·!"in · dl =

,

C

1
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· !Mu

!u
·!"indl +

,

C

1

h2
· !Mv

!v
·!"indl

(44)

The integrals are divided in 4 parts. We describe here
in details only the evaluation of the part over C1. Letting
Q =

1
a, !v

2

2
and R =

1
!u
2 , 0

2
, we have

,

C1

1

h2
· !Mu

!u
·!"in · dl =

!u
2,

o

1

h2
· !Mu

!u
·!"in · h · du =

1

h
·!"in

%%%%
xp

·

!u
2,

o

!Mu

!u
· du =

!!"
ix

h (Q)

5
Mu(A) +Mu(B) +Mu(C) +Mu(D)

4

! Mu(A) +Mu(B)

2

6

(45)
and

,

C1

1

h2

!Mv

!v

!"
indl =

1

h

!"
in
!Mv

!v

%%%%
Q

!u
2,

0

du =

1

h (Q)

(
!!"
ix
) *

Mv(B)!Mv(A)

!v

+
!u

2

(46)

The same approach can be used for points on the inter–
focal segment, such as the one in Fig.11

Figure 11: Point between foci.

5. Numerical Solution and Results
In all cases considered, we get a constrained eigenvalue
problem as:

9
Ax = %x
CTx = 0

(47)

where A is a (2n,2n) matrix, and C is (2n,m) with n > m
and % = !k2t . Of course, A is the discrete laplace opera-
tor, including the boundary condition, and C is the discrete
form of the constrain #t $

!"
M = 0.

We can solve [9] (47) using the QR factorization:
C = Q · R where Q is an orthogonal (2n,2n) matrix1
Q!1 = QT

2
and R is a upper triangular matrix (2n,m).

Substituting in second equation of (47) we get:

CT · x = (Q ·R)T · x =

RT ·QT · x = RT ·
1
QT · x

2
= 0

(48)

which suggest to change the unknown as:

y = QT · x % x = Q · y (49)

so as (48) becomes:

CT · x = RT · y = 0 (50)

Replacing x = Q ·y in the first of (47) and multiplying
all members by QT we obtain:

A ·Q · y = % ·Q · y % QT ·A ·Q · y =

QT · % ·Q · y % By = %y
(51)

where B = QT ·A ·Q is a (2n,2n) matrix. The unknown

can be partitioned in two vector y =

%%%%
u
v

%%%%, where u and v

are (n,1) vector. Then equations (50), (51) are rewritten in
partitioned form as:

!
"""#

"""$

B · y = % ty %
%%%%
B11 B12

B21 B22

%%%% ·

%%%%%
u

v

%%%%% = %

%%%%%
u

v

%%%%%

RT · y = 0 %
%% T1 0

%% ·
%%%%
u
v

%%%% = 0

(52)
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where Bij are (n,n) matrices, and T1, is an (invertible) tri-
angular matrix . The second equation of (52) becomes:

T1 · u = 0 " u = 0 (53)

Therefore the first of (53) becomes:

B22 · v = %v (54)

and we need to extract the eigenvalues and eigenvectors of
B22.

This discretized eigenvalues problem must be solved by
numerical routine and the full matrix routines of Matlab
have been used. The waveguide modes can then be ob-
tained, from the eigenvalues v of B22, as

x = Q ·

%%%%%
0

v

%%%%% (55)

Using MATLAB routines, we have performed an exten-
sive validation of the approach presented. Some results are
shown in the following, while a wider collection of data can
be found in [10].

Table 1 shows the validation test for a rectangular
waveguide, whose size (in normalized units) is 3.35$1.65,
discretized in 134$66 square discretization cells. Our data
have been compared with the known analytical results [2],
both for the eigenvalues and the mode vectors. The same
comparison has been made in Table 2 for a circular waveg-
uide, with a radius equal to 4 (in normalized units), and us-
ing discretization steps of !r = 0.0396, !# = 1o. In both
tables kta and ktpv are the eigenvalues computed analyti-
cally [2] and using our approach, e% is the percentage error
between them, and the last column shows the RMS differ-
ence between analytical mode vectors, and those compured
using (55).

From these data, it appears that our technique is able to
give all mode data with a very small error, both on eigen-
values and on eigenvectors. The error on the formes is no
larger than 0.3% for the rectangular guide and significantly
smaller than this for the circular case. The RMS error on
normalized modes is even smaller, being less than 5 · 10!8

in both cases
Table 3 shows the validation test for an elliptic waveg-

uide, with a length of the minor axis (in normalized units)
equal to 4, and different eccentricities ecx, discretized with
!v = 1o, and a different number Nu of discretization el-
lipses. Though an analytical solution is available for elliptic
waveguides [7], it effectiveness is very poor, and many nu-
merical techniques has been proposed in the literature. As
in many of those papers, we use, for our comparison, the
eigenvalues kta obtained from the cut-off wavelength data
reported in [11].

From the data in Table 3, it is clear that, for all cases
shown, the eigenvalues ktpv computed from our techniques
are very accurate.

Table 1: Validation test for a rectangular waveguide.

n,m kta ktpv e%
RMS error

·10!6

10 0.93779 0.93777 0.002 0.000
20 1.87558 1.87541 0.017 0.001
01 1.90400 1.90382 0.017 0.001
11 2.12242 2.12225 0.017 0.014
21 2.67264 2.67238 0.026 0.002
30 2.81337 2.81280 0.057 0.002
31 3.39709 3.39650 0.059 0.031
40 3.75116 3.74981 0.134 0.005
02 3.80799 3.80662 0.137 0.005
12 3.92177 3.92041 0.135 0.036
41 4.20670 4.20540 0.131 0.056
22 4.24483 4.24347 0.136 0.058
50 4.68894 4.68632 0.262 0.010
32 4.73454 4.73300 0.153 0.054
51 5.06077 5.05823 0.254 0.081
42 5.34527 5.34322 0.206 0.017

Table 2: Validation test for a circular waveguide.

n,m kta ktpv e%
RMS error

·10!6

11 0.46030 0.46029 0.001 0.000
21 0.76356 0.76353 0.004 0.001
01 0.95793 0.95770 0.024 0.001
31 1.05030 1.05020 0.009 0.001
41 1.32939 1.32917 0.016 0.001
12 1.33286 1.33247 0.029 0.017
51 1.60390 1.60348 0.026 0.002
22 1.67653 1.67595 0.035 0.068
02 1.75390 1.75249 0.080 0.001
61 1.87532 1.87459 0.039 0.002
32 2.00381 2.00297 0.042 0.119
13 2.13408 2.13217 0.089 0.130
71 2.14446 2.14331 0.054 0.002
42 2.32060 2.31942 0.051 0.173
81 2.41186 2.41015 0.071 0.002
23 2.49237 2.48991 0.099 0.491

6. Conclusions
A Vector Finite Difference tecnique has been proposed for
the computation of the modes and eigenvalues of rectangu-
lar, circular and elliptical waveguides. A suitable choice
of the discretization grid, which exacly fits the waveg-
uide boundary, allows to obtain a very effective and accu-
rate procedure. The presented approach has been assessed
against analytical modes of rectangular and circular waveg-
uides, and data available in the open literature for elliptical
waveguides. The agreement is excellent in all the cases.
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Abstract 
A generalized conformal time-domain method with adjusta-
ble spectral accuracy is introduced in this paper for the con-
sistent analysis of large-scale electromagnetic compatibility 
problems. The novel 3-D hybrid schemes blend a stencil-
optimized finite-volume time-domain and a multimodal Fou-
rier-Chebyshev pseudo-spectral time-domain algorithm that 
split the overall space into smaller and flexible areas. A key 
asset is that both techniques are updated independently and 
interconnected by robust boundary conditions. Also, combin-
ing a family of spatial derivative approximators with control-
lable precision in general curvilinear coordinates, the pro-
posed method launches a conformal field flux formulation to 
derive electromagnetic quantities in regions with fine de-
tails. For advanced grid reliability at dissimilar media inter-
faces, dispersion-reduced adaptive operators, which assign the 
proper weights to each spatial increment, are developed. So, 
the resulting discretization yields highly rigorous and com-
putationally affordable simulations, devoid of lattice errors. 
Numerical results, addressing detailed comparisons of various 
realistic applications with reference or measurement data veri-
fy our methodology and reveal its significant applicability. 

1. Introduction 
The development of powerful time-domain solvers for con-
temporary electromagnetic compatibility (EMC) applications 
is solidly related to the correct representation of their size by 
the suitable spatial sampling rates [1–9]. Considering that 
their overall size should be frequently reconfigured to com-
ply with modern standards or several prototypes prior to the 
selection of the final design parameters must be devised, the 
use of rigorous discrete models seems a very attractive means 
to restrict high fabrication costs. Such a task, though, is of-
ten rather difficult, as most devices comprise electrically-
large homogeneous areas and fine details that require exces-
sive overheads. To alleviate this hindrance, the finite-volume 
time-domain (FVTD) [10–14] and pseudospectral time-domain 
(PSTD) [15–17] techniques can be proven quite beneficial. 
However, the broadband operation of the preceding structures 
along with the usual frequency-dependence of their media 
properties, entail very large resolutions which are still expen-
sive as well as potentially error prone. This is chiefly regular 
when variable-cell complexes are utilized near different mate-

rial interfaces, as occurs in many EMC problems. Conse-
quently, grid reflection arises, even if these interfaces are 
located in free-space regions. The strength of such undesired 
phenomena depends on the magnitude and abruptness of the 
grid wave mode velocity distribution and may be crucial in 
diverse large-scale applications. Pursuing the constant im-
provement of these important drawbacks, an assortment of 
proficient algorithms has been hitherto presented [18–25].     

In this paper, a hybrid FVTD/PSTD method in general 
curvilinear coordinates with enhanced spectral precision for 
the consistent design and modeling of large-scale 3-D EMC 
structures is introduced. Established on a robust decomposi-
tion concept, the novel multimodal formulation launches a 
family of finite-volume operators for abrupt field variation 
and a Fourier-Chebyshev interpolation for periodic details. 
To this aim, spatial derivatives are evaluated via advanced 
operators of adjustable accuracy order to establish a confor-
mal flux framework for all electromagnetic quantities under 
study. Both time-domain processes are separately updated, 
while robust continuity conditions guarantee their smooth 
boundary interconnection. Moreover, a stencil management 
technique sets the optimal lattice density and diminishes dis-
persion errors, while to retain consistency at media interfac-
es, adaptive nodal patterns are developed. In particular, by 
inserting auxiliary nodes at the interface, spatial increments 
can be computed through the convex combination of several 
possible candidates. Therefore, and unlike the unduly needs 
of existing approaches, discretization artifacts receive a no-
table reduction and total accuracy overwhelms typical thresh-
olds. The proposed schemes, except their theoretical verifica-
tion, are successfully applied to complex arrangements like 
large-scale planar microwave devices, antennas, waveguide 
structures, and anechoic/reverberation test facilities. 

2. The hybrid 3-D time-domain method 
A critical issue in large-scale EMC problems are the fine, 
regarding the minimum wavelength, geometric details with 
irregularly curved cross-sections [26]. Despite their limited 
appearance compared to homogeneous areas, they create non-
separable wavefronts which demand high mesh densities. 

2.1. Explicit multimodal formulation 

To alleviate this serious defect in subwavelength regions, our 
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Figure 1: Transverse-plane view of a general discontinuity with 
constantly changing geometric features.   
 
hybrid algorithm launches an efficient multimodal concept 
with controllable resolution. Let us consider the discontinuity 
of Fig. 1, spanning over an angle șT, with inner and outer mean 
radii rA(ș, ĳ) and rB(ș, ĳ). The basic point is the efficient sep-
aration of all propagating modes at ț preselected transverse 
planes, which fulfills the pertinent physical conditions. Thus, 
each component G can be expressed via infinite series as 
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rM(ș, ĳ) = rB(ș, ĳ) – rA(ș, ĳ), ȟț the respective eigenfunctions 
and Gț amplitude coefficients. An important asset of (1)-(3) is 
their conformal profile which enables the accurate modeling of 
the above details through the selection of rA and rB. Two ade-
quately smooth functions that satisfy this aim, with cș,ĳ = (ș – 
ĳ)/șT, d = dB – dA, dB = 1.35dA and Ĳ = Ȧ/c, are 
 A , A B( , ) 3 ( 1.35) 0.6 0.25r d c d dT MT M  � � � , (4) 
 B , A B( , ) 2 ( 1.45) 0.1 0.15r d c d dT MT M  � � � � . (5) 

Having attained the required decoupling of the complicat-
ed modes, the parametric method projects Maxwell’s laws on 
the prefixed ț planes. Hence, a system of differential equa-
tions is derived, whose solutions act as transverse intermedi-
ate excitation surfaces in the discontinuity. Such an idea is 
proven promising and the most significant; it retains lattice 
duality even near the geometric oddity, in contrast to typical 
algorithms, which can not provide adequate treatment. Using 
the matrix notation, Ampere’s and Faraday’s laws become 

 � �A B C D( ) 1
t
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w
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w
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where E and H are the electric and magnetic field intensi-
ties, defined at the general coordinates (u,v,w). The elements 
of ȁi (i = A,…,E) impedance matrices provide the main de-
tails of the structure, under investigation, and are obtained 
by means of all field continuity boundary constraints, as  
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2.2. Enhanced spectrally-accurate FVTD/PSTD schemes 

The principal part of the proposed methodology lies on the 
hybridization of generalized FVTD and PSTD schemes. Start-
ing from the former, we establish a curvilinear dual-cell grid, 
where a new class of derivative approximators of adjustable 
spectral accuracy is developed. Concerning temporal integra-
tion, the process uses a stable integration as the one of the 
finite-difference time-domain (FDTD) approach [27]. To in-
crease its applicability, the 3-D algorithm involves cells with 
the four corners of their faces not necessarily lying on the 
same plane. Thus, the suitable unit vector direction cosines 
are employed to transform Maxwell’s equations in the form of 
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which may be regarded analogous to the main conservation-
law formulation. In (11), Js is the source vector that gathers 
all possible external excitations imposed to our problem. 
Moreover, the parametric operator �[.] is denoted as 
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where G = [E, H]T with the second term defining the novel 
Kth-order approximation forms that correct existing stencils 
around curved interfaces or small geometric details. Note that 
parameters ai (i = 1,2,3) assure the stability of the schemes 
and subdue late-time exponential oscillations [28]. Also, spa-
tial derivatives in (12) are acquired via enhanced operators, 
whose spectral resolution is of order K. Therefore, we define  
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with Ș�(u,v,w), ǻȘ�(ǻu,ǻv,ǻw) is the spatial increment and 
MȘ,P[.] allowing the fine regulation of spectral precision by 
diverse stencils and smoothness summation limit P. Particu-
larly, considering the system metrics, 
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Structural parameters Ts and Rs,p increase algorithmic con-
sistency in the case of complex discontinuities, frequently 
encountered in realistic EMC devices.  

Bearing in mind the above analysis of spatial derivative 
calculation, Maxwell’s equations can, now, be expressed as  
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b = diag{İǿ, ȝǿ}, and I the identity matrix. If our computa-
tional domain ȍ is divided into a prefixed number of cells ȍi 
of boundary �ȍi, then (15) can be integrated over each ȍi and 
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Vi the volume of ȍi, and n0 the outward unit vector perpen-
dicular to surface �ȍi. Observe that Ȅ[n0]G represents the 
flux through �ȍi. To exploit all fluxes through the cell faces, 
the concept of the cell average – i.e. the average of G placed 
at the barycenter of every cell [29] – is described by 
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i

i i V
G V dV� ³³³ G r , (17) 

where r is the position vector. For the required flux splitting, 
based on our FVTD formulation, matrix F[n0] = b-1Ȅ[n0], 
which can be decomposed to a sum of matrices with positive 
and negative eigenvalues, is also used. So, and recalling that 
the eigenvalues of F[n0] are given by diag{0,0,ȣ,ȣ,-ȣ,-ȣ} for 
ȣ = (ȝİ)-1/2 and #�= �[n0], one arrives at 

        > @
2 1 2 1
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P X P X

� �

� �

ª º ª º� � �
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F n
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. (18) 

The surface integral on the left-hand side of (16) can be eval-
uated if flux F[n0]G is already known on all faces of �ȍi. So, 
two subvectors of G are considered; one on the internal and 
the other on the external side of each face. Both terms are 
acquired through an interpolation process centered on the 
respective face side. Replacing (16)-(18) into (15), we derive 

 
t

w
 

w
G G Y�; , (19) 

for ǽ a bloc-diagonal matrix with all media features and Y 
containing the source contributions of every grid cell. It is 
mentioned that Z is inverted only once at the beginning of 
our computations [6]. To complete the proposed FVTD pro-
cedure, time derivatives in (19) are approximated by the sim-
ple and stable leapfrog-like predictor-corrector scheme of 
 1/2 0.5n n nt�  � 'F F AF , (20a) 

 1 1/20.5n n nt� � � 'F F AF , (20b) 
in which A is the conventional update matrix for vector G. 

Focusing on the second part of the hybridization, a curvi-
linear Fourier-Chebyshev PSTD interpolation is developed for 
sections of homogeneous media and periodical features. Since 
they are the majority in ȍ, their analysis via a pseudo-spectral 
approach is anticipated to accelerate the total simulation. This 
is attained by evaluating spatial derivatives in terms of 
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with FFT and FFT -1 the Fourier and inverse Fourier trans-
form, LȘ the node number towards Ș-axis, and kȘ the trans-
formed wavevector component. Additionally, ī describes all 
Ș coordinates along a straight-line cut through the transverse 
plane of the other two coordinates. In fact, (21) implies differ-
entiation by the trigonometric Chebyshev-type polynomial   
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w ¦ , (22) 

with j2 = – 1 and the barred G(m) being the Fourier series of 
G and. Note that field values are located at specific non uni-

form mesh points ȥi = ʌi/LȘ, i = 0,1,…,2LȘ  – 1. This permits 
space partition into collocated elements that conform to the 
boundaries of media distributions. Next, and in terms of a 
curvilinear coordinate transformation, each element is mapped 
into a cube, while all field quantities adjacent to internal inter-
faces are corrected to resolve the physical jump conditions.  

Regarding temporal update, all temporal derivatives ap-
pearing in the PSTD forms are computed through a similar 
leapfrog notion, as in (20) for the FVTD forms, given by 

 � �1/2 1/2 215 ( )
19

n
n n

l l
l

G G G O t
t t

� �w
 � � '

w '
, (23) 

thus facilitating the fully stable, non-oscillatory, and uniform 
time-advancement for the entire FVTD/PSTD method.  

A closer inspection of (11)-(19) and (21), shows their abil-
ity to treat frequency-dependent setups owing to the direct 
tensor-oriented classification of constitutive parameters. So, 
dispersion errors are greatly minimized and broadband stud-
ies are easy to conduct. Finally, it should be emphasized that, 
except some limited storage needs, the proposed method does 
not increase the total CPU and memory burden.  

3. Treatment of complex media interfaces 
In the case of arbitrarily-curved interfaces formed by mate-

rials with considerably different constitutive parameters and 
losses, special attention must be drawn in order to circumvent 
severe instabilities and lattice discretization errors. Returning 
to (6), (7) or (15) and re-expressing cell average in (17) as 
 1

, , ( ) ( , ) ( , )
i

i j k i cV
t V G t m dVH P� ³³³ rG , (24) 

with respect to an (i'u, j'v, k'w) mesh, where Vi = 'u'v'w 
is the volume of the pi,j,k cell and mc are functions of H, P 
constitutive parameters. The integral of (24) is calculated by 
a Gaussian quadrature along the edges and over the faces of 
pi,j,k. Hence, for a general cell extending in the region of  
     , , 1/ 2 1/ 2 1/2 1/ 2 1/ 2 1/2[ , ] [ , ] [ , ]i j k i i j j k kp u u v v w w� � � � � � u u , (25) 

the cell average at the (i, j+1/2, k) face is obtained via 

       � �, 1/2, 1/2
1 1

1( ) ( , , )
N N

i j k s j q q s
s q

t f u v w V V
u w� �

  

 
' ' ¦¦ rG , (26) 

for s, q referring to the N extra integration points us, wq and 
structural coefficients Vs, Vq. So, all spatial derivatives in 
(15) are effectively approximated through 

     1( , ) ( , ) [( ) ]MG t P t OK K
K

�w
 � '

w
r r ,    for  ( , , )u v wK�  (27) 

and the piecewise polynomials PȘ(r,t). Next, we introduce a 
weighted convex combination Sr of all stencils related to the 
pi,j,k cell to reconstruct PȘ(r,t). As a matter of fact, the novel 
(2M-1)th-order schemes assign an optimal weight to each 
stencil in the vicinity of the interface, thus offering increased 
accuracy and reduced anisotropy and dissipation errors. Tak-
ing into account that v is the direction of interest, the pro-
posed stencil classification is denoted as    
   ^ ` ^ `1

, /2, , 3 /2, , /2,
, , ,n n nM

r v i j r M k i j r M k i j r M k
S G G G�

� � � � � �
 ! , (28) 

for r = 0,1,…,M-1. Thus, a set of M interpolating polynomi-
als, YM,v(r,t), is recursively associated with these stencils, i.e. 
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at time-step nǻt, while a similar process holds for directions 
u and v. Coefficients bM, Ĳȟ,v are computed by 
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In (28), spatial increments are formed by the initial G quan-
tities in contrast to (29) where cell averages are employed. 
For example, for M = 3, the first member of Yȟ,v(r,t) is 
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Therefore, Pv(r,t) are extracted by the summation of 
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, (32) 

for a țe below 10-5 to evade inconsistencies. Parameters ȡl 
typify every material in the structure [28], while Ĭv reads    
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where ǻȖ[.] is a 3-D operator quantified by means of  

 1
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ª º  �¬ ¼G G G , (34a) 
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In this way, the hybrid method achieves fast and very accurate 
outcomes with prominent savings prior to actual implementa-
tion, since it can decrease large-scale EMC problems to much 
smaller interface sections unlike traditional schemes. 

4. Performance and implementation aspects 
A major aspect in the analysis of EMC structures with sym-
metries or periodicities is the separation of the domain into 
smaller regions, where a numerical scheme can be economi-
cally applied. Herein, to evade unnecessary discretizations of 
identical geometric areas, a domain decomposition algorithm 
is utilized. Our computational space is divided into N non-
overlapping subdomains. Specifically, for planar symmetries 
or periodicities, these regions include one unit cell. For in-
stance, when two subdomains (i = 1,2) are considered, at their 
interface E1 and H2 (dually E2 and H1) vectors are related by    

 1
1 ,1 ,1 1 0 2 2ˆ ˆr r tP P�u �u  � uwn E n H ,        (35a)  

 1
2 ,2 ,2 2 0 1 1ˆ ˆr r tH H�u �u  uwn H n E .        (35b)  

Also, for the artificial boundary oscillations, an equivalent 
surface current is employed, i.e. 
                 1

, ,1ˆs i i r iP� u �uJ n E          for    1,2i  ,       (36) 

and ni outward normal unit vectors. The proposed method 
along with (24)-(34) is proven stable for all types of numerical 

      
(a) 

 
(b) 

Figure 2: Variation of the maximum L2 error norm (a) versus 
time in sec and (b) spatial increment in mm. 

 
simulations. Indeed, von Neumann’s analysis shows that 
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with the summations denoting a consecutive cyclic permuta-
tion of (u,v,w) and gh(u,v,w) the system metrics. Note the less 
strict character of (37) than the FDTD Courant condition [27], 
due to the dependence on orders K and M. This implies that 
time-steps can be chosen quite larger, without arising any 
oscillatory exponential modes. Alternatively, stability can be 
certified via the energy inequality method [6], which gives 

 1 1
0

( ) ( ) nn nt t a W
W

� �
 

d �¦G G G , (38) 

where a is a growth factor. Inequality (38) guarantees that 
G(t) does not surpass a certain limit namely the system’s en-
ergy is conserved. Also the dispersion relation of the hybrid 
method is greatly improved due to the parameterized adjust-
ment of its spectral resolution, as compared to the one, WFDTD, 
of the usual FDTD approach. Therefore, we derive 
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2
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2 6K M

t tZ
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W . (39) 

To substantiate these merits, we present the maximum val-
ues of the L2 error norm versus time in Fig. 2a and versus 
spatial increment in Fig. 2b for different K and M orders. 
Obviously, the hybrid schemes exhibit a promising perfor-
mance, as compared to two popular FDTD implementations. 
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Figure 3: A circularly-polarized wideband 2×1 patch array. 
 

 
 

Figure 4: Return loss of the wideband 2×1 patch array. 

5. Numerical results 
The new methodology is verified by means of several real-
world large-scale EMC applications, whose unbounded do-
main is truncated by a suitably adjusted 8-cell perfectly 
matched layer (PML) [30, 21] with complex frequency shift-
ing attributes. Their selection has been mainly based on the 
dissimilarity of the involved media, fine details, electrical size 
and modeling difficulty. In fact, such issues cannot be ade-
quately manipulated by the usual elongated steady-state simu-
lations. Also, and wherever feasible, our results are compared 
with measurements or reference data from the literature. 

The first structure is the 2u1 patch array of Fig. 3, whose 
cross-polarized profile is obtained by two perturbed segments 
(0.65% of the patch). Owing to its frequent use in many sys-
tems, the optimal design of this antenna needs a trustworthy 
simulation tool. Its dimensions are: Lx = 120 mm, Ly = 352 
mm, r = 18 mm, L = 26 mm, h = 0.19 mm, w = 3.1 mm, d = 
2.8 mm and s = 6.2 mm. The grid comprises 72u120u28 cells 
(for K = 3, M = 3), unlike the significantly (around 85%) larg-
er regular FDTD grid. To certify the enhanced accuracy and 
economical profile of the new algorithm, Fig. 4 gives the re-
turn loss of the array. As detected, the computational burden 
remains quite small, compared to both FDTD simulations, 
considering the complexity of the problem, while the results 
of the hybrid schemes are in very good agreement with the 
reference data, even for the demanding resonant frequencies.  

Next, we proceed to the coaxial waveguide of Fig. 5, 
which involves a set of microelectromechanical (MEMS) 
actuators for selective mode propagation. Its inner slab is ba- 

 
 
Figure 5: A two-port coaxial waveguide with a dielectric slab 
and several pairs of MEMS actuators. 
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Figure 6: Magnitude of the S21 parameter versus actuators. 

 
Table 1: Resonant frequencies of the coaxial waveguide 

 

Ref. [7] 
[GHz] Method Comp. 

[GHz] 
Error 
[%] 

CPU 
Time 

Maximum
Dispersion

4 Actuators 
10.571 

FDTD 9.548 9.67 13.5 h 1.92×10-1 
Proposed 10.570 0.01 6.8 h 2.87×10-11

5 Actuators 
15.892 

FDTD 14.052 11.58 17.5 h 4.06 
Proposed 15.887 0.03 8.7 h 6.53×10-10

6 Actuators 
18.306 

FDTD 15.573 14.93 20.2 h 7.39 
Proposed 18.297 0.05 10.4 h 4.01×10-10

 
sed on a dielectric medium with İr = 5.2 and the basic dimen-
sions are: L = 9.8 mm, a = 1.4 mm, and b = 5.6 mm. The se-
lection of this problem is primarily attributed to the increasing 
use of complicated MEMS in several high-end arrangements. 
To this aim, the variation of the S21-parameter magnitude ver-
sus the number of actuators is illustrated in Fig. 6. Additional-
ly, Table 1 summarizes the resonance frequencies for three 
cases (with K = 4, M = 3 as our approximation orders) and 
several implementation details. It appears that, the proposed 
technique is very precise and cost-effective, attaining serious-
ly minimized dispersion errors (up to 10 orders of magnitude) 
and satisfactorily reduced simulation times. It should be 
stressed that the contribution of the stencil-optimized concept 
of Section 3 in the modeling of the complicated interfaces 
between the actuators and the slab, is deemed critical. 
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Figure 7: A four-port microwave splitter with a dielectric-
based core and a diverse number of switches. 

 

 
 
Figure 8: Magnitude of different S-parameters as a function 
of the switches number. 

 

 
 

Figure 9: CPU-time required for the simulation of several 
splitter configuration as a function of the switches number. 

 
Remaining in the area of electrically-large microwave 

devices, our analysis moves to the coaxial four-port micro-
wave splitter with a 2.6u0.7u0.5 mm dielectric (İr = 8.2) re-
gion, depicted in Fig. 7. The outer conductor’s cross-section 
is 6.1u5.3 mm and the inner’s 1.4u0.8 mm. Figure 8 displays 
the behavior of S13 and S24 parameters with respect to the 
number of the involved switches. As observed, the FVTD/ 
PSTD algorithm outperforms the traditional FDTD method, 
since it manages to efficiently associate the areas of abrupt 
and smooth field variation of the problem with its two tech-
niques. Also, the required CPU time as the number of switch-
es increases is, again, very small, as indicated in Fig. 15d. 

 
 

Figure 10: A reconfigurable MEMS-controlled antenna on a 
double-negative metamaterial substrate. 
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Figure 11: Return loss of the reconfigurable antenna. 
 

 
 

Figure 12: Radiation pattern of the reconfigurable antenna. 
 
Let us, now, investigate the 12×14 monolithic antenna on 

a metamaterial substrate shown in Fig. 10. The directivity and 
main lobe of the structure are controlled by a set of MEMS 
power routers and phase shifters to obtain the necessary gain 
and radiation characteristics at a preselected frequency spec-
trum. For its discretization, the PSTD method is used for the 
MEMS elements (lattice: 32u36u24 cells), while the FVTD 
algorithm is applied in the rest of the domain (lattice: 68u84 
u46 cells). Particular attention is drawn on the interfaces be-
tween the MEMS and the substrate, where (24)-(34) are ap-
plied. In this context, Fig. 11 gives the return loss of the an-
tenna and Fig. 12 its radiation pattern for different K and M 
orders. Again, the FDTD method – requiring a rather large 
resolution – does not cope with the problem. In contrast, the 
hybrid method is very precise for an 80% coarser grid. 
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Figure 13: A hemi-ellipsoidal H-slot dielectric-loaded an-
tenna with two patches. 

 

 
(a) 

 
(b) 

Figure 14: (a) 3-dB bandwidth versus axial ratio frequency 
and (b) radiation pattern for the hemi-ellipsoidal antenna. 
 

Another electrically-large structure is the hemi-ellipsoidal 
H-slot antenna with a 1.34 mm thick dielectric (İr = 4.4) sub-
strate and two patches for extra axial ratio (AR) and gain con-
trol (Fig. 13). The relative permittivity of the cover is İrc = 
6.2, while L = 28.3 mm, l2 = 5.1 mm, and d1 = 7.2 mm. Figure 
14a presents the 3-dB bandwidth versus AR frequency (fAR) 
for two l1, d2 sets and the radiation pattern. As discerned, our 
technique is found to be very accurate even with a far more 

 
 

Figure 15: Geometry of an inclined-wall dual reflector com-
pact range anechoic chamber. 
 

 
(a) 

 
(b) 

Figure 16: (a) Deviation from the OATS and (b) normalized 
site-attenuation for the inclined-wall compact ranger chamber. 
 
coarser grid, thus overwhelming the typical FDTD approach, 
which leads to rather misleading results. 

Apart from the above applications, our investigation will, 
also, focus on several large-scale EMC test facilities, whose 
construction is very costly and thus any reliable simulation 
model is indeed necessary. The first structure is the inclined-
wall dual reflector compact range anechoic chamber of Fig. 
15, with a width of 7.6 m, LA = 6.4 m, LB = 4.2 m, LC = 5.2 m, 

90o

60o 

30o 
0o 

-30o 

-60o 

-90o 

120o -120o 

150o -150o 
180o 

-30 

-10 

 Proposed (K = 5; 98×90×46) 
 Reference data [4, 31] 
 FDTD (254×126×78) 

-20 

Normalized site-attenuation (dB) 
35
 

30
 

25
 

20
 

15
 

10
 

  5
 
 0

80 110 140 170 200 230
Frequency (MHz) 

+4 dB 

-4 dB 

   FDTD (224u208u168) 
   FDTD (198u184u156)  
   Proposed (K = 3; 96u82u74) 
   Proposed (K = 4; 88u90u78) 
   Measured data [1] 
   Standard reference OATS 

Deviation from OATS (dB) 
4.0
 
3.5
 
3.0
 
2.5
 
2.0
 
1.5
 
1.0
  
0.5

200 300 400 500 600 700
Frequency (MHz) 

   FDTD (182×168×150) 
   FDTD (226×186×156)  
   Proposed (K = 3, M = 4; 92×88×74) 
   Proposed (K = 4, M = 4; 94×82×70) 
   Reference data [1, 27] 

 

subreflector  

LF 

LA

EUT point 

 

LB

LE

ș

lA

lD LD

lB

lC

side-wall 
wedge lining

side-wall  
pyramid lining lF

lE

lG 

fAR (GHz) 

3-dB bandwidth (%) 
4.5

 
 4.0

  
3.5

 
 3.0
 

2.5
 
 2.0

 1.5

 1.0
2.3 2.9 3.5 4.1 4.7 5.3

l1 = 2.8 mm 
d2 = 5.9 mm 

   FDTD (254×126×78) 
   Reference data [4, 31]  
   Proposed (K = 4; 102×96×54)  
   Proposed (K = 5; 98×90×46) 

l1 = 3.2 mm 
d2 = 4.7 mm 

ground 
plane 

microstrip 
line 

hemi-ellipsoidal
dielectric cover 

grounded patches 

H slot 

substrate L 

l2    
   

    2        d2 
l1 

 
  1      d1 



8 
 

 
 
Figure 17: General structure of two absorber setups. (a) A 
pyramidal lining and (b) a set of alternating wedges. 

 

 
(a) 

 
(b) 

Figure 18: (a) Reflectivity comparison between existing ab-
sorbers and the proposed one and (b) electric field variation in 
the dual reflector chamber for different dimension ratios, 
sizes and heights of the quiet zone. 
 
LD = 1.8 m, LE = 7.6 m, and LF = 11.2 m. The diameters of the 
sub- and main reflector are 2.85 m and 4.1 m, respectively. 
Additional dimensions are: ș = 6.5Ƞ, lA = 3.0 m, lB = 2.2 m, lC 
= 1.9 m, lD = 1.8 m, lE = 1.1 m, lF = 2.5 m, and lG = 1.0 m. The 
chamber is lined with 20% carbon urethane pyramids and 
alternating wedges. Figure 16a shows the deviation from open  

 
 
Figure 19: A double-horn semi-anechoic chamber with py-
ramidal absorbers and wedge linings. 
 

 
(a) 

 
(b) 

Figure 20: (a) Field uniformity and (b) efficiency optimiza-
tion of the double horn semi-anechoic chamber. 
 
area test site (OATS) and Figure 16b the normalized site-
attenuation (NSA) of the facility’s semi-anechoic version. 
Results indicate that despite its very fine lattice, the FDTD 
approach lacks to ensure measurement suitability in contrast 
to the novel algorithm which attains an 80% memory reduc-
tion. In this manner, we are able to correctly validate the 
chamber – i.e. full competence of performing reliable EMC or 
EMI measurements – prior to any construction attempt.  
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To improve the absorption performance of the compact 
range chamber, we introduce the generalized absorber lining 
of Fig. 17, which as observed consists of many dissimilar 
material interfaces. Hence, the use of the proposed method-
ology seems very appropriate. For our analysis, we use Ȁ = 
4 and M = 3, while the lattice contains 104u129u142 cells, 
almost 85% coarser than the corresponding FDTD discretiza-
tion for a resolution of Ȝ/20. Figure 18a shows the reflectivity 
of several absorbers and Fig. 18b the electric field behavior in 
the quite zone for diverse chamber design parameters. The 
superior behavior of our absorber along with the accuracy of 
the hybrid technique is clearly visible.  

Another type of EMC semi-anechoic chamber with an in-
teresting low-frequency performance is the double-horn semi-
anechoic chamber of Fig. 19. The structure has a height of 6.8 
m and LA = 6 m, LB = 3.8 m, LC = 7.3 m, LD = 3.4 m, l = 7.2 
m, while its lining combines pyramids with alternating wedge 
arrays (dA = 0.24 m, dE = 0.68 m in Fig. 17b). Note that the 
size of the pyramids behind the quiet zone follows a curved 
Chebyshev regime. To characterize this facility, field uni-
formity is depicted in Fig. 20b, which reveals the capability 
of the structure to perform measurements, unlike the FDTD 
method. Similar deductions are drawn from Fig. 20b, where 
the effects of the dimensions are thoroughly explored. 

 

 
 
Figure 21: A general mode-stirred reverberation chamber. 
 

 
 

Figure 22: Amplitude of the normalized Ez component versus 
frequency in the interior of the reverberation chamber. 

 
Finally, the hard-to-model reverberation chamber of Fig. 21, 
equipped with quadratic diffusers, i.e. gratings that diffract 
incident waves, is studied. Usual dimensions are: lA = 3.22 m, 

 
 

Figure 23: Shielding effectiveness by the mode-stirred rever-
beration facility for a 1.5 mm thick fiber-glass-fiber plate. 
 
lB = 4.48 m, lC = 3.64 m, lD = 1.4 m, lE = 1.9 m and lF = 0.8 m. 
A point where existing schemes fail is the stirrer’s treatment 
(șT = 34o). Herein, its movements are modeled with an interval 
of 22o and a 60 temporal sampling rate. Figure 22 illustrates 
the normalized Ez variation, while Fig. 23 provides the shield-
ing effectiveness of a 1.5 mm thick fiber-glass-fiber plate. As 
detected, the FVTD/PSTD approach overwhelms all FDTD 
implementations in a fairly wideband sense. 

6. Conclusions 
A hybrid time-domain methodology, based on advanced 
FVTD and PSTD schemes, has been proposed in this paper 
for the precise design and modeling large-scale 3-D EMC 
structures. Established through a low-complexity general-
ized rationale, the parametric technique introduces new op-
erators with optimal nodal density and media-sensitive inter-
face conditions. In essence, the FVTD approach uses a leap-
frog integration scheme – conditionally stable and non-
dissipative – that conserves the total charge in a global and 
local sense. Thus, canonical staggered-meshed formalisms 
(as in the FDTD algorithm) are efficiently circumvented 
with the computational overhead limited in reasonable lev-
els. On the other hand, the PSTD concept uses Chebyshev 
polynomials, through a fast Fourier transform (FFT), instead 
of the customary finite-difference approximators, to evaluate 
spatial derivatives in areas of abrupt field variation. Due to its 
enhanced spectral accuracy, the PSTD technique entails only 
two cells per wavelength according to the Nyquist sampling 
theorem and, therefore, can deal with more challenging sce-
narios. Hence, and as realistic numerical evidence deter-
mines, artificial reflection errors are greatly suppressed and 
very rigorous as well as inexpensive solutions are acquired. 
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Abstract 
The distortion of a pulse or signal, caused by dispersion, as 
it propagates along a layered, cylindrical, dielectric 
waveguide is investigated. The cylindrical waveguide 
dispersion theory is combined with numerical techniques in 
order to study the distorted, due to dispersion, shape of dc 
and RF pulses propagating along the waveguide axis. 
Fourier transforms are used to analyze the pulses, 
interpreting the dispersion characteristics from the real 
frequency spectrum point of view. Numerical results, 
revealing the variable amount of pulse distortion, are 
presented for several values of both the cylindrical structure 
and the pulse parameters. 

1. Introduction 
The widespread use of optical communications may be 
attributed to the development of fiber optics cables, which 
are dielectric waveguides, usually of circular cross section. 
A dielectric waveguide is an open structure guiding the 
electromagnetic waves in discrete modes through internal 
reflections. The confinement of the energy within the 
dielectric structure is described analytically by Maxwell’s 
equations and the boundary conditions at dielectric-
dielectric boundaries [1]-[3]. 

Therefore, since TEM mode propagation is not 
supported, the phase constant of all propagating modes is 
not a linear function of frequency, resulting in dispersion. 
Due to the latter, electrical pulses and signals travelling 
along the dielectric waveguide become distorted, since the 
higher harmonics of the signal travel at a slower velocity 
than its lower harmonics. 

Studying distortion due to dispersion is essential for the 
design of integrated circuits operating at high frequencies or 
switching speeds, because the form of the propagating 
signal is remarkably altered. The distortion characteristics 
of signals in dispersive materials [4], metallic waveguides 
[5], single microstrip lines [6]-[9], coupled microstrips [10]-
[11], multiple strips [12], coplanar waveguides [13], and 
optical fibers [14]-[18] have been examined extensively 
using several techniques. On the other hand, the distortion 
of dc pulses and pulse-modulated RF waves, in layered 
cylindrical dielectric waveguides has in general received 

less attention [19]. 
In this paper, we study the distorted, due to dispersion, 

shape of dc and RF pulses propagating along layered 
cylindrical dielectric rods. We combine the cylindrical 
waveguide dispersion theory with numerical techniques, in 
order to examine the propagation constant variations as a 
function of frequency. The effect of these variations on 
pulse dispersion is studied using Fourier transforms to 
analyze the signals and interpret the dispersion 
characteristics. 

Numerical results, revealing the variable amount of 
pulse distortion, are presented for several values of both the 
cylindrical structure parameters (radii and dielectric 
constants of the cylindrical layers) and the pulse parameters 
(type, shape, and width of the pulse). 

2. Distortion of signals 
In the frequency domain, a signal propagating along the z-
axis of the waveguide can be written at a distance z=L from 
a reference point (z=0), as in [7]: 

(Ȧ) L( , ) ( ,0) e� S L S JZ Z , (1) 

where S(Ȧ,0) is the Fourier transform of the signal (or 
pulse) and Ȗ(Ȧ)=Į(Ȧ)+jȕ(Ȧ) is the frequency-dependent 
complex propagation constant. In order to study distortion 
due to dispersion, we consider lossless waveguides with 
negligible attenuation constant Į(Ȧ) and frequency 
dependent phase constant ȕ(Ȧ). 

 
Figure 1: The methodology adopted to calculate the 
effect of distortion on propagating signals (where TD = 
time-domain, and FD = frequency-domain). 
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Taking the inverse Fourier transform of (1) leads to the 
following time-domain representation of the signal at z=L 

j[Ȧ ( ) ]1( , ) S( ,0) e d
2

t Ls t L E ZZ Z
S

f �
�f

 ³ . (2) 

This methodology, described thoroughly in [7], is also 
presented in Fig. 1. Since the Fourier transform of the 
transient signal s(t,0) is easily obtained for many common 
pulses (i.e. triangular, square and Gaussian), and also for 
any RF wave modulated by these pulses [7], we just need to 
determine ȕ(Ȧ) of the “carrier” propagating mode for the 
cylindrical waveguide. 

The frequency-dependent phase constant ȕ(Ȧ) results 
from the solution of a complex transcendental equation. 
Thus (2) cannot be expressed in closed form. Numerical 
integration is used with satisfactory accuracy for usual 
computer resources. 

3. Dispersion of waveguide modes 
In this paper we consider a layered dielectric circular 
cylindrical waveguide (Fig. 2); it consists of m concentric 
cylindrical dielectric (in general lossy) layers (regions 
1,2,3,...,m). Each layer is identified through the 
corresponding dielectric permittivity İs, magnetic 
permeability ȝs, electric conductivity ıs, and radius Įs 
(s=1,2,3,...,m). The structure is embedded in the unbounded 
dielectric space (region 0; İ0, ȝ0). 

 
Figure 2: Geometry of an m-layered cylindrical 
dielectric waveguide. 

Assuming the exp( )j tZ�  time-dependence suppressed 
throughout the analysis, let [ ( ), ( )] j zE H e EU U �  denote the field 
of a mode propagating in the structure of Fig. 2. Using the 
notation (.)nJ  and (.)nH  to denote the Bessel and the 
second-kind Hankel functions of order n, we apply the 
separation of variables method and obtain the corresponding 
electromagnetic field z-components in all regions of space 
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where maxn of , ( , , , )q q q q
n n n na b c d  are the unknown 

expansion coefficients, the superscripts q (q=0,s) and s are 
used to identify the region of space, 2 2 2

cq qk k E � , 
2 ( )q q q qk jZP ZH V � , and (ȡ,ĳ) are the polar coordinates of 
U  in the coordinate system associated with the cylindrical 
structure. The ĳ-components of the field may be found via 

2
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. (4) 

Then, application of the continuity conditions for the 
tangential components of E  and H  over all cylindrical 
boundaries, yields an infinite, homogeneous, linear set of 
(4m nmax) algebraic equations: 
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where max0, 1, 2,...,n n r r r , į1s is the Kronecker delta, Įs 

denotes the radius of the sth cylindrical layer, I  is the unit 
matrix, and the 2x2 matrices ( )s

nP U  and ( )s
nQ U  are given 

by the expressions 
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In order to obtain a nontrivial solution, we vanish the 
determinant of the homogeneous system (5) and we obtain 
the dispersion equation of the structure. This characteristic 
equation is treated numerically after truncating the size of 
the matrix to a finite value, i.e., by considering finite values 

(0) (1) ... (s) ... (m) x

ȡ 

ĳ

(İ0,ȝ0) 

(İs,ȝs) 
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of maxn  in (3a)-(3c). The solution results in the dispersion 
diagrams of the propagating modes supported by the 
cylindrical dielectric waveguide. Typical results are shown 
in Figs. 3 and 4, where the effective dielectric constant 
(ȕ/k0)2 of the first five modes is presented versus the 
normalized frequency Į1/Ȝ0, for a dielectric rod and a 
cladded fiber, respectively. 

 
Figure 3: Dispersion diagrams for the first five modes 
propagating along a dielectric rod (structure of Fig. 2, 
with m=1, İ1=4İ0). 

   (a) 

   (b) 
Figure 4: Dispersion diagrams for the first five modes, 
propagating along a cladded fiber (structure of Fig. 2, 
with m=2, İ1=2.32İ0, İ2=4.34İ0; (a) Į2=0.9Į1, and (b) 
Į2=0.4Į1). 

Such structures can support an infinite number of modes, 
as in more complex geometries [20]-[22]. Considering that 

all dielectrics are perfect, for any given set of layer physical 
characteristics (radii, permittivities and permeabilities), only 
a finite number of unattenuated propagating waveguide 
modes exist with their fields localized in the dielectric core 
[1]-[3]. These modes are in general hybrid HEmn and EHmn, 
or pure TE0n and TM0n only, when the field configurations 
are symmetrical [1], [23]. All modes, except the dominant 
HE11, exhibit cutoff frequencies, below which they cannot 
propagate unattenuated. 

4. Numerical results 
We consider Gaussian or square dc pulses (with 3dB-
pulsewidth Ĳ) propagating along the structure of Fig. 2, as 
signals supported by its dominant HE11 mode, whose 
dispersion diagram İr,eff (Ȧ) has been determined in Section 
3. Evaluation of the integral in (2) leads to the waveforms of 
the distorted Gaussian and square dc pulses shown in Figs. 
5-15, along with the undistorted pulses included for 
reference. Figs. 5-9 refer to dielectric rod structures, while 
Figs. 10-15 refer to optical fiber structures. 
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Figure 5: Distortion of a Gaussian dc pulse with Ĳ=10ps, 
at a distance L=13cm along a dielectric rod (structure of 
Fig. 2, with m=1, İ1=2.56İ0; (a) Į1=10 mm, (b) Į1=5 mm, 
and (c) Į1=1 mm). 
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Figure 6: Distortion of a Gaussian dc pulse (Ĳ=10ps) at a 
distance L=9cm along a dielectric rod (structure of Fig. 2, 
with m=1, Į1=4 mm; (a) İ1=3.6İ0, and (b) İ1=15İ0). 
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   (b) 
Figure 7: Distortion of a Gaussian dc pulse (with 3dB-
pulsewidth Ĳ) at a distance L=9mm along a dielectric rod 
(structure of Fig. 2, with m=1, Į1=5mm, and İ1=2.56İ0), 
when (a) Ĳ=200ps, and (b) Ĳ=10ps. 
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Figure 8: Distortion of a square dc pulse with Ĳ=200ps at 
a distance L=9cm along a dielectric rod (structure of Fig. 
2, with m=1, Į1=4 mm; (a) İ1=3.6İ0, and (b) İ1=15İ0). 
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   (b) 
Figure 9: Distortion of a square dc pulse (with 3dB-
pulsewidth Ĳ) at a distance L=9mm along a dielectric rod 
(structure of Fig. 2, with m=1, Į1=5mm, and İ1=2.56İ0) 
when (a) Ĳ=200ps, and (b) Ĳ=100ps. 
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   (b) 
Figure 10: Distortion of a Gaussian dc pulse (Ĳ=100ps) at 
a distance L=30cm along a two-layered fiber (structure of 
Fig. 2, with m=2, İ1=2.32İ0, İ2=10İ0, Į1=5mm; (a) 
Į2=0.1Į1, and (b) Į2=0.9Į1). 
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   (b) 
Figure 11: Distortion of a square dc pulse (Ĳ=800ps) at a 
distance L=30cm along a two-layered fiber (structure of 
Fig. 2, with m=2, İ1=2.32İ0, İ2=10İ0, Į1=3mm; (a) 
Į2=0.1Į1, and (b) Į2=0.9Į1). 
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   (b) 
Figure 12: Distortion of a Gaussian dc pulse (Ĳ=100ps) at 
a distance L=30cm along a two-layered fiber (structure of 
Fig. 2, with m=2, İ2=10İ0, Į1=5mm, Į2=0.1Į1; (a) 
İ1=2.32İ0, and (b) İ1=8İ0). 
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   (b) 
Figure 13: Distortion of a Gaussian dc pulse (Ĳ=100ps) at 
a distance L=30cm along a two-layered fiber (structure of 
Fig. 2, with m=2, İ1=2.32İ0, Į1=5mm, Į2=0.9Į1; (a) 
İ2=6İ0, and (b) İ2=10İ0). 
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   (b) 
Figure 14: Distortion of a square dc pulse (Ĳ=800ps) at a 
distance L=30cm along a two-layered fiber (structure of 
Fig. 2, with m=2, İ2=10İ0, Į1=3mm, Į2=0.1Į1; (a) 
İ1=2.32İ0, and (b) İ1=8İ0). 
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Figure 15: Distortion of a square dc pulse (Ĳ=800ps) at a 
distance L=30cm along a two-layered fiber (structure of 
Fig. 2, with m=2, İ1=2.32İ0, Į1=3mm, Į2=0.9Į1; (a) 
İ2=6İ0, and (b) İ2=10İ0). 

Figs. 5-15 indicate that pulses propagating along 
cylindrical dielectric waveguides can be significantly 
distorted, for several geometrical and operational 
characteristics of the structure, such as the radii of the 
circular cylinders, the dielectric constants of the cylindrical 
layers, the pulse width, and the pulse rise time. The 
waveforms of these distorted pulses are evaluated from (2) 
using numerical integration, while the waveforms of the 
original undistorted pulses are also drawn for comparison. 
In each Figure the undistorted pulse is placed according to 
its propagation velocity, which is related to the propagation 
constant of the dominant mode of the cylindrical 
waveguide at zero frequency [7]. 

Fig. 5 reveals the strong effect of the waveguide radius 
on the distortion of a Gaussian dc pulse, that has travelled 
distance L=13cm along a dielectric rod. For decreasing 
values of the rod’s radius, the peak amplitude attenuates 
considerably, the pulse is increasingly displaced getting 
significantly wider, and the ringing becomes more and 
more intense. 

Figs. 6 and 8 show the effect of the waveguide’s 
dielectric material on the distortion of a pulse (Gaussian 
and square dc, respectively), that has travelled distance 
L=9cm along a dielectric rod. When the dielectric constant 
of the rod increases, then the amplitude, the displacement, 
the pulsewidth, and the ringing of the dispersed pulses 
differ slightly in the case of Fig. 6, and substantially in the 
case of Fig. 8. This contradictory behavior is reasonable 
for pulses with narrow and wide spectral content, as the 
Gaussian and the square pulse, respectively. 

Figs. 7 and 9 depict the presumable effect of pulsewidth 
on the distortion of a pulse (Gaussian and square dc, 
respectively), that has travelled distance L=9cm along a 
dielectric rod. When the 3dB width of the input pulse 
decreases, then the amplitude attenuates, the distorted 
pulse is shifted and broadened, and the ringing appears. 
Especially, Fig. 9b exhibits the enhanced spectral needs of 
a square pulse (even for Ĳ as high as 100ps), against the 
pure spectral needs of the Gaussian pulse shown in Fig. 7b 
(even for Ĳ as low as 10ps). 

The major distortion peaks along the leading and trailing 
edges of the pulses shown in Figs. 8 and 9, are justified in 
[7] because of the separation of the high and low spectral 
components of the square pulse. 

Figs. 10 and 11 indicate the influence of the waveguide 
core radius on the distortion of a pulse (Gaussian and 
square pulse, respectively), that has travelled distance 
L=30cm along a two-layered fiber. When the radius of the 
fiber core increases, then the ringing rises definitely 
stronger and more intense, while the amplitude attenuates 
and the pulse broadens only in the case of an input 
Gaussian pulse (Fig. 10b). 

Finally, Figs. 12-13 and 14-15 demonstrate the effect of 
the waveguide’s electrical characteristics on the distortion 
of pulses (Gaussian and square dc, respectively), that have 
travelled distance L=30cm along a two-layered fiber. When 
the dielectric constant of the fiber core (Figs. 13 and 15) or 
cladding (Figs. 12 and 14) increases, then the displacement 
and pulsewidth barely change, while the amplitude 
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attenuates and the ringing rises stronger. 

5. Conclusions 
The propagation of dc pulses as they travel along a layered 
cylindrical dielectric waveguide has been investigated. The 
cylindrical waveguide dispersion theory was combined with 
analytical and numerical techniques, in order to obtain the 
appropriate phase constant dispersion and then study the 
distorted, due to this dispersion, shape of dc pulses 
propagating along the waveguide axis. Fourier transforms 
were used to analyze the pulses, interpreting the dispersion 
characteristics from the real frequency spectrum point of 
view. Numerical results, presented for several values of the 
structure and pulse parameters, revealed strong effects on 
pulse distortion. 
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Abstract 
7KLV� SDSHU� LV� FRQFHUQHG� ZLWK� D� SUDFWLFDO� PRGHOLQJ�
PHWKRG�RI�EDODQFHG�FORFN�+�WUHH� IRU� WKH� VLJQDO� LQWHJULW\�
�6,�� IRUHFDVWLQJ� LQ� PLFURHOHFWURQLF� DSSOLFDWLRQV�� 7KH�
UHGXFHG� PRGHO� HQDEOHV� WKH� GHWHUPLQDWLRQ� RI� DQDO\WLFDO�
H[SUHVVLRQV�RI�WKH�RXWSXW�YROWDJHV�DQG�WKH�FXUUHQW�WURXJK�
WKH� EUDQFKHV� RI� WKH� WUHH�� 7KHQ�� WKH� JOREDO� WUDQVIHU�
IXQFWLRQ� RI� WKH� ZKROH� WUHH� QHWZRUN� LV� HVWDEOLVKHG��
$QDO\VHV� RI� WKH� SRVVLELOLW\� WR� HYDOXDWH� WKH� SDUWLDO� DQG�
JOREDO� WUDQVIHU� IXQFWLRQV� DUH� DOVR� SURSRVHG�� $V�
DSSOLFDWLRQ��D�EDODQFHG�+�WUHH�FRPSRVHG�RI�n� �^�������`�
OHYHOV� 5&�QHWZRUN� LV� VLPXODWHG�� 7R� GHPRQVWUDWH� WKH�
UHOHYDQFH� RI� WKH� SURSRVHG� WKHRUHWLFDO� FRQFHSW��
FRPSDULVRQV�RI�IUHTXHQF\��DQG�WLPH�GRPDLQ�UHVXOWV�ZHUH�
PDGH�� $V� UHVXOW�� SUHGLFWLRQV� RI� SURSDJDWLRQ� GHOD\V�
LQGXFHG� E\� WKH� WUHH� QHWZRUN� XQGHUVWXG\� DUH� SHUIRUPHG��
9HU\�JRRG�DJUHHPHQWV�EHWZHHQ�WKH�PRGHOV�H[WUDFWHG�DQG�
VLPXODWLRQV� DUH� IRXQG� ERWK� LQ� IUHTXHQF\�� DQG� WLPH��
GRPDLQV�� ,Q� WKH� FRQWLQXDWLRQ� WR� WKLV� ZRUN�� H[WHQVLRQ� RI�
WKH� JOREDO� PRGHO� IRU� WKH� XQEDODQFHG� +�WUHH� FORFN�
LQWHUFRQQHFWV� EDVHG� RQ� GLVWULEXWHG� HOHPHQWV� LV� LQ�
SURJUHVV��

1. Introduction 
6LQFH�WKH�LQYHQWLRQ�RI�WKH�ILUVW�VLQJOH�FKLS�SURFHVVRU�,QWHO�
�����E\�,QWHO� LQ�����V�>���@��WKH�PDQNLQG�ZD\�RI�OLIH�LV�
LQFUHDVLQJO\� FRQGLWLRQHG� E\� WKH� HYROXWLRQ� RI� HOHFWURQLF�
V\VWHPV�WRZDUG�WKH�XVH�RI�SHUVRQDO�FRPSXWHUV��3&V��DQG�
PXOWLIXQFWLRQ� HOHFWURQLF� PRELOH� JDGJHWV�� 7KLV� LQGXVWULDO�
UHYROXWLRQ� PDQLIHVWV� ZLWK� WKH� QHHG� IRU� FRPPXQLFDWLRQ�
DQ\ZKHUH�DURXQG�WKH�ZRUOG�DW�DQ\�WLPH�DQG�WKH�LQFUHDVH�
RI� WKH� RSHUDWLQJ� IUHTXHQFLHV� DQG� WKH� PLFURHOHFWURQLF�
V\VWHP�LQWHJUDWLRQ�GHQVLW\�DFFRUGLQJ�WR�WKH�0RRUH¶V�ODZ�
>�@>�@�� 7R� PHHW� WKLV� LQGXVWULDO� QHHG�� XOWUD�KLJK� VSHHG�
ZLUHG� DQG� ZLUHOHVV� FRPPXQLFDWLQJ� V\VWHP� WHFKQRORJ\�
RSHUDWLQJ�XS�WR�FXUUHQWO\�WHQV�RI�*+]�ZHUH�GHSOR\HG�>�@��
'XH� WR� WKH� VWHDG\� LQFUHDVH� RI� HOHFWURQLF� V\VWHP�
LQWHJUDWLRQ�GHQVLW\�DQG�RSHUDWLQJ� IUHTXHQF\�� WKH�PRGHUQ�
KLJK�VSHHG� HOHFWURQLF� HTXLSPHQW� NQRZV� GLIIHUHQW�
WHFKQRORJLFDO� ERWWOHQHFNV� DV� VLJQDO� GHJUDGDWLRQ� GXH� WR�
XQSUHGLFWHG� LQWHUFRQQHFW� QHWZRUN� LQIOXHQFHV� >����@�� ,Q�
DGGLWLRQ� WR� WKH� DSSDULWLRQ� RI� HOHFWURPDJQHWLF�
LQWHUIHUHQFHV� �(0,V��� PDQ\� ZRUNV� GHPRQVWUDWHG�

HVSHFLDOO\� WKHLU� LQIOXHQFHV� RQ� WKH� SRZHU� ORVV� DQG� WKHLU�
FRQWULEXWLRQ� WR� WKH� LQWHUFRQQHFW� GHOD\V�� IRU� H[DPSOH�� LQ�
WKH�5)�GLJLWDO�GHYLFHV�>���@>��@��
,Q� RUGHU� WR� GHDO� ZLWK� WKLV� XQLQWHQWLRQDO� WHFKQRORJLFDO�
OLPLWDWLRQ��LQWHQVLYH�UHVHDUFK�ZRUNV�KDYH�EHHQ�FRQGXFWHG�
SDUWLFXODUO\� IRU� HQKDQFHPHQWV� RI� RQ�FKLS� LQWHUFRQQHFWV�
>�����@��6R��VLJQDO�SDWK�DOJRULWKPV�DQG�FODVVLFDO�PRGHOV�
SHUPLWWLQJ�WR�PLQLPL]H�DQG�VRPHKRZ�WR�FDQFHO�RXW�WKHVH�
XQGHVLUHG�GHJUDGDWLRQ� HIIHFWV�ZHUH�SURSRVHG��0RUHRYHU��
DQ� HTXDOL]DWLRQ� WHFKQLTXH� HQDEOLQJ� WR� UHDOL]H� D� VLJQDO�
UHFRYHU\�LV�LQWURGXFHG�PRUH�UHFHQWO\�>�����@��1RZDGD\V��
VHYHUDO� WRSRORJLHV� RI� FORFN�WUHHV�� OLQN� EXV� PRGHOV� DQG�
RSWLPL]HG�FRPSXWDWLRQ� WHFKQLTXHV�KDYH�EHHQ� LQWURGXFHG�
IRU�026�GLVWULEXWLRQ�QHWZRUNV�>�����@��
,Q� WKLV� VFRSH�� WKH� PRVW� SRSXODU� PHWKRG� XVHG� LQ�
PLFURHOHFWURQLFV�GHVLJQ�LQGXVWULHV�ZHUH�EDVHG�RQ�WKH�ILUVW�
RUGHU� 5&�PRGHO� ZKLFK� ZDV� LQWURGXFHG� E\� (OPRUH� LQ�
����� >�����@�� %\� GHQRWLQJ� s� WKH� /DSODFH� YDULDEOH�� E\�
DVVXPLQJ�WKH�OLQHDU�WUDQVIHU�IXQFWLRQ�H[SUHVVHG�DV��
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$V� LOOXVWUDWHG� E\� WKLV� IRUPXOD�� WKH� SURSDJDWLRQ� GHOD\�
H[SUHVVLRQ�ZDV�HVWDEOLVKHG�IURP�WKH�ILUVW�RUGHU�FRHIILFLHQW�
RI�WKH�WUDQVIHU�IXQFWLRQ��7KH�DGYDQWDJH�RI�WKLV�PRGHO�OLHV�
RQ� LWV� VLPSOLFLW\� DQG� LWV� SRVVLELOLW\� IRU� HVWLPDWLQJ� WKH�
SURSDJDWLRQ�GHOD\�UDSLGO\�ZKHQ�FRQVLGHULQJ�VRSKLVWLFDWHG�
VLJQDO�SDWKV�LQ�WKH�FRPSOH[�V\VWHPV��,WV�PDLQ�GUDZEDFN�LV�
LWV� GUDVWLF� LQDFFXUDF\� FRPSDUHG� WR� WKH� KLJK� RUGHU� GHOD\�
PRGHOV�� ,W� ZDV� UHSRUWHG� WKDW� XVXDOO\�� WKH� (OPRUH� PRGHO�
SUHVHQWV� UHODWLYH�HUURUV�PRUH� WKDQ�������)RU� WKLV� UHDVRQ��
PRUH�DFFXUDWH�DSSUR[LPDWHG�VHFRQG�RUGHU�5/&�PRGHO�IRU�
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FDOFXODWLQJ� WKH�SURSDJDWLRQ��� ULVH��IDOO�� DQG�VHWWOLQJ�� WLPH�
GHOD\V�ZHUH� GHYHORSHG� LQ� >�����@�� )XUWKHUPRUH�� WKH� XQLW�
VWHS� UHVSRQVH� RI� OXPSHG� 5/&� WUHH� QHWZRUNV� YLD� WKH�
VHFRQG�PRPHQWV�RI�SRO\QRPLDO�WUDQVIHU�IXQFWLRQ�KDV�EHHQ�
GHWHUPLQHG� E\� WKH� DXWKRUV�� 7KHQ�� WKH\� GHGXFH� WKH� EDVLF�
FKDUDFWHULVWLFV� RI� WUDQVLHQW� UHVSRQVHV� �RYHU�� RU� XQGHU�
GDPSHG� UHVSRQVHV�� DQG� SURSRVH� DOVR� WKH� VSHFLILF�
H[SUHVVLRQ� RI� WKH� VHFRQG� RUGHU� SURSDJDWLRQ� GHOD\�� 7KH�
PDLQ�DGYDQWDJH�RI�WKH�IRUPHU�GHOD\�PRGHO�LV�WKH�IDFW�WKDW�
LW� HQDEOHV� WR� LQYHVWLJDWH� WKH� VLJQDO� GHOD\� ZLWK� JRRG�
DFFXUDF\�� SDUWLFXODUO\�� IRU� QRQ�PRQRWRQH� WLPH�GRPDLQ�
UHVSRQVHV�� )XUWKHUPRUH�� FRPSDUHG� WR� WKH� QXPHULFDO�
PHWKRGV� DV� 63,&(�FRPSXWDWLRQ�� WKLV� PRGHO� JXDUDQWHHV�
IUHTXHQWO\� UHODWLYH� HUURU� ORZHU� WKDQ� �� ��� 6R� IDU�� WKH�
H[LVWLQJ�HPSOR\HG�DOJRULWKPV�DQG�PHWKRGV�IRU�FDOFXODWLQJ�
WKH� VLJQDO� GHOD\V� LQGXFHG� E\� n�OHYHOV� RI� 5&�WUHH� PHVK�
QHWZRUNV�� RI� FRXUVH�� FRPSRVHG� RI� FDVFDGHG� RkCk�FHOOV�
�k  � ^�«n`�� LV� UHDOL]HG� E\� WKH� VXP� RI� WKH� HVWLPDWHG�
SURSDJDWLRQ� GHOD\V� GHWHFWHG� DW� EHWZHHQ� WKH� EUDQFK� RI�
GLIIHUHQW�QRGHV��
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7KH�HUURUV�LQGXFHG�E\�WKLV�H[SUHVVLRQ�FDQQRW�EH�QHJOHFWHG�
ZKHQ� WKH� OHYHO� RI� LQWHUFRQQHFW� WUHH� QHWZRUN� LV� KLJKHU�
�PRUH� WKDQ� WKUHH��� 7R� LPSURYH� WKH� H[SUHVVLRQ� RI� WKLV�
VLJQDO� GHOD\�� DQ� DQDO\WLFDO� PHWKRG� IRU� H[WUDFWLQJ� WKH�
JOREDO�WUDQVIHU�IXQFWLRQ�RI�n�OHYHOV�RI�V\PPHWULFDO�+�WUHH�
QHWZRUNV�LV�GHYHORSHG�LQ�WKLV�SDSHU���

7R�IDFLOLWDWH�WKH�XQGHUVWDQGDELOLW\��WKH�SDSHU�LV�VWUXFWXUHG�
LQ� WKUHH� GLIIHUHQW� VHFWLRQV�� ,Q� VHFWLRQ� ��� WKHRUHWLFDO�
DQDO\VLV� IRU� PRGHOLQJ� RI� WKH� V\PPHWULF� FORFN� WUHH�
QHWZRUNV� FRQVLVWHG� RI� /�FHOOV� LV� LQYHVWLJDWHG�� %\� XVLQJ�
WKH� WUDQVIHU�PDWUL[� WKHRU\�� DQ� DQDO\WLF� H[SUHVVLRQ�RI� WKH�
ZKROH� QHWZRUN� WUDQVIHU� IXQFWLRQ� LV� GHYHORSHG�� 7KH�
UHODWLRQ� HVWDEOLVKHG� ZLOO� EH� H[SORLWHG� LQ� VHFWLRQ� �� IRU�
FKDUDFWHUL]LQJ� WKH� KLJK� OHYHO� FORFN� 5&�WUHH� QHWZRUNV��
7KHQ��H[SUHVVLRQV�RI�WKH�ZKROH�VLJQDO�GHOD\�PRGHOV�ZLOO�
EH� GHYHORSHG�� )RU� FKHFNLQJ� WKH� HIIHFWLYHQHVV� RI�
HVWDEOLVKHG�IRUPXODV��FRPSDULVRQV�RI�WKH�UHVXOWV�IURP�WKH�
PRGHOV�GHYHORSHG�DQG�63,&(�FRPSXWDWLRQ�ZLOO�EH�PDGH�
LQ� VHFWLRQ� ��� 7KHQ�� FRPPHQWV� DQG� GLVFXVVLRQV� RQ� WKH�
HIIHFWLYHQHVV� RI� PRGHOV� GHYHORSHG� DUH� SURSRVHG�� 7KHQ��
FRQFOXGLQJ�UHPDUNV�DUH�RIIHUHG�LQ�WKH�ODVW�VHFWLRQ��

2. Analytical modeling method of 
symmetrical lumped tree network 

2YHU� WKH� ODVW� WKUHH� GHFDGHV�� D� WUHPHQGRXV� SURJUHVV� ZDV�
PDGH� FRQFHUQLQJ� WKH� GHVLJQ� PHWKRGRORJ\� DQG� WKH�
IDEULFDWLRQ� RI� DQDORJ�� DQG� GLJLWDO�� PLFURHOHFWURQLF�
FLUFXLWV��7R�HQVXUH� WKH�V\QFKURQL]DWLRQ�RI� WKH�GDWD� LQ� WKH�
KLJK� VSHHG� QXPHULFDO� V\VWHPV�� WKH� FORFN� VLJQDO�
GLVWULEXWLRQ� SOD\V� LPSRUWDQW� UROHV�� 7KHQ�� YDULRXV� FORFN�
WUHH� QHWZRUN� WRSRORJLHV� ZHUH� SURSRVHG� IRU� SHUIHFWO\�
EDODQFHG� VLJQDO� LQ� GLIIHUHQW� SRLQWV� DFURVV� WKH� GLH� DUHD��
%HFDXVH� RI� LWV� DELOLW\� WR� PDLQWDLQ� WKH� GLVWULEXWHG�
LQWHUFRQQHFWV�DQG�LWV�IOH[LELOLW\�IRU�LPSURYLQJ�WKH�QHWZRUN�
SHUIRUPDQFH�E\�FRQFHQWUDWLQJ�RQ�SDUDPHWHU�YDULDEOHV��WKH�
V\PPHWULFDO� RU� EDODQFHG�+�FORFN� WUHH� GLVWULEXWLRQ� LV� WKH�
RQH� PRVWO\� XVHG� IRU� LQVXULQJ� WKH� VLJQDO� V\QFKURQL]DWLRQ�

DFFRUGLQJ� WR� IL[HG� JLYHQ� LQVWDQW� WLPH� UHIHUHQFH�� 7KLV�
UHDVRQ�FDSWXUHV�RXU�PRWLYDWLRQ�WR�FRQGXFW�PRUH�DQG�PRUH�
GHHS� LQYHVWLJDWLRQ� RI� FORFN� WUHH� QHWZRUN� DV� SURSRVHG� LQ�
WKLV� VHFWLRQ�� %HIRUH� WKH� H[DPLQDWLRQ� RI� PRVW� LPSRUWDQW�
SDUW�RI�WKLV�ZRUN�ZKLFK�LV�FRQVHFUDWHG�WR�WKH�WUHH�QHWZRUN�
PRGHOLQJ��ZH�ZLOO�VWDUW�ZLWK�D�SUHOLPLQDU\�EULHI�UHFDOO�RQ�
WKH�/�FHOO�FLUFXLW�WKHRU\���

2.1. Recall on the L-cell circuit theory 

7R�JHQHUDOL]H� WKH� IXQFWLRQLQJ�RI� WKH�/�FHOO� XQLW�HOHPHQW��
OHW� XV� FRQVLGHU� WKH� FLUFXLW� FRPSRVHG� E\� Zs� VHULHV�
LPSHGDQFH� DQG� Yp� SDUDOOHO� DGPLWWDQFH� UHSUHVHQWHG� LQ�
)LJXUH� ��� %\� DVVXPLQJ� WKDW� WKLV� LV� H[FLWHG� E\� WKH� LQSXW�
YROWDJH��vi�DW�QRGH��Ni�DQG�H[KLELWV� WKH�RXWSXW�YROWDJH��vo�
DW�WKH�QRGH��No��

Ni No
=V

<S
vi vo

�
)LJXUH� ��� /�FHOO� IRUPHG� E\� Zs� VHULHV� LPSHGDQFH� DQG� Yp�
SDUDOOHO�DGPLWWDQFH��

$FFRUGLQJ� WR� WKH� FODVVLFDO� HOHFWULF� FLUFXLW� DQG� V\VWHP�
WKHRU\��LW�LV�ZHOO�NQRZQ�WKDW�WKH�WUDQVIHU�PDWUL[�RI�WKH�/�
FHOO�GHSLFWHG�LQ�)LJXUH���LV�ZULWWHQ�DV��
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%\�GHQRWLQJ�s�WKH�/DSODFH�YDULDEOH��WKLV�PDWUL[�SHUPLWV�WR�
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%\� WKH�PDWKHPDWLFDO� DQDORJ\�� WKHVH� HOHPHQWDU\� UHODWLRQV�
ZLOO�VHUYH�XV�IRU�H[WUDFWLQJ�WKH�EDVLF�FKDUDFWHULVWLF�RI�KLJK�
OHYHO�JOREDO�WUHH�QHWZRUN�LQ�WKH�UHPDLQGHU�RI�WKLV�SDSHU��

2.2. Global analysis of L-cell tree network  

7RZDUG� WKH� EDVLF� WUDQVIRUP� RI� HOHFWULF� HTXLYDOHQFH�� WKH�
VWXG\�RI�+�WUHH�QHWZRUN�FDQ�EH�UHODWLYHO\�UHGXFHG�WR�WKDW�
RI�7�WUHH�QHWZRUN��6R��DORQJ�WKLV�SDSHU�� WKH�n� OHYHO�RI�/�
WUHH� GLVWULEXWLRQ� XQGHUVWXG\� LV� OLPLWHG� WR� WKH� JOREDO�
WRSRORJ\� GHSLFWHG� LQ� )LJXUH� ���$W� HDFK� QRGH�Nk� �k�  � ^��
«n��`��� WZR� /�FHOOV� DUH� FRQQHFWHG� LQ� SDUDOOHO�� ,W� PHDQV�
WKDW� WKH� LQSXW� HTXLYDOHQW� LPSHGDQFH� DW� WKLV� QRGH� LV� WKH�
KDOI�WKH�LQSXW�LPSHGDQFH�RI�RQH�WKH�GRZQVWUHDP�EUDQFK��

7KLV� ILQGLQJ� H[SODLQV� WKH� FKDLQ� RI� HOHFWULFDO� HTXLYDOHQW�
FLUFXLW�RI� WKH�EUDQFK� LQGLFDWHG� LQ�UHG�SDWK�RI�)LJXUH���DV�
SUHVHQWHG�LQ�)LJXUH����$V�KLJKOLJKWHG�LQ�)LJXUH����ZH�FDQ�
VHH�WKDW�EHWZHHQ�WKH�FRQVHFXWLYH�SODQV��Pk��DQG��Pk�����WKH�
�NkNk+��� QHWZRUN� LV� IRUPHG� E\� k

sZ �� -VHULHV� LPSHGDQFH�

DQG� p
kY� �SDUDOOHO�DGPLWWDQFH��
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)RU� WKH� VDNH� RI� WKH� PDWKHPDWLFDO� VLPSOLILFDWLRQ�� WKH�
RXWSXW�FXUUHQW�IORZLQJ�WKURXJK�WKH�EUDQFK�Nk Nk+��DQG�WKH�
LQSXW� LPSHGDQFH� VHHQ� DW� WKH� SODQ� �Pk�� DUH� UHVSHFWLYHO\�
GHQRWHG� E\� Ik� DQG� Zk�� (PSKDWLFDOO\�� WKURXJK� WKH� VLPSOH�
HTXLYDOHQW� LPSHGDQFH� FDOFXODWLRQ�� ZH� FDQ� GHWHUPLQH� WKH�
LQSXW� LPSHGDQFH�� Zk� VHHQ� DW� WKH� QRGH��Nk� LQ� IXQFWLRQ� RI�
Zk���ZKLFK�LV�H[SUHVVHG�DV��
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)LJXUH����(OHFWULFDO�HTXLYDOHQW�QHWZRUN�RI�WKH�UHG�SDWK�RI�WUHH�FLUFXLW�VKRZQ�LQ�)LJXUH����
�
7KH�HOHFWULFDO�DQDO\VLV�RI�WKH�FLUFXLW�SURSRVHG�LQ�)LJXUH���
HQDEOHV�WR�ZULWH�H[SUHVVLRQ�RI�FXUUHQW��Ik�IORZLQJ�WKURXJK�
HOHFWULFDO�EUDQFK�Nk Nk+��JLYHQ�E\��
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)LJXUH����%DVLF�FHOO�DW�WKH�kth�VWDJH��
�
0RVW� LPSRUWDQWO\�� E\� GHQRWLQJ� >Tk-�@� WKH� HOHPHQWDU\�
WUDQVIHU� PDWUL[� RI� WKH� �k-���WK� FHOO� LQ� WKH� EUDQFK�Nk-�Nk��
VLPLODUO\� WR� WKH� PDWUL[� H[SUHVVHG� LQ� ����� ZH� FDQ� GHGXFH�
WKH�IROORZLQJ�H[SUHVVLRQ��
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6XEVHTXHQWO\�� WKH� DVVRFLDWLRQ� RI� n�FHOOV� FDVFDGHG�
SUHVHQWHG� LQ� )LJXUH� �� VKRXOG� KDYH� DQ� HTXLYDOHQW� ZKROH�
FKDLQ�PDWUL[�HTXDO�WR�WKH�SURGXFW�RI�>Tk-�@�ZKHQ�k�EHORQJV�
WR�^��«n`��0HDQZKLOH�� WKH�ZKROH�FKDLQ�PDWUL[��>T��n@�RI�
WKH�QHWZRUN�VWDWHG�LQ�)LJXUH���FDQ�EH�ZULWWHQ�DV��
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7KLV� H[SUHVVLRQ� H[SODLQV� WKDW� WKH� WUDQVIHU� IXQFWLRQ�
GHQRWHG�Hn�s�� DVVRFLDWLQJ� WKLV�PDWUL[� FDQ� EH� GHWHUPLQHG�
UHFXUVLYHO\�IURP�WKH�ODVW�HOHPHQWDU\�PDWUL[��>Tn@��7KRXJK��
WKH� ODWHU� FDQ� EH� FDOFXODWHG� SURJUHVVLYHO\� WKURXJK� WKH�
IROORZLQJ�PDWUL[�UHFXUVLYH�UHODWLRQ��
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)RU�WKH�VDNH�RI�DQDO\WLF�H[SUHVVLRQV�VLPSOLILFDWLRQ��LQ�WKH�
UHPDLQGHU� RI� WKLV� SDSHU�� ZH� VXSSRVH� WKDW� >T��k@� ZLOO� EH�
FRQFDWHQDWHG�DV�IROORZV��
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%\�FRPELQLQJ�IRUPHU�HTXDWLRQV������DQG�������REYLRXVO\�
IRU� k� EHORQJV� WR� ^�«� n��`�� WRZDUG� D� PDWKHPDWLFDO�
LGHQWLILFDWLRQ�� DIWHU� UHFXUVLYH� UHODWLRQV� EHWZHHQ� WKH�
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$FFRUGLQJO\�� ZLWK� WKH� VXFFHVVLYH� DQDO\VLV� IURP� WKH�
HQGLQJ�WHUPLQDWLRQ�RI�QHWZRUN�SUHVHQWHG�LQ�)LJXUH����RQH�
JHWV�WKH�SDUWLDO�WUDQVIHU�IXQFWLRQ��
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,W� LV� QRWHZRUWK\� WKDW� WKH� SDUWLDO� WUDQVIHU� IXQFWLRQ�Hn-k�s�� LV�
DOVR� HTXDO� WR� WKH� ZKROH� WUDQVIHU� IXQFWLRQ� RI� k�OHYHO� WUHH�
GLVWULEXWLRQ��Hk�s��� ,Q�DGGLWLRQ��NQRZLQJ� WKH� WUDQVIHU�PDWUL[�
>T��n@�� LW� VKRXOG�EH�SRVVLEOH� WR� IRUPXODWH� WKH�JOREDO� WUDQVIHU�
IXQFWLRQ�WKDQNV�WR�WKH�IROORZLQJ�UHODWLRQ��
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8VLQJ� WKLV� H[SUHVVLRQ�� WKH� DQDO\WLFDO� FDOFXODWLRQ� ZDV�
HVWDEOLVKHG� IRU� WKH� ILYH� WUDQVIHU� IXQFWLRQV� IRU� n  �^�«�`��
7DEOH���EHORZ�VXPPDUL]HV�WKH�FDOFXODWHG�UHVXOWV��

)RU� WKH� YHULILFDWLRQ� RI� WKH� SURSRVHG� WKHRU\� HIILFLHQF\��
LQYHVWLJDWLRQ� RI� PRUH� FRQFUHWH� FLUFXLW� IRUPHG� E\� 5&�FHOO�
ZLOO�EH�SHUIRUPHG�LQ�WKH�QH[W�VHFWLRQ��

3. RC-tree modeling 
%\�WDNLQJ�Zs� �R�DQG�Yp� �Cs��ZH�FDQ�WUDQVSRVH�WKH�DQDO\VLV�
RI�WKH�SUHYLRXV�VHFWLRQ�WR�WKH�PRGHOLQJ�RI�WKH�FODVVLFDO�5&�
WUHH� GLVWULEXWLRQ�� )LJXUH� �� UHSUHVHQWV� WKH� VLPSOLILHG�

HTXLYDOHQW� FLUFXLW� RI� n�OHYHO� RI� WKH� 5&�WUHH� GLVWULEXWLRQ�
GHSLFWHG�LQ�)LJXUH����
,Q� WKLV� FDVH�� WKH� HOHPHQWV� RI� WUDQVIHU� PDWUL[� VKRXOG� EH�
GHWHUPLQHG�IURP�DIRUHPHQWLRQHG�H[SUHVVLRQV������������������
DQG�������ZLWK�WKH�UHFXUVLYH�UHODWLRQV��
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)LJXUH� ��� (TXLYDOHQW� FLUFXLW� IRU� WKH� FDVH� RI� n�OHYHO� RI� 5&�
WUHH�QHWZRUN��

%\�LGHQWLILFDWLRQ�DQG�WXUQLQJ�RYHU�WKH�k�LQWHJHU�YDOXHV��LW�FDQ�
EH� GHPRQVWUDWHG� WKDW� WKH� LWHUDWLYH� UHODWLRQV� IRU� WKH�
GHWHUPLQDWLRQ� RI� WZR� ILUVW� FRHIILFLHQWV�� an-k� DQG�bn-k� FDQ� EH�
ZULWWHQ�DV��
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%HFDXVH�RI�WKH�ULVH�WLPH�YDOXH�tr�DQG�WKH�PLVEHKDYLRU�OLQNHG�
WR� WKH� LPSHUIHFWLRQ� RI� GLJLWDO� GHYLFH� LQSXW� LPSHGDQFH�� WKH�
EDQGZLGWK� RI� WKH� QXPHULFDO� VLJQDO� RSHUDWLQJ� LV� SUDFWLFDOO\�
OLPLWHG�� )RU� WKH� GLJLWDO� GHYLFHV� KDYLQJ� LQSXW� LPSHGDQFHV�
DQDORJ� WR� 5&�FLUFXLW� PRGHO�� WKH� IUHTXHQF\� EDQGZLGWK� RI�
RSHUDWHG�GLJLWDO�VLJQDO�LV�GHILQHG�DV�>��@��
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7KLV� VWDWHPHQW� H[SODLQV� WKH� SRVVLELOLW\� RI� WKH� UHGXFWLRQ� RU�
VLPSOLILFDWLRQ�RI�WKH�WUDQVIHU�IXQFWLRQ��Hn�s��GHQRPLQDWRU�E\�
SURFHHGLQJ�ZLWK�SRO\QRPLDO�OLPLWHG�H[SDQVLRQ��)RU�WKH�FDVH�
RI�n�OHYHO�WUHH�QHWZRUN��RQH�HVWDEOLVKHV�WKDW�WKH�VHFRQG�RUGHU�
DSSUR[LPDWHG� WUDQVIHU� IXQFWLRQ� RI� WKH� ZKROH� FLUFXLW�
UHSUHVHQWHG� LQ� )LJXUH� �� RI� VHFWLRQ� �� FDQ� EH� IRUPXODWHG� DV�
IROORZV��
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)RU�FKHFNLQJ� WKH�YDOLGDWLRQ�RI� WKHVH� WKHRUHWLFDO�FRQFHSWV� LQ�
PRUH� FRQFUHWH� FRQWH[W�� DSSOLFDWLRQ� UHVXOWV� IURP� ZLWK�
V\PPHWULFDO� 5&�WUHH� QHWZRUNV� DUH� H[SORUHG� LQ� WKH� QH[W�
VHFWLRQ��

4. Validation results 
,W� VKRXOG� EH� SRLQWHG� RXW� WKDW� WKH� UHVXOWV� SURSRVHG� LQ� WKLV�
SDSHU� ZHUH� REWDLQHG� LQ� WKH� VFKHPDWLF� HQYLURQPHQW� RI� WKH�
HOHFWULFDO� DQG� HOHFWURQLF� FLUFXLW� 63,&(�VLPXODWRU� UXQ� LQ� WKH�
FRPPHUFLDO� $GYDQFHG� 'HVLJQ� 6\VWHP� �$'6�� VRIWZDUH�
SURYLGHG�E\�$JLOHQW70���

$V� VFKHPDWL]HG� LQ� )LJXUH� ��� D� ILYH�OHYHO� FORFN� WUHH�
GLVWULEXWLRQ� FRPSULVHG� RI� 5&�QHWZRUN� ZDV� ILUVW�� GHVLJQHG�
DQG� QXPHULFDOO\� DQDO\]HG�� )RU� LOOXVWUDWLQJ� WKH� LQIOXHQFH� RI�
WUHH�QHWZRUN�OHYHO�QXPEHU��WKH�DQDO\VLV�ZDV�DOVR�H[WHQGHG�WR�
QHWZRUN� FLUFXLWULHV� FRQWDLQLQJ� n�  � ^��� ��� �`�OHYHOV�� ,W� LV�
ZRUWK�QRWHG� WKDW� HDFK�EUDQFK�RI� WKH�QHWZRUN� XQGHUVWXG\� LV�
FRQVLVWHG� RI� LGHQWLFDO� SLHFHV� RI� 5&�OLQH� ZLWK� SHU� XQLW�
UHVLVWDQFH��Ru�  � �����PP�DQG� FDSDFLWDQFH��Cu�  � �� S)�PP�
DQG� OHQJWK�� d�  � ���� PP� >��@�� 0HDQZKLOH�� WKH� HTXLYDOHQW�
OXPSHG�SDUDPHWHUV�DUH�HTXDO�WR�R� �Ru�[�d�DQG�C� �Cu�[�d���
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)LJXUH����&LUFXLW�GLDJUDP�RI�WKH�VLPXODWHG�5&�WUHH�QHWZRUN��R� �������C� ���S)�DQG�n� �����
�

4.1. Frequency-domain validation 

$IWHUZDUGV�� VLPXODWLRQV� UXQ� ERWK� LQ� IUHTXHQF\�� DQG� WLPH�
GRPDLQV�� WKH� UHVXOWV�SLFWXUHG� LQ�)LJXUHV���DQG�)LJXUH���DUH�
REWDLQHG�� )RU� WKH� WLPH� GRPDLQ� DQDO\VLV�� WKH� QHWZRUNV�
XQGHUVWXG\�ZHUH�H[FLWHG�E\�D�SHULRGLFDO�WUDSH]RLGDO�WUDQVLHQW�
VRXUFH�ZLWK�DPSOLWXGH��Vmax� ��9��SXOVH�ZLGWK��Tw� ���QV�DQG�
ZLWK� WLPH� GXUDWLRQ�� T� � �Tw�  � ��� QV�� )LJXUHV� �� YLHZ� WKH�
IUHTXHQF\� UHVSRQVHV� RI� WKH� VLPXODWHG� 5&�WUHH� QHWZRUNV� DV�
VKRZQ�LQ�)LJXUH���IURP�'&�WR���*+]��
�
$W� QRWHG� WKDW� DV� IRUHFDVWHG� WKHRUHWLFDOO\�� E\� WKH� UHDVRQ� RI�
V\PPHWU\��WKH�YROWDJHV��vo�t��GHWHFWHG�DW�WKH�RXWSXW�WHUPLQDOV�
RI� WKH� FRPSXWHG� WUHHV� DUH� WKH� VDPH� DV� WKH� RXWSXW� RI� WKH�
HTXLYDOHQW��'�QHWZRUN�IRU�n� �^�������`���
�
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)LJXUH���D���&RPSDULVRQV�RI�WKH�WUDQVIHU�IXQFWLRQ�PDJQLWXGH�
IURP� SURSRVHG�PRGHO� DQG� WKH� GLUHFW� FRPSXWHG� YHUVXV�5&�
WUHH�OHYHO��
�
0RUHRYHU��RQH�ILQGV�DOVR�WKDW�WKH�UHVXOWV�IURP�WKH�DQDO\WLFDO�
PRGHOV� �SORWWHG� LQ� WKLFN� GDVKHG� FXUYHV�� DUH� LQ� YHU\� JRRG�
DJUHHPHQW� ZLWK� $'6� UHIHUHQFH� UHVSRQVHV� �SORWWHG� LQ� WKLQ�
FRORUHG�FXUYHV��red� IRU�n = 3��blue� IRU�n = 4�DQG�pink� IRU�

n = 5��� $V� FDQ� EH� VHHQ� LQ� )LJXUH� ��D�� DQG� ��E��� WKH�
DWWHQXDWLRQ� DQG� SKDVH� YDOXHV� DUH� REYLRXVO\�� PRUH�
VLJQLILFDQWO\�FRQVLGHUDEOH�ZKHQ�n�LV�JUHDWHU��
�
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)UHTXHQF\��*+]� �
)LJXUH� ��E��� &RPSDULVRQV� RI� WKH� WUDQVPLVVLRQ� SKDVH�
UHVSRQVHV� IURP� SURSRVHG� PRGHO� DQG� WKH� GLUHFW� FRPSXWHG�
YHUVXV�5&�WUHH�OHYHO��

4.2. Time-domain validations 

,Q� DGGLWLRQ�� WLPH�GRPDLQ� VLPXODWLRQV� RI� WKH� 5&�FLUFXLW�
XQGHUVWXG\� IRU� ��� QV�WLPH� GXUDWLRQ� JHQHUDWH� WKH� WUDQVLHQW�
UHVXOWV� GLVSOD\HG� LQ� )LJV�� ��� 2QFH� DJDLQ�� WKH� FDOFXODWHG�
DQDO\WLFDO� UHVXOWV� KHUH� SORWWHG� LQ� WKLFN� GDVKHG� FXUYHV�
FRLQFLGH� YHU\� ZHOO� ZLWK� $'6� UHIHUHQFH� UHVSRQVHV� KHUH�
SORWWHG�LQ�WKLQ�FRORU�FXUYHV���
�
$V� SUHGLFWHG� LQ� WKHRU\�� RQH� REVHUYHV� WKDW� WKH� RXWSXW� WUHH�
VLJQDOV� DUH� PRUH� GHJUDGHG� ZKHQ� n� LV� KLJKHU�� %\� XVLQJ�
H[SUHVVLRQV� ����� DQG� ������ RQH� HVWLPDWHV� UHVSHFWLYHO\� WKH�
(OPRUH�DQG�,VPDLO�)ULHGPDQ�SURSDJDWLRQ�GHOD\V�LQGXFHG�E\�
WKH�WUHH�GLVWULEXWLRQ�QHWZRUN�XQGHUVWXG\��
�

�
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7LPH��QV�
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�
)LJXUH� ���&RPSDULVRQV� EHWZHHQ� WKH� WLPH�GRPDLQ� UHVXOWV� RI�
WKH� VLPXODWHG� FLUFXLW� VKRZQ� LQ� )LJXUH� �� IURP� WKH� SURSRVHG�
PRGHO�DQG�WKH�GLUHFW�FRPSXWDWLRQ��

&RQVHTXHQWO\��WKH�FRPSDULVRQ�UHVXOWV�EHWZHHQ�WKH�VLPXODWHG�
DQG� DVVXPHG� DV� WKH� H[DFW� SURSDJDWLRQ� GHOD\� DQG� WKH�
DSSUR[LPDWHG� SURSDJDWLRQ� GHOD\V� VWDWHG� LQ� 7DEOH� �� DUH�
UHDOL]HG��&OHDUO\�� DV� IRUHFDVWHG�� WKH�GHOD\V� LQFUHDVH�ZLWK� n�
YDOXHV��

7DEOH����&RPSDULVRQ�EHWZHHQ�WKH�H[DFW��(OPRUH�DQG�,VPDLO�
)ULHGPDQ��,)��GHOD\V�YHUVXV�n��

�
� 3URSDJDWLRQ�GHOD\��τ�

n ([DFW� (OPRUH�
PRGHO�

,VPDLO�)ULHGPDQ�
PRGHO�

�� �����QV� �����QV� �����QV�
�� �����QV� �����QV� �����QV�
�� �����QV� �����QV� �����QV�

�
%\� XVLQJ� HTXDWLRQ� ������ ZH� FDQ� DVVHVV� DOVR� WKH� FRPSXWHG�
QHWZRUN� YROWDJH� DWWHQXDWLRQV�� v�T��V��� )RU� FKHFNLQJ� WKH�
UHOHYDQFH� RI� WKLV� IRUPXOD�� IXUWKHU� FRPSDULVRQ� ZLWK� $'6�
UHVXOWV� ZDV� DOVR� PDGH� DQG� WKH� QXPHULFDO� UHVXOWV� DUH�
UHSUHVHQWHG� LQ� 7DEOH� ,9�� &OHDUO\�� LW� FDQ� EH� VHHQ� WKDW� WKH�
SUHGLFWHG�DQDO\WLFDO�UHVXOWV�ILW�YHU\�ZHOO�ZLWK�WKH�63,&(�$GV�
FRPSXWDWLRQ��

7DEOH����&RPSDULVRQ�EHWZHHQ�WKH�H[DFW�DQG�WKH�PRGHOHG�
YROWDJH�DWWHQXDWLRQ�DW�t� �T�YHUVXV�n��

�
 v�T��V��

n ([DFW� 3URSRVHG�PRGHO�
�� ������ ������
�� ������ ������
�� ������ ������

�
([SUHVVLRQ������HQDEOHV�WR�HVWLPDWH�WKH�DWWHQXDWLRQV�DQG�WKH�
GHOD\V�LQ�IXQFWLRQ�RI�OHYHO�QXPEHUV�ZKLFK�FDQ�EH�LQ�RUGHU�RI�
KXQGUHGV�� 0RUHRYHU� DV� HYLGHQFHG� LQ� 7DEOHV� �� DQG� ��� WKH�
SURSRVHG�PRGHO� FDQ�EH� DGDSWHG� WR�RWKHU� W\SHV�RI� WKH� FORFN�
VKDULQJ� DV� WKH� WUHH� QHWZRUNV� FRPSULVHG� RI� GLVWULEXWHG�
HOHPHQWV��)LQDOO\��WKH�FRPSXWDWLRQ�WLPH�ZLWK�KXQGUHG�OHYHOV�
RI� WUHH� QHWZRUN� LV� LQ� RUGHU� RI� VRPH� PV� WKDW� LV� YHU\�
LQWHUHVWLQJ� FRPSDUHG� WR� WKH� FODVVLFDO� VOHZ� PHWULF�

FRPSXWDWLRQ�� 7R� VXP� XS� DOO� WKH� DERYH� WKHRUHWLFDO� DQG�
DSSOLFDWLRQ�DQDO\VLV�FRQFOXGLQJ�UHPDUNV�DUH�SURYLGHG�LQ�WKH�
IROORZLQJ�VHFWLRQ��

5. Conclusions 
$�JOREDO�PRGHOLQJ�PHWKRG�RI�WKH�V\PPHWULFDO�FORFN�+�WUHH�
GLVWULEXWLRQ� FRQVWLWXWHG� E\� /�FHOO� OXPSHG� QHWZRUNV� LV�
VXFFHVVIXOO\�GHYHORSHG�LQ�WKLV�SDSHU���
7KH� HTXLYDOHQW� FLUFXLW� RI� WKH� WUHH� QHWZRUN� XQGHU�
FRQVLGHUDWLRQ� LV� HVWDEOLVKHG� ZKDWHYHU� LWV� OHYHO�� 7KH�
H[WUDFWLRQ� RI� WKH� H[DFW� H[SUHVVLRQ� RI� WKH� WUHH� QHWZRUN�
WUDQVIHU� IXQFWLRQ�DFFRUGLQJ� WR�GLIIHUHQW� OHYHOV� LV�GHYHORSHG�
LQ� GHWDLO�� WKDQNV� WR� WKH� WUDQVIHU� PDWUL[� H[SORLWDWLRQ�� 0RUH�
LPSRUWDQWO\�� WKH� PDWKHPDWLFDO� UHFXUVLYH� UHODWLRQ� IRU� WKH�
GHWHUPLQDWLRQ�RI� WUHH� FKDUDFWHULVWLF� HTXDWLRQ� FRHIILFLHQWV� LV�
DOVR� SUHVHQWHG�� ,Q� DGGLWLRQ�� LW� ZDV� GHPRQVWUDWHG� WKH�
SRVVLELOLW\�WR�GHWHUPLQH�SDUDPHWHUV�RI�WUHH�QHWZRUN�WUDQVLHQW�
UHVSRQVHV� DV� DWWHQXDWLRQ�� XQGHU��RYHU�VKRRWV� DQG�
SURSDJDWLRQ� GHOD\V� DFFRUGLQJ� WR� H[LVWLQJ� ZHOO�NQRZQ�
PRGHOV�>��@��

&RPSDUHG� WR� WKH� PHWKRGV� SXEOLVKHG� LQ� >�����@� ZKLFK� DUH�
EDVHG�RQ�WKH�PRPHQW�FDOFXODWLRQ�RI�OLQHDU�WUDQVIHU�IXQFWLRQ��
WKH�SURSRVHG�PHWKRG�LV�PRUH�HIILFLHQW�LQ�WHUPV�RI�SUHFLVLRQ�
DQG� FRPSXWDWLRQ� WLPH� FRQVXPLQJ�� SDUWLFXODUO\�� LI� WKH� WUHH�
OHYHO� LV� KLJKHU� WKDQ� WUHH��0RUHRYHU�� E\� XVLQJ� WKH� 636,&(�
VLPXODWLRQ�� YHU\�JRRG�DJUHHPHQWV�EHWZHHQ� WKH� VLPXODWLRQV�
DQG�WKH�UHVXOWV�IURP�WKH�SURSRVHG�PRGHOV�DUH�REVHUYHG��7KH�
REWDLQHG� UHVXOWV� FRQILUP� WKH� UHOHYDQFH� RI� WKH� WUDQVIHU�
IXQFWLRQ� PRGHO� RI� JOREDO� PXOWL�OHYHO� WUHH� QHWZRUN�
HVWDEOLVKHG�� 7KXV�� LW� ZDV� GHPRQVWUDWHG� DOVR� WKDW� WKH�
HVWDEOLVKHG� PRGHO� FRPELQHG� ZLWK� WKH� (OPRUH� DQG� ,VPDLO�
)ULHGPDQ� SURSDJDWLRQ� GHOD\� H[SUHVVLRQV� SHUPLWV� DQ� HDV\�
DQG�PRUH�DFFXUDWHO\�HVWLPDWLRQ�RI�VLJQDO�GHOD\V��GLVWRUWLRQV�
DQG�ORVVHV�FDXVHG�E\�WKH�FORFN�WUHH�GLVWULEXWLRQ�QHWZRUN��

)RU� PRUH� FRQFUHWH� DSSOLFDWLRQ� HQYLURQPHQW�� IXUWKHU�
LQYHVWLJDWLRQ� IRFXVHG� RQ� WKH� XQEDODQFHG� FORFN� WUHH�
GLVWULEXWLRQ� QHWZRUNV� LV� LQ� SURJUHVV�� )LQDOO\�� DV� WKH� IXWXUH�
ZRUNV�� ZH� SODQQHG� DOVR� WR� XVH� WKH� WUHH� QHWZRUN� PRGHO�
GHYHORSHG� LQ� WKLV� SDSHU� IRU� LQYHVWLJDWLQJ� WKH� FORFN� WUHH�
GLVWULEXWLRQ�QHWZRUN�LQIOXHQFH�LQ�WKH�SDFNDJLQJ�V\VWHP�DQG�
DOVR� WKH� LQWHUFRQQHFWLRQ�RI�5)�DQDORJXH�FLUFXLWV�DV� WKH�RQ�
FKLS�6L3��3L3��6R&��3&%��
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Abstract 
7KH� ORZ�IUHTXHQF\�FKDUDFWHULVWLF�RI� VKRUWLQJ�YLD�DUUD\V� IRU�
WKH� VXSSUHVVLRQ� RI� VLPXOWDQHRXV� VZLWFKLQJ� QRLVH� �661�� LQ�
PXOWLOD\HU� SULQWHG� FLUFXLW� ERDUGV� �3&%V�� LV� LQYHVWLJDWHG�
ILUVWO\��,W�LV�IRXQG�WKDW�WZR�SODQH�SDLUV�FRQQHFWHG�E\�VKRUWLQJ�
YLD� DUUD\V� KDYH� WKH� VDPH� WUDQVPLVVLRQ� FRHIILFLHQWV� LQ� ORZ�
IUHTXHQF\�UDQJH��%DVHG�RQ�WKLV�ORZ�IUHTXHQF\�FKDUDFWHULVWLF��
VKRUWLQJ�YLD�DUUD\V�DQG�HPEHGGHG�FDSDFLWDQFH�DUH�FRPELQHG�
WRJHWKHU�IRU�WKH�661�VXSSUHVVLRQ�LQ�PXOWLSOH�SODQH�SDLUV�LQ�
PXOWLOD\HU�3&%V��7KH����G%�661�VXSSUHVVLRQ�EDQGZLGWK�RI�
WKH�IDEULFDWHG�ERDUG�VWDUWV�IURP�QHDU�'&�WR�VHYHUDO�*LJD�+]��
*RRG�DJUHHPHQW�EHWZHHQ�VLPXODWHG�DQG�PHDVXUHG�UHVXOWV�LV�
REVHUYHG��

1. Introduction 
:LWK� WKH� LQFUHDVH� RI� FORFN� VSHHG� DQG� GHFUHDVH� RI� VXSSO\�
YROWDJH�� VLPXOWDQHRXV� VZLWFKLQJ� QRLVH� �661�� KDV� EHFRPH�
RQH� RI� WKH� PDMRU� SUREOHPV� LQ� KLJK�VSHHG� SULQWHG� FLUFXLW�
ERDUGV� �3&%V�� >�@��0XOWLSOH� UHVRQDQFH�PRGHV� EHWZHHQ� WKH�
SRZHU�JURXQG� SODQHV� H[FLWHG� E\� 661� FDQ� FDXVH� VHULRXV�
VLJQDO� LQWHJULW\� �6,��� SRZHU� LQWHJULW\� �3,�� DQG�
HOHFWURPDJQHWLF�LQWHUIHUHQFH��(0,��SUREOHPV�IRU�KLJK�VSHHG�
FLUFXLWV�>����@��
��0DQ\� DSSURDFKHV� KDYH� EHHQ� WDNHQ� WR� PLWLJDWH� WKH� 661��
$GGLQJ� GLVFUHWH� GHFRXSOLQJ� FDSDFLWRUV� EHWZHHQ� WKH�
SRZHU�JURXQG�SODQHV� LV� D� FRPPRQ�PHWKRG� WR� VXSSUHVV� WKH�
661� >�@�� +RZHYHU�� WKLV� DSSURDFK� KDV� D� OLPLWDWLRQ� RI�
IUHTXHQF\�EDQGZLGWK��XVXDOO\�OHVV�WKDQ�D�IHZ�KXQGUHG�0+]��
GXH�WR�WKH�VHOI�UHVRQDQFH�HIIHFW�DVVRFLDWHG�ZLWK�WKH�HIIHFWLYH�
VHULHV� LQGXFWDQFH�RI� WKH�VXUIDFH�PRXQWHG�FDSDFLWRUV�� ,Q� WKH�
SDVW� WHQ� \HDUV�� HOHFWURPDJQHWLF� EDQGJDS� �(%*�� VWUXFWXUHV�
KDYH� EHHQ� SURSRVHG� IRU� PLQLPL]LQJ� WKH� 661� FRXSOLQJ�
EHWZHHQ� SRZHU�JURXQG� SODQHV�� 0XVKURRP�W\SH� (%*�
�0(%*�� DQG� SODQDU� (%*� �3(%*�� DUH� WZR�ZLGHO\� VWXGLHG�
FDWHJRULHV��0(%*� FRQVLVWV� RI� WKUHH� OD\HUV� ZKHUH� SHULRGLF�
PHWDOOLF� SDWFKHV� DUH� LQVHUWHG� EHWZHHQ� WKH� SRZHU�JURXQG�
SODQHV�DQG�FRQQHFWHG�WR�RQH�RI�WKH�SODQHV�WKURXJK�WKH�YLDV�
>����@��,Q�RUGHU�WR�UHGXFH�IDEULFDWLRQ�FRVW��3(%*�KDYH�EHHQ�
LQWURGXFHG�E\�GHVLJQLQJ�WKH�SHULRGLF�SDWWHUQV�GLUHFWO\�RQ�WKH�
SRZHU�RU�JURXQG�PHWDO�SODQHV�>�@��+RZHYHU��WKH�PHWDO�OD\HU�
HWFKHG� VORWV� PD\� FDXVH� SRWHQWLDO� 6,� DQG� SRZHU� KDQGOLQJ�
SUREOHPV��2QH�RI�FRPPRQ�GUDZEDFNV�RI�0(%*�DQG�3(%*�
LV� WKDW� WKH� ORZHU� FXWRII� IUHTXHQF\� FDQQRW� EH� UHGXFHG�

VLJQLILFDQWO\� DQG� ZLOO� GHWHULRUDWH� WKH� QRLVH� VXSSUHVVLRQ�
FKDUDFWHULVWLF� LQ� ORZ�IUHTXHQF\� UDQJH� >��� �@�� 6KRUWLQJ� YLD�
DUUD\V� DSSOLHG� RQ� SRZHU� GLVWULEXWLRQ� QHWZRUN� �3'1�� LV�
DQRWKHU� SRVVLEOH� VROXWLRQ� IRU� WKH� VXSSUHVVLRQ� RI� 661� >����
��@��,Q�WKH�PXOWLOD\HU�3&%V��WZR�VROLG�SODQHV�ZLWK�VDPH�GF�
YROWDJH�SRWHQWLDO�DUH�FRQQHFWHG�E\� WKH� VKRUWLQJ�YLDV��6LQFH�
WKH�FRQWLQXLW\�RI�WKH�VROLG�SODQHV�LV�QRW�EURNHQ��VKRUWLQJ�YLD�
DUUD\V� ZRXOG� KDYH� JRRG� ORZ�IUHTXHQF\� QRLVH� VXSSUHVVLRQ�
FKDUDFWHULVWLFV� DQG� LV� D� SURPLVLQJ� VROXWLRQ� WKDW� FDQ�
RYHUFRPH� WKH� GUDZEDFNV� RI� WKH� DERYH� PHQWLRQHG� WZR�
WHFKQLTXHV�IRU�WKH�VXSSUHVVLRQ�RI�661��
5HI�� >��@� UHYHDOHG� WKH� KLJK�IUHTXHQF\� FKDUDFWHULVWLF� RI�

VKRUW�YLD�DUUD\V��ZKLOH� WKH� ORZ�IUHTXHQF\�SHUIRUPDQFH�ZDV�
QRW�VWXGLHG��,Q�WKLV�SDSHU��WKH�ORZ�IUHTXHQF\�SHUIRUPDQFH�RI�
PXOWLOD\HU� 3&%V� ZLWK� VKRUWLQJ� YLD� DUUD\V� LV� LQYHVWLJDWHG�
ILUVWO\�� ,Q� ORZ�IUHTXHQF\� UDQJH�� VDPH� WUDQVPLVVLRQ�
FRHIILFLHQWV� DUH� REVHUYHG� LQ� WZR� SODQH� SDLUV� FRQQHFWHG� E\�
VKRUWLQJ� YLDV�� %DVHG� RQ� WKLV� ORZ�IUHTXHQF\� SHUIRUPDQFH��
VKRUWLQJ�YLD�DUUD\V�DQG�HPEHGGHG�FDSDFLWDQFH�DUH�FRPELQHG�
WRJHWKHU� WR�DFKLHYH�H[FHOOHQW� QRLVH� VXSSUHVVLRQ� LQ�PXOWLSOH�
SODQH� SDLUV� VLPXOWDQHRXVO\�� %RWK� VLPXODWLRQ� DQG�
PHDVXUHPHQW�DUH�SUHVHQWHG�WR�YDOLGDWH�RXU�LGHDV��

2. Low frequency performance of multilayer 
PCBs with shorting via arrays 

7KH�VWDFN�XS�RI�D�VLPXODWHG���OD\HU�ERDUG�ZLWK�VKRUWLQJ�YLD�
DUUD\V� LV�VKRZQ�LQ�)LJ����D���7KH�GLPHQVLRQ�RI� WKH�ERDUG� LV�
��� PP×��� PP�� W� ���PP�� W� ����PP�� WKH� GLDPHWHU� RI�
YLD� LV� ���PP�� DQG� VSDFLQJ� EHWZHHQ� VKRUWLQJ� YLDV� LV� ��PP��
3HULRGLF� DQWL�SDGV� DUH� HWFKHG� RQ� WKH� FHQWHU� OD\HU�� 7KH�
GLHOHFWULF�LV�)5��ZLWK�D�GLHOHFWULF�FRQVWDQW�RI�����DQG�D�ORVV�
WDQJHQW�RI�������7ZR�SRUWV�DUH�ORFDWHG�DW������PP������PP��
DQG� ������ PP�� ����� PP��� %RWK� WKH� ��SRUW� WUDQVPLVVLRQ�
FRHIILFLHQWV� ZKHQ� WZR� SRUWV� DUH� ORFDWHG� DW� WRS� DQG� ERWWRP�
SODQH� SDLUV� DUH� VLPXODWHG�� UHVSHFWLYHO\�� 6FKHPDWLF� RI� SRUW�
SODFHPHQW� LV� LOOXVWUDWHG� LQ� )LJ�� ��D��� 7R� VLPSOLI\� WKH�
LOOXVWUDWLRQ�� SRUW� �� DQG� SRUW� �� DUH� GHSLFWHG�ZLWK� SRUW� �� DQG�
SRUW���LQ�WKH�VDPH�ILJXUH���
)LJ�� �� �E�� VKRZV� WKH� VLPXODWHG� UHVXOWV�� 7UDQVPLVVLRQ�

FRHIILFLHQWV� RI� WZR� WUDGLWLRQDO� ��OD\HU� VROLG� SODQHV� ZLWK�
GLHOHFWULF�WKLFNQHVV�RI�����PP�DQG������PP�UHVSHFWLYHO\�DUH�
DOVR�JLYHQ�LQ�)LJ����E��IRU�FRPSDULVRQ��7KH�GLPHQVLRQ��SRUW�
SRVLWLRQ�DQG�GLHOHFWULF�FRQVWDQW�RI���OD\HU�VROLG�SODQHV�DUH��
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)LJXUH�����D��6LGH�YLHZ�RI���OD\HU�3&%�ZLWK�VKRUWLQJ�YLD�
DUUD\V���E��6LPXODWHG�WUDQVPLVVLRQ�FRHIILFLHQWV��

�
)LJXUH����7KH�HIIHFW�RI�YLD�VSDFLQJ�DQG�GLHOHFWULF�FRQVWDQW�
RQ�WKH�WUDQVPLVVLRQ�FRHIILFLHQWV��

WKH� VDPH� DV� WKDW� RI� ��OD\HU� ERDUG�� 'XH� WR� WKLQ� GLHOHFWULF�
VXEVWUDWH� LV� XVHG�� WKH� QRLVH� VXSSUHVVLRQ� FKDUDFWHULVWLF� RI�
�����PP�WKLFN���OD\HU�ERDUG� LV�EHWWHU� WKDQ� WKDW�RI�����PP�
WKLFN����OD\HU�ERDUG��,W�FDQ�DOVR�EH�REVHUYHG�WKDW�6���DQG�6���
RI�WKH���OD\HU�ERDUG�ZLWK�VKRUWLQJ�YLD�DUUD\V�DUH�DOPRVW�WKH�
VDPH� EHORZ� �� *+]�� 7KH� QRLVH� RI� TXDUWHU� ZDYHOHQJWK�
VPDOOHU� WKDQ� WKH� VSDFLQJ� RI� WKH� VKRUWLQJ� YLDV� FDQQRW� EH�
VXSSUHVVHG�DQG�DQ�XSSHU�FXWRII�IUHTXHQF\�RI�6���LV�REVHUYHG�
>��@��
7KH� PD[LPDO� IUHTXHQF\� RI� NHHSLQJ� VDPH� WUDQVPLVVLRQ�

FRHIILFLHQWV��0)67&��LQ�ERWK�FDYLWLHV�LV�PDLQO\�DIIHFWHG�E\�
PDQ\�IDFWRUV��VXFK�DV�WKH�VSDFLQJ�EHWZHHQ�SHULRGLF�YLDV��WKH�
GLHOHFWULF�FRQVWDQW�DQG�WKH�GLHOHFWULF�WKLFNQHVV��)LJ����VKRZV�
WKH� HIIHFW� RI� YLD� VSDFLQJ� DQG� GLHOHFWULF� FRQVWDQW� RQ� WKH�
WUDQVPLVVLRQ� FRHIILFLHQWV� ZKHUH� d� UHSUHVHQWV� WKH� VSDFLQJ�
EHWZHHQ� YLDV� DQG�  GHQRWHV� UHODWLYH� SHUPLWWLYLW\�� ,Q� WKH�
VLPXODWLRQ�RI�)LJ�����RQO\�RQH�GLHOHFWULF�LV�XVHG�LQ�WKH�WRS��
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)LJXUH�����D��6LGH�YLHZ�RI� WKH�IDEULFDWHG�ERDUGV���E�� _6��_�RI�
WKH�ILUVW�ERDUG���F��_6��_�RI�WKH�VHFRQG�ERDUG��

DQG�ERWWRP�SODQH�SDLUV���,QFUHDVLQJ�WKH�UHODWLYH�SHUPLWWLYLW\�
LV� XQGHVLUDEOH� GXH� WR� XSSHU� FXWRII� IUHTXHQF\� DQG�0)67&�
DUH�ERWK�GHFHDVHG��0LQLPL]LQJ�WKH�VSDFLQJ�EHWZHHQ�VKRULQJ�
YLDV� LV� RQH�RI� W\SLFDO�ZD\V� WR� LPSURYH� WKH�SHUIRUPDQFH�RI�
QRLVH� VXSSUHVVLRQ�� 5HGXFLQJ� WKH� VSDFLQJ� EHWZHHQ� VKRULQJ�
YLDV� QRW� RQO\� PDNH� WKH� IUHTXHQF\� UDQJH� RI� VDPH�
WUDQVPLVVLRQ�FRHIILFLHQWV�ZLGHU��EXW�DOVR�HQKDQFH�WKH�XSSHU�
FXWRII�IUHTXHQF\��

3. SSN suppression in multiple plane pairs 
$FWXDOO\�� 661� FDQ� EH� H[FLWHG� LQ� HYHU\� SODQH� SDLUV� LQ�
PXOWLOD\HU� 3&%V�� 3UHYLRXV� WHFKQLTXHV� RI� QRLVH� VXSSUHVVLRQ�
HLWKHU�FDQQRW�HIIHFWLYHO\�PLQLPL]H�WKH�661�LQ�PXOWLSOH�SODQH�
SDLUV�� RU� HPSOR\� WRR� PXFK� PHWDO� OD\HUV�� ,Q� WKLV� VHFWLRQ�
VKRUWLQJ�YLD�DUUD\V�DUH�FRPELQHG�ZLWK�HPEHGGHG�FDSDFLWDQFH�
WR�UHGXFH�PHWDO�OD\HUV�DQG�HQKDQFH�WKH�661�VXSSUHVVLRQ�LQ�
PXOWLSOH�SODQH�SDLUV���
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)XUWKHU�LQVSHFWLQJ�)LJ����E���ZH�FDQ�REVHUYH�WKDW�6���DQG�
6��� RI� WKH� ��OD\HU� ERDUGV� DOVR� KDYH� WKH� VDPH� VXSSUHVVLRQ�
FKDUDFWHULVWLFV� ZLWK� WKDW� RI� ����PP� WKLFN� ��OD\HU� ERDUG� LQ�
ORZ�IUHTXHQF\� UDQJH�� 7KLV� UHYHDOV� WKDW� LI� RQH� RI� WKH� SODQH�
SDLUV� KDV� H[FHOOHQW� QRLVH� VXSSUHVVLRQ� SHUIRUPDQFH� LQ�
VKRUWHG� PXOWLOD\HU� 3&%V�� LW� FDQ� DFKLHYH� 661� VXSSUHVVLRQ�
VLPXOWDQHRXVO\� LQ� VHYHUDO� SODQH� SDLUV� LQ� ORZ�IUHTXHQF\�
UDQJH�� $V� ZH� NQRZ�� H[FHOOHQW� QRLVH� VXSSUHVVLRQ�
SHUIRUPDQFH� FDQ� EH� UHDOL]HG� E\� HPSOR\LQJ� WKLQ� GLHOHFWULF�
VXEVWUDWH� RU� KLJK� GLHOHFWULF� FRQVWDQW�PDWHULDOV� LQ� RQH� VROLG�
SODQH� SDLUV�� %DVHG� RQ� WKLV� NQRZOHGJH�� HPEHGGHG�
FDSDFLWDQFH�LV�DGRSWHG�LQ�WKH�IDEULFDWHG�PXOWLOD\HU�3&%V��
7ZR�VDPH�ERDUGV�DUH� IDEULFDWHG�ZLWK� WHVW�SRUWV�SODFHG�DW�

WRS�DQG�ERWWRP�SODQH�SDLUV�UHVSHFWLYHO\��7KH�VLGH�YLHZ�RI�WKH�
ERDUGV�LV�VKRZQ�LQ�)LJ����D���3RUWV���DQG���DUH�WKH�WHVW�SRUWV�
RI� ILUVW� ERDUG�� 3RUWV� �� DQG� �� DUH� WKH� WHVW� SRUWV� RI� VHFRQG�
ERDUG�� 7R� VLPSOLI\� WKH� LOOXVWUDWLRQ�� IRXU� WHVW� SRUWV� DUH�
GHSLFWHG�LQ�WKH�VDPH�ILJXUH�RQFH�DJDLQ��3RUW���DQG�SRUW���DUH�
ORFDWHG�DW������PP������PP���3RUW���DQG�SRUW���DUH�SODFHG�DW�
������ PP�� ����� PP��� 7KH� WKLFNQHVV� RI� HPEHGGHG�
FDSDFLWDQFH� LV� ���PLFURQ�� WKH� GLHOHFWULF� FRQVWDQW� LV� ��� DQG�
ORVV�WDQJHQW�LV��������7KH�VL]H�RI�IDEULFDWHG�ERDUG�LV����PP
×���PP�� ZLWK�d ��PP��h1 ����PP�� DQG�h2 ���PP�� 7KH�
GLHOHFWULF� VXEVWUDWHV� LQ� WRS� DQG�ERWWRP�SODQH�SDLUV� DUH�)5��
ZLWK�D�GLHOHFWULF�FRQVWDQW�RI�����DQG�D�ORVV�WDQJHQW�RI��������
7KH� VLPXODWHG� DQG� PHDVXUHG� UHVXOWV� DUH� VKRZQ� LQ� )LJV��

��E�� DQG� �F��� 7KH� 6��� DQG� 6��� RI� VDPH� ERDUGV� ZLWKRXW� WKH�
VKRUWLQJ� YLD� DUUD\V� DUH� DOVR� JLYHQ� LQ� )LJV�� ��E�� DQG� �F�� IRU�
UHIHUHQFH��)URP�)LJV����E��DQG��F���ZH�FDQ�REVHUYH�WKDW�661�
KDYH�EHHQ�VXSSUHVVHG�EHORZ����G%�IURP�QHDU�'&�WR����*+]�
VLPXOWDQHRXVO\� LQ� WRS� DQG� ERWWRP� SODQH� SDLUV�� 0RUHRYHU��
PHDVXUHG�6���DQG�6���NHHS�DOPRVW�WKH�VDPH�EHORZ�����*+]��
'XH�WR�RQO\�RQH�GLHOHFWULF�VXEVWUDWH�LV�XVHG�LQ�>��@��WKH�XSSHU�
FXWRII� IUHTXHQF\� RI� 3�*� YLD� SDLUV� FDQ� EH� DFFXUDWHO\�
HVWLPDWHG�E\� � � ZDYHJXLGH� UHVRQDWRU�SULQFLSOH��+RZHYHU��
LQ� WKH� GHVLJQHG� PXOWLOD\HU� 3&%V�� WZR� GLIIHUHQW� GLHOHFWULF�
VXEVWUDWHV� DUH� XVHG�� ,W� LV� PXFK� PRUH� FRPSOLFDWHG� WKDQ� WKH�
VLWXDWLRQ� RI� RQO\� RQH� GLHOHFWULF� VXEVWUDWH� WR� DFFXUDWHO\�
DQDO\]H� WKH�XSSHU� FXWRII� IUHTXHQF\��)RUWXQDWHO\�� GXH� WR� WKH�
WKLFNQHVV�RI�HPEHGGHG�FDSDFLWDQFH�OD\HU�LV�IDU�VPDOOHU�WKDQ�
WKDW�RI�WKH�RWKHU�GLHOHFWULF�OD\HUV��GLHOHFWULF�VXEVWUDWHV�LQ�WRS�
DQG� ERWWRP�SODQH� SDLUV� DUH� GRPLQDQW�� 7KHUHIRUH�� WKH� XSSHU�
FXWRII�IUHTXHQF\�FDQ�DOVR�EH�DSSUR[LPDWHO\�SUHGLFWHG�E\�>��@�

� rupper dcf � �� ����

ZKHUH�F�LV�WKH�OLJKW�VSHHG�LQ�YDFXXP�DQG� r �LV�WKH�UHODWLYH�
SHUPLWWLYLW\� RI� GLHOHFWULF� XVHG� LQ� WRS� DQG� ERWWRP� FDYLWLHV��
7KH�XSSHU�FXWRII�IUHTXHQF\�RI�WKH�GHVLJQHG�ERDUG�SUHGLFWHG�
E\�����LV������*+]��ZKLFK�LV�FORVH�WR�WKH�PHDVXUHG�����*+]��

4. Conclusions 
,Q�WKLV�SDSHU��WKH�ORZ�IUHTXHQF\�SHUIRUPDQFH�RI���OD\HU�3&%�
VKRUWHG� E\� YLD� DUUD\V� LV� LQYHVWLJDWHG� ILUVWO\�� 6DPH�
WUDQVPLVVLRQ� FRHIILFLHQWV� LQ� ORZ�IUHTXHQF\� UDQJH� DUH�
REVHUYHG� LQ� WZR� SODQH� SDLUV� RI� WKH� VKRUWHG� ��OD\HU� 3&%��
7KHQ� HPEHGGHG� FDSDFLWDQFH� LV� XWLOL]HG� DQG� FRPELQHG�ZLWK�
VKRUWLQJ� YLD� DUUD\V� WR� HQKDQFH� WKH� QRLVH� VXSSUHVVLRQ�

VLPXOWDQHRXVO\� LQ� PXOWLSOH� SODQH� SDLUV�� 7KH� 0HDVXUHG� ����
G%� VXSSUHVVLRQ� EDQGZLGWK� RI� WKH� IDEULFDWHG� ERDUG� LV� IURP�
DOPRVW� '&� WR� VHYHUDO� *LJD� +]�� %RWK� WKH� VLPXODWLRQ� DQG�
PHDVXUHPHQW�DUH�JLYHQ�ZKLFK�DUH�FRQVLVWHQW�ZLWK�HDFK�RWKHU��
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Abstract 
7KLV�SDSHU�SUHVHQWV�DQ�DFFXUDWH�PRGHOLQJ�DQG�PHDVXUHPHQW�
WHFKQLTXH� RI� VLJQDO� LQWHJULW\� �6,�� IRU� KLJK�UDWH� 3&%�
LQWHUFRQQHFWLRQ��7KLV�PRGHO�LV�EDVHG�RQ�WKH�UHGXFHG�WUDQVIHU�
IXQFWLRQ�H[WUDFWHG�IURP�WKH�HOHFWURPDJQHWLF��(0��EHKDYLRU�
RI� WKH� LQWHUFRQQHFW� OLQH�5/&*�SDUDPHWHUV��6R�� WKH� WUDQVIHU�
IXQFWLRQ� HVWDEOLVKHG� WDNHV� LQWR� DFFRXQW� ERWK� WKH� IUHTXHQF\�
GLVSHUVLRQ� HIIHFWV� DQG� WKH� GLIIHUHQW� SURSDJDWLRQ� PRGHV�� ,Q�
DGGLWLRQ�� WKH� WUDQVIHU� IXQFWLRQ� LQFOXGHV� DOVR� WKH� ORDG� DQG�
VRXUFH�LPSHGDQFH�HIIHFWV��7KHQ��WKH�6,�DQDO\VLV�LV�SURSRVHG�
IRU�KLJK�VSHHG�GLJLWDO�VLJQDOV�WKURXJK�WKH�GHYHORSHG�PRGHO��
7R�YDOLGDWH�WKH�PRGHO�XQGHUVWXG\��D�SURWRW\SH�RI�PLFURVWULS�
LQWHUFRQQHFWLRQ� ZLWK� w� ������P� DQG� OHQJWK� d� ����PP�
ZDV� GHVLJQHG�� VLPXODWHG�� IDEULFDWHG� DQG� WHVWHG�� 7KHQ��
FRPSDULVRQV� EHWZHHQ� WKH� IUHTXHQF\�� DQG� WLPH�� GRPDLQ�
UHVXOWV� IURP� WKH� PRGHO� DQG� IURP� PHDVXUHPHQWV� DUH�
SHUIRUPHG�� $V� H[SHFWHG�� JRRG� DJUHHPHQW� EHWZHHQ� WKH� 6�
SDUDPHWHUV� IRUP�PHDVXUHPHQWV� DQG� WKH�PRGHO� SURSRVHG� LV�
REWDLQHG�IURP�'&�WR���*+]��)XUWKHUPRUH��D�GH�HPEHGGLQJ�
PHWKRG�HQDEOLQJ�WR�FDQFHO�RXW�WKH�FRQQHFWRUV�DQG�WKH�SUREH�
HIIHFWV� DUH� DOVR� SUHVHQWHG�� )LQDOO\�� DQ� LQQRYDWLYH� WLPH�
GRPDLQ�FKDUDFWHUL]DWLRQ�LV�SURSRVHG�LQ�RUGHU�WR�YDOLGDWH�WKH�
FRQFHSW�ZLWK�D������*ELW�V�LQSXW�GDWD�VLJQDO��

1. Introduction 
2YHU� WKH� ODVW� ��� \HDUV�� WKH� WUHPHQGRXV� JURZWK� RI� WKH�

PLFURHOHFWURQLFV� LQGXVWU\� KDV� OHDG� WR� DQ� LQFHVVDQW� LQFUHDVH�
RI� RSHUDWLQJ� IUHTXHQFLHV� DQG� LQWHJUDWLRQ� VFDOH� GHQVLWLHV� RI�
WKH�FKLSV�DQG�WKH�HOHFWURQLF�V\VWHPV�>�@��7KH�FRPELQDWLRQ�RI�
WKH� IXQFWLRQDO� GLYHUVLILFDWLRQ� �³0RUH� WKDQ�0RRUH´�� DQG� WKH�
LQWHJUDWLRQ� WHFKQRORJLHV� �³0RUH� 0RRUH´�� OHDG� WR� QHZ�
HOHFWURPDJQHWLF�FRPSDWLELOLW\��(0&��FKDOOHQJHV�LQ�RUGHU�WR�
PDNH� FRH[LVWLQJ� WKHVH� PLFUR�V\VWHPV� LQ� UHVWULFWHG�
HQYLURQPHQWV�>���@��7KLV�DUUDQJHPHQW�RI�WHFKQRORJLHV�LV�WKH�
ZRUWKZKLOH�DQG�VWUDWHJLF�ZRUN� WR�WDUJHW� LQ�RUGHU� WR�REWDLQ�D�
KLJK�YDOXH�V\VWHP�>���@��,Q�DGGLWLRQ�WR�WKLV�FRQVWDQW�LQFUHDVH�
LQ� GHQVLW\�� VLQFH� WKH� GLJLWDO� V\VWHPV� UHDFK� YHU\� KLJK� GDWD�
UDWHV�� WKH� ILGHOLW\�RI� WKHVH�5)�GLJLWDO� VLJQDOV�PXVW� EH� WDNHQ�
LQWR� DFFRXQW� E\� GHVLJQHUV� >���@�� >��@�� ,Q� RUGHU� WR� SUHVHUYH�
WKH� DFFHSWDEOH� IXQFWLRQLQJ� RI� PRGHUQ� KLJK� VSHHG� GLJLWDO�

HOHFWURQLFV�� VLQFH� WKH� HDUO\� ����V�� FULWLFDO� UHTXLUHPHQWV� RQ�
WKH� VLJQDO� LQWHJULW\� �6,�� ZHUH� HVWDEOLVKHG� >�@�� >���@�� ,W� LV�
ZLGHVSUHDG� WKDW� DOO� HOHFWURQLF� SURGXFWV� KDYH� WKH� VDPH�
FRQILJXUDWLRQ�� WKHUH� DUH� GULYHUV� WKDW� RXWSXWWLQJ� VLJQDOV� WR�
UHFHLYHUV� WKURXJK� WKH� LQWHUFRQQHFWV� >�@�� 7KLV� VWDWHPHQW�
LOOXVWUDWHV�WKDW�WKH�HIIHFWV�RI�LQWHUFRQQHFWLRQ�OLQHV�FDQQRW�EH�
QHJOHFWHG�>���@�� IRU� LQWHJUDWHG�FLUFXLWV� �,&V�� >�@�DQG�SULQWHG�
FLUFXLW�ERDUGV��3&%V��>�����@��

6XEVHTXHQWO\�� RQH� RI� WKH� PRVW� LPSRUWDQW� GHJUDGDWLRQV� LQ�
VXFK� V\VWHPV� LV� OLQNHG� WR� WKH� LQWHUFRQQHFWLRQ�PRGHOLQJ� IRU�
KLJK�VSHHG� DSSOLFDWLRQV� >���@�� >�@�� >��@�� )RU� WKLV� UHDVRQ��
PRUH�DQG�PRUH�DFFXUDWH�LQWHUFRQQHFWLRQ�QHWZRUN�PRGHOV�DUH�
QHFHVVDU\� WR�EDODQFH� FRUUHFWO\� WKH� VLJQDOV� DW� GLIIHUHQW� VWDJH�
RI� WKH� HOHFWURQLF� ERDUGV� >�����@�� $� IDVW� DQG� DFFXUDWH�
PRGHOLQJ�RI�3&%�7/V��3ULQWHG�&LUFXLW�%RDUGV�7UDQVPLVVLRQ�
/LQHV�� IRU� KLJK�UDWH� GLJLWDO�PL[HG� VLJQDO� LQWHUFRQQHFWV� KDV�
EHHQ�UHFHQWO\�SHUIRUPHG�>�����@��:KHUHDV�3&%V�RU�7/V�DUH�
ZHOO�NQRZQ� VLQFH� WKH� HDUO\� RI� ����V� >��@�� VRPH�
LPSURYHPHQWV� VHHP� WR� EH� VWLOO� UHTXLUHG� >��@� IRU� WKH� EHWWHU�
XQGHUVWDQGLQJ� RI� WKH� SK\VLFDO� EHKDYLRU� >��@� DQG� WKH� VLJQDO�
LQWHJULW\� IRUHFDVWLQJ� IRU� PRGHUQ� DSSOLFDWLRQV� >�����@��
,QGHHG��IDFLQJ�WR�WKH�ZLGHVSUHDG�PLFURZDYH�WKHRU\��WKH�3&%�
LQWHUFRQQHFWV� UHTXLUH� IDVWHU� DQG� PRUH� DFFXUDWH� EURDGEDQG�
PRGHOV� >��@� DQG� PHDVXUHPHQW� WHFKQLTXHV� >��@�� 7KHUHIRUH�
WKLV� ILHOG� RI� LQYHVWLJDWLRQ� LV� H[WUHPHO\� DWWUDFWLYH�� LQ�
SDUWLFXODU� IRU� GLIIHUHQWLDO� 7/V� RU� PXOWLOD\HU� 7/V� >��@� DQG�
WLPH�GRPDLQ�DQDO\VLV�>�����@��8QGHQLDEO\��RYHU�WKH�ODVW�ILYH�
\HDUV� PDQ\� HQKDQFHPHQWV� DERXW� WKH� NQRZOHGJH� RI� 7/V�
EHKDYLRU� KDYH� EHHQ� KLJKOLJKWHG� >�����@�� 'HVSLWH� WKLV�
WHFKQLFDO� SURJUHVV�� D� PDMRU� LVVXH� LV� LQKHUHQW� WR� WKH� WLPH�
GRPDLQ�SUHGLFWLRQ� >��@� DQG� WKH� FDOLEUDWLRQ�SURFHVV� >��@�� ,Q�
IDFW�� WKH� GH�HPEHGGLQJ� WHFKQLTXH� LV� WKH� FULWLFDO� SRLQW� LQ�
RUGHU�WR�DFFRPSOLVK�D�JRRG�DJUHHPHQW�ZLWK�WKH�PRGHOV�>��@��
&RQVHTXHQWO\�� WKH� $%&'� PDWUL[� LV� RQH� SDUDPHWHU� ZKLFK�
DOORZV�RQH�WR�H[SORUH�WKLV�ERWWOHQHFN�>��@��>��@��SDUWLFXODUO\�
IRU� HVWLPDWLQJ� WKH� WUDQVLHQW� UHVSRQVHV� >�����@�� 7KLV�
VWDWHPHQW�PRWLYDWHV�XV�WR�GHYHORS�VLPSOHU�DQG�IDVWHU�PRGHOV�
WR�IRUHFDVW�WKH�WUDQVLHQW�UHVSRQVHV�IRU�GLJLWDO�LQWHUFRQQHFWLRQ�
OLQHV�RQ�3&%V�WR�KHOS�GHVLJQHUV�IRU�KLJK�VSHHG�DSSOLFDWLRQV�
>�����@�� >��@�� 0RUHRYHU�� DV� H[SRVHG� DERYH�� LQWHUFRQQHFWV�



��
�

SOD\� DQ� LPSRUWDQW� UROH� LQ� GHVLJQLQJ�PRGHUQ� HOHFWURQLF� DQG�
PLFURHOHFWURQLF�V\VWHPV��6R�WKH�GHJUDGDWLRQV�HQJHQGHUHG�E\�
WKHVH�LQWHUFRQQHFWV�FDQ�EH�SDUWLDOO\�UHGXFHG�E\�WKH�UHSHDWHUV�
LQVHUWLRQ�>��@�RU�FRPSOHWHO\�UHGXFHG�XVLQJ�WKH�1*'�FRQFHSW�
DV�UHFHQWO\�LQWURGXFHG�>�����@��

)RU� WKH� EHWWHU� XQGHUVWDQGLQJ�� WKLV� SDSHU� LV� RXWOLQHG� DV�
IROORZV�� Section 2� RIIHUV� WKH� WKHRUHWLFDO� DSSURDFK� RI�
H[WUDFWLQJ�WKH�5/&*�PRGHO�RI�PLFURVWULS�OLQHV��)LUVW�RI�DOO��
WKH� FKDUDFWHULVWLF� LPSHGDQFH� DQG� WKH� SURSDJDWLRQ� FRQVWDQW�
LQFOXGLQJ� WKH� IUHTXHQF\� GLVSHUVLRQ� DQG� SURSDJDWLRQ� PRGHV�
HIIHFWV� DUH� HVWDEOLVKHG� LQ� IXQFWLRQ� RI� WKH� JHRPHWULFDO� DQG�
SK\VLFDO�SURSHUWLHV�RI�WKH�LQWHUFRQQHFW�OLQH��7KHQ�WKH�RYHUDOO�
YROWDJH� WUDQVIHU� IXQFWLRQ� RI� LQWHUFRQQHFWHG� HOHFWURQLF�
V\VWHPV� LV� H[WUDFWHG�� LQFOXGLQJ� VRXUFH� LPSHGDQFH� DQG� ORDG�
LPSHGDQFH�HIIHFWV��,Q�RUGHU�WR�GHPRQVWUDWH�WKH�UHOHYDQFH�RI�
WKLV�PRGHO��Section 3� SUHVHQWV� IUHTXHQF\�� DQG� WLPH�GRPDLQ�
LQYHVWLJDWLRQV� SHUIRUPHG� ZLWK� DQ� RULJLQDO� ³RPHJD´� VKDSH�
LQWHUFRQQHFW� OLQH�� 7KH� YDOLGDWLRQ� SURFHVV� ZLOO� EH� SUHVHQWHG�
E\� FRQVLGHULQJ� IUHTXHQF\��WLPH�GRPDLQV� PHDVXUHPHQWV�
DFKLHYHG�ZLWK� WKH� LQQRYDWLYH� LPSURYHG�7'5���7'7� �7LPH�
'RPDLQ� 5HIOHFWRPHWU\� �� 7LPH�'RPDLQ� 7UDQVPLVVLRPHWU\��
HTXLSPHQW� LQWURGXFHG� LQ� >�����@�� 7KLV� DOORZV� RQH� WR�
LOOXVWUDWH� WKH� HYLGHQFH� RI� WKH� HIIHFWV� RI� FRQQHFWRUV� DQG� WKH�
GH�HPEHGGLQJ�SURFHVV�FRQVHTXHQFHV��)LQDOO\��WKH�FRQFOXVLRQ�
RI�WKH�SDSHU�LV�RIIHUHG�LQ�WKH�ODVW�VHFWLRQ��

2. Theoretical approach 
7KLV�VHFWLRQ�LV�VWUXFWXUHG�LQ�WZR�SDUDJUDSKV��)LUVW��ZH�UHFDOO�
WKH�FKDUDFWHUL]DWLRQ� WKHRU\�RI�PLFURVWULS� OLQHV� LQFOXGLQJ� WKH�
H[WUDFWLRQ�PHWKRG�RI�SHU�XQLW�OHQJWK�SDUDPHWHUV�R��L��C�DQG�
G�� 7KHQ�� NQRZLQJ� WKH� 5/&*�PRGHO� RI� WKH� OLQH�� WKH�
DQDO\WLFDO�H[SUHVVLRQV�RI�WKH�WUDQVIHU�IXQFWLRQ�DQG�WKH�DFFHVV�
LPSHGDQFHV� RI� WKH� OLQH� DUH� LQWURGXFHG� LQ� WKH� VHFRQG�
SDUDJUDSK��

2.1. Electromagnetic parameters extraction of a single 
transmission line (TL) 

2QH� FRQVLGHUV� D� PLFURVWULS� 7/�� RI� OHQJWK� d�� ZLWK� (0�
�(OHFWURPDJQHWLF�� SDUDPHWHUV� SURSDJDWLRQ� FRQVWDQW�

������  j ��ZLWK� �j �� DQG� FKDUDFWHULVWLF�
LPSHGDQFH�� ZF�Ȧ��� GHILQHG� IURP� SK\VLFDO� SURSHUWLHV�
�SHUPLWWLYLW\�U�� GLHOHFWULF� ORVV� WDQJHQW�tan�� PHWDO�
UHVLVWLYLW\�ȡ«�� DQG� JHRPHWULFDO� SURSHUWLHV� �ZLGWK�w��
PHWDOOL]DWLRQ�WKLFNQHVV�t�DQG�VXEVWUDWH�KHLJKW�h�� LQ�IXQFWLRQ�
RI�WKH�IUHTXHQF\�DV�VNHWFKHG�RQ�)LJXUH����

 

hWx

y

z

dt

�
)LJXUH����*HRPHWULFDO�UHSUHVHQWDWLRQ�RI�D�PLFURVWULS�7/��

$FFRUGLQJ� WR� WKH� PLFURZDYH� WKHRU\� >��@�� WKH� ZHOO�NQRZQ�
PLFURVWULS� OLQH�V\QWKHVLV�DQG�DQDO\VLV� UHODWLRQV�>��@��ZKLFK�
DUH� XVHG� LQ� WKH� (0'6� �(OHFWURPDJQHWLF� 'HVLJQ� 6\VWHP��
HQYLURQPHQW�RI�$'6��$GYDQFHG�'HVLJQ�6\VWHP��VLPXODWLRQ�
WRRO��SHUPLW�WR�H[WUDFW�WKH�FKDUDFWHULVWLF�LPSHGDQFH��
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SHUPLWWLYLW\� RI� WKH� PHGLXP�� ,Q� RUGHU� WR� UHDFK� D� EHWWHU�
DFFXUDF\�� WKLV� PRGHO� PXVW� EH� YDOLG� LQ� WKH� ZLGH� IUHTXHQF\�
EDQGZLGWK��)RU�WKLV�UHDVRQ��IUHTXHQF\�GLVSHUVLRQ�HIIHFWV�FDQ�
EH� WDNHQ� LQWR� DFFRXQW� LI� WKH� FKDUDFWHULVWLF� LPSHGDQFH� LV�
FRQVLGHUHG�DV�IROORZV��
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,Q� WKLV� UHPLQGHU�� LW� LV� ZRUWK\� RI� QRWH� WR� PHQWLRQ� WKDW� D�
SDUWLFXODU�SRLQW�RI�DWWHQWLRQ�VKRXOG�EH�FRQVLGHUHG�UHJDUGLQJ�
WKH�HIIHFWLYH�ZLGWK�weff�RI�WKH�VWUXFWXUH��,QGHHG��D�FRQIRUPDO�
WUDQVIRUPDWLRQ� VKRXOG� EH� SHUIRUPHG� ZLWK� UHVSHFW� RI� WKH�
YDOXH�RI�u�>��@�DV�IROORZV��
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2QH�DOVR�FRQVLGHUV�WKH�SURSDJDWLRQ�PRGH�HIIHFWV��KHQFH�WKH�
SURSDJDWLRQ� FRQVWDQW� LQ� IXQFWLRQ� RI� WKH� IUHTXHQF\� FDQ� EH�
ZULWWHQ��E\�GHQRWLQJ�c�WKH�YDFXXP�OLJKW�FHOHULW\��DV��
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LQFOXGHV� WKH� PHWDOOLF� FRQGXFWRU� DQG� WKH� GLHOHFWULF� ORVVHV�
UHVSHFWLYHO\�JLYHQ�E\��
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)RU� WKH� FDOFXODWLRQ� LQFOXGLQJ� WKH� UDGLDWLQJ� ORVVHV�� PRUH�
H[SOLFLW� DQDO\WLFDO� H[SUHVVLRQV� RI� WKH� SURSDJDWLRQ� FRQVWDQW�
UHDO� SDUW� RU� WKH� SHU� XQLW� OHQJWK� ORVVHV� FRQVWDQW� α(f)� LV�
SUHVHQWHG� LQ� >�����@�� ,W� LV� QRWHZRUWK\� WKDW� IURP� WKLV�
VWDWHPHQW�RQH�FDQ�DOVR�H[WUDFW�VWUDLJKWIRUZDUGO\� WKH�5/&*�
SDUDPHWHUV�RI�DQ\�LQWHUFRQQHFW�OLQHV�E\�VXEVWLWXWLQJ�>��@��
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2.2. Voltage transfer function determination of a TL 

*HWWLQJ� DQ� DFFXUDWH� YROWDJH� WUDQVIHU� IXQFWLRQ� �97)�� RI� DQ�
LQWHUFRQQHFWLRQ� OLQH� \LHOGV� WR� GHWHUPLQH� WKH� GRPDLQ� RI�
YDOLGLW\�RI�WKH�SUHVHQWHG�HTXDWLRQV�����WR�������7KH�VLPSOHU�
DSSUR[LPDWLRQ� WKDW� RQH� FDQ� SURYLGH� LV� WR� ERXQG� WKH� XSSHU�
IUHTXHQF\��fPD[��LQ�IXQFWLRQ�RI�WKH�VXEVWUDWH�KHLJKW�>��@�DV��
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,Q� WKLV�FDVH�RQH�FDQ�DVVXPH� WKDW� WKH�7/�RIIHUV�TXDVL�7(0�
VROXWLRQ�IRU�SURSDJDWLQJ��+HQFH��WKH�7/�LV�FKDUDFWHUL]HG�E\�
WKH�IROORZLQJ�$%&'�PDWUL[�>��@��
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%\�FRQVLGHULQJ�D�UHDO�HOHFWURQLF�V\VWHP�OLNH�WZR�ORJLF�JDWHV�
FRQQHFWHG� WRJHWKHU� WKURXJK�D�3&%� LQWHUFRQQHFWLRQ� OLQH�� DV�
GHSLFWHG�RQ�)LJXUH����RQH�SURSRVHV�HYDOXDWLQJ�WKH�6,��
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)LJXUH� ��� &LUFXLW� GLDJUDP� UHSUHVHQWLQJ� LQWHUFRQQHFW� OLQH� GULYHQ� E\� VRXUFH� JDWH� ZLWK� LPSHGDQFH� Z6� DQG� ORDGHG� E\� LQSXW�
LPSHGDQFH�Z/��

�

�

6LQFH�� WKH�6,�DVVHVVPHQW� LV�EDVHG�RQ� WKH�HTXLYDOHQW�DQDORJ�
EDQGZLGWK� RI� D� FRQVLGHUHG� LQSXW� VLJQDO��&RQVHTXHQWO\�� WKH�
5/&*�LQWHUFRQQHFWLRQ� 97)� VKRXOG� SUHVHQW� WKH� VDPH�
EDQGZLGWK�� WKLV� EHFRPHV� FKDOOHQJLQJ� HVSHFLDOO\� IRU� KLJK�
UDWH� VLJQDO� GXH� WR� LPSRUWDQW� ULVH� WLPHV� >��@�� ,QGHHG�� WKH�

HTXLYDOHQW�IUHTXHQF\�EDQGZLGWK�BW�IRU�D�WUDSH]RLGDO�VLJQDO�
LV�UHODWHG�WR�WKH�����WR�����ULVH�WLPH��tr �������DV��

����
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$V� D� UHVXOW�� WKH� IUHTXHQF\�GRPDLQ� RI� YDOLGLW\� RI� WKH� 97)�
PXVW� VDWLVI\� UHODWLRQV� ����� DQG� ������ 6R�� WKH� RYHUDOO� 7/�
WUDQVIHU� PDWUL[� Mij� LQFOXGLQJ� WKH� VRXUFH� Z6�� DQG� ORDG� Z/��
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LPSHGDQFHV�ZLWKLQ� WKH� IUHTXHQF\� EDQG� RI� LQWHUHVW� LV� JLYHQ�
E\� WKH� PDWUL[� SURGXFW� H[SUHVVHG� LQ� ������ $IWHUZDUGV�� 6,�
SDUDPHWHUV� FDQ� EH� HVWDEOLVKHG� VWUDLJKWIRUZDUGO\� IURP� WKH�
LPSHGDQFH�PDWUL[�DQG�WKH�WUDQVLHQW�UHVSRQVHV�>��@��
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,Q�IDFW��WKH�97)�GHQRWHG�H(jω)��WKH�LQSXW�LPSHGDQFH�ZLQ(jω)��
WKH� RXWSXW� LPSHGDQFH� ZRXW(jω)� DQG� WKH� WUDQVIHU� LPSHGDQFH�
Z7(jω)� RI� WKH� FRQVLGHUHG� V\VWHP� RI� WKH� )LJXUH� �� DUH�
UHVSHFWLYHO\�VXPPDUL]HG�LQ�7DEOH����
�

�
7DEOH����6XPPDU\�RI�H[WUDFWHG�IUHTXHQF\�GRPDLQ�6,�SDUDPHWHUV��

6,�
SDUDPHWHUV�

([SUHVVLRQ�
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3. Frequency- and time-domain investigations 
$V�FRQFUHWH�SURRI�RI�FRQFHSW��WKH�³omega´�VKDSH�PLFURVWULS�
LQWHUFRQQHFW� GLVSOD\HG� LQ� )LJXUH� �� ZDV� FRQVLGHUHG� DQG�
FKDUDFWHUL]HG� E\� WKH� 7'5�7'7� WHFKQLTXHV�� 7KH� HTXLSPHQW�
XVHG� LQ� WKLV� H[SHULPHQW� DSSOLHV� GH�QRLVLQJ� DOJRULWKPV� >��@�
RQ� DOO� WKH� ���*+]� LQVWDQWDQHRXV� EDQGZLGWK� 7'5�7'7�
WUDFHV�� 7KLV� DOORZV� SHUIRUPLQJ� VWUDLJKWIRUZDUGO\� DQG�
DFFXUDWHO\�WKH�GH�HPEHGGLQJ�RI�WKH�60$�FRQQHFWRUV�LQ�>��@��
7KH� LQWHUFRQQHFW�XQGHU�WHVW� �,87�� SUHVHQWV� D� ZLGWK�
w� �����PP�� DQG� D� OHQJWK� d� ��������PP� SULQWHG� RQ� WKH�
)5��HSR[\� VXEVWUDWH�� RI� KHLJKW�h� �����PP��KDYLQJ� UHODWLYH�
SHUPLWWLYLW\� εr� ������ )LJXUH� �� UHSUHVHQWV� WKH� VFKHPDWLF�
GLDJUDP� RI� WKH� FLUFXLW� WHVWHG� E\� FRQVLGHULQJ� DQ�
LQWHUFRQQHFWLRQ� ZLWK� FRPSOH[� IRUP�� 7KLV� LQWHUFRQQHFW�
FRUUHVSRQGV� WR� WKH� OHQJWK� RI� 3&%� LQWHUFRQQHFWLRQV� IRU�
PL[HG�FLUFXLW�DV�3//�RU�FORFN�GLVWULEXWLRQ�>��@��
�

��PP��P
P

�
)LJXUH����,QWHUFRQQHFW�PLFURVWULS�OLQH�XQGHU�WHVW��

(0�IXOO�ZDYH�VLPXODWLRQV�RI� WKH���'�VWUXFWXUH� UHSUHVHQWHG�
E\�WKH�EODFN�ER[�VKRZQ�LQ�)LJXUH���ZHUH�SHUIRUPHG�LQ�WKH�
(0� GHVLJQ� V\VWHP� HQYLURQPHQW�� ³0RPHQWXP´�� RI� $'6�
PLFURZDYH�HOHFWURQLF�WRRO��7KLV�,87�ZDV�DOVR�PRGHOHG�ZLWK�
WKH�PHWKRG�SURSRVHG�LQ�Section 2��

�

vi(t)

Rs

RL vo(t)
(0�PRGHO�RI�WKH
LQWHUFRQQHFW�OLQH

CL

ZL

�
)LJXUH����6FKHPDWLF�GLDJUDP�XVHG�IRU�WKH�(0�FLUFXLW�FR�WHVW��

3.1. Time-domain de-embedding technique supplied by 
the SPARQ 
:KHQ� FKDUDFWHUL]LQJ� DQ\� ,87�� FRQQHFWRUV� DUH� UHTXLUHG��
QRQHWKHOHVV�� WKH� LPSDFW� RI� WKHVH� ODWHU� FDQQRW�EH�QHJOHFWHG��
)RU� WKLV� UHDVRQ�� GH�HPEHGGLQJ� FRQQHFWRUV� LV� HVVHQWLDO� IRU�
DVVHVVLQJ�WKH�VLJQDO�LQWHJULW\�RI�DQ�LQWHUFRQQHFWHG�HOHFWURQLF�
V\VWHP� DV� SUHVHQWHG� LQ� )LJXUH� ��� )LJXUH� �� LOOXVWUDWHV� WKH�
HIIHFWLYHQHVV�RI�WKH�GH�HPEHGGLQJ�WHFKQLTXH�E\�FRQVLGHULQJ�
D�GLJLWDO�PL[HG�LQSXW�vi�ZLWK���*ELW�V��*ESV��UDWH�DQG�����QV�
ULVH�WLPH� SURSDJDWLQJ� WURXJK� WKH� GHVLJQHG� ,87�� 7KH�
GHJUDGDWLRQ� RI� 6,� SDUDPHWHUV� LV� VXPPDUL]HG� EHORZ�� LQ�
7DEOH���� ,W� LV� QRWHZRUWK\� WKDW� OH� GH�HPEHGGHG� VLJQDO��
YLUWXDOO\�ZLWKRXW�FRQQHFWRUV��FDQ�EH�DFFXUDWHO\�UHVWRUHG��
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7DEOH����6,�SDUDPHWHUV�RI�WKH�WUDQVLHQW�UHVXOWV��

6,�3DUDPHWHU� ,87�ZLWK�FRQQHFWRUV� ,87�YLUWXDOO\�ZLWKRXW�FRQQHFWRUV�

5LVH�WLPH��SV�� ��� ���

$PSOLWXGH�DWWHQXDWLRQ��G%�� ������ ������

����7LPH�GHOD\��SV�� ��� ���
�

50 10

0

V0

Time (ns)
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Vo
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ge
 (V

)

9L��W�
9R��W�ZLWK� FRQQHFWRUV
9R��W�'H�(PEHGGHG

 
)LJXUH����0HDVXUHG�WUDQVLHQW�UHVXOWV�RI�WKH�,87�VKRZQ�LQ�)LJXUH����

�
�

3.2. Assessing the de-embedding effects 
$W�SUHVHQW�WLPH��WKH�GH�HPEHGGLQJ�SURFHVV�RI�WKH�63$54�LV�
XQGHU� FRQVLGHUDWLRQ�� )LUVW�� WKH� ,87� LV� FKDUDFWHUL]HG� ZLWK�
XVLQJ� D� 91$� �9HFWRU� 1HWZRUN� $QDO\]HU�� ZLWKLQ� WKH�
IUHTXHQF\�GRPDLQ� IURP� ����N+]� WR� ����*+]�� 7KH�
FDOLEUDWLRQ� ZDV� PDGH� LQ� 62/7� LQFOXGLQJ� SRUW� H[WHQVLRQ�
�RSHQ� DQG� VKRUW�� RI� WKH� XQLYHUVDO� WHVW� IL[WXUH� IRU� 3&%�� DV�
SUHVHQWHG� E\� WKH� SKRWRJUDSK� LQ� )LJXUH� ��� $IWHUZDUGV��
FRPSDULVRQ�ZDV�PDGH�ZLWK�WKH�63$54�PHDVXUHPHQW�LQ�WKH�
WLPH�GRPDLQ�IRU�GH�HPEHGGLQJ�SRUWV���DQG�����

�

�
)LJXUH� ��� 8QLYHUVDO� WHVW� IL[WXUH� XVHG� IRU� WKH� ,87�
FKDUDFWHUL]DWLRQ��

�

7KH� SRUWV� DUH� GH�HPEHGGHG� YLD� DQ� DOJRULWKP� WKDW� XVHV� 6�
SDUDPHWHU�PHDVXUHPHQW��DQG�WKXV�WKH�6�SDUDPHWHUV�IRU�WKHVH�
FRPSRQHQWV� PXVW� EH� NQRZQ� SULRU� WR� WKH� WLPH� RI�
PHDVXUHPHQW�� +HQFH�� 63$54� FDOFXODWHV� ILUVW� WKH� JDWHG�
SRUW¶V� 6�SDUDPHWHUV� DQG� WKHQ� XVHV� WKHP� LQ� GH�HPEHGGLQJ�
FRQQHFWRUV� >���� ��@�� 7DEOH� �� SURSRVHV� WKH� FRPSDULVRQ�
EHWZHHQ� WKH� WLPH� GHOD\V� HQJHQGHUHG� E\� WKH� FRQQHFWRUV�
REWDLQHG�IURP�91$�ZLWK�SRUW�H[WHQVLRQ��62/7�FDOLEUDWLRQ��
DQG� 7'5�7'7� PHDVXUHPHQW� SHUIRUPHG� ZLWK� WKH� 63$54��
7KHQ��WKH�6�SDUDPHWHUV�ZHUH�DOVR�REWDLQHG�ZLWK�WKH�63$54�
PHDVXUHPHQW�ZLWKLQ�WKH�WLPH�GRPDLQ�LQFOXGLQJ�WKH�³gating´�
SURFHVV� IRU� GH�HPEHGGLQJ� FRQQHFWRUV� >�����@�� >��@��
+HUHDIWHU��PDJQLWXGH�RI�WKH�S����D���S����E��DQG�SKDVH�RI�WKH�
S��� �F�� DUH� RIIHUHG� LQ� )LJXUH� ��� IURP� WKH� (0� VLPXODWLRQ�
�EODFN�FRQWLQXRXV�FXUYHV���WKH�SURSRVHG�PRGHO��EOXH�GDVKHG�
FXUYHV��� WKH�91$�PHDVXUHPHQW� �JUHHQ�GDVKHG� FXUYHV�� DQG�
WKH�63$54�PHDVXUHPHQW��UHG�FRQWLQXRXV�FXUYHV���

7DEOH����3RUW�H[WHQVLRQ�IRU�GH�HPEHGGLQJ�FRQQHFWRUV��

3RUW� 91$� 63$54�

3RUW���� �����SV� ���SV�

3RUW��� �����SV� ���SV�3RUW��� 3RUW���
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)LJXUH� ��� &RPSDULVRQV� RI� S���DPSOLWXGH� �D�� DQG� S���
DPSOLWXGH� �E�� DQG� S���SKDVH� �F�� IURP� WKH� (0� PRGHO�
REWDLQHG� IURP�PRPHQWXP�� WKH�GHYHORSHG�PRGHO�� WKH�91$�
PHDVXUHPHQW�DQG�WKH�7'5�7'7�PHDVXUHPHQW��

,Q� RUGHU� WR� VKRZ� WKH� UHOHYDQFH� RI� WKLV� GH�HPEHGGLQJ�
WHFKQLTXH�� WKH� WUDQVLHQW� WUDQVIHU� LPSHGDQFH�Z7� LV�FRPSDUHG�
EHWZHHQ� WKH� PHDVXUHPHQW� IURP� 63$54� �UHG� FRQWLQXRXV�
FXUYH��DQG�IURP�WKH�91$��EOXH�GDVKHG�FXUYH���$V�GHSLFWHG�
RQ�)LJXUH����D�JRRG�DJUHHPHQW�LV�HVWDEOLVKHG�DPRQJ�WKH�WZR�
UHVXOWV��
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3.3. Application to the signal integrity forecasting 
8VLQJ� WKH� 6,� 6WXGLR� IHDWXUH� WR� VLPXODWH� D� QRLV\� GLJLWDO�
PL[HG� LQSXW� vin� ZLWK� �����*ELW�V� UDWH� DQG� ���SV� ULVH�WLPH��
7KHQ�� LQ� RUGHU� WR� HPXODWH� 6,� SDUDPHWHUV� GHJUDGDWLRQ� E\�
FRQVLGHULQJ� Rs� ����ȍ�� RL  �����ȍ� DQG� CL� ���S)�� WKH�
9LUWXDO�3URELQJ�ZDV�SHUIRUPHG�>��@���
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LQ�)LJXUH���REWDLQHG�ZLWK�GLIIHUHQW� WHFKQLTXHV� IRU�DQ�15=�
QRLV\������*SEV�LQSXW�VLJQDO��
�
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,QGHHG�� WKH�6,�6WXGLR� FDSDELOLW\� DOORZV�RQH� WR� IRUHFDVW� WKH�
WUDQVLHQW� UHVSRQVH� RI� WKH� V\VWHP� DV� VKRZQ� E\�)LJXUH� ��� ,Q�
DGGLWLRQ�� FRPSDULVRQV� ZHUH� PDGH� EHWZHHQ� WKH� WUDQVLHQW�
UHVSRQVHV� REWDLQHG� IURP� 6,� 6WXGLR� ZLWK� WKH� 91$� �JUHHQ�
GDVKHG� FXUYHV�� DQG� WKH� 63$54� PHDVXUHPHQWV� �UHG�
FRQWLQXRXV� FXUYHV�� DQG� EHWZHHQ� WKH� VLPXODWLRQV� REWDLQHG�
IURP� WKH� GHYHORSHG�PRGHO� �EOXH� GDVKHG� FXUYHV�� DQG� IURP�
$'6� �RFKHU� GDVKHG� FXUYHV��� $Q� H[FHOOHQW� FRUUHODWLRQ� ZDV�
IRXQG� EHWZHHQ� WKH� 91$� UHVXOWV� DQG� WKH� 63$54�
PHDVXUHPHQWV� WKDW� JLYH� HYLGHQFH� RI� WKH� GH�HPEHGGLQJ�
PHWKRG� HIILFLHQF\�� ,Q� DGGLWLRQ� D� YHU\� JRRG� DJUHHPHQW� LV�
HVWDEOLVKHG� EHWZHHQ� WKH� GHYHORSHG� WKHRUHWLFDO� PRGHO� DQG�
WKH�PHDVXUHPHQWV��

4. Conclusions 
$� PRGHOLQJ� PHWKRG� RI� PLFURVWULS� LQWHUFRQQHFWLRQV� ZLWK�
UHGXFHG� 97)� LV� VXFFHVVIXOO\� LQWURGXFHG�� 7KH� WKHRUHWLFDO�
DQDO\VHV� RI� WKH� LQWHUFRQQHFWLRQV� DUH� UHFDOOHG�� 7KHQ�� EDVLF�
H[SUHVVLRQV� RI� WKH� 97)� DQG� DFFHVV� LPSHGDQFHV� LQFOXGLQJ�
WKH�GULYHQ�JDWH�DQG�ORDGHG�JDWH�DUH�HVWDEOLVKHG���

,Q�RUGHU�WR�YDOLGDWH�WKH�PRGHO�HVWDEOLVKHG��D�SDUWLFXODU�VKDSH�
PLFURVWULS� LQWHUFRQQHFW� ZDV� FKDUDFWHUL]HG�� GHVLJQHG� DQG�
PHDVXUHG�� ,QYHVWLJDWLRQV� ERWK� ZLWK� IUHTXHQF\�� DQG� WLPH�
GRPDLQ�HTXLSPHQWV�ZHUH�DFKLHYHG�LQ�RUGHU�WR�FKDUDFWHUL]HG�
3&%�LQWHUFRQQHFWV��7KH�GH�HPEHGGLQJ�WHFKQLTXH�HIILFLHQF\�
RI�WKH�63$54�6LJQDO�,QWHJULW\�1HWZRUN�$QDO\]HU�ZDV�DOVR�
H[SRVHG�� 7KH� SRWHQWLDO� XVH� IRU� VLJQDO� LQWHJULW\� IRUHFDVWLQJ�
ZDV� FOHDUO\� VKRZQ�� $Q� H[FHOOHQW� DJUHHPHQW� ZDV� IRXQG�
EHWZHHQ�PRGHUQ�DQG�FRPSOLFDWH�HOHFWURQLF�VLPXODWLRQ�WRROV�
DQG� WKH� 6,� VWXGLR� DQG� 9LUWXDO�3URELQJ� HQYLURQPHQWV� IURP�
63$54�PHDVXUHPHQWV��

,Q� DGGLWLRQ�� WKH� LQWHUHVW� RI� GHYHORSHG� GH�HPEHGGLQJ�
WHFKQLTXH� FDQ� EH� DSSOLHG� WR� WKH� LQYHVWLJDWLRQ� RI�
PLFURHOHFWURQLF� V\VWHPV�� DV� ZHOO� ERXQGLQJ� ZLUHV� RU� OHDG�
IUDPH� HIIHFWV� FRPSHQVDWLRQ�� ,Q� WKH� FRQWLQXDWLRQ� RI� WKHVH�
ZRUNV�� WKH� �'� LQWHUFRQQHFW� FRXSOLQJV� LQ�SDFNDJH� HIIHFWV�
ZLOO�EH�LQYHVWLJDWHG��
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3D-Modelling of an Aperture Illuminated
by a HF Electromagnetic Source

For EMC Application
�Zakia Abidi, 1Mohamed Djennah, , �Bernard BANDELIER,

and �Françoise Rioux-Damidau
� /DERUDWRU\ 6LJQDO DQG ,PDJH ± 3RO\WHFKQLF 6FKRRO RI $OJLHUV � $OJHULD

�,5�0� 8QLYHUVLW\ 3DULV ;,� 805 &156 ����� %DW ���� ����� 2UVD\ )UDQFH
]DNLD�DELGL#X�SVXG�FRP � PGMHQQDK#KRWPDLO�FRP

Abstract:

,Q WKLV SDSHU� ZH SUHVHQW D QXPHULFDO
PHWKRG IRU GHWHUPLQLQJ WKH SHQHWUDWLRQ RI
HOHFWURPDJQHWLF ILHOGV WKURXJK D VPDOO DSHUWXUH LQ D
PHWDO HQFORVXUH KDYLQJ LQVLGH LW D FRQGXFWLQJ
FRPSRQHQW� 7R VROYH WKH SUREOHP RI FRXSOLQJ
EHWZHHQ WKH UDGLDWHG HOHFWURPDJQHWLF ILHOG DQG WKH
PHWDOOLF HQFORVXUH� ZH GHYHORS D YDULDWLRQDO
IRUPXODWLRQ LQ WKH LQWHULRU UHJLRQ DQG DQ LQWHJUDO
IRUPXODWLRQ LQ WKH H[WHULRU UHJLRQ E\ XVLQJ WKH
HTXLYDOHQW HOHFWULF FXUUHQW RQ WKH H[WHULRU VXUIDFH RI
WKH HQFORVXUH� 7KH QXPHULFDO UHVXOWV REWDLQHG ZLWK
WKLV PHWKRG VKRZ WKH LQIOXHQFH RI WKH FKDUDFWHULVWLF
SDUDPHWHUV �y�ε�µ� DQG RI WKH WKLFNQHVV RI HQFORVXUH
RQ WKH SHQHWUDWLRQ RI HOHFWURPDJQHWLF ILHOG LQVLGH
WKH HQFORVXUH�

I. INTRODUCTION
1RZDGD\V� PRUH DQG PRUH RI HOHFWURQLFV LV
HPEDUNHG RQ ERDUG RI WHUUHVWULDO RU DLU YHKLFOHV ZLWK
HOHFWURQLF FRPSRQHQWV IXQFWLRQLQJ DW IUHTXHQFLHV
KLJKHU DQG KLJKHU� 7KH PXOWLSOLFDWLRQ RI WKH
IHDVLELOLW\ RI HOHFWURPDJQHWLF VRXUFHV DQG RI WKHLU
LQFUHDVLQJ SRZHU WKXV JHQHUDWHV QHZ W\SHV RI EDG
IXQFWLRQ RI WKH HOHFWULFDO DSSOLDQFH DQG SUREOHPV RI
LQFRPSDWLELOLW\ LQWHU�HTXLSPHQW� ZKLFK FDQ JR XQWLO
WKHLU GHVWUXFWLRQ� (OHFWURPDJQHWLF FRPSDWLELOLW\�
DFFRUGLQJ WR LWV �IXQGDPHQWDO SULQFLSOHV�� LV WKXV
DQDO\]HG LQ WHUPV RI HPLVVLRQ �WR QRW GLVWXUE WKH
HQYLURQPHQW� DQG RI LPPXQLW\ �WR QRW EH
GLVWXUEHG�� 7KH WZR DVSHFWV RFFXU DW WKH VDPH WLPH
LQ FRQGXFWLRQ �FXUUHQWV DQG SDUDVLWH WHQVLRQV� DQG
LQ UDGLDWLRQ �HOHFWULF DQG�RU PDJQHWLF ILHOGV��
&RQVHTXHQWO\� LQ WKH VFHQDULR RI DQ (0& SUREOHP�
RQH ZLOO ILQG WKUHH DFWRUV� D VRXUFH RI GLVWXUEDQFH
�IRU H[DPSOH WKH HTXLSPHQW LWVHOI LQ WKH FDVH RI D
SUREOHP RI HPLVVLRQ� RU LWV HQYLURQPHQW LQ WKH FDVH
RI LPPXQLW\�� D FRQQHFWLRQ �IRU H[DPSOH E\
FRQGXFWLRQ� UDGLDWLRQ� FURVV WDON«� DQG D YLFWLP RI
WKH FRXSOHG GLVWXUEDQFHV �IRU H[DPSOH WKH
HTXLSPHQW LWVHOI LQ WKH FDVH RI SUREOHP RI
LPPXQLW\��

,Q RXU VWXG\ ZH DUH LQWHUHVWHG LQ WKH
UDGLDWHG HOHFWURPDJQHWLF ILHOG� 2Q ILJXUH � ZH
SUHVHQW D FRQILJXUDWLRQ RI D SUREOHP PRGHO UHODWHG
WR WKH (0&� 7KH PHWDO HQFORVXUH ZLWK D VPDOO
UHFWDQJXODU RSHQLQJ OLW E\ WKH HOHFWURPDJQHWLF
UDGLDWLRQ RI D VRXUFH ORFDWHG LQ WKH H[WHULRU UHJLRQ�
FRQVLGHUHG DV KDUPRQLF LQ WLPH�

)LJ���3K\VLFDO PRGHO

7KLV SUREOHP ZDV WKH VXEMHFW RI VRPH ZRUNV E\
XVLQJ YDULRXV QXPHULFDO PRGHOV >�@>�@>�@ >�@� ,Q RXU
VWXG\� ZH ILUVW DSSO\ WKH ILQLWH HOHPHQW PHWKRG
LQVLGH DQG RQ HQFORVXUH DQG QH[W ZH H[SUHVV WKH
H[WHUQDO ILHOG E\ DQ LQWHJUDO UHSUHVHQWDWLRQ�� 7KLV
RQH LV D IXQFWLRQ RI WKH HTXLYDOHQW HOHFWULFDO
FXUUHQWV . FDUULHG E\ WKH H[WHUQDO VXUIDFH RI WKH
HQFORVXUH� 7KHVH VXUIDFH FXUUHQWV UHSUHVHQW WKH
MXPS RI WKH WDQJHQWLDO FRPSRQHQW RI WKH PDJQHWLF
ILHOG�

Khn =× Γ@> ���
:H UHDOL]H WKH FRXSOLQJ RI WKH WZR UHJLRQV E\
FRPSXWLQJ DQ LQWHJUDO�GLIIHUHQWLDO RSHUDWRU 5
ELQGLQJ WKH WUDFHV RI WDQJHQWLDO FRPSRQHQW RI WKH
HOHFWULF ILHOG DQG WKDW RI LWV URWDWLRQDO >�@�

���� ecurlnenR ×=× ���

7KLV WHUP UHSUHVHQWV WKH ERUGHU WHUP LQ WKH
YDULDWLRQDO IRUPXODWLRQ RI WKH SUREOHP� :H
FRPSXWH WKH RSHUDWRU R E\ XVLQJ K DV DQ

5DGLDQW 6RXUFH

$SHUWXUH

&RQGXFWLQJ ZLUH
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LQWHUPHGLDWH XQNQRZQ IDFWRU EHWZHHQ WKH LQWHULRU
SUREOHP DQG WKH H[WHULRU SUREOHP�

II. FORMULATION
7KH SK\VLFDO V\VWHP LV GHILQHG E\ WKH IROORZLQJ
HTXDWLRQV�

� LQ WKH HQFORVXUH ZLWKRXW WKH FRQGXFWLQJ ZLUH �

���� =+ ecurlhi µω ���

���
�

=+− hcurlei εω ���

� LQ FRQGXFWLQJ ZLUH�

��� =+ ecurlh
c

i µω ���

����� =++− hcurlei
c

εωσ ���

� LQ WKH H[WHULRU UHJLRQ ZLWKRXW VRXUFH�

���
�

=+ ecurlhi µω ���

���
�

=+− hcurlei εω ���

DQG PRUHRYHU ZH WDNH LQ DOO V\VWHP�

�=hdiv µ � �=ediv ε ���

:LWK WKHVH HTXDWLRQV� ZH WDNH LQWR DFFRXQW
WKH FRQGLWLRQV DW LQILQLWH�

����� re = ����

����� rh = ����

:H WDNH ���� σµε DV FRQVWDQW VFDODU IXQFWLRQV LQ
HDFK GLIIHUHQW UHJLRQ� ZKHUH K DQG H DUH
UHVSHFWLYHO\ WKH PDJQHWLF DQG HOHFWULF ILHOGV
LQWHQVLWLHV� y LV WKH HOHFWULF FRQGXFWLYLW\� ε LV WKH
HOHFWULF SHUPLWWLYLW\ DQG µ LV WKH PDJQHWLF
SHUPHDELOLW\�

III. VARIATIONAL PROBLEM
:LWK WKH REMHFW RI HYDOXDWLQJ WKH

HOHFWURPDJQHWLF ILHOG LQVLGH WKH HQFORVXUH DQG LQ
SDUWLFXODU RI FDOFXODWLQJ WKH LQGXFHG YROWDJH LQ WKH
FRQGXFWLQJ ZLUH� ZH IRUPXODWH RXU SUREOHP LQ
HOHFWULF ILHOG�

������
=++ eiiecurlcurl ωεσω

µ
����

0XOWLSO\LQJ HTXDWLRQ ���� E\ D WHVW IXQFWLRQ e ’ DQG
LQWHJUDWLQJ LW RQ WKH YROXPH RI WKH GRPDLQ RFFXSLHG
E\ WKH HQFORVXUH � S� ZH KDYH�

∫ ∫
Ω Γ

Γ⋅+Ω⋅ deecurlndecurlecurl 
�����
���

∫
Ω

=Ω⋅++ �
�� deeii σεωµω ����

:KHUH Γ LV WKH ERUGHU RI Ω DQG Q LV WKH XQLW
RXWZDUG QRUPDO WR Γ�

7KH WRWDO HOHFWULF ILHOG e LV FRPSRVHG WKHRUHWLFDOO\
RI WZR SDUWV� RQH RI UHDFWLRQ e r DQG WKH RWKHU RI
VRXUFH e s�

rs eee += ����

:LWK WKLV GHFRPSRVLWLRQ� ZH FDQ ZULWH ���� DV DQ
LQWHJUDO HTXDWLRQ ZKHUH HU LV WKH XQNQRZQ LQ WKH
ILUVW WHUP DQG ZKHUH VHFRQG PHPEHU LV IXQFWLRQ RI
HV�

,Q DQRWKHU ZD\� WKH FRQGXFWLQJ ZLUH LQWHUYHQHV DV
DQ LQWHJUDO WHUP LQ WKH SUREOHP IRUPXODWLRQ� :H
VXSSRVH WKDW WKH UD\ RI WKH ZLUH LV YHU\ VPDOO
FRPSDUHG ZLWK WKH GLPHQVLRQV RI WKH HQFORVXUH DQG
DV WKH OHQJWK LV VPDOO ZH FDQ WDNH LW DV RQH RU WZR
HGJHV DV D VHTXHQFH RI PHVK HGJHV� :H FDQ ZULWH
WKH ZLUH WHUP LQ WKH YDULDWLRQDO IRUPXODWLRQ DV �

∫ ∫
Γ

⋅×
∂

∂−
=⋅Γ×∇×=

S
Wire Sdehn

t
edenT 
��
�� ����

nhnen ××=× ��ρ ����

ZKHUH 6 LV WKH VXUIDFH HQFORVLQJ WKH ZLUH DQG ρ LV
WKH VXUIDFH LPSHGDQFH RI WKH ZLUH�

(TXDWLRQ ���� EHFRPHV�

∫ ⋅⋅
∂
∂

=
w

lkji
w

Wire ldee
Zt

T 
�
����

:LWK

σ

µω

π ��
�

⋅
+

=
a
jZ w ����

ZKHUH D LV WKH ZLUH UDGLXV� DQG = LV WKH ZLUH
LPSHGDQFH SHU XQLW OHQJWK LQ �Ω �P �
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IV. CALCULATION THE BORDER
TERM

7KH LQWHJUDO WHUP RQ � ��� �WKH LQWHJUDO HTXDWLRQ ����
LV FDOOHG ERUGHU WHUP� $W WKLV VWDJH� LW VKRXOG EH
QRWHG RQ WKH ILUVW KDQG WKDW ZH FDQQRW VROYH WKH
SUREOHP ZLWKRXW LGHQWLI\LQJ WKH MXPS RI WKH
WDQJHQWLDO FRPSRQHQW RI WKH PDJQHWLF ILHOG RQ � � �
2Q WKH RWKHU KDQG� WKH VROXWLRQ RI WKH LQWHULRU
SUREOHP FRXOG QRW EH WKH VROXWLRQ RI WKH SUREOHP
VHW LQ WKH RSHQ VSDFH 5�� 2QO\ WKH ERUGHU WHUP
HQDEOHV XV WR WDNH DFFRXQW RI WKH EHKDYLRU RI WKH
ILHOG LQ WKH H[WHULRU UHJLRQ� 7R WUHDW WKH ERUGHU
WHUP� ZH ILUVW RI DOO ZLOO IRUPXODWH WKH H[WHUQDO
SUREOHP DQG ZLOO H[SUHVV LWV VROXWLRQ DFFRUGLQJ WR
WKH WUDFHV RI WKH ILHOG RQ WKH ERUGHU � � 7KH V\VWHP
RI HTXDWLRQV �������� JRYHUQV WKH EHKDYLRU RI WKH
PDJQHWLF ILHOG LQ WKH H[WHULRU UHJLRQ� :H LQGLFDWH
E\ H� WKH WUDFH RI WKH WDQJHQWLDO FRPSRQHQW RI
HOHFWULF ILHOG RQ � � � �� � � � � �� ��� � � � �� � � �� � �� � �
SUREOHP FDQ EH ZULWWHQ LQ WKH IROORZLQJ LQWHJUDO
IRUP�

ZKHUH . UHSUHVHQWV WKH MXPS RI WKH WDQJHQWLDO
FRPSRQHQW RI WKH PDJQHWLF ILHOG�

[ ] Khn =∧ ����

7KH HTXLYDOHQW VXUIDFH FXUUHQW .� LQWURGXFHG RQ � �
LV ILFWLWLRXV� ,W LV DOVR DQ LQWHUPHGLDWH XQNQRZQ
XVHG WR FRXSOH WKH H[WHULRU DQG WKH LQWHULRU
SUREOHPV� 7R NHHS WKH HOHFWULF ILHOG H OLNH RQO\
XQNQRZQ DFWRU RQ � � ZH ZLOO KDYH WR H[SUHVV .
DFFRUGLQJ WR H�

[ ] ��eRhn =∧ � ����

2XU DLP QRZ LV WR FDOFXODWH 5� 7KLV FRPSXWDWLRQ LV
EDVHG RQ D YDULDWLRQDO IRUPXODWLRQ�

V. NUMERICAL IMPLEMENTATION
,Q RUGHU WR QXPHULFDOO\ VROYH WKH SUREOHP� WKH

YROXPH RI VWXG\ LV FXW LQ WHWUDKHGUDO HOHPHQWV DQG
WKH HOHFWULF ILHOG YHFWRU ( LV GHVFULEHG LQ WHUPV RI
EDVLF IXQFWLRQV :LM DVVRFLDWHG WR WKH HGJHV RI WKHVH
HOHPHQWV�

∑
=

⋅=
N

i
iij eWe

�

����

abbaijW λλλλ ∇−∇= ����

ZKHUH 1 LV WKH WRWDO QXPEHU RI HGJHV RI WKH PHVK�
:LM LV WKH YHFWRU EDVLV IXQFWLRQ DVVRFLDWHG ZLWK
HGJH � LM � DQG HLM LV WKH SUREOHP XQNQRZQ ZKLFK
UHSUHVHQWV WKH FLUFXODWLRQ RI WKH HOHFWULF ILHOG DORQJ
WKH HGJH �LM�� λL LV WKH EDU\FHQWULF FRRUGLQDWH RI
WHWUDKHGUD DVVRFLDWHG ZLWK WKH QRGH L�

:H KDYH GHYHORSHG WKH FXUUHQWV . RQ WKH EDVLF
IXQFWLRQ�

ii gradxnx λω ×= ���� ����

DQG ZH KDYH�

∑ ⋅=
i

ii xPxK ���� ω ����

ZKHUH�
i � GHVFULEHG WKH YHUWH[ RI Γ�
Pi � WKH YDOXH RI K LQ YHUWH[ i�
λ i � WKH EDU\FHQWULF FRRUGLQDWH�
n�x�� QRUPDO YHFWRU RQ Γ�

2XU YDULDWLRQDO IRUPXODWLRQ FDQ EH UHZULWHQ OLNH WKH
IROORZLQJ OLQHDU IRUPV�

VVGR SeM =⋅ ����

CCG C SeM =⋅ ����
ZKHUH�

�� MjRMM VG ⋅++= µσω

RMM G C += �

5 � LV D IXOO PDWUL[ ZLWK GLPHQVLRQ �QEDW î QEDW�� LW
UHSUHVHQWV WKH HGJH WHUP RI WKH DSSURDFKHG
YDULDWLRQDO SUREOHP�

0� DQG 0�� DUH WZR PDWULFHV� WKHLU GLPHQVLRQV DUH
�QEDW î QEDW�� DQ HOHPHQW RI WKHVH PDWULFHV LV ]HUR

∫
Γ

⋅×⋅=×= dyyxGyKnxene ������� �� µ

∫
Γ

∇×⋅=×∇ dyyxGyKxe ������� �µ
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Γ Γ

−
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=′=′ dydx
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RQO\ LI �LM� DQG �NO� GR QRW EHORQJ WR WKH VDPH
WHWUDKHGURQ�

VI. NUMERICAL RESULTS :
$� 5HSUHVHQWDWLRQ RI D JULG PHVK

)LJ��� 7HWUDKHGUDO JULG RI WKH HQFORVXUH

B. Representation of the fields:

)LJ��� 0DJQHWLF ILHOG h� f  � 0+]

)LJ��� (OHFWULF ILHOG e f  � 0+]

&� LVR�YDOXH RI HOHFWURPDJQHWLF ILHOG DFFRUGLQJ WR
SODQ �<2=� �5HDO 3DUW��

)LJ��� f  �*+]� '' ���� 5+2 �����������
-V  ���� 5 ��� � 91� ��� 91� �� 91� �

7KH UHDO SDUW RI WKH HOHFWULF ILHOG DFFRUGLQJ WR SODQ
�<2=� ; ���

)LJ��� f  �*+]� '' ���� 5+2 �����������

-V  ���� 5 ��� � 91� ��� 91� �� 91� �

)LJ��� 5HSUHVHQWDWLRQ RI WRWDO PDJQHWLF ILHOG

LQ f  �� 0+]

����

����

�����

�����

�����

�����

�����

�����

�����

�����

�����

�����

�����

�����

1XPEHU RI LQWHUQDO QRGHV ���
1XPEHU RI IURQWLHU QRGHV ���
1XPEHU RI LQWHUQDO HGJHV ����
1XPEHU RI IURQWLHU HGJHV ���
1XPEHU RI IDFHV ���
1XPEHU RI WHWUDKHGUDO ����
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)LJ��� 9DULDWLRQ RI LQGXFHG YROWDJH LQ FRQGXFWLQJ

ZLUH DFFRUGLQJ WR GLVWDQFH '' EHWZHHQ VRXUFH DQG

DSHUWXUH�

CONCLUSION
,Q WKLV DUWLFOH ZH KDYH VRPH QXPHULFDO UHVXOWV WR
HYDOXDWH WKH SHQHWUDWLRQ RI WKH HOHFWURPDJQHWLF ILHOG
LQ D PHWDO HQFORVXUH� :H FRQVLGHUHG D UDGLDQW
HOHFWURPDJQHWLF VRXUFH LQ IURQW RI DQ DSHUWXUH RI WKH
HQFORVXUH DW D OLPLWHG GLVWDQFH ''� :H UHDOL]H D
FRXSOLQJ EHWZHHQ WKH ERXQGDU\ LQWHJUDO PHWKRG
RXWVLGH DQG WKH ILQLWH HOHPHQW PHWKRG LQVLGH WKH
HQFORVXUH WR VROYH RXU SUREOHP� 7KH QXPHULFDO
UHVXOWV VKRZ WKH FRQWULEXWLRQ RI HDFK SDUDPHWHU RI
WKH SUREOHP LQ WKH HYDOXDWLRQ RI WKH HOHFWURPDJQHWLF
HQHUJ\ SHQHWUDWLQJ LQ WKH HQFORVXUH� 2Q WKH RQH
KDQG� DFFRUGLQJ WR WKH HOHFWURPDJQHWLF SDUDPHWHUV�
�HOHFWULF FRQGXFWLYLW\ DQG SHUPLWWLYLW\ �� � � � � � � � �
PDJQHWLF SHUPHDELOLW\ �� � � � �� �� � � � � � �� � � � � � �� � � ��� �
DGGLWLRQ� DFFRUGLQJ WR WKH GHQVLW\ RI WKH FXUUHQW
VRXUFH� WKH JHRPHWULFDO SRVLWLRQ DQG WKH IUHTXHQF\
RI WKH UDGLDQW VRXUFH� 7KH QXPHULFDO UHVXOWV VKRZ
WKH YDULDWLRQ LQ WKH YDOXHV DQG WKH IRUP RI
HOHFWURPDJQHWLF HQHUJ\ LQ HDFK SRLQW LQVLGH WKH
HQFORVXUH ZKLOH YDU\LQJ DW HDFK WLPH RQO\ RQH
SDUDPHWHU� &RQVLGHULQJ WKH QXPEHU RI SDUDPHWHUV
ZH FDQQRW H[SRVH DOO WKH UHVXOWV LQ WKLV SDSHU�
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Abstract: The major aim of this study is the computation of the voltages induced by an external transient 
electromagnetic excitation, especially due to the lightning discharge coupling to overhead power line. In this 
paper we propose an original method which is the hybrid method for evaluating the electromagnetic field 
radiated by lightning. The proposed method is the combination of the images method and finite difference 
time-domain (FDTD) method. We calculate firstly the magnetic field with images method using the Simpson 
technique and, secondly, based partially on the finite difference time-domain method, we calculate the elec-
tric field. We present the coupled model used for the calculation of lightning induced overvoltages given in 
the Agrawal approach. The algorithm applied to multi-conductors lines above a perfectly conducting ground. 
After we present the influence of the line configurations and the presence of shielding wire on the  induced 
voltage. 
 
Key words: Lightning, electromagnetic field, FDTD method, induced voltage, power lines, vertical configu-
ration, triangular configuration, shielding wire. 

I INTRODUCTION 
 
The evaluation of the effects of lightning strike has been a special concern in our modern society due to the 
use of highly susceptible equipment, such as electronic devices and systems, for a wide variety of applica-
tions. Lightning flash between cloud and ground generates transient electromagnetic fields, which can result 
in extremely high voltages induced in the vicinity of lightning strike. When a building is struck by lightning, 
the resulting transient current and voltage can cause dangerous effects. To analyze the effects of indirect 
lightning strikes on lines or various kinds of circuits, it is necessary to go through the following steps: 

 
1) The development of lightning return-stroke models, which means the modeling of the spatial–temporal 

distribution of the current in the lightning channel [1], [2]. 
    2) The calculation of the electromagnetic field radiated by such a current distribution including propaga-

tion effects over a soil with finite conductivity. 
    3)  The evaluation of voltages resulting from the coupling between the electromagnetic field and the line 

conductors. 
. 

In order to calculate the lightning induced overvoltages, the Agrawal model and its equivalent formulation is 
used. We are interested in computing radiated lightning electromagnetic field with a hybrid method which is 
the combination of two methods:  the Simpson method to obtain the magnetic field and the FDTD method to 
evaluate the electric field and the induced voltage.  

 

II LIGHTNING RETURN STROKE  MODELS  

These models specify the spatial–temporal distribution of the channel current based on the current at the 
channel base, since it is only the channel-base current that can be measured directly and for which experi-
mental data are available [3]. These models are also called “engineering models” due to their simplicity that 
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permits the return-stroke current to be related to a channel-base current known from measurements in a 
straight form. 

The most popular of these   models are probably   the transmission line (TL)   model [4], the traveling cur-
rent   source 
(TCS)model [5], the modified TL (MTL) model [6]–[8], theDiendorfer–Uman (DU) and the modified             
Diendorfer–Uman (MDU) models [9], [10]. All these models have been analyzed in detail in [11], and it is 
concluded that, for most engineering coupling calculations, any one of the models is adequate. The engineer-
ing models are expressed by the following generalized current equation: 
 

                   )',0()'()'(),( ff vztizPvztutzi !!="                                  (1) 

 

Where u the Heaviside function is equal to unity for fvzt '# and zero otherwise, ( )'zP is the height 

dependent current attenuation factor (Table.1), and  fv  is the current-wave propagation speed. i(0, t) is the 

channel base current which is represented by two Heidler functions: 
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Where 10I  , 02I  11$ , 12$ , 21$ ,  22$  are constants. 

Table 1: ( )'zP and fv for different return stroke models [12]. 

Model ( )'zP  fv  

BG 1 ∞ 

TL 1 v 

TCS 1 -c 

MTLL 1-z’/Htot v 

MTLE )'exp( &z!  v 

 
Where the factor & is the decay constant, 'z  is the coordinate directed along the channel, v is the speed of 
propagation of the return stroke wave front and c is the speed of light. 
In Table.2 we list the parameters of the Heidler function. 
 

Table 2: Channel Base Current Parameters [13]. 
 
 

 
 
 
 

 

Fig.1 represents the time-variation of the channel base current 
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Fig.1  Time-variation of the channel- base current. 

III ELECTROMAGNETIC FIELD ASSOCIATED TO LIGHTNING  

Assuming a perfectly-conducting ground, the computation of the electromagnetic fields 
can be greatly simplified. The components of the electric and the magnetic fields produced 
by a short vertical section of infinitesimal channel dz’ at height z’ carrying a time-varying 
current i (z’, t) that can be computed in the time domain using the following relations. 
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where 0) and 0µ  are the permittivity and permeability of the vacuum respectively. c is the 
light speed. R is the distance from the dipole to the observation point, and r is the horizon-
tal distance between the channel and the observation point. 

IV THE HYBRID METHOD PRESENTATION 

A. Formulation of the method 

The magnetic flux density is obtained by integrating (5) using a numerical integration which is the     
Simpson method. 

The electric field is calculated by a simplified approach based on the FDTD method, it’s given by the 
following expression: 
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Where µ  is the permeability,-  is the conductivity, ) is the permittivity, J

r
is the current density vector, 

and D
r

 is the electric flux density vector. 
 

Finally, the electric field component:  
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Thus, the electric field is calculated at instant ( )21+k    taking into account the electric field at instant 

( )21!k .    

In order to avoid numerical instabilities, the time increment should be bounded by the grid size values. A 
typical choice of ∆t is ∆t ≤ ∆l /2c and ∆l < λe where   λe is the wavelength. 
The obtained results by the hybrid method using the MTL model; example shown in Table.2 is shown in fig-
ures 2 and 3. 
 
 
 
 
 
 
 

(7) 

(8) 

(9) 

 
 
 

Fig. 2 The magnetic field at 50 m 
from a lightning return stroke 

Fig. 3 The electric field at 50 m     
         from a lightning return stroke 
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V THE VOLTAGE INDUCTION ON AN OVERHEAD LINE ACCORDING TO AGRAWAL MODEL 

 Starting from Maxwell’s equations and adopting the transmission line assumption, it is possible to derive a 
pair of equations describing the coupling of an external electromagnetic field and a single conductor line. 
These equations can be written in different equivalent formulations. The formulation we adopt in this paper is 
the one proposed by Agrawal and al. The Agrawal model is expressed by the following equations (see Figs. 4 
and 5 for the parameter definition) for which the case of a lossless line, is given by: 

( )
),,(

),(, ' thxE
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x
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x
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=

'
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In which:         

( )txi ,  is the induced current;  

L’ and C’ are respectively the inductance and the capacitance per unit length of the line;  

),,( thxEi
x  is the horizontal component of the incident electric field along the x axis at the conductor’s 

height h;  
 

( ) ( )dztzxEtxu

h
s
z

s ,,,
0
∫!=  

Where ( )tzxE s
z ,,    is the vertical component of the scattered electric field. The scattered voltage is related 

to  the total line voltage ( )txu ,  by the following expression  

( ) ( )txutxutxu is ,,),( +=  

( )txi ,  is the induced current;  

L’ and C’ are respectively the inductance and the capacitance 

( )txu s ,  is the scattered voltage, related to the induced voltage ( )txu , , by the following expression: 

The boundary conditions for the scattered voltage are  : 
 

( ) ( )tutRtu is ,0,0),0( 0 +!=          (14) 

( ) ( )tLutLRtLu i
L

s ,,),( +!=         (15) 
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VI SIMULATED RESULTS 

A. Influence of the line configuration 

We consider now three phase line in two configurations: horizontal configuration and triangular configura-
tion as shown in Fig.6 where their geometric parameters are listed in Table 3. For the calculation of the elec-
tromagnetic field, the channel-base current (peak value of 12 kA as shown in Fig.1and a maximum front-
steepness of 40 kA / µ s), and input it to the modified transmission line with exponential decay (MTLE) 
model, assuming the ground as a perfect conductor and return- stroke a velocity of  1.3*108 m/s.  

In this paper the hybrid method composed of the Simpson method and the FDTD method is applied for the 
calculation of the electromagnetic field. Fig.7 represents the induced voltage on an overhead three phases 
lines for the horizontal and triangular configuration without the shielding wires.  

 

 

 

 

 

Fig. 4 Geometry used for the calculation                        
of overvoltages induced on an overhead power 

line by an indirect lightning return-stroke 

 

Fig. 5 Differential equivalent coupling circuit 
according to the Agrawal and al. for a lossless 

single wire overhead line 
 

a- Horizontal configuration b- Triangular configuration 

Fig.6 Different configurations of three phases lines 
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Table 3: Geometrical parameters of three phases lines for horizontal and triangular configurations [13]  

 

Fig.7 Induced voltage on an overhead three phase line 

 

B. Influence of the shielding wire 

In order to illustrate the effect of the shielding wire (the 4th & 5th conductors for the horizontal configuration) 
we have considered the three phases lines with the shielding wire, the induced voltage is illustrated in Fig.8. 

Line Parameters 
 

Horizontal configuration 
 

 
triangular configuration 

 

Conductor radius (mm) 
 

9.14 
 

9.14 

h1 (m) 
 

10 
 

10 

h2 (m) 10 13.7 

h3 (m) 10 10 

d12 (m) 3.7 4.14 

d23 (m) 3.7 4.14 

d31(m) 7.4 3.7 

Shielding wire radius (mm) 
 

3.96 
 
- 

h4 (m) 13.05 - 

h5 (m) 13.05 - 

d45(m) 3.7 - 

a- Horizontal configuration b- Triangular configuration 



AES 2012, Paris, France 

 
 

 
 

 

 

 

 

 

Fig. 8 Induced voltage on an overhead a three phases lines with a shielding wire 
Horizontal configuration 

 

VII CONCLUSION 

The hybrid method which is a combination between a Simpson method and FDTD method was presented 
initially in this paper. The hybrid approach makes a good alternative for the calculation of the nearest elec-
tromagnetic field radiated by the lightning channel since it allows the calculation of the electric field by the 
FDTD method without concern of the memory problems and the calculation precision. It depends only on a 
good choice of the calculation steps.  
The induced voltage on overhead three phases lines was evaluated. We have considered two configurations 
of three phases lines: horizontal configuration and triangular configuration without shielding wire. We can 
observe that the horizontal configuration the induced voltage is less than the triangular configuration because 
the conductor 3 (triangular configuration) is higher than the conductors 1 and 2 (horizontal configuration). 
We can observe that the presence of the shielding wires reduce the induced voltage. 
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Abstract 

The objective of this work is to study numerically the 
behaviour of a magnetically-coupled zeroth order resonator 
(ZOR) realized on a YIG (Yttrium Iron Garnet) thin film. 
We are focusing on the effects on the resonant frequency 
and the insertion losses when changing the magnetic bias 
and the thickness of the YIG. This study presents for the 
first time a tunable ZOR with a coplanar structure designed 
on a YIG thin film. The proposed resonator is designed to 
be tuned over the 3.5-4.5 GHz frequency band; insertion 
loss is lower than 2dB and return loss is better than 10 dB. 
The length of the proposed device is 4.4 mm, which is very 
small compared to a traditional half wave resonator. 

1. Introduction 

The concept of the Composite Right-Handed 
Transmission Line (line with traditional propagation) and 
Left-Handed Transmission Line (line having a negative 
phase velocity) was proposed by UCLA group [1]. An 
equivalent circuit approach was also developed by 
Eleftheriades and al [2]. This approach takes into account 
the parasitic Right-Handed (RH) effects naturally occurring 
in a practical Left-Handed (LH) structure. So the CRLH 
notation (Composite Right Left Handed) is more general 
than the LH notation. The CRLH approach describes in a 
simple manner the fundamentally right-handed and left-
handed nature of metamaterials [3, 1].  

The first zeroth-order resonator (ZOR) is proposed by 
Sanada and al [4]; it is realized in microstrip configuration.  
Based on the proposed unit cell, a practical application is 
realized for antennas [5]. A coplanar waveguide (CPW) 
have the advantage that line and ground are located in the 
same plane, and it can be easily fabricated at low cost by 
using a simple lithography process. Some researchers 

studied and realized zeroth-order resonators in a coplanar 
waveguide technology [6, 7, 8].  

Recently, ferrite materials have been used in metamaterials 
and in meta-line too. Tsutsumi and Abdalla proposed a 
non-reciprocal left-handed transmission line in microstrip 
and in coplanar waveguide configurations with a ferrite 
substrate [9, 10]. All of them employed a bulk ferrite. Our 
objective is to prove that it is possible to make a tunable 
CRLH ZOR with a 20µm ferrite film only. As the 
manufacturing process developed in LT2C laboratory 
allows making YIG thin films, then it will be possible for us 
to prospect for collective fabrication in order to reduce the 
production costs. 

2. Theory 

Zeroth-order resonator (ZOR) is one of the very 
interesting applications of metamaterials [1]. The interest 
lies in the fact that the resonant frequency is independent 
from the physical length of the resonator. Due to 
metamaterials properties, negative and zero resonances are 
possible. The proposed resonator is designed in coplanar 
waveguide configuration realised using an interdigital 
capacitor (IDC) and a short-circuited stub inductor (SSI). 

The ferrite substrate has a relative dielectric permittivity 
close to 15, a saturation magnetization equal to Ms =1780 
Gauss and a ferromagnetic resonance (FMR) line width 
∆H=20 Oe. It is supposed to be saturated and the internal 
bias field is supposed to be uniform. In this work our 
magnetic layer is magnetized in a direction perpendicular to 
the propagation direction (figure 1(b)). 

The physical parameters of our resonator and the 
theoretical developments used for modelling were presented 
in reference [4].  



2 
 

Al2O3 Substrat 

Input

Output
YIG thin film Copper (5µm)

ff µ! , H0

X

Y

Z

Al2O3

Signal line and GND

YIG layer

Al2O3 substrat

(a)

(b)

Al2O3 Substrat 

Input

Output
YIG thin film Copper (5µm)

ff µ! , H0

X

Y

Z

Al2O3

ff µ! , H0

X

Y

Z

Al2O3

Signal line and GND

YIG layer

Al2O3 substrat

Signal line and GND

YIG layer

Al2O3 substrat

(a)

(b)  
Figure 1: Physical configuration of the magnetically-
coupled ZOR, (b): in Cross section. 

 
As the material is supposed to be saturated, the ferrite is 
modeled using Polder’s tensor.  According to the direction 
of the DC magnetic bias presented in the previous figure, the 
permeability tensor has the following form: 

     [ ]
















"

+=

f

ff

jk

jk

µ

µµ

0

0

001

 ,                                        (1)  

The elements of the permeability tensor depend on the 
frequency: 

22
0

01
##

##
µ

"

+=
M

f ,                                                      (2) 

    
22

0 ##

##

"

=
Mk ,                                                             (3) 

Where 

SM M0$µ#= , 000 H$µ#=   

and )/28(10176 119 TGHzTSrad %=
""

$  

3. Numerical results 

The results which enabled us to launch manufacture 
thereafter were obtained starting from 3D electromagnetic 
simulations. For example, we present the results obtained 
from a structure using 20µm YIG layer thickness only. In 
the case of the applied field of 250kA/m, the resonant 
frequency is equal to 3.67GHz, at this frequency the 
insertion loss is about 1.8dB. We observe that the phase of 
transmission coefficient is close to zero near the resonant 
frequency (figure 2).  
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Figure 2: Transmission characteristics and the phase of 
S21 of the resonator under H0=250kA/m. 

 
To show the tunable property of the proposed CRLH 

CPW ZOR, our resonator has been analyzed numerically for 
different values of DC magnetic bias. The results obtained 
are shown in figure 3. We observe that the resonant 
frequency varies with applied field. This is a very interesting 
result, especially because of the thickness of ferrite which is 
20µm only. 
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Figure 3: Transmission characteristics of resonator at 
H0=250kA/m and H0=350kA/m. 

 

Now it is proposed to vary the thickness of YIG (hf) and 
observe the influence of this parameter to the frequency 
response of the resonator for the same value of applied 
magnetic field. 

Structures with different thicknesses of ferrite 40, 60, 80 and 
100 microns were simulated with HFSS. These structures 
were polarized by a magnetic field of about 150 kA/m. 
Figure 4 shows the performance of the resonator according 
to the thickness of the magnetic layer (YIG). 
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Figure 4: Performance of the inductively-coupled zero-
order resonator according to the YIG thickness. 

 
We note that the resonant frequency slightly decreases when 
the thickness of the magnetic layer increases from 40 to 
100 µm. The values of insertion loss and reflection have a 
non-regular variation in a structure to another. Values of 
return loss show that the structure is not perfectly matched -
in all cases - and that the input impedance depends on the 
thickness of the magnetic film. Considering this 
approximate matching, the level of insertion losses is very 
interesting. The value is indeed less than 2 dB and do not 
increase when the thickness is low (as it can be seen in other 
magnetic planar device like isolators or circulators).  
In conclusion, we can say that it is feasible to realize a tuned 
magnetically-coupled composite right/left handed resonator 
with a YIG thin film, and moreover that this structure is 
promising. 

4. Conclusions 

A CRLH CPW ZOR on the YIG thin film has been studied 
numerically using a three dimensional electromagnetic 
simulation. The tunable propriety has been validated 
numerically for the magnetically-coupled line CRLH CPW 
ZOR with a 20µm ferrite film only. This result shows the 
possibility of modifying the agreement of the device by an 
external intervention (magnetic field). Moreover, the level of 
insertion loss in the device is promising, considering the 
presence of the ferrite. The proposed device can be applied 
in many filters, for example when multiband devices are 
necessary. 
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Abstract 
This paper analyzes the signals of the different wireless 
communications systems in a healthcare center, the Canary 
University Hospital Consortium (CUHC), in order to 
evaluate the electromagnetic (EM) conditions. The results 
of the assessment are represented through 2D contour maps. 
The proposed graph survey aims to provide a methodology 
of studying the electromagnetic environments that could 
help in the design of healthcare centers, in the installation of 
new radiofrequency systems based on wireless technology, 
or in the evaluation of the safety conditions of workers, 
patients, and people in general. 

1. Introduction 
A large hospital currently presents a great variety of wireless 
telecommunications systems that generate electromagnetic 
(EM) fields with different features and intensities. These 
systems range from medical equipment with telemetry 
systems to the usual wireless communication systems, such 
as healthcare professional tracking devices (pagers), 
terrestrial trunked radio (TETRA), digital enhanced cordless 
telecommunications (DECT), wireless local area networks 
(WLAN), and conventional mobile phones.  
An important issue to consider when a new wireless system 
or a new electrical device is being installed in a healthcare 
center is to identify the main radiation sources and predict 
the intensity of the EM fields. A high level signal can 
compromise the safety conditions of people in hospitals, and 
can affect the proper working of the communication systems 
and the sensitive medical devices. The safety in hospitals 
must be compatible with the requirements of coverage and 
quality of service of the communication systems and the 
sensitive medical devices.  
There are two aspects that should be analyzed and 
considered to assure a proper, reliable and safe usage of the 
wireless communication technologies and medical 
equipment in healthcare environments. The first is the 
compatibility and possible interferences between the 
different types of signals that share the same transmission 

band [1]. The second is the compliance with exposure level 
thresholds [2], to quantify and analyze the risk of continued 
exposure caused by the use of wireless technologies [3, 4]. 
Due to the potential health effects of EM radiation; various 
studies delve into the consequences of the exposure to 
wireless communication devices [5].  
On the other hand, the contribution of certain medical 
devices must also be considered. Medical devices can 
generate EM fields that disrupt the radio environment of 
hospital areas where they are located. It is also possible that 
in certain areas of the healthcare center, high frequency 
signals are detected as a result of pollution caused by 
broadcast commercial radio stations or communications 
systems that use commonly used frequency bands (walkie-
talkies, radio ham or broadcast of security forces and civil 
protection), in addition to those received by mobile operator 
base stations.  
Nowadays there are an increasing number of sensor 
networks and personal medical devices in healthcare 
environments that have to coexist with a considerable range 
of wireless communication systems. These devices work in 
wireless channels and are vulnerable to malicious attacks, as 
a result, personal and control information could be 
intercepted, harming the health of the patient. 
The study of EM conditions in the range of personal 
communication frequencies assures the proper and secure 
working of implantable devices and sensor networks, 
avoiding malfunction. 
Large hospitals, especially if they are not new, generally 
consist of several old buildings of different nature and 
constructive characteristics. Thus, it is difficult to establish 
standards for EM fields measurements, even different areas 
of the hospitals are dedicated to the same health-care 
activities and similar electro-medical equipment are used.  
This paper analyzes the signals of the different wireless 
communications systems in two floors of the Canary 
University Hospital Consortium (CUHC), and presents a 
methodology for the generation of 2D contour maps that 
provide a graphical, immediate and accurate representation 
of the EM fields. 
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This work aims to provide a global and immediate overview 
through 2D contour maps in order to assure the compliance 
with the exposure levels to EM fields. As a possible tool, the 
proposed methodology can be used to analyze and study 
health and safety conditions, and the EM compatibility in 
healthcare environments. As a consequence, improvements 
can be performed to encourage and guarantee a better level 
of protection for the health and safety of workers patients, 
and people in general. 
 

2. Methods and materials 
The measurements have been carried out using a Rhode & 
Schwartz FSH6 spectrum analyzer and a Rhode & Schwartz 
HL040 log periodic antenna.  
The spectrum analyzer allows measurements of the electric 
field, and the characterization, identification and monitoring 
of the signals in the environment under study. This model 
of the spectrum analyzer has the following characteristics: 

• Frequency range: from 100 kHz to 6 GHz. 
• Detection limits: –120 dBm to +20 dBm. 
• Resolution bandwith: 100 Hz to 1 MHz. 

  
Figure 1: R&S FSH6 Spectrum Analyzer 
 
The HL040 log periodic antenna is a directive antenna that 
allows the identification of the radiation sources and collect 
data in the direction of maximum radiation.  
The antenna presents the following features:  

• Frequency range: from 400 MHz to 3.6 GHz. 
• Polarization linear. 
• Gain: 5 dBi to 7 dBi. 

 

 
Figure 2: Spectrum Analyzer and log periodic antenna  

The values of the electric field strength have been measured 
in the points of the 9th and 10th floors belonging to a 
predefined grid. These points have been selected in function 
of several factors: the position of the radiation sources, the 
location of the medical devices, the type of activities 
performed, etc. Figure 3 is the map of each floor, obtained 
with AUTOCAD software, where the points of measure are 
marked. 
 

 
Figure 3: Map of each floor and measuring points. 
 
The length of each floor is 35 meters, and a grid of 5 x 5 m2 
is set. The measurements have been carried out in the 
vertices of each square that belongs to the grid.  
The floors 9th and 10th have been considered because they 
are the most exposed to the radiation sources. These floors 
are just below the 11th floor where the radiation sources of 
the short range communication systems are situated. 
The 9th floor is dedicated to surgery and neurology, and the 
10th floor is the unit for infectious patients and is also 
dedicated to digestive specialization. 
Systematic measurements have been performed on two 
floors for four different frequencies:  

• 900 MHz, the Global System for Mobile 
Communications (GSM) frequency band,  

• 1800 MHz, the Digital Cellular Service (DCS) 
frequency band,  

• 2.14 GHz, the Universal Mobile 
Telecommunications System (UMTS) frequency 
band,  

• 2.42 GHz, the common Wi-Fi frequency. 
The radiation sources for personal communications, such as 
mobile phone antennas, and Wi-Fi access points, are the 
main elements that have to be considered in calculating the 
electric field strength. A global view of the building and the 
main antennas of mobile telephony, the FM commercial 
radio, and short range mobile communication systems can 
be observed in Figure4. 
 

 
Figure 4: Location of the antennas around the hospital 
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For the mobile phone frequencies (900 MHz, 1800 MHz 
and 2,14 GHz), the first step is to define exactly where the 
antennas are situated around the hospital [6]. The map as 
follows shows the frequencies and the position of the 
mobile phone antennas regarded: 
 

 
Figure 5: Position of the mobile phone antennas around the 
hospital. 
 
Regarding the short range communications systems, the Wi-
Fi system has been analysed. To measure the 
electromagnetic conditions for Wi-Fi frequency the location 
of the access point must be known.  
The radiation sources for short range communications 
systems (pager, TETRA, and Wi-Fi) are situated on the roof 
of the building, so the higher floor is the most exposed to 
the radiation for these frequencies. The next figure shows 
the location of the access point on the roof of the building: 
 

 
Figure 6: Location of the access point for the Wi-Fi 
frequency. 
 
Data collected were transferred to the graphic software 
Surfer 10 to draw 2D contour maps. Surfer is a contouring 
and 3D surface mapping program that runs under Microsoft 
Windows. The software allows the representation of the 
input data through different types of maps including 
contour, vector, wireframe, image, shaded relief, and 
surface maps. This program displays maps over any contour 
range and interval, and specifies the contour levels and 
contour line properties on the map. Surfer maps allow the 
usage of different colours to represent different electric field 
levels. 

3. Results 
Table 1 and Table2 present schematically the most common 
statistical values of the results of the measurements: the 
minimum, maximum values, the mean, and the standard 
deviation. 
 
Table 1: Summary of the experimental results of the electric 
field on the 9th floor. 

dBµV/m 900 MHz 1,8 GHz 2,14 GHz 2,42 GHz 
Mín. 73.59 68.84 69.47 70.52 
Máx. 109.42 97.46 93.33 80.03 
Mean 89.22 79.59 81.19 72.95 
Std. 9.11 7.68 7.44 2.29 

 
Table 2: Summary of the experimental results of the electric 
field on the 10th floor. 

dBµV/m 900 MHz 1,8 GHz 2,14 GHz 2,42 GHz 
Mín. 77.61 67.78 69.07 63.79 
Máx. 99.83 97.50 95.49 80.15 
Mean 86.85 78.63 78.93 72.27 
Std. 7.65 7.92 7.70 2.85 

 
Figure7 shows the 2D contour map of the data set in each 
floor, and the location of the access point of the Wi-Fi 
frequency. The graphs of Figure7 have been obtained with 
Surfer software. 
A characteristic feature for all the graphs of Figure7, is a 
local increase of the electric field strength that matches with 
the location of the lift and the stairs. In these areas there is a 
greater exposure to the EM radiation than the rest of the 
points of the same floor. 

4. Discussion 
After measuring and calculating the EM conditions in these 
areas of the hospital, it is quite important to carry out a study 
of the results and to check if the obtained values are under 
the thresholds of the recommended exposure levels.  
International and national bodies have set different limit 
values for permissible electromagnetic radiation levels in 
various standards and regulations. 
The obtained EM levels are below the security threshold 
stated by ICNIRP-98 [7]. It means electric field levels in 
healthcare environments are apparently safe according with 
the health and safety requirements regarding the exposure of 
patients, staff and general public to the risks arising from 
electromagnetic fields. 
The lower and more restrictive value of these thresholds is 3 
V/m, in compliance with the International Electrotechnical 
Commission Standard of Electromedical Devices [1]. 
Examining the experimental and simulation results, the 
maximum value of the electric field for all the analyzed 
frequencies is much lower than the 3 V/m. 
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Figure7: 2D contour maps of the experimental values of the electric field (dBµV/m) 
 
 

5. Conclusions 
The proposed procedure is useful to compare the obtained 
results (Table1 and Table2) with the thresholds of the 
recommended exposure levels [7], and the thresholds for the 
safety and basic performance of the electromedical 
equipment [1]. The maximum value obtained is much lower 
than the more restrictive threshold that is established in the 
International Electrotechnical Commission Standard of 
Electromedical Devices [1]. 
The computation of 2D contour maps of EM fields in a 
healthcare center provides a global, immediate and accurate 
vision that can help to avoid EM interferences on electro 
medical equipment, and monitor the exposure to EM fields 
of the staff, the patients and the general public. This basic 
premise should be compatible with a sufficient signal level 
in wireless systems operating in a healthcare center. 
The analysis and study of EM conditions in a healthcare 
environment using 2D contour maps could be helpful for 
the following purposes: 
 

• To detect the over-exposed points to 
electromagnetic radiation and areas with greater 
absorption levels. 

• To avoid potential harm to patients due to the 
interferences on electromedical equipment and on 
implantable personal devices. 

• To achieve emission levels under of the 
recommended thresholds, but enough to assure a 
proper quality of service of wireless 
communication systems. 

• To plan and design new high-tech healthcare 
centers. 

• To monitor properly the exposure to 
electromagnetic fields of health staff, patients and 
the general public. 
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Abstract 
A wideband TEM cell which is operated based on 
transmission/reflection method is designed for dielectric 
measurement. It is operated in between 50MHz – 800MHz. 
This cell is compact, easy to fabricate and useful for 
measuring porous samples such as concrete. The classic 
dielectric measurement set-up is usually based on 
rectangular TE10-mode waveguides which become very 
large, expensive and non-practical for lower frequencies. As 
for a classic coaxial cell, the electromagnetic field is not 
uniform and it is difficult to obtain sample in toroidal shape 
in coaxial cells. These problems are overcome using this 
proposed TEM-cell. Wideband matching is obtained using a 
coaxial to waveguide connector based on a tapering 
technique. A specific calibration is used and the complex 
permittivity and permeability are calculated from the 
measured S-parameters. Preliminary experimental results 
are presented. 

1. Introduction 
Dielectric properties measurement at microwave 

frequencies is required to illustrate how electromagnetic 
waves propagate through materials [1]. Various methods 
have been used for  the measurement of dielectric properties 
[2], including both time and frequency domain methods.  

The existing systems are mainly based on coaxial probes, 
free space, transmission/reflection methods using waveguide 
or coaxial cells and resonance techniques [3]. Waveguide 
has the advantage of high power handling capability and low 
loss but it requires the sample to be machined out to fit the 
cross section of the waveguide. A waveguide with specific 
dimensions can only be used for dielectric measurements in 
a narrowband of the frequency range. Practically 
waveguides are  not appropriate for lower frequencies due to 
the large size. 

The coaxial line technique is wideband enough but is not 
easy for dielectric measurements of heavy and porous 
materials such as concrete because the specimen need to be 
in a toroidal shape which is hard to achieve. Besides that it 
does not provide a uniform electromagnetic (EM) wave. 

In the resonant techniques, the amount of frequency shift 
in the resonant mode of the cavity determines the dielectric 
properties of the specimen. The disadvantage of this method 
is that the measurements cannot be carried out over a range 
of frequencies without changing the cavity dimensions.  

In the free space method a perfect normal plane wave is 
hard to achieve and the diffraction effect of the sample 
edges cannot be avoided. 

In this paper, a novel wideband TEM-cell based on a 
parallel plate is presented, suitable for the 
transmission/reflection method. A specimen of dielectric 
material is put between two parallel plates. The scattering 
parameters (S-parameters) of the two port line are measured 
using avector network analyzer. Complex permittivity and 
permeability can be determined from the measured S-
parameters using the Nicolson-Ross-Weir (NRW) method  
[4]. Section 2 describes the design of the parallel plate cell. 
Before directly apply the NRW conversion, a specific 
calibration as described in Section 3 will be executed. For 
better illustration, the experimental setup of the dielectric 
measurement is shown in Section 4. In order to validate the 
functionality of the wideband TEM-cell, the dielectric 
properties of Teflon is measured and shown in Section 5.  

2. Parallel Plate Cell Design 
The wideband TEM cell is optimized to operate from 

50MHz up to 800MHz. This cell is design to be large 
enough to immerse the sample between the two plates [5]. 
The width, w and distance between the two plates, d are set 
to 10.6cm and 2cm respectively to achieve a characteristic 
impedance approximate to 50ohm in free space. At first the 
values are calculated based on eq. (1) [6] which are valid in 
an ideal situation where the fringing field can be neglected. 
It is then further optimized in CST MICROWAVE 
STUDIO®  

 

w
d

I
VZ plate


  (1) 

 
where V is the voltage of the top plate with respect to 
bottom plate,  I  is the total current on the top plate, η is the 
intrinsic impedance of the medium between the parallel 
plate,      d is the separation distance between the two plates 
and w  is the width of both the two plates.  

The cell is connected to a network analyzer through an N-
type coaxial port. The coaxial port is designed so that it 
produces 50ohm impedance. Its characteristic impedance 
can be calculated based on. 
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where Z0 is the characteristic impedance of the connector 
medium, and a and b represent the radius of inner conductor 
and outer conductor respectively. 
 

 
Figure 1: Fabricated wideband TEM cell 

 
The highlight of the cell is the inner conductor of input 

coaxial line which is extended in form of conical shape [5] 
in order to achieve wideband. 

The cell is machined out of aluminium plate and two 
halves are held together by two plastic screws. This cell 
provides an easy way to remove and insert the sample.  

The design of the cell is similar as the design of a 
classical parallel plate capacitor [7]. However the operating 
concept behind both structures (wideband TEM cell and 
parallel plate capacitor) is totally different.  

In the parallel plate capacitor method, the plates are 
connected to the network analyzer to measure its 
capacitance. Parallel plate capacitor model is proposed in the 
work to relate the capacitance to the material sandwiched in 
between two parallel plates [7]. This method cannot be used 
to calculate the relative permeability of the material 
moreover the operating frequency of the model is much 
lower, which is below 40MHz.  

On the other hand, the wideband TEM cell proposed here 
works at frequencies which is much higher (50MHz to 
800MHz). The relative permittivity and relative permeability 
of the material are calculated based on the application of 
NRW conversion.  

3. Specific Calibration 
NRW is widely used to convert the S-parameters to their 

associated relative permittivity and relative permeability [8]. 
This technique, it requires the calibration plane to be on the 
surface of the dielectric material as shown in Fig. 3. 
However in this cell, it is difficult to have the calibration 
plane on the surface of the dielectric material because of its 
open-structure. Hence in order to obtain the SB-parameter, 
the cell is modelled as 3 sections. The transmission matrix of 
sections A, B and C will be cascaded together to reach the 
overall S-matrix which can be measured in the experiment 
[9]. The S-matrices for sections A and C will be deduced 
based on the measurement when the dielectric is removed. 

 
 

 
Figure 2:  Cross section of the TEM parallel plate cell when 

the dielectric is inserted at the centre of the cell. 
 
 

 
Figure 3: The parallel plate cell model is illustrated as 3 

cascaded networks. 
 

4. Measurement System Set up 
In order to validate the functionality of the cell, Teflon is 

used as the first specimen. It is placed at the centre of the 
cell for the dielectric measurement. Fig. 4 shows the 
configuration of the measurement system setup. This system 
consists of the wideband TEM-cell, coaxial cables, a 
network analyzer and the material under test. The 
measurement is carried out with absorbers placed beside the 
structure to avoid reflections from the surrounding 
environment.  

Port 1 and port 2 are connected to the network analyzer 
through coaxial cable. The sample is placed  at the centre of 
the cell. It should be far away from the feeding ports due to 
non-uniformity of the field near the ports. S-Parameters are 
measured and the permittivity and permeability of dielectric 
material are obtained based on the NRW conversion 
technique. The results are illustrated in Section 5. 
 

 
Figure 4: Experimental setup for a dielectric measurement. 
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Figure 5: The internal layout shows how the parallel plate 

cell is placed.  
 

 
Figure 6: The Teflon is placed at the centre of the parallel 

plate cell for measurement. 
 

5. Result and Discussion 

5.1. Verification Using Teflon 

A 3cm width of Teflon with   relative  permittivity,   εr ~ 2 
and  relative  permeability,  μr=1 is placed at the centre of the 
cell. The height of the Teflon is nearly 2cm so that the 
Teflon can be easily put in between the two plates. The 
measured S-parameter with and without the Teflon will be 
used for the relative permittivity and permeability 
calculation. In order to validate the result, the same structure 
is created in CST MICROWAVE STUDIO®, both of the 
results are shown in Fig. 7 and Fig. 8. 
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Figure7: Relative permittivity (epsilon) comparison 

between experiment and simulation results for Teflon. 
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Figure 8: Relative permeability (miu) comparison between 

experiment and simulation results for Teflon. 
 
The experimental result is in good agreement with the 

simulation result and also the published data for Teflon. The 
fluctuation of the experimental results is believed to be due 
to imperfect contacts in the preliminary prototype and 
parasitic coupling effects [5]. 

 

6. Conclusion 
A wideband TEM-cell is designed with a novel feeding 

section of conical shape. This feeding successfully upgrades 
the parallel plate to a wideband cell and provides better 
matching. The specific calibration successfully solves the 
limitation of the parallel plate which only provides 
calibration plane at the edge of the plane instead of the 
surface of the dielectric material. The dielectric 
measurement for Teflon indicates that this cell has the 
potential to be used as equipment for dielectric 
measurements. The fluctuations of the results are believed to 
be due to coupling effects and also the placement of the 
coaxial cable during the measurement.   
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Abstract 
We report on the exchange of orbital angular momentum 
between an electromagnetic microwave and a macroscopic 
object. Using a quadrupole wire antenna at frequency 
f = 870 MHz, we induce a torque on a suspended copper 
strip. The induced torque on the strip is of the order of 
10-8 Nm. A linear dependence of the acceleration of the strip 
on the radiated power, up to 8.10-4 °/s ², is observed and 
rotations of a few degrees are measured. 

1. Introduction 
An electromagnetic (EM) wave is defined by its magnitude, 
its wave vector, its frequency and its angular momentum. 
Angular momentum is the mechanical property of an EM 
wave and can be decomposed in two components: 

�The intrinsic component which is the Spin Angular 
Momentum (SAM), associated to the wave 
polarization, 

�The extrinsic part which is the Orbital Angular 
Momentum (OAM), which represents the spatial 
distribution and depends on the gradient of the EM 
fields. 

Since the pioneering experiment of Beth in 1935 [1], it is 
well known that the circular polarization of EM waves can 
induce rotation of macroscopic birefringent plates. This 
effect has since been experimentally confirmed either at 
macroscopic scale, both in optics [1, 2] and microwaves 
[3, 4], or at microscopic scales [5] in optics only. In 1949, 
Carrara [3] measured rotations of few degrees of various 
absorbing macroscopic objects, like 3cm size-disks and 
squares, using circularly polarized waves at a frequency of 
9.36 GHz with a mean power of 50 W. More refining 
experiments have been conducted by Allen in 1966 [4], at a 
frequency of 9.3 GHz. Continuous rotation of a small 
dipole, delicately suspended in a circular waveguide, has 
been observed using an incident circular polarized wave of 
low power (less than 1 W). 
On the other hand, according to the Maxwell equations, 
electromagnetic fields can also carry orbital angular 
momentum (OAM) when the wavefronts are twisted 

regarded to the direction of propagation. In 1992, Allen 
et al. [6] showed that light beams with an azimuthal phase 
dependence exp(i.l.), carry an orbital angular momentum 
of l.ħ per photon, where ħ is the reduced Planck constant, 
and l, an integer number called the “topological  charge” [7]. 
From these studies, an analogous adventure can be 
considered for the orbital angular momentum (OAM) of an 
EM field to rotate objects. Indeed, transfer of OAM has 
already been observed on microparticles [8]. However, in 
the macroscopic domain, no direct evidence of OAM 
transfer from an EM wave has ever been observed. Besides, 
in the microwave or in the radiofrequency domain, such an 
effect would be easier to evidence since the angular 
momentum carried by the EM wave could be much higher 
for a given power. For example in Carrara’s experiment [3], 
the induced torque was indeed observed with the naked 
eyes. 
In this paper, we report the experimental observation of the 
OAM transfer from an EM wave to a macroscopic object 
suspended by a torsion pendulum, in the radiofrequency 
domain. In a first part, the experimental setup is described 
and characterized. In a second part, experimental results are 
presented and discussed. Finally, a conclusion is presented 
and some improvements are proposed. 

2. Experimental Setup 
In   1987,   Vul’fson   [9] proposed an experimental setup to 
measure the angular momentum of EM radiation with a 
wavelength of the order of 1-1.5 cm, using a torsion 
pendulum. However, such an experimental setup has not 
been realized yet. 
Torsion pendulum is a very popular tool that has been used 
for over more than two centuries for fundamental 
measurements [10, 11] and is still the most sensitive tool for 
measuring weak torques. It has also been used in photon 
spin angular momentum transfer to a macroscopic object 
[1-4]. The schematic diagram we used to measure angular 
momentum in the UHF range is presented in Fig.1 showing 
in particular the suspended receiving ring, which is the 
detector of the angular momentum. 
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Figure 1: Schematic diagram of the experimental set-up, 
as inspired from Vul’fson’s proposal [9], showing the 
RF frequency generator, the -3dB coupler, the power 
amplifiers, the antennas and the copper detector ring. 

. This experimental system is composed of: 
� a RF frequency signal synthesizer (Generator), 
� a -3 dB coupler, 
� two power amplifiers, 
� two dipole antennas. 

Orbital angular momentum is detected by a light copper 
ring which has the following dimensions: 
� internal radius R1: 15.4 cm, 
� height hr: 5 cm, 
� thickness: 156 m. 

From these parameters, the inertial momentum J can be 
determined using the following equation: 

  2
1

2
2..

2
1 RRMJ  , (1) 

where: 

  2
1

2
2... RRhM r   , (2) 

Where R1 and R2 are respectively the internal and the 
external radius of the ring, hr, the height of the ring, and , 
the copper density equals to 8.94 g.cm-3. Therefore, the 
inertial momentum is evaluated to be J = 8.4 10-4 kg.m2. 
The ring is suspended to the ceiling of the room with an 
ordinary cotton thread. This thread has a length of 2 m and a 
diameter of 0.5 mm. It is then attached to the ring by eight 
branches of cotton thread. The torsion constant of this 
suspension has been then deduced from the 12 min period 
of the free oscillation of the pendulum and equals to 
 = 2.3 10-10 Nm/°. 
From Fig.2, one can see the two dipole antennas at the 
center of the ring, which are orthogonal to each other. These 
antennas are supplied from a common frequency 
synthesizer with a phase shift of ± /2. These two dipole 
antennas are made from a copper wire that has a diameter of 
2 mm and a length of 17 cm.  

 

Figure 2: 3D radiation pattern of the two crossed dipole 
antennas in the far field, at the frequency of 
f = 870 MHz. 

 
Figure 3: Electrical field radiated by a turnstile antenna 
composed of two crossed dipoles excited in phase 
quadrature, at the distance of 15.4 cm. Transmitted 
power is equal to 1 W. The field is calculated at the 
frequency of f = 870 MHz and in the plane of antennas. 
Pattern dissymmetrical defect is due to a small 
difference on the size of the realized dipoles. 

This type of antenna is known as turnstile antenna, whose 
principal characteristic is an isotropic radiation pattern. 
Thus, the electric field is constant all over the copper ring, 
ensuring a global symmetry of the system [12].  
Fig.2 and Fig.3 present, respectively, the 3D radiation 
pattern and the E field radiated by the turnstile antenna in 
the far field. The latter is calculated in the plane of 
antennas, at a distance of 15.4 cm to the center and at a 
frequency of 870 MHz. These results are computed using 
CST numerical electromagnetic software. Small variations 
are observed along the radiation pattern due to a small 
difference on the antenna size. 
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Figure 4: Phase variation of the radiated EM field as a 
function of the azimuth angle (Phi angle), in the plane of 
antennas and at the frequency of 870 MHz. 

The measured SWR is around 1.3 for each antenna. These 
antennas, having a power supply with a /2 phase shift, are 
often used for circular polarization applications (e.g. 
satellite communications), because the far field radiation 
pattern in front of the antennas has a circular polarization. 
The turnstile antenna is also used in broadcast applications, 
where there is a need for horizontal (linear) polarization 
with uniform (isotropic) radiation pattern around the 
antenna. However, in our case, we are interested in the EM 
field in the plane of the antennas only. 
In the near field and in the plane of the antennas, the 
radiated electromagnetic field is near-isotropic (Fig.3) and 
has a 2 phase rotation as a function of the azimuth angle 
(Phi angle). This is in fact, the characteristic behavior of an 
EM wave carrying an orbital angular momentum with a 
topological charge l equal to l=1 (Fig. 4). 
These dipoles are supplied from a CW (Continuous Wave) 
frequency synthesizer through a -3 dB coupler (power 
divider) having a /2 phase shift. A picture of this -3 dB 
power-divider/phase-shifter is shown in Fig.5. Then, the RF 
signals, which are now in phase quadrature, are amplified 
by two 40 dB gain power amplifiers before being supplied 
to the antennas, through 2 coaxial cables of 5 m long. 
Finally, the gain and phase induced by the electronic parts 
(amplifiers,   cables,   connectors,  …)   between the output of 
the RF frequency synthesizer and the inputs of each 
antenna, have been measured using a vector network 
analyzer. Measurements are summarized in Table 1. Gains 
of the two transmission lines (TL1 and TL2) are very close 
to each other, with a difference of 0.8 dB. The phase 
difference is equal to 85.8°, which is slightly smaller than 
the desired 90°, despite the difference of lengths of the two 
output ports of the -3 dB coupler. But, we will see in the 
next part that it is good enough for our experiment. 
 

 
Figure 5: Picture of the -3 dB coupler/power divider with 
a /2 phase shift between outputs 1 and 2. The output 
port 2 is slightly shorter than port 1 to compensate for the 
phase discrepancy between the transmission lines 
(amplifiers + coaxial cables) used to feed the dipole 
antennas 

 

Table 1: Gain and phase introduced by the electronic 
parts between the output of the RF frequency 

synthesizer and the inputs of the antenna 1 (TL1) and 
the antenna 2 (TL2). 

 TL1 TL2 
Gain (dB) 39.8 40.6 

Phase (deg.) 178.6 -95.6 

Special care has been taken to avoid spurious effects. The 
experimental setup is confined in an anechoic chamber. 
Besides, the suspension and the experimental setup have 
been isolated from any mechanical vibration. Rotation of 
the ring is recorded via a webcam connected to a computer 
located outside of the anechoic chamber. Fig.6 and Fig.7 
show pictures of the experimental setup placed in the 
anechoic chamber. 

3. Fields 
The electric field radiated by one dipole antenna alone 
writes in the far field: 
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, (3) 

where λ is the wavelength of the electric field, k, the wave 
vector, L, the length of the antenna, c, the velocity of light, 
0, the dielectric constant, , the angular frequency of the 
current in the dipole, I0, its amplitude, (r, ), the usual polar 
coordinates, and j is the usual complex number. Note that 
the estimated electric field lies in the plane of the antennas 
and is thus tangential to the copper ring. 
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Figure 6: Picture of the experimental set-up showing the 
suspended detector ring in the anechoic chamber. 

 
Figure 7: Experimental set-up showing the antennas and the 
suspended ring in the anechoic chamber. 

Since there is a phase of  = /2 to the signal sent to the 
second antenna, its radiated electric field can be written: 

  . 2
,2 0

0

.cos . .
4. . .

j t krLE I e
c

 
 

 
  , (4) 

This leads to a total electric field which also lies in the 
plane of the antennas:  

  ..
0

0

1. . . .
4. . .

j t krj LE e I e
c r


  

 , (5) 

Note the phase factor exp(-jθ) in this expression. Actually, 
this factor leads to a spatial modulation of the phase of the 
field. In such an electric field, the phase fronts are twisted 
and the orbital momentum is ħ per photon. 

4. Measurements 

The antennas have been excited with powers, varying from 
1.5 W up to 25 W. The corresponding rotation of the 
pendulum has been recorded and is displayed as a function 
of time on Fig. 8. For the sake of clarity, the rotations for 
four radiated powers (3 W, 6 W, 8 W and 25 W) have been 
plotted with a fit of the experimental data with parabolas. 
As one can see, the rotation of the pendulum is a uniformly 
accelerated rotation within a very good approximation. To 
our knowledge, it is the first direct observation of the 
transfer of electromagnetic orbital angular momentum to a 
macroscopic object. For a longer time of observation, the 
restoring torque of the thread becomes no longer negligible 
and this leads to damped oscillations. As expected, the 
rotation becomes more important as the power is increased. 
An inversion of the rotation of the pendulum is also 
experimentally observed for a reversing of the phase shift 
from +π/2 to -π/2. This is equivalent to remove the minus 
sign just in front of θ in Eq. 5. Thus, it corresponds to the 
change from +ħ to -ħ OAM carried per photon. Then, the 
sign of the torque should also be reversed as we can see in 
Fig. 8. 
Besides, we can also observe in Fig. 8, that the two 
recordings of the rotation for both directions are nearly 
perfectly symmetric. 
Finally, when the two dipoles are in phase (ϕ = 0), no 
rotation is observed, meaning that parasitic effects such as, 
radiation pressure due to a misalignment of the pendulum 
regarding the antennas, or reflection from the walls or the 
ground of the chamber, are negligible in our experimental 
setup. 
Based on the measurement of the angle of rotation as a 
function of time reported in Fig. 8, angular acceleration 
transferred by the electric field to the strip as a function of 
the applied power has been estimated. Since the applied 
torque is ħ per photon, the total torque should be 
proportional to the number of photons, and thus the angular 
acceleration should depends linearly on the applied power. 
Indeed, the experimental results show a nearly perfect linear 
dependence on the applied power. Moreover, the linear 
dependence holds over more than one order of magnitude, 
from 1.5 W to 25 W. 
The symmetry between both directions of rotation is also 
verified. The linear coefficient deduced from the fitting of 
the experimental data is exactly the inverse for one direction 
of rotation and for the other direction.  
From Fig. 8, for a power of 25 W, we can deduce an angular 
acceleration of a = 6.4x10-4 °/s2. 
This corresponds to an applied torque Γ applied to the ring 
by the EM microwave radiation due to the OAM: 

 Nm 1071.4. 9 aJ  (6) 
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Figure 8: Angular rotation as a function of time for a -π/2 (“R”curves) and +π/2 (“L”curves) phase shift between the 
antennas and for different transmitted powers Pe (3 W, 6 W, 8 W and 25 W). 

5. Discussions 

Thanks to the very high sensitivity of the torsion pendulum, 
we have been able to detect an applied torque of the order 
of Γ = 10-9 Nm due to the transfer of orbital angular 
momentum of the photon. By improving the suspension 
mechanism, as well as the thread suspension [13], like using 
spider draglines, and by inserting the experimental setup in 
a vacuum chamber to reduce the damping coefficient, a 
detection of a torque of the order of Γ = 10-14 Nm seems 
within reach. The absorbing object could be either an 
absorbing ring or strip in the case a spherical wave, or an 
adapted absorbing plate in the case of a plane wave. This 
would correspond to electromagnetic fields carrying orbital 
angular momentum in the microwatt range or lower. This 
may be an alternative way to detect orbital angular 
momentum in the radio domain [14, 15] or even in 
astronomy [16].  

6. Conclusions 

To conclude, we have experimentally observed the transfer 
of angular orbital momentum from an electromagnetic wave 
to a macroscopic object using a torsion pendulum, at the 
frequency of 870 MHz. 

A microwave field has been generated using a linear 
quadrupole antenna (turnstile antenna) with a controlled 
dephasing between the antennas. A phase rotation of 2π   is 
observed on this electromagnetic field, in the plane of the 
antennas, characteristic phenomenon of a EM field carrying 
an angular orbital momentum of ħ per photon. The 
accelerating regime of the pendulum has been isolated and 
it is possible to switch the direction of the rotation simply 
by inverting the phase shift between the two dipole 
antennas. It would be now stimulating to try to detect 
microwave electromagnetic field carrying more than one ħ 
per photon.  
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Abstract 
A method of Fresnel field to far field transformation based 
on two-dimensional Fourier series expansion is presented. 
According to the method, far field can be reconstructed 
from several sections of the field in Fresnel region. 
Computer simulation and experimental verification results 
are given. Relationship to other results of antenna 
measurements theory is considered. 

1. Introduction 
Reconstruction of antenna characteristics from Fresnel 
region measurements is an important problem of the antenna 
engineering. Particularly, it is important when one has an 
anechoic chamber with test facility for far field 
measurements, but far field distance of an antenna under test 
(AUT) is larger than the length of an anechoic chamber. 

For far field reconstruction from measurements in 
Fresnel region classical methods of far-field reconstruction 
from near-field measurements can be used. It is known that 
in this case measurements can be carried out only in a 
limited angular sector [1,2]. However, it requires λ/2  spacing  
between samples, so the amount of measurements can be 
large. 

In the literature several methods of far field 
reconstruction specific to Fresnel region have been 
proposed. In these methods the spacing between samples is 
much  larger  than  λ/2,  which allows to reduce measurements 
time. 

In [3,4] a solution of three-dimensional problem based 
on pseudosampling representation of the field was found. 
The presented method is convenient for both computation 
and practical realization. A disadvantage of the method is 
that the far field can be reconstructed only in angular 
directions close to the normal of the aperture. 

In [5,6] a method based on one-dimensional Fourier 
series expansion of phase exponential was presented. The 
solution is also convenient to use (e.g. [7]), but is applicable 
only to linear antennas elongated in one direction, because 
in [5,6] only a two-dimensional problem was considered. 
However, the method is not limited only to the directions 
close to the normal of the aperture. 

In [8] a generalization of [5,6] to three-dimensional 
case based on Bessel functions expansion was considered. 
The proposed representation is less convenient in practical 

sense, because it requires to measure field in an irregular 
angular grid. 

In [9] a solution to three-dimensional problem based on 
[5,6] was proposed, which utilizes  two-dimensional Fourier 
series expansion. As opposed to Bessel functions expansion, 
this method requires to carry out measurements in a regular 
angular grid, which makes it convenient to use in practice. 
Also, for the directions close to the normal of the aperture 
the expansion presented in [9] tends to the expansion in [4]. 
Thus, a method of two-dimensional Fourier series expansion 
can be considered as a generalization of method [4] for 
reconstruction of the far field in the directions which are not 
close to the normal of the aperture. Also in [9] several issues 
concerning practical implementation of the method were 
discussed.  

Method [9] was further developed in papers [10–12], 
where measurements on non-spherical surface were 
considered [10], a Fresnel field to Fresnel field 
transformation was presented [11] and an alternative 
approach to expansion coefficients calculation was given for 
far field reconstruction from measurements at smaller 
distances [12]. 

In the current paper a method of Fresnel field to far 
field transformation based on two-dimensional Fourier 
series expansion is presented [9]. New results are given, 
such as vector form of the formulas for arbitrary point in far 
zone (in [9] only points with either small azimuth or small 
elevation were considered) and relationship of the method to 
other results of antenna measurements theory. Formulas for 
such characteristics as gain and EIRP and configuration of 
the measurement system are presented. Also the results of 
numerical simulation and experimental verification are 
given. 

2. Mathematical model 
Consider an antenna with dimensions at least several 
wavelengths. Let the antenna be in the left half-space near 
the z=0 plane (Fig.1). Then we need to choose a rectangle 
TxxTy in the z=0 plane, which must be at least as large as the 
antenna. Also let the antenna be positioned in such way that 
the center of the rectangle coincides with the origin.  

To describe the field at z>0 mathematically we'll use 
Kirchhoff integral with the Green's function, chosen to 
eliminate either the term with the derivative of the field, or 
the term with the field. Also the field at z=0 outside the 
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TxxTy rectangle is neglected. Then the electric field in an 
arbitrary point in the right half-space for which kr≫1 can be 
written in terms of the field at z=0 plane as: 
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where E is complex electric field amplitude; λ is 
wavelength, k=2π/λ; u=sinα, v=cosα sinβ, w=cosα cosβ are 
direction cosines of the direction of observation, β and α are 
azimuth and elevation of the direction of observation, r is 
the distance between the origin and observation point; U, V, 
W and R are directional cosines and length of the vector 
between integration point and observation point. 

 
Figure 1: Antenna and the reference frame. 

 
Under the condition kR≫1, the error of (1) and (2) is 

determined by the same integrals over the region 2 \ TxxTy. 
If the rectangle TxxTy includes all points with significant 
(large enough) amplitude of the field, then the error is small. 

The further analysis will be based on (2). Analysis 
can be carried out based on (1) as well. As it will be shown, 
the result will change insignificantly in this case. 

Let us make a simplification for the case, when the 
observation point is at least as far as in the Fresnel region, 
i.e.: 

 30.62 /r D  . (3) 
In this case (2) can be rewritten in the following way: 
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3. Field transformation 
We consider the following problem: given field 
measurements at a sphere r1 in the Fresnel region, we need 
to determine field values at a sphere r2. The problem of 
reconstructing far field corresponds to r2 →∞. 

3.1. Transformation theory 

Consider the following representation of exponential of the 
phase function from (4) for the sphere r2: 
 2 1( , , , ) ( , , , )( , , , )r rj x y u v j x y u ve g x y u v e    , (8) 
where 
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Let us expand (9) into Fourier series as a function of 
(x,y) at a rectangle [-Tx/2,Tx/2]x[-Ty/2,Ty/2] for fixed u and v: 
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Substitute (10) into (8) taking into account 

denotations (6) and (7): 
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where 
 / xu T  , / yv T  . (13) 

For r1 in the Fresnel region, in the vicinity of u, v the 
following inequality takes place: 
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With (14), the relation (12) can be rewritten as: 
 2 1( , , , ) ( , , , )

,

( , )r rj x y u v j x y u m u v n v
mn

m n
e k u v e        . (15) 

Note, that physical interpretation of (15) is 
representation of a spherical wave with center in (u,v,r2) as a 
linear combination of spherical waves with centers in 
(u+mΔu,v+nΔv,r1), the representation taking place at a 
rectangle TxxTy. 

Now substitute (15) into (4). After changing order of 
summation and integration, we have: 
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In sum (16) only several terms contribute 
significantly, so other terms can be dropped. This issue will 
be considered in more detail below. 

Note, that a formula analogous to (16) was originally 
obtained in [13] for a two-dimensional problem and later in 
[14] for a three-dimensional problem for the case when 
antenna is illuminated by a nonplanar wave. However in 
these publications the formulas were applied only to 
nonplanar waves of a compact range. 

Now let us consider a point u2, v2, which is located 
between nodes u1+mΔu, v1+nΔv. Let the node u1, v1 be the 
closest node of the mentioned grid's nodes to u2, v2. 
Expression (8) can be rewritten as: 
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After transformations similar to (10)-(16), we obtain: 
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Note, that in (18) the largest contribution into sum is 

made by the field samples near (u2,v2), because coefficients 
(19) have largest magnitudes in this area. 

Thereby, using field values in the angular grid 
u1+mΔu, v1+nΔv on a sphere in Fresnel region or far region, 
one can reconstruct field values in every points of the half-
space in Fresnel region or far region. Formulas (18),(19) can 
also be generalized for the case when r1 and/or r2 are in 
antenna near zone. This issue will be considered in the 
following publications. Also, (18),(19) can be applied at 
closer distances than indicated by (3). In [12] it was shown 
that these formulas can be applied under the following 
conditions: 

 
4

3 1
50
D
r
 , 1

4
D
r
 . (20) 

Note, that if we base the formulas on (1) instead of 
(2), then (18) turns into: 

2 1( ) 1 2
2 2 2 1 1 2 2

,2 1,

( , , ) ( , , , )jk r r
mn

m n mn

r wu v r e k u v u v
r w

  E  

 1 1 1( , , )u m u v n v r    E , (21) 
where 

 2 2
1, 1 11 ( ) ( )mnw u m u v n v       . (22) 
The formula for coefficients in this case remains the 

same – (19). Formula (21) is also very close to (18), since 
w2/w1,mn are close to 1. Numerical simulation also shows that 
the formulas work equally well. 

The formulas can also be applied to samples equally 
spaced in azimuth-elevation coordinates. Let us show it for 
the case when either α≈0   or β≈0. In this case the phase 
doesn't have an xy term, so the two-dimensional integral (19) 
becomes a product of two one-dimensional integrals and the 
formula takes simpler form. 

First,   consider   α≈0 (when field is measured in 
azimuth sections). Then field values are given in a 
rectangular  grid  in  α-β: 
 1 m u    , 1 n v    , 1 0  . (23) 

These angles correspond to the following u and v: 
 1u m u   , 1sin( )v n v   , (24) 
i.e. v spacing becomes smaller when azimuth increases. 
Based on (13), to have a smaller spacing for v we need to 
increase the area for integration: / cos( )y yT T  . 
Substituting it into (19) yields: 

2
2 1

1 2

1 1 2/2 ( )
2

/2

1 x

x

x

kT j x jkx jm x
r r T

mn
x y T

k e e dx
T T

 
 

    
 



   

 
2

2 1
1 2

21 1/2 ( )
2

/2

y

y

y

kT jn yj y jky
Tr r

T

e e dy


 
     
 



  . (25) 

Using same considerations one can obtain the 
formula for β≈0 (elevation section): 

2
2 1

1 2

1 1 2/2 ( )
2

/2

1 x

x

x

kT j x jkx jm x
r r T

mn
x y T

k e e dx
T T

 
 

    
 



   

 
2 2

1 2 1 1
1 2

21 1/2 /cos ( )/cos
2

/2

y

y

y

kT jn yj y jky
Tr r

T

e e dy


   
     
 



  . (26) 

Also note, that all formulas were written in vector 
form so far. However, one doesn't need to measure all three 
components of the field. Firstly, it is not necessary to 
measure radial component since in Fresnel region it is small 
and in addition its influence on far field is reduced due to the 
fact that in (18) radial components are almost orthogonal to 
transversal components of the far field. 
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Also, (18) can be used in scalar form separately for 
co and cross components of the field. It is also due to the 
fact that in (18) only points with close angular directions are 
used, so basis vectors of co and cross polarizations are 
almost orthogonal, regardless of which pair of co and cross 
polarizations is used. 

3.2. Analogies 
Let us draw several analogies with other results of antenna 
measurements theory. First, let us apply (18),(19) for r1 = r2. 
In this case the formulas become interpolation formulas with 
sampling functions; the coefficients tend to: 

1 2
1 1 2 2 2 1( , , , ) sinc ( ( ))mn r rk u v u v u u m u

u




      
 

 2 1sinc ( ( ))v v n v
v
      

. (27) 

This result was achieved in [15], [16]. Note, that 
there is a small difference between formulas, which is due to 
different mathematical models of the field. We consider 
models (1) and (2) more appropriate, because in the model 
used in [15] equivalent magnetic currents on the virtual 
aperture were not taken into account. However, numerical 
simulation shows that both models work equally well. 

Note, that field interpolation formulas can be used in 
the far field reconstruction problem the following way. The 
field can be reconstructed with (18),(19) in sparse angular 
grid   with   spacing   Δu, Δv from (13). Then interpolation 
formulas can be applied to determine field values between 
nodes of the grid. 

Also the formulas similar to those obtained in the 
previous section can be found based on field integration on a 
spherical surface. To obtain such representation one can 
apply interpolation formulas to the field on a sphere, at 
which the measurements take place. Let us show this 
approach in scalar approximation. The field on a sphere 
r2>r1 in direction u2, v2 can be represented using field on a 
sphere r1 in the Fresnel region: 

 
2 ( , )
1

2 2 2 1( , , ) ( , , )
jk r u vr eE u v r j E u v r d
r

 

 
 , (28) 

where Δr(u,v)= |r2(u2,v2)-r1(u,v)|. 
Using formulas for field interpolation in Fresnel 

region it can be rewritten as (with u1= v1=0 for simplicity): 

2 2 2 1
,

( , , ) ( , , )
m n

E u v r j E m u n v r    

sin(( ) / ) sin(( ) / )
( ) / ( ) /
u m u u v m v v
u m u u v m v v

 
 

     


     
 

 
2 ( , )
1

( , )

jk r u vr e d
r u v

 

 


 (29) 

After changing the order of summation and 
integration and regrouping, the formula can be written as: 

2 1( ) 1
2 2 2

2

( , , ) jk r r rE u v r e
r

   

 1
,

( , , )mn
m n
k E m u n v r    , (30) 

where  
sin(( ) / )
( ) /mn
u m u uk j
u m u u




  


    

 
2 1( ) ( , )

1 2sin(( ) / )
( ) / ( , )

jk r r jk r u vv m v v rr e d
v m v v r u v


 

    
 

   
. (31) 

Despite the difference between formulas (31) and 
(19), numerical evaluation shows that the coefficients 
coincide with high precision. Note, that a similar approach 
was used in near field to far field transformation in [17], 
where measurements on cylindrical surface were considered. 

Finally, let us show that formulas obtained in [4], are 
a special case of (18) and (19) when u1=u2≈0,   v1=v2≈0,  
r2→∞. In the notations of this paper, the formulas from [4] 
can be written as: 

2( , , )s u t v r I  

 1
,

ˆ (( ) ,( ) , )mn
m n
k s m u t n v r     I , (32) 

where I is a vector potential, and ˆ
mnk  are: 

2

1

2/2
2

/2

1ˆ
x

x

x

kT jm xj x
Tr

mn
x y T

k e e dx
T T






   

 
2

1

2/2
2

/2

y

y

y

T k jn yj y Tr

T

e e dy






  . (33) 

With small u and v the vector potential I defined in [4] is 
proportional to the electric field vector E. One can see that 
formulas (25) and (26) tend to (33) when u1=u2≈0,  v1=v2≈0,  
r2→∞. Note, that (25) uses azimuth and elevation angular 
variables as opposed to (33), which uses u and v; it makes 
(25) more precise for directions distant from the normal to 
the aperture. 

3.3. The amount of sections 
The kmn coefficients rapidly decrease with m and n, as can be 
seen from Fig.2. Also, field in Fresnel region decreases as 
the observation point moves away from field maximum. 
Therefore, in sums (16), (18) a finite number of terms can be 
used. Let us estimate minimum amount of terms for correct 
far field reconstruction. 

At first, consider a well-focused antenna with 
maximum along Z-axis, when central azimuth section is 
reconstructed. For field reconstruction M azimuth sections 
of the field in the Fresnel region are measured. To estimate 
Mmin let us use a stationary phase method. The integrals 
defining kmn and E(mΔu,nΔv,r1) have a stationary phase 
point under conditions |m|≤Tx

2/(2λr1) and |n|≤Ty
2/(2λr1). 

Hence, estimation for the amount of sections is [9]: 

 
2

min
1

2 1
2

xTM
r

 
  

 
. (34) 
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Figure 2. Magnitudes of kn,0 coefficients for antenna with 
size  30  λ  and  different  r. 

 
However, the amount of n-terms shouldn't be limited 

with this estimation. It is due to contribution of the points 
with largest field amplitudes in Fresnel region to sums (16), 
(18) even for points distant from field maximum in far zone. 
Such terms have small kmn but large E(u+mΔu,v+nΔv,r1), so 
they should also be included into the summation. 

A similar effect takes place when a reconstructed 
section doesn't go through field maximum: in this case in 
addition to (34) it might be required to measure the sections 
which go through Fresnel field maximum. Also (34) cannot 
be applied to badly focused antennas (e.g. antennas with 
contoured beams), because estimation of the size of Fresnel 
field maximum made above might be incorrect in this case. 

Note, that formula (34) is an estimation, which means 
that to obtain a more precise result it might be required to 
measure several additional sections. 

3.4. Gain, EIRP and G/T calculation 
Using the presented field transformation formulas it is 
possible determine antenna gain [10]. Since Poynting vector 
can be expressed as Π=|E|2/(60π), antenna gain can be 
determined by: 

 
2 2 2
2 2 24 | ( , , ) |( , )

60
r E u v r rG u v
P P

 
  ,  (35) 

where P is antenna input power, r2>2D2/λ. 
Substituting (18) to (35), gives: 

 

2

1 1
,

( , , )
( , )

60

mn
m n

r k E u m u v n v r
G u v

P

   



.  (36) 

In (35), (36) the symbol E designates field amplitude 
at the given polarization, expressed in V/m. Since in practice 
the field is measured in non-calibrated units, one can use an 
auxiliary standard antenna with a known gain for calibration. 

It is more convenient to use a standard antenna with 
far field distance smaller than r1. In this case the AUT gain 
is: 

0 0( , ) PGG u v
P

  

 

2

1
,0

1 ( , , )mn
m n
k E u m u v n v r

E
     ,  (37) 

where P0, G0, E0 are input power, gain and measured non-
calibrated field amplitude of the standard antenna. 

If the AUT is an active antenna, one can determine its 
EIRP: 

0 0( , )PG u v PG  

 

2

1
,0

1 ( , , )mn
m n
k E u m u v n v r

E
     .  (38) 

Formulas (37),(38) are for a transmitting AUT. A 
similar formula for antenna gain can be written for a 
receiving AUT (according to reciprocity principle, 
measurements in transmitting mode and in receiving mode 
are equivalent). If an auxiliary transmitting antenna is 
working with a constant power, AUT gain is: 

0( , )G u v G  

 

2

1
,0

1 ( , , )mn
m n
k E u m u v n v r

E
     . (39) 

The AUT noise quality G/T  can be determined using [18]: 
2
1

2

( , ) 4 4

t t

G u v k f r
T PG

 



  

 

2

1
,

1 ( , , )
2 mn

m n
k E u m u v n v r

N
     , (40) 

where k is Boltzmann constant, Δf is effective bandwidth, Pt 
and Gt are power and gain of the transmitting antenna, N  is 
noise power at AUT. 

4. Computer simulation results 
In this section the results of computer simulation are 
presented. For simulation an axisymmetrical reflector 
antenna was used, D=30λ   (2D2/λ=1800λ). Using PO 
approximation several azimuth sections of Fresnel field at 
200λ   and   a   central   section   of   far   field   were   calculated.  
Elevation spacing was 1.8o. Based on (18), (19) far field was 
reconstructed and compared to the calculated far field. Fig.3 
shows the results of field reconstruction using 7 sections of 
Fresnel field (according to (34)) and 11 sections, and a 
central section of the Fresnel field. For the first case the gain 
error was 0.03 dB, first side lobe level error was 0.4 dB. For 
the second case the gain error was 0.01 dB, first side lobe 
level error was 0.07 dB. 

5. Configuration of the measurement system 
To carry out measurements the AUT is adjusted to a 
positioner, which must be able to rotate in both azimuth and 
elevation (Fig.4). Measurement system configuration for 
AUT in receiving mode is shown in Fig.5. 
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Figure 3: Computer simulation results using 7 sections and 
11 sections in Fresnel region. 
 

The AUT 5 receives the signal transmitted by an 
auxiliary antenna 2. For phase measurements a reference 
channel with an auxiliary receiving antenna 3 is used. 
Amplitude and phase of the received signal are registered in 
circuit analyzer 10 and stored in computer 12 for current 
positioning angles. The measurements take place when the 
positioner gradually changes its azimuth with a fixed 
elevation. After the section is measured, positioner changes 
elevation and then the measurements continue. After that the 
data are processed using (18) and (19) or (25)/(26). 

For gain measurements the input of the mixer 7 is 
switched to a standard antenna 6 and then field amplitude in 
the maximum of standard antenna's radiation pattern is 
measured. Antenna gain is determined using (39). To 
measure gain or EIRP of a transmitting antenna the 
configuration shown in Fig.5 is modified accordingly. 

6. Experimental verification 
For verification of the method a set of experiments was 
carried out [9]. Field patterns of an offset reflector antenna 
with D=0.6 m at f=12.5 GHz (2D2/λ=30m) with linear 
polarization were measured in an anechoic chamber. The 
measurements were taken at different distances: in far region 
at 76 m and in Fresnel region. In Fresnel region several 
elevation sections of the field with azimuth spacing 2o were 
taken. Then reconstructed far field was compared to 
measured far field. 

 
Figure 4: Antenna on a positioner. 

 
Figure 5: Configuration of the measurement system 
(simplified): 1 – generator; 2 – auxiliary transmitting 
antenna; 3 – reference channel antenna; 4 – reference 
channel mixer; 5 – AUT; 6 – standard antenna; 7 – 
measurements channel mixer; 8 – positioner; 9 – 
amplification an commutation unit; 10 – vector circuit 
analyzer; 11 – controller; 12 – computer; 13 – RAM; 14 – 
anechoic chamber. 
 

In Fig.6 the results of far field reconstruction using 7 
sections measured at 4 m and using 9 sections at 2.5 m are 
given. Comparing the reconstructed and measured radiation 
patterns one can see that the quality of reconstruction is 
good and the error is less than 3 dB in the dynamic range up 
to -50 dB. Error of maximum side lobe level reconstruction 
is 1 dB and 0.3 dB for 4 m and 2.5 m measurements.  

Fig.7 shows the results of cross-polarization 
reconstruction using measurements at 7.6 m. The 
reconstructed pattern also agrees with the measured one. 

The method described in this article has been used for 
antenna measurements in an anechoic chamber in company 
Radiofizika (measurements distance up to 80 m) for several 
years. Using this method many antennas were tested, with 
far field distance of hundreds of meters and even kilometers. 
Fig.8 shows the increase of maximum size of antennas, 
which can be tested in the anechoic chamber of Radiofizika, 
that is gained when Fresnel field measurements instead of 
far field measurements are used. The lower curve 
corresponds to the standard far field criterion r>2D2/λ, the 
higher curve corresponds to criterion (20). 
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Figure 6. Experimental verification results (co-polarization). 

 
Figure 7. Experimental verification results (cross-
polarization). 

 
Figure 8. Maximum size of antennas, which can be tested in 
the anechoic chamber of Radiofizika, versus frequency. 

Fig.9 demonstrates the example of far field 
reconstruction for a reflector antenna (D=3.8m). The 
antenna adjusted on a positioner is shown in Fig.10. Far 
field distance of the antenna at f=6.25 GHz is 600m. 
Measurement distance was 76 m, i.e. 8 times less. 
 

 
Figure 9. Reconstructed far field and central section of the 
measured Fresnel field for antenna D=3.8m, f=6.25GHz. 
 

 
 

Figure 10. C-band reflector antenna (D=3.8m) on a 
positioner. 

7. Conclusions 
Fresnel field to far field transformation based on two-
dimensional Fourier series expansion was presented. The 
method was compared to other results from antenna 
measurements theory. The results of computer simulation 
and experimental verification were presented. The results 
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suggest that the method ensures good quality of far field 
reconstruction. The method has been used in practice in an 
anechoic chamber of company Radiofizika for over 12 
years for measurements of large-size antennas, and it has 
obvious advantages over outdoor far field measurements. 

References 
 [1] R. Mittra, W. Imbriale, Gain and pattern measurements 

of large aperture antennas in the Fresnel zone, Proc.  
IEEE APS Digest, 1969, vol. 7, pp. 40-42. 

[2] Yu.A. Kolosov, A.P. Kurochkin, Radiation pattern 
reconstruction using field known in a limited angular 
sector, Antennas, vol.16, 1972, pp. 25-37 (in Russian). 

[3] G. D'Elia, G. Leone, R. Pierri, A new approach in the 
near field-far field transformation. Proc.  IEEE APS 
Digest, Houston, USA, 1983, pp. 495-498. 

[4] G. D'Elia, G. Leone, R. Pierri, G. Schirinzi, New 
Method of Far-Field Reconstruction from Fresnel Field, 
Electronics Letters, vol. 20, no. 8, Apr. 1984, pp. 342-
343. 

[5] G. Evans, Far Field Correction for Short Antenna 
Ranges, Proc. AMTA Symposium, 1985, pp. 34.1–34.9. 

[6] G. Evans, Antenna Measurement Techniques, Artech 
House, 1990. 

[7] M. Sierra-Castañer,  S.  Burgos,  Fresnel  zone  to  far  field  
algorithm for rapid array antenna measurements,  Proc.  
EuCAP Symposium, Rome, Italy, April 2011, pp. 3251-
3255. 

[8] K. Wu, S. Parekh, A method of transforming Fresnel 
field to far field for circular aperture antennas,  Proc.  
IEEE APS Digest, May 1990, pp. 216–219. 

[9] I.L. Vilenko, A.A. Meduhin, Yu.A. Suserov, A.K. 
Tobolev, A.V. Shishlov, Reconstruction of antenna 
radiation pattern by using data of measurements in a 
Fresnel region with test facility intended for far-field 
measurements, Antennas, vol. 1(92), pp. 46–52, 2005 
(in Russian). 

[10] S.-S. Oh, J.-M. Kim, J.-H. Yun, Antenna measurement 
on cylindrical surface in Fresnel region using direct far-
field measurement system, ETRI J., vol. 29, no. 2, pp. 
135–142, 2007. 

[11] S.-S. Oh, J.-H. Yun, New Method for Predicting the 
Electromagnetic Field at a Finite Distance Using 
Fresnel Field Transformation, IEEE Antennas and 
Wireless Propagation Letters, vol. 7, pp. 291–293, 
2008. 

[12] Yu.V. Krivosheev, A.V. Shishlov, Development of the 
method of antenna radiation pattern reconstruction 
using measurements in the Fresnel zone, Proc. Radars 
and Communication, Moscow, Russia, November 2010, 
pp. 320-324 (in Russian). 

[13] L. D. Bakhrakh, I. V. Kaplun, A. P. Kurochkin, 
Determination of Parameters of Antennas Illuminated 
by a Nonplanar Wave, Radio Engineering and 
Electronic Physics, vol. 20, Dec. 1975, pp. 1-8. 
Translation from Russian.   

[14] L.D. Bakhrakh, S.D. Kremenetskiy, A.P. Kurochkin, 
V.A. Usin, Ya.S. Shifrin, Near field antenna 
measurements, Nauka, 1985 (in Russian). 

[15] O. Bucci,  G. Franceschetti, G. D'Elia, Fast analysis of 
large antennas – A new computational philosophy, 
IEEE Transactions on Antennas and Propagation, vol. 
28 , 1980, pp. 306 – 310. 

[16] G. D'Elia, G. Leone, R. Pierri, D. Valentino, Numerical 
evaluation of the near field using sampling expansions, 
Proc.  IEEE APS Digest, 1982, vol.20, pp. 241 – 244. 

[17] O. Bucci, C. Gennarelli, Use of sampling expansions in 
near-field-far-field transformation: the cylindrical case. 
IEEE Transactions on Antennas and Propagation, vol. 
36, 1988, pp. 830 – 835. 

[18] E.N. Egorov, Basics of microwave electronics, 1983 (in 
Russian). 
 



 ADVANCED ELECTROMAGNETICS SYMPOSIUM, AES 2012, 16 – 19 APRIL 2012, PARIS - FRANCE 

  

Wideband Calculable Antenna for EMC Measurements 
 

Syarfa’ Zahirah Sapuan*, Alireza Kazemipour, Mohd Zarar Mohd Jenu, 
 

Center for Electromagnetic Compatibility, Universiti Tun Hussein Onn Malaysia (UTHM), Malaysia 
 * syarfa@uthm.edu.my 

 

 

Abstract 

An optimized wideband biconical antenna is presented for 
EMC measurement which potentially can be used as 
standard-reference antenna. The antenna is “direct-fed” (no 
Balun needed) with optimized dimension to match with 50Ω 
coaxial cable from 200MHz to 2GHz. Balun itself has an 
important contribution on E-field measurement uncertainty, 
therefore, this antenna can improve the measurement 
accuracy. Meanwhile, the antenna has a fixed phase-center 
for the various frequencies and the related uncertainties can 
be removed. The antenna factor (AF) of the antenna has 
been evaluated using analytical and numerical method. 
Experimental “Standard Antenna Method SAM” has been 
used to verify the theoretical results and a good agreement is 
stated.  
 

1. Introduction 

E-field measurement together with the magnetic 
field, are the basis of every experimental study in the 
domain of ElebtroMagnetic Compatibility EMC. The 
measuring device is generally an antenna which itself should 
be calibrated for the accurate measurements. The antenna 
can be calibrated by using different methods such as 
standard antenna method (SAM) or standard site method 
(SSM). Both methods require a reference antenna and/or 
reference site. Usually, measurement calibration techniques 
have been used to determine the antenna factor (AF), 
antenna gains (G) and its input impedance Zant. The most 
important antenna parameter for EMC is the AF which is 
defined as the ratio of the electric-field (E) of a plane-wave 
incident on the antenna to the detected output voltage (V): 
 

E = AF (dB/m) . V        (1) 
 

The calibration process is long in time and 
expensive and the accuracy is highly depended on the 
reference/site quality. Therefore, a well-calculated antenna 
can be preferable in order to achieve good accuracy and less 
cost. 
  Half-wavelength dipole has well-known calculable 
radiation characteristic and can be used as a “calculable 
standard” for EMC calibration with low uncertainty level [1-
3]. However, dipole antenna is a narrowband antenna and 
for different frequencies its length should be adjusted to the 
relevant half-wavelength. This fact increased the calibration 

time and cost. Therefore, it is helpful to focus on calculable 
wideband antenna. 

The suggested biconical antenna here, is “direct-
fed” (no Balun needed) (Fig. 1) with optimized dimension to 
match to 50Ω coaxial cable from 200MHz to 2GHz. Balun 
itself has an important contribution on E-field measurement 
uncertainty, therefore, this antenna can improve the 
measurement accuracy. Meanwhile, the antenna has a fixed 
phase-center for the various frequencies and the related 
uncertainties can be removed. 
 

 
 

Figure 1: Biconical antenna with direct coaxial fee 

2. Theory 

The input impedance and radiation pattern of a 
conical antenna (with perfect direct coaxial-feed) is 
evaluated analytically by using Bessel’s functions [4, 5]. 
The input impedance (Rin + jXin) is deduced as a function of 
antenna size (a) and flare angle (θ) by simplifying and 
developing/simplifying the long Bessel’s functions. An 
optimized 50! wideband antenna can be achieved by 
choosing the flare-angle around 60-70 degrees. The 
analytical results are compared with CST numerical 
simulation together with the experimental results (Fig. 2) 
It’s to mention that the ‘feed gap-effect’ is not taken into 
account in the analytical and antenna pattern. For the low 
frequencies the coupling effects antenna to ground plane and 
for the higher frequencies the feed-gap effects can affect the 
measurement results of impedance and AF.  
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Figure 2: Input Impedance (Zin = Rin + jXin) and " (S11)  of 
the antenna 
 
 

In the literature, the antenna usually supposed 
perfectly-matched (Rr = 50!), then the (AF) can be 
evaluated based on the effective-length (Le) and the antenna 
gain (G) : 
 

    
(2) 

 
 

 
For a real antenna which the input impedance is a 

complex value (Rin + jXin) and not perfectly matched to 
50!, the AF formula should be corrected to take into 
account the internal power reflections: 

 
       
      (3) 
 
 
 
In which, Rload is usually a 50! coaxial connector, D is the 
antenna directivity and " is the input reflection-coefficient 
of the antenna.  
 
 
 
 

 

3. Results 

 
D and " can be driven from analytical and/or 

simulation methods and therefore, the (AF) will be deduced 
theoretically. The results are compared with the 
experimental ones which performed with Standard Antenna 
Method (SAM) (Table 1) 

As shown in Table 1, the analytic AF gives a good 
agreement with simulation and measurement results. 
However, SAM can cause up to 3dB error and uncertainty 
on (AF) especially at low frequency due to the coupling 
effect, the reference antenna uncertainty and semi-anechoic 
chamber conditions (Fig 3). The reference antennas used in 
these measurements are usually standard dipole, standard 
horn or standard log-periodic antenna. These standard 
antennas have an already-calibrated gain (G) and (AF) 
which contains sometimes high uncertainty level because of 
the measurement condition and especially their frequency-
dependent variable phase-center.   
 
 

Table 1: Antenna Factor “AF” (dB/m): analytical, 
simulation and measurement results. 

 
F 

(MHz) 
AF 

(Analytical) 
AF 

(Simulation) 
AF 

(measurement) 
200 15.8 16.1 15.6 ± 1 

300 17.7 17.6 21.5 ± 1 

400 19.9 21.8 22.3 ± 1 

500 21.9 21.9 22.6 ± 0.5 

600 24.1 24.0 23.6 ± 0.5 

700 25.1 25.3 25.8 ± 0.5 

800 24.6 24.7 25.8 ± 0.5 

900 24.9 25.0 26.2 ± 0.5 

1000 27.0 27.1 25.3 ± 0.5 

1100 26.7 26.5 27.2 ± 1 

1200 26.7 27.1 27.4 ± 1 

1300 27.7 27.9 28.6 ± 1 

1400 28.0 28.4 27.7 ± 1 

1500 28.0 28.4 28.3 ± 1 

1600 28.5 28.8 28.9 ± 1 

1700 29.1 29.5 28.8 ± 1 

1800 29.2 29.9 30.3 ± 1 

1900 29.6 30.1 29.7 ± 1 
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                 (a) 
 
 
 
 
 
 
 
 
 
   (b) 
Figure 3: (a) Antenna prototype and the (b) measurement 
SAM set-up  
 

4. Conclusions and perspectives 

An optimized wideband biconical antenna is 
presented for EMC measurement which can be used as 
standard-reference antenna because of its calculable 
characteristics. The antenna is optimized to match with 50Ω 
coaxial cable from 200MHz to 2GHz. Theoretical and 
experimental results of the antenna input impedance and the 
Antenna-Factor show good agreement.  

Better coaxial connector with a high-quality 
soldering junction can reduce the feed-gap effects, as for the 
antenna-ground coupling, analytical study is in progress [6] 
to take into account its effect on the AF and the related 
uncertainties Equations. 
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Abstract 
The shielding effectiveness (SE) has become a 
fundamental step in testing active or passive electric 
devices. The Reverberating Chamber (RC) is a well-
established method for determining the SE since has the 
advantage to expose the material to a more realistic 
environment. In this paper the SEe of electrically large 
enclosure with a metallic mesh grid in a RC is evaluated. 
Enclosures made with metallic mesh are considered. In 
particular, it is shown that the SE of a material is unable to 
provide complete information for the SEe of electrically 
large enclosure made with the same material. Moreover, 
this latter one is related to the loading conditions within the 
enclosure itself. Measurements accomplished at RC of the 
Università di Napoli Parthenope (formerly Istituto 
Universitario Navale, IUN) confirm the physical soundness 
of the proposed approach. 
 

1. Introduction 
The importance of electromagnetic interference (EMI) and  
electromagnetic compatibility (EMC) in daily environment 
rises from the fact that the environment is electromagnetic 
hostile. The increasing use of electronic devices makes the 
EMI and EMC issues of great relevance in such 
environments in which more devices are used in disparate 
contexts. The enclosure are great of importance for 
controlling the emission of such electronic systems. On the 
other hand, they increase immunity of the devices subject 
to strong electromagnetic interference. A measure of the 
efficiency of an enclosure is the shielding effectiveness 
(SEe), i.e. the ability of attenuating the sources of 
electromagnetic disturbance. Usually, the nested 
reverberating chamber (RC), with the mode-stirred 
method, is employed to characterize the enclosures [1-2]. 
Nested RCs have been used in the past to determine the SE 
of material [3]. The RC is an electrically large chamber 
which uses several stirring technique to randomize the 
input electromagnetic field in order to expose the device 
under test to a more realistic environment [1]. 

The SEe of an enclosure is defined as follows [1-2] 
 

 SEe = !10 log10
Pin
Pout

"
#$

%
&'

 (1) 

 
where Pin is the power received by the receiving antenna 
placed in RC and Pout is the power received by a receiving 
antenna placed in the enclosure. Therefore, the SEe relates 
the interior fields to the external incident field. The SEe is a 
fundamental step in establishing the EMC of active or 
passive devices.  
Among the different enclosures used to shield the 
electronic devices, the metallic meshes are potentially 
attractive as electromagnetic shield enclosure because of 
their reduced weight per unit area compared to metallic 
box. However, the metallic mesh often forms parts of 
enclosures, as it allows the aeration of the electronic 
circuits, which are shielded by enclosures themselves. The 
electromagnetic behavior of wire meshes has been 
previously addressed in [4-5].  
In this paper, an electrically large enclosure is placed in an 
RC and measurements of the SEe are accomplished. This 
type of configuration is essentially a nested RC [3, 6]. 
Clearly, the walls of the enclosure are regarded as 
reciprocal walls. In Fig.1 is shown a sketch of the 
measurement set-up. It includes two antennas in the RC 
and a small monopole probe, which is placed on one 
interior wall of the enclosure. In Section 3, the 
experimental set-up is further discussed. Being the walls 
made of metallic mesh, the enclosure within the RC has no 
stirrers inside since all points into the enclosures 
statistically have the same fields level; indeed it is 
uniformly and randomly excited from all sides. As matter 
of fact, no paddles within the enclosure are needed as long 
as the SEe is weak or moderate. Following the 
mathematical model developed in [7] this paper shows that 
the SEe of the enclosure is smaller than the one obtained by 
a same material exposed to a RC electromagnetic field. 
Further, the SEe is depending on the loading conditions of 
the enclosure. Measurements accomplished at RC of the 
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Università di Napoli Parthenope (formerly Istituto 
Universitario Navale, IUN) confirm the physical soundness 
of the proposed approach and its applicability from an 
operational point of view.   
 

2. Mathematical Model 
In this section, two equivalent mathematical models for 
SEe, based on the power balance, are shown. An approach 
followed for measuring the SEe of electrically large 
enclosure is based on the RC technique. It is assumed that 
the field is uniform and isotropic inside and outside the 
enclosure. Following the power balance theory, the SEe of 
an electrically large enclosure can be expressed as follows 
[1-2] 
 

 SEe =10 log
4!V
" t #Q

!

"#
$

%&
 (2) 

 
where V and Q are the volume and the quality factor of the 
enclosure, respectively, λ is the working wavelength, and 
σt is the average transmission cross section (TCS) of the  
enclosure walls. 〈 〉 indicates an incidence angle average 
over 4π steradians. 
  
 
 

 
Electrically large enclosure 
 
 
 
 
 
 
                Pout 
 
 
 

 
Figure 1: Illustration of the RC set-up measurements 

 
 
From power balance it can be written [7]: 

 

 (So! t ! Si! t ) = Si (! w,i +! a,i + Ae )  (3) 
 

whence [7] 

 SEe =
Pin
Pout

=
! t +! w,i +! a,i + Ae

! t

 (4) 

 
where Si and So are the incident power density inside and 
outside the enclosure, respectively; σw,i is the total average 
absorption cross section (ACS) of the enclosure wall when 

the field impinges from the inner, σa,i is the average ACS 
of the load, Ae is the effective area of the receiving antenna 
inside the enclosure [2], and σt is the one in eq. (2). 
It must be noted that the trend of SEe given by eq. (2), for 
different frequency range is not straightforward to draw, 
particularly for enclosure where σt is very sensitive to the 
frequency changes. Further, Q factor in eq. (2) is inversely 
proportional to σt. Equation (4) improves the 
comprehension of the SEe of an enclosure; by setting  
 
 ! ae,i =! w,i +! a,i + Ae  (5) 
 
eq. (4) becomes 
 

 ,
eSE    .t ae i

t

σ σ
σ
+

=  (6) 

 
If the enclosure is unload, i.e. σa,i = 0, then  
 
 ! ae,i =! w,i + Ae    .  (7) 
 
In the case of a metallic mesh enclosure, the behavior of 
SEe can be simply described by observing that the 
transmission cross section grows more rapidly with 
increasing of the frequency respect to σae,i. In particular, at 
low frequencies, σt is smaller than σae,i,. Hence, a SEe 
greater than 1 is expected. On the other hand, as the 
frequency gradually increases, the transmission cross 
section increases faster than σae,i. Therefore, a value of SEe 
about equal to 1 (0 dB), is obtained. Accordingly, a 
decreasing trend of SEe, with frequency is expected. In [7], 
it is shown that SEe can be expressed as follows 
 

 SEe = SE ! (1"R)+
Ae
! t

 (8) 

 
where σa,i has been assumed equal to zero; SE is the 
shielding effectiveness of the wall material; R is the 
reflectivity of the enclosure walls when the field impinges 
from the inner of the enclosure [8]. σt  can be expressed as 
follows [7] 
 

 ! t =
! t,gA

SE
 (9) 

 
where σt,gA is the TCS of the total geometric area of the 
wall enclosure when they are considered perfectly 
transmitting; clearly, σt is attendant to the same geometric 
area. The SE can be achieved as follows [7]: 
 

 SE = (1!R) +
!w,i

! a,gA

 (10) 

 
where σa,gA is the total geometric area of the enclosure 
walls when they are considered perfectly absorbing [7]. It 

Pin 
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is important to note that σa,gA≡σt,gA=Sg/2 where Sg is the 
surface area of enclosure walls. 
Although the losses were negligible by setting σw,i=0 in eq. 
(10), pioneering results about R (SE) of metallic mesh 
grids have been carried out in [9]. In this paper, initial 
results of SEe are predicted by using (8)-(10) and R (SE) 
measurements [9]; a comparison with measured SEe is 
shown as well.  
 

3. Experiment Results 
In this section, a meaningful set of experimental results is 
shown. Before that, a brief description of the calibration 
procedure is first summarized. For the evaluation of SEe, 
the power levels in the enclosure are monitored by a small 
probe placed on one of the enclosure wall. Hence, large 
reflection at the antenna terminal can occur due to the 
mismatch between the probe and the coaxial cable used to 
deliver the field to the probe terminal. To overcome this 
issue, a correction of the SEe is accomplished. As matter of 
fact, two separate calibrations were performed (continuous 
stirring chamber): a transmission one and a reflection 
procedure. The two measurements are taken in two separate 
steps. Hence, the scattering coefficients !S12  and !S22 are 
measured. Port1 is permanently connnected to the horn 
antenna in RC. Port2 is in succession connected to the horn 
antenna in RC (horn-horn, hh) and to monopole antenna on 
the enclosure wall (horn-monopole, hm) according to Fig.1. 
Therefore, SEe is achieved as follows 
 

 SEe = !S12
2

hh
! !S12

2

hm
+ 1! !S22

2( )  (11)    

 
All the terms in eq. (11) are taken in dB values. 
This correction has been accomplished to avoid the strong 
mismatch error affecting measurements that have been 
accomplished in the RC of the IUN. It is a 8 m3 metallic 
chamber wherein three mechanical stirrers are present. The 
first one (S1), placed on the left of the entrance door, has a 
rectangular shape of about 1.84mx0.45m size; the second 
stirrer (S2) and the third stirrers (S3) have a Greek-cross 
shape. The former one has bars of about of 1.84mx0.25m 
size; it is placed in front of the entrance door. The (S3) 
stirrer has bars of about of 1.20mx0.18m size and it is 
placed in the ceiling. The S1, S2 and S3 stirrers work in 
continuous mode with a maximum speed of 190, 390 and 
320 rate per minute (rpm), respectively. In Figure 2 a 
sketch of the IUN RC with a particular of the enclosure 
employed in the measurements, is shown.  
In all experiments the transmitting and the receiving 
antenna used in the RC are both Ets-Lindgren double-
ridged waveguide horn certified to work in the 1 – 18 GHz 
frequency range. An Agilent Technologies Vector Network 
Analyzer (VNA) is used in experimental tests. 
Measurements by shifting the measuring frequency in the 
designed bandwidth (1 – 18 GHz) by steps of 200 MHz are 
accomplished. 3000 independent samples are acquired at 
each frequency point. It must be noted that the statistically 

independence of the acquired samples, provided by the 
vibration of IUN RC walls that add up to the mechanical 
stirring, has been verified by the autocorrelation function 
(not shown to save space). The scattering coefficient S21 is 
measured and an off-line data analysis is accomplished. 
The software used to acquire and to off-line analyze the 
data is developed in LabVIEW, a graphical development 
environment of the National Instruments (NI). 
In order to validate the theoretical model with the proposed 
procedure, two different-size enclosures of metallic grid, 
have been employed. Both the enclosures are cubic boxes 
of 49 cm side size. The first enclosure is made with 
metallic grid and its mesh size is 5 mm, see Fig. 3; the 
second is made with metallic fabric and its mesh size is 1 
mm: the latter has a foam structure as a support, see Fig. 2. 
They have been placed on foam support within the RC 
during the measurements; the clearance from the chamber 
floor is 50 cm. This approach is essentially a nested RC. 
The stirrers within RC accomplish the randomization of the 
electromagnetic field. Hence, the uniformity and isotropy 
of the field inside the enclosure can be assumed since it is 
uniformly and randomly excited from all sides. In any 
case, when SEe values increase until 10 dB about, a 
conventional stirrer must be placed within the enclosure; 
by experience, this concept is very more stringent for 
monopole mismatch measurements. It is important to note 
that for such measurements the enclosure is excited by 
monopole itself and that for the frequency points where the 
mismatch is very strong, the residual error about S22 
parameter, can significantly affect the achieved SEe, see 
eq. (11).  
The losses inside the enclosure reduce the impedance 
mismatch of the probe monopole. In any case, if the 
assumed hypothesis of uniformity and isotropy of the field 
deteriorates, then the quality of expected results 
deteriorates as well. In particular, that problem occurs at 
lower frequencies in the employed frequency range, where 
the modal behavior of the enclosure is not negligible. 
 
 
 

 
 

Figure 2: A sketch of the IUN RC with a particular of 
the enclosure made with mesh size of 1 mm. 
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In Fig. 4 is shown the SEe obtained with the enclosure 
made with a mesh size of 5 mm. The SEe of the enclosure 
with the correction due to mismatch of the probe (blue 
line) and without it (black line) is shown. As expected, 
according to the theoretical model, the SEe shows a 
decreasing behavior with the frequency. It must be noted 
that when the black and blue line have the same value, i.e. 
around 3 GHz and from 6 to 8 GHz, the return loss on the 
receiving antenna is always smaller than 10 dB, see Figure 
5. 
 
 

 
 

Figure 3: 5 mm metallic mesh enclosure used for the 
experiments.  

 
 
 
A visual comparison with the results obtained in [9] shows 
a value of SEe smaller than SE, to witness that a shielding 
reduction is obtained when an enclosure is employed. 
In Fig. 6 is shown the SEe obtained with the enclosure 
made with a mesh size of 1 mm. 
 
 
 

 
 

Figure 4: SEe from measurements of 5 mm mesh size 
enclosure. 
 
 
In conclusion, the SEe of an enclosure with wall of 
metallic grids decreases with the increasing of the 

frequency. Moreover, the SEe is smaller than the 
corresponding one obtained with the same material of 
which the enclosure is made [9]. The SEe of an enclosure 
tends to the one of a metallic grid if a load is placed within 
the enclosure [9]. 
In Fig.7 is shown a comparison between the shielding 
effectiveness of the enclosure made with metallic mesh of 
1 mm with a piece of absorber (blue line) and without it 
(black line).  
 
 
 

 
Figure 5: Return Loss, enclosure built with metallic 
mesh whose side is 5 mm.  
 

 
 
 

 
 

Figure 6: SEe from measurements of 1 mm mesh size 
enclosure. 
 
 

 
The absorber is of the Emerson-Cuming, its dimensions are 
9 cm x 9 cm x 9 cm, and it is place on a foam support, see 
Fig.3. As expected, the loading effect improves the SEe of 
the enclosure that increases from 2 to 10 dB about. In 
particular, apart from the effect due to the mismatch of the 
monopole, at lowest frequency, σt becomes smaller than 
σae,i; also, σw,i is negligible with respect to σt, but it has no 
zero value. 
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Figure 7: Enclosure made with metallic mesh of 1 mm 
side dimension. Difference between the SEe with the 
absorber (blue line) and without it (black line) inside the 
enclosure.   

 

4. Comparisons and Discussion 
 
In this Section, the comparison between the expected 
results of SEe and the measured ones is discussed. The 
former are achieved according to (8)-(10); the 
experimental measurements of R (SE), reported in Figs. 8 
and 9, are the same as in [9]. One specifies that those 
measurements were available for the paper, and that the 
frequency step is 1 GHz. For the enclosure with mesh size 
of 5 mm, the expected SEe is about zero dB over the whole 
frequency range from 1 to 18 GHz. This agrees well with 
experimental results in Fig. 4, in particular from 2 GHz up. 
Fig. 10 shows the expected results for σw,i+Ae (black line) 
and σw,i (blue line). In Fig. 11 SEe for the enclosure with 
mesh size of 1 mm is shown. The calculation of Ae takes 
into account the developing of the model (6) [7]. 
The estimate of σw,i has been simplified; indeed, it has 
been estimated by considering the solid part of inner total 
area of the wall enclosure. Clearly, the losses have been 
estimated by considering a field uniform and isotropic [7], 
[10]. For the enclosure with mesh size of 1 mm, the ratio 
between solid area and surface total area is equal to 0.6.  
 
 

 
 

Figure 8: Reflectivity (black line) and SE (red line) vs. 
frequency of a 1 mm side dimension mesh grid.  

 

 
Results in Fig. 11 shown that the expected SEe appreciably 
differs from measured one from 1 to 5 GHz, and the result 
mismatch decreases as the frequency increases. The 
authors think that the mismatch of the results at lower 
frequencies in the employed frequency range is due to the 
fact that the modal behavior of the enclosure is not 
negligible, so that the necessary property of uniform and 
isotropy of the field are no more fully satisfied. 
Uniformity and isotropy of the field can be improved by a 
mechanical stirred installed inside the enclosure; however, 
at frequencies where the modal density is inadequate, it is 
not possible to obtain field uniformity and isotropy within 
the enclosure. 
 
 

 
 

Figure 9: Reflectivity (black line) and SE (red line) vs. 
frequency of a 5 mm side dimension mesh grid 

 
 
 

 
 

Figure 10: Expected results for σw,i+Ae (black line) and 
σw,i, (blue line) for the enclosure with mesh size of 1 
mm 

 
 
Different conditions of field affect the estimate of all the 
parameters in (4); that is, both the estimate of σw,i and Ae 
would turn out to be affected; however, at lower 
frequencies the effective area of the monopole is 
significantly greater than σw,i, and it can assume 
appreciably values higher from the expected ones. Also, at 
the frequency points where the mismatch is very strong, 
the correction in eq. (11) can turn out been affected. 
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Finally, another reason for mismatch of the results can be 
the accuracy of the R (SE) measurements. 
 
 

 
 

Figure 11: Expected SEe for the enclosure with mesh 
size of 1 mm 

 
 
Both models (2) and (7) have been developed under 
conditions of uniformity and isotropy of the field; in 
principle, they could be applied in different field 
conditions as well; but that is very difficult, as the 
estimates of the parameters requires the accurate 
knowledge of the field structure inside an enclosure. 
It is well known that the leakage for an enclosure can be 
low, but it cannot be zero. Therefore, it is important to note 
that an enclosures must be made with material having both 
high SE and low R [11], where the latter refers to internal 
side of the enclosure walls 
 

5. Conclusions 
In this paper a different form of the SEe of an enclosure 
made with metallic grids has been proposed and 
successfully tested by measurements accomplished at IUN 
RC. Measurements have been accomplished for the first 
time on enclosure totally made with square metallic mesh 
and they have been proved that the SEe of an enclosure is 
always smaller than the SE of a material. Further, the SEe 
of such enclosures is decreasing with the increasing of 
frequency. Finally, by loading the enclosure with 
absorbing material, it has been noted that the SEe tends to 
the one of the wall metallic grid. 
  

Acknowledgement 
The authors thank Mr. Giuseppe Grassini of the Electrical 
and Electronic Measurements Lab (at Department of 
Technology, University of Napoli Parthenope) for helping 
in conducting the experiments that have been used in this 
paper. 
 

References 
[1] Holloway C. L., D. A. Hill, M. Sandroni, J. M. 

Ladbury, J. Coder, G. Koeple, A, C, Marvin, and Y. 
He, “Use of Revereration Chambers to Determine the 
Shielding Effectiveness of Physical Small, Electrically 

Large Enclosures and Cavities,” IEEE Trans. On. 
Electromag. Compatibility, Vol. 50, No. 4, pp. 770-
782, 2008. 
 

[2] Hill D. A., M. T. Ma, A. R. Ondrejka, B. F. Riddle, 
M. L. Crawford, and R. T. Johnk, “Aperture 
Excitation of Electrically Large, Lossy Cavities,” 
IEEE Trans. On. Electromagn. Compatibility, Vol. 36, 
No. 3, pp. 169-178, 1994. 

 
[3] Holloway C. L., D. A. Hill, J. Ladbury, G. Koepke, R. 

Gracia, “Shielding Effectiveness Measurements of 
Materials Using Nested Reverberation Chamber,” 
IEEE Trans. On. Electromag. Compatibility, Vol. 45, 
No. 2, 350-356, 2003. 

 
[4] K.F.Casey, “Electromagnetic Shielding Behavior of 

Wire Mesh Screens”, IEEE Trans. On. Electromag. 
Compatibility, Vol. 30, No. 3, pp.298-306, 1988. 

 
[5] V. M. Primiani, F. Moglie, A. P. Pastore, “Field 

penetration through a Wire Mesh Screen Excited by a 
Reverberation Chamber Field: FDTD Analysis and 
Experiments”, IEEE Trans. On. Electromag. 
Compatibility, Vol. 51, No. 4, pp.883-891, 2009. 

 
[6] A. Gifuni, M. Migliaccio, “Used of Nested 

Reverberating Chambers to Measure Shielding 
Effectiveness of Nonreciprocal Samples Taking into 
Account Multiple Interactions”, IEEE Trans. On. 
Electromag. Compatibility, Vol. 50, No. 4, pp. 783-
786, 2008. 

 
[7] A. Gifuni, “Electrically Large Enclosures Under the 

Effect of the Losses: Relation Between the Shielding 
Effectiveness of an Enclosure and the Wall Material,” 
submitted to IEEE Trans. On Electromagnetic 
Compatibility . 

 
[8] A.Gifuni, "On the Measurement of the Absorption 

Cross Section and Material Reflectivity in a 
Reverberation Chamber," IEEE Trans. Electromagn. 
Compat., vol.51, pp. 1047-1050, 2009. 

 
[9] A. Gifuni, A. Sorrentino, G. Ferrara, M. Migliaccio, 

A. Fanti, G. Mazzarella, “Measurements on the 
Reflectivity of Materials in a Reverberating 
Chamber”, Proceeding on Antenna and Propagation 
Conference (LAPC), pag.1-4, 2011. 
 

[10] D. A. Hill, "A Reflection Coefficient Derivation for 
the Q of a Reverberantion Chamber," IEEE Trans. 
Electromagn. Compat., vol.38, pp.591-592, November 
1996. 

 
[11] N. F. Colaneri and L. W. Shacklette, "EMI Shielding 

Measurements of Conductive Polymer Blends," IEEE 
Trans. Instrum. Meas., vol.41, pp.291-297, April 
1992.  



 ADVANCED ELECTROMAGNETICS SYMPOSIUM, AES 2012, 16 – 19 APRIL 2012, PARIS - FRANCE 

  

Diffraction by a lossy 90° dielectric wedge 
 

Gianluca Gennarelli1, Giovanni Riccio1 
 

1Department of Electronic and Computer Engineering, University of Salerno, Fisciano (SA), Italy 
*corresponding author, E-mail: griccio@unisa.it 

 
 

Abstract 
This study concerns the plane wave diffraction by a 90° 
dielectric wedge in the case of normal incidence with respect 
to the edge. The material forming the wedge has a finite 
conductivity. The here adopted approach is based on a 
Physical Optics approximation for the equivalent electric and 
magnetic surface currents involved in the radiation integrals 
used to represent the fields scattered in the inner region of 
the wedge and the surrounding space. Uniform asymptotic 
evaluations of such integrals allow one to obtain closed form 
expressions for the diffracted field, thus resulting easy to 
handle and compute. Numerical comparisons with Finite 
Difference Time Domain and Finite Element Method results 
validate the approach. 

1. Introduction 
The canonical problem of the electromagnetic diffraction by 
dielectric wedges assumes great significance when modeling 
propagation scenarios involving man-made structures. For 
instance, the ruptures into structures and infrastructures 
caused by natural disasters can be represented in the form of 
a wedge-shaped fracture. They modify the electromagnetic 
response of the scene under investigation and the 
Geometrical Theory of Diffraction (GTD) can be used as 
efficient tool for describing this occurrence.  
Diffraction by a wedge is a well-covered topic in the 
scientific literature, but the available results mainly concern 
impenetrable structures. In the case of penetrable wedges, the 
available methodologies provide approximate analytical or 
heuristic solutions, or attempt to solve the problem in an 
exact sense by combining analytical and numerical 
techniques to evaluate integral equations (see [1]-[5] as 
interesting bibliography). In this framework, a Uniform 
Asymptotic Physical Optics (UAPO) solution for predicting 
the field diffracted by a lossless 90° dielectric wedge has 
been recently presented in closed form by the authors [6].  
This work deals with the evaluation of the electromagnetic 
field in presence of a right-angled wedge consisting of a 
dielectric having finite conductivity. In particular, a solution 
for the diffracted field is obtained in the case of an electric 
polarized plane wave normally incoming from the free-space 
surrounding the structure. The diffraction problem is split 
into two sub-problems concerning the inner region of the 
wedge and the surrounding space. For each of them, 
equivalent electric and magnetic PO surface currents lying on 

the corresponding faces of the wedge are assumed as sources 
in the radiation integrals. Useful approximations and integral 
representations followed by uniform asymptotic evaluations 
of the resulting integrals lead to closed form formulas for the 
diffracted field. These last are given in terms of the transition 
function of the Uniform Theory of Diffraction (UTD) [7] and 
the Fresnel’s reflection and/or transmission coefficients of the 
structure.  

2. Problem statement and UAPO approach 

The geometry of the diffraction problem is illustrated in Fig. 
1. A linearly polarized electromagnetic plane wave having 
the electric field parallel to the edge illuminates the wedge at 
normal incidence. The material forming the wedge is 
assumed nonmagnetic ( 1rµ = ), and characterized by the 
complex relative permittivity (1 tan )c r jε ε δ= − , where rε  
is its real part and tanδ  denotes the effective electric loss 
tangent. According to the apex angle, the wedge surfaces are 
denoted by 0S  and π/2S . In the adopted polar coordinate 
system ( , )ρ φ , they are located at 0φ =  and 3π 2φ = , 
respectively, and divide the space into the outer region 
(0 3π 2)φ< <  and the inner region (3π 2 2π)φ< < . The 
angle 'φ  defines the incidence direction and its considered 
values ensure that both faces are illuminated (π 2 ' π)φ< < . 
The e j tω  time dependence is assumed throughout the work. 
The approach uses the radiation integral for evaluating the 
field sE  scattered at the observation point P in the inner and 
outer regions: 
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Figure 1: Geometry of the diffraction problem. 
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( )( ) ( )ˆ ˆ ˆ , 's
s ms

S

E jk I RR J J R G r r dSζ ≅ − − + × ∫∫  (1) 

where 0 π 2S S S= ∪ , sJ  and msJ  are the equivalent 
electric and magnetic surface currents lying on S . 
Moreover, ( , ')G r r  is the Green’s function, ζ  and k  are 
the impedance and propagation constant of the medium in 
the considered observation region, r  and 'r  fix the 
observation and source points, respectively, R̂  is the unit 
vector from the radiating element at 'r  to P, and I  is the 
(3x3) identity matrix. 
Now it is possible to use the approximation ˆ ˆR s≃  in (1), ŝ  
being the unit vector in the diffraction direction. Then, by 
taking into account the linearity of the integral in (1) and 
using the PO approximation for  e j

s sJ J ϕ=  and 

 e j
ms msJ J ϕ=  (ϕ  is a phase factor depending on the field 

impinging over S), the scattered field can be rewritten as: 
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in which 0I  and π 2I  represent the integrals over 0S  and 
π 2S . The terms 0A  and π 2A  are introduced to put in 

evidence the incident field iE  at the diffraction point Q on 
the edge.  
According to the approach in [6], the original problem is 
decomposed into two sub-problems related to the outer 
region and the inner region, respectively. For each of them, 
the diffracted field is obtained by performing uniform 
asymptotic evaluations of 0I  and π 2I . Accordingly, the 

edge diffracted field ˆ= ddE E z  results expressed by: 
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where 0,π 2

dI  are the diffraction contributions resulting from 

the asymptotic evaluations of 0,π 2I . The UAPO diffraction 

coefficient D  is expressed as superposition of two terms 
related to 0S  and π 2S , respectively. It is in closed form, and 

contains the transition function ( )tF ⋅  of the UTD [7] and the 
Fresnel’s reflection ( )R  and/or transmission ( )T coefficients 
involved in the propagation mechanisms.  

3. UAPO diffraction coefficients 
The expressions of the UAPO diffraction coefficients 
relevant to the outer and inner regions are reported in this 
section.  

3.1. Outer region 

The considered incidence direction fixes two reflection 
boundaries in correspondence of the specular reflection 
directions relevant to 0S  and π 2S , where the Geometrical 
Optics (GO) fails.  
The asymptotic evaluation of 0

outI gives: 
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For what concerns the diffraction contribution relevant to 
π 2S , it results: 
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(5)  

3.2. Inner region 

According to [8], the wave penetrating into a lossy dielectric 
material attenuates in the direction normal to the surface and 
travels along a different direction. Two transmission 
boundaries are originated inside the wedge.  
The asymptotic evaluation of 0

inI  provides: 
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where d d dk jβ α= −  is the complex propagation constant, 
in which 

 

 2
0 1 tan 1

2
r

d k ε
β δ= + +  (7) 

 2
0 1 tan 1

2
r

d k ε
α δ= + − (8) 

 
Moreover, 

,0t
β  and ,0tα  denote the propagation and 

attenuation vectors (see [8] for their expressions) associated 
to the plane wave transmitted through 0S , and 0

tγ  is the 
angle between them.  
The diffraction contribution relevant to π 2S  is given by: 
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where 

,π 2t
β , ,π 2tα  and π 2

tγ  are pertinent to the 

transmission through π 2S .  

4. Numerical results 
Numerical tests are reported in this section to demonstrate the 
effectiveness of the UAPO-based approach. A plane wave 
impinging at ' 150φ = °  and a circular observation path with 
radius 05ρ λ= , 0λ  being the free-space wavelength, have 
been considered.  
The UAPO-based results for the total field patterns have been 
computed and compared in Figs. 2-5 with those obtained by 
means of two reliable numerical solvers. The former is the 
RF Module of Comsol Multiphysics [9], a commercial tool 
based on the Finite Element Method (FEM). The latter is an 
in-house code based on the Finite Difference Time Domain 
(FDTD) technique [10]. Such a code implements the total 
field/scattered field (TF/SF) technique to generate an accurate 
incident numerical plane wave. The outer boundaries of the 
computational domain are terminated with a Uniaxial 
Perfectly Matched Layer (UPML) [11] backed with a PEC 
wall. 
Results plotted in Figs. 2-5 show that the total field patterns 
obtained by means of the UAPO approach are continuous at 
the GO shadow boundaries. Moreover, they turn out to be in 

very good agreement with the FDTD and COMSOL results 
in the inner and outer regions. Note that the vertical solid 
line reported at 270= °φ in all the figures corresponds to 

π 2S . 

5. Conclusions 
UAPO solutions have been proposed for the diffraction 
problem relevant to an electric polarized plane wave 
illuminating both the external faces of a lossy dielectric 
wedge. They are formulated in the UTD framework and 
expressed in terms of the GO response of the structure. 
According to the performed numerical tests, they give 
accurate results for the total field in the dielectric material 
and the surrounding space. Moreover, they are user-friendly 
analytical solutions and it is very simple to implement them 
in computer simulators. 
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Figure 2: Relative amplitude of the total field when 2rε =  
and tan 0.01δ = . 
 

 
 
Figure 3: Relative amplitude of the total field when 2rε =  
and tan 0.1=δ . 
 
 
 
 

 
 
Figure 4: Relative amplitude of the total field when 10=rε  
and tan 0.01=δ . 
 

 
 
Figure 5: Relative amplitude of the total field when 

10=rε and tan 0.1=δ . 
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Abstract 
In this paper, a 3-D model called MESUA (Model for 
Electromagnetic Scattering for Urban Areas) is proposed in 
order to characterize the field scattered by an urban area, 
which is composed of a group of buildings, for both 
monostatic and bistatic radar configurations. This model is 
based on a ray-tracing technique combined with the 
asymptotic Uniform Theory of Diffraction (UTD). It is 
useful not only in elucidating mechanisms of ray 
propagation through the observed area, but also in 
evaluating the amplitude and the phase at any point in the 
far-zone scattered field above the ground. In order to 
validate our model, some comparisons with the commercial 
software XGTD® are presented. Moreover, our model is 
tested against 33-37 GHz indoor measurements conducted in 
the anechoic chamber of the "ElectroMagnetic Effects 
Research Lab" (EMERL) in Singapore. These latter 
comparisons have shown that the model can predict 
precisely the location of a target placed between two 
metallic plates representing walls. 

1. Introduction 
Synthetic Aperture Radar (SAR) imaging of urban areas has 
received much interest in recent years with some promising 
applications [1-3]. A major challenge is to give a fast and 
accurate ElectroMagnetic (EM) model in order to provide 
the synthetic data for imaging algorithms. The faster the 
information retrieval process, the more effective the actions 
to reach required objectives. In addition, in a way to 
evaluate the best bistatic radar configuration, it is necessary, 
at the beginning, to develop a three-dimensional model to 
predict the diffracted field by a scenario. 
This information can be employed for many uses such as 
infrastructure development planning, physical environment 
protection, and traffic surveillance. Many models have been 
proposed for the propagation prediction in urban medium [4-
6]. 
Due to this issue, a bistatic EM model used to determine the 
scattered field by an urban area is developed in this paper. A 
ray-tracing approach with particular attention on multiple 
wall reflections and diffractions on building edges 
compounding with the high-frequency asymptotic 
methodology Uniform Theory of Diffraction (UTD) [7] is 
used to calculate the scattered field. 

2. The model 
2.1. The model 
2.1.1. Radar configuration 

The radar configuration used in our model is illustrated in 
Fig. 1. The transmitter and the receiver are co-localized or 
separated in order to perform monostatic or bistatic 
configurations. (θi, Фi) are the elevation and azimuth angles 
of the incident wave; (ki,vi,hi) is the polarization base for the 
incident wave. We keep the same definition for the 
scattering wave with the subscript s. This configuration is 
taken into consideration with the purpose of improving the 
radar capacity of detection and identification, and thus to 
increase the detection capability of a target [8]. 

 
Figure 1: Bistatic scattering configuration. 

2.1.2. Geometrical representation of urban areas 

The backscattered fields from urban areas are dominated by 
multiple reflections from building walls, roofs and 
diffractions from building edges. A canonical representation 
of urban areas including the effects related to the reflections 
and diffractions is chosen. Indeed, this representation is 
justified because in the frequency band of interest, the 
elements composing of urban areas (buildings, cars, …) are 
always much more larger than the incident wavelength. 
Furthermore, the roughness of the ground is not taken into 
account because it is small compared to the incident 
wavelength. Buildings are depicted by parallelepipeds with 
flat or inclined roofs placed at deterministic positions on a 
dielectric LxxLy-sided plane representing the air-ground 
interface (see Fig. 2). The permittivities of the buildings and 
the ground depend on the building compositions and the soil 
moisture. They are defined by the real and imaginary parts 
of its complex relative permittivities εb and εr. The relative 
permeabilities of the buildings µb and the ground µr are 
equal to one. 
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Figure 2: Representation of an LxxLy-sided urban area. 

2.1.3 Ray-tracing 

A ray-tracing algorithm is used to determine the geometrical 
paths of rays inside the illuminated area. Rays are first 
traced from the source points to the project. When they 
intercept building facets or the ground, they are specularly 
reflected and continue to be propagated up to the maximum 
number of reflections which is defined in advance or when 
they hit the study area boundary. However, in order to 
integrate all the diffraction effects on the building edges 
where the field becomes discontinuous, the intervals 
between rays should be reduced and as a consequence 
increase computing time. To avoid it, we develop a hybrid 
ray-tracing method which can refine the ray mesh with the 
aim of including diffraction effects due to the edges of 
buildings. This adaptive subdivision adjusts the distance 
between two adjacent rays following different paths through 
the geometry (i.e. they intercept two different buildings or 
two adjacent sides of a building, it means that we can 
generate a tertiary ray between the two previous ones which 
might be intercepted by an edge). A pre-defined criteria of 
diffraction is needed when we use this method. 
Examples of how the rays launched from the source points 
on the transmitter used to identify diffracting edges are 
shown in Fig. 3. If we consider two adjacent rays number 1 
and 2, the ray number 1 is reflected by facet 1 while the 
other is reflected by facet 6. This means that there exists a 
diffracting edge lying between these two rays. It is 
accordingly quite simple to locate a diffraction point on the 
edge and then to construct the path followed by the incident 
field. Another situation is shown for the two other rays 
number 3 and 4. These two rays hit the same building but 
different facets (facets 10 and 9), so a diffracting edge 
should be situated between them. 

 
Figure 3: Identifications of the rays intercepting 

diffracting edges. 

2.1.4 Calculation of the scattered field 

Considering a reflection at a point O, the reflected field at a 
point M (after reflection) is obtained as the sum of two 
components, vertical and horizontal to the reflection plane, 
which are functions of the transmitted field, the reflection 
coefficients and the propagation delay. If we assume that the 
harmonic time dependence is ejωt, the reflected field is then 
given by : 

     (1) 
where Rv, Rh are the Fresnel vertical and horizontal 
reflection coefficients. Thus, 

            (2) 
In the case of a diffraction at a point O (the intersection of a 
ray with a building edge), the formulation of the diffracted 
field at a point M (after diffraction) is expressed by using the 
UTD and given by : 

     (3) 
where Dv, Dh are the heuristic vertical and horizontal UTD 
coefficients of diffraction. Thus, 

            (4) 
Finally, the total electric field at a given point M (the 
receiver) will be obtained after some mechanisms of 
multiple reflections or diffraction(s)-reflection(s) or 
reflection(s)-diffraction(s). In this study, we take into 
account only the first order of diffraction, for higher order 
diffraction, we consider that the signal is weak enough to be 
neglected. However, the number of reflections can be 
modified. 

2.2. Validation 

To validate the model, we firstly compare it with the 
commercial software XGTD®[9] and later with a set of 
measurements in the anechoic chamber. 

2.2.1 Comparisons with the software XGTD® 

A simple configuration (see Fig. 4) is conceded for 
validation. It consists of a right-angled wedge (α = 90˚) 
illuminated perpendicularly to its edge by an incident plane 
wave. The wedge is perfectly conducting or dielectric 
(concrete of relative permittivity εr = ε’r – j.60σλ¸ where in 
the computations, relative dielectric permittivity ε’r = 7.3 
and conductivity σ = 0.2 S/m). The operating frequency is 
10 GHz. The diffracted angle Ф varies from 0˚ to 270˚. The 
diffracted field is calculated at points placed on an arc of 
radius 3m from the tip of wedge. Once again, the 
comparisons between our model and the software are in 
good agreement for both polarizations and materials. 
However, in the case of an incident angle Ф’ = 120˚ for the 
dielectric wedge, there are some small discrepancies for 
both, vV- and hH-, polarizations between our computed 
results and those from XGTD®. These divergences come 
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from that the diffraction coefficients are calculated 
according to different references. (See Fig. 5 for an incident 
angle Ф’ = 45˚ and Fig. 6 for an incident angle Ф’ = 120˚). 

 
Figure 4: Configuration used for diffraction comparisons. 

 
(a) Polar vV 

 
(b) Polar hH 

Figure 5: Diffraction on a concrete wedge for an incident 
angle Ф’ = 45˚, f = 10 GHz. 

 
(a) Polar vV 

 
(b) Polar hH 

Figure 6: Diffraction on a concrete wedge for an incident 
angle Ф’ = 120˚, f = 10 GHz. 

2.2.2 Comparisons with measurements 

To better demonstrate the pertinence of the UTD ray-tracing 
approach in urban areas, we have done some measurements 
in anechoic chamber with the objective of comparing with 
our model. Three comparisons composed of two metallic 
walls with or without target are considered (see Fig. 7). Two 
identical BBHA 9170 broadband horn antennas 14-40 GHz 
are used as the transmitter and the receiver. The total half-
power beam-width of the antenna is 13˚x15˚. In all cases, 
they are put side-by-side at a height of 2m upon the ground 
and both are vertically polarized. The slope angle between 
the normal of the antennas and the ground is 18˚. The 
working frequency band is from 33 to 37 GHz with a step of 
5 MHz. The direct path between two antennas which 
corresponds to the cable length is 1.62m. 
In the first case, two metallic plates of heights 1.2m and 
1.5m are put at 1.5m and 3.5m respectively from the 
antennas as in Fig. 7. The comparison between the measured 
and simulated range profiles obtained for this configuration 
is shown in Fig. 8. Note that we succeed in retrieving all the 
peaks obtained by measurements. The first two peaks 
(number 1 and 2) correspond to the direct diffractions from 
wall 1 and wall 2. The next five peaks numbered 4, 6, 8, 10 
and 12 are due to multiple bounces between two walls 
(equivalent to 4, 6, 8, 10 and 12 reflections) (see Table 1). 
For example, the first peak stands for the direct diffraction 
from the transmitter to the wall 1 and backwards to the 
receiver as shown in Fig. 9. The distance between the 
antennas and the top of the first wall is 1.72m, added to 
1.62m cable length so that in the range profile it appears at 
the distance of 1.72 + 1.62 = 3.34m. The other peaks are 
obtained in the same way. 
We observe here a significant difference in magnitude 
between simulations and measurements. This is due to two 
approximations inhere in our model : the first is that we have 
not treated the antenna sidelobes because it would increase 
considerably the computation time and secondly we have 
considered a non-canonical shape for the walls and the target 
instead of a more realistic representation (i.e. the metallic 
bars attached to the wall plates can cause undesired effects 
on the received field). 
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Figure 7: The configuration of indoor measurements. 

 
Figure 8: Measured and simulated range 

profiles for the first case. 

 
Figure 9: The example of the first peak 

retrieval in the range profile. 

 
Table 1: Comparison between the positions of the peaks due 

to multi-reflection on walls, measured and calculated. 
In the second case, we place a 4-in-1 corner reflector (CR) 
(the right-angled size is 10.2cm), as shown in Fig. 10(a), 
between two walls at the position of 2.23m from the 
antennas. The open angle 1 of the CR is towards to the 
second wall. In this case, besides all the effects appearing in 
the first configuration, we have some more interactions 
corresponding to the target. Their interaction indices 230, 
430, 630, 830, 1030 (see Table 2) and correspond to peak 
numbers 3, 5, 7, 9 and 11 in Fig. 11. For better 
understanding, an index "430" means that the ray undergoes 
four times of reflections on the walls, three times of 
reflections on the target and no diffraction as shown in Fig. 
12. These five peaks are the results of the reflections on the 

walls and on the two open angle 1 and 3 of the CR. More 
precisely, the indices 230, 630 and 1030 are relevant to the 
open angle 1 while the two others 430 and 830 are due to the 
opposite open angle. Besides that, there exists three indices 
421, 621 and 821 corresponding to peaks 50, 60 and 90. 
Nevertheless, there is only a few number of received rays 
associated to these interactions so their amplitudes are too 
small to be detected as in measurements. 

                
(a)   (b) 

Figure 10: (a) The 4-in-1 (b) The 1-in-1 corner reflector. 

 
Figure 11: Measured and simulated range 

profiles for the second case. 

 
Figure 12: A ray undergoing four times of reflections on the 

walls, three times of reflections on the target and no 
diffraction. (a) The side view. (b) Target reflections. 

 
Table 2: Comparison of the multi-bounces (on 4-in-1 CR) 
peaks’ ranges between the measurement and computing. 

For the third configuration, we change only the target to a 1-
in-1 CR (the right-angled size is 8.0cm) in order to identify 
the peaks due to the previous target (see Fig. 10(b)). The 
open angle 1 of the CR is towards to the second wall. Unlike 
the preceding case, we do not observe in Fig. 13 the 
interactions indices 430 and 830 because of the target shape 
which does not show up trihedral effect on his backside (see 
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Table 3). Once again, the same analysis as the previous case 
is conducted to explain the appearances of two peaks 50 and 
90. Then again, as a consequence of the target shape, the 
peak number 60 is not observed in this case. 

 
Figure 13: Measured and simulated range 

profiles for the third case. 

 
Table 3: Comparison of the multi-bounces (on 1-in-1 CR) 
peaks’ ranges between the measurement and computing. 

2.3. Evaluation of the detection capacity of MESUA 

In order to get a full view of the observed area, what we are 
interested in is the spot of the incident wave on the ground 
which should entirely illumine the study scenario. 
According to this reason, the size of the transmitter depends 
on each simulation. Furthermore, the transmitter is placed at 
a height of 700m upon the ground and the incident angles 
are (θi, Фi). The receiver is a pixel of 1mx1m square 
aperture moving on a half-sphere of radius 5000m centred at 
the origin point O (see Fig. 14). The transmitted electric 
field is fully polarized and its amplitude is 1V/m. The 
frequency of interest is 10 GHz. The building relative 
permittivity is that of concrete and is equal to εb = 7.3 - 
j*0.36. For the ground, we choose εr = 28.5 - j*12.84 
corresponding to moist soil. 

 
Figure 14: The radar configuration for the simulation. 

In a previous paper, we proposed studies on the influence of 
the shape of the building and their density on the scattered 
field on a half-sphere [10]. These analysis allowed us on the 
one hand to identify the directions where the scattered field 

is maximum et on the other hand to show that when the 
building density increases, the effects of diffrations are 
more considerable. In this part, we focus our attention on 
the ability to detect a target placed among buildings. That’s 
why, in this case, we consider a crossroad formed by 
twelve buildings as shown in Fig. 15. At the beginning, we 
study this area without the object (i.e. a car), and then we 
add a target in a street in order to evaluate the ability of 
detection by using the software MESUA. 

 
Figure 15: A crossroad formed by twelve buildings, six with 

flat-roof and six with inclined-roof. 
In Fig. 16, we present the scattered field by this scene for 
two different incident angles (θi = 30˚, Фi = 0˚) and (θi = 30˚, 
Фi = 45˚). We treat this configuration with a number of 
reflection Nr = 6 and that of the diffraction Nd = 1. 

 
(a) Фi = 0˚ 

 
(b) Фi = 45˚ 

Figure 16: The field strength received by a crossroad 
formed by twelve buildings with two different incident 

angles of the transmitter (in case of no object). 
We will now put a car represented by a rectangular metal 
sized 4m x 1.5m x 1.5m in the street parallel to the axis Oy 
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at the position Ptarget and incline an angle α = 90˚ compared 
with the Ox axis. The fact is that the target is represented by 
the parallelepiped and its angle of inclination with the axis 
Ox is 90˚, so the field due to the diffraction by the target is 
the same direction as that of the buildings with flat-roofs. In 
other words, the curves indicating the directions of 
reflection and diffraction of the target are superimposed on 
those of the buildings. Therefore, we can not directly 
observe the presence of the target in Fig. 17. 

 
(a) Фi = 0˚ 

 
(b) Фi = 45˚ 

Figure 17: The field strength received by a crossroad 
with two different incident angles of the issuer (in case of 

the presence of a target on the street). 
In order to detect the appearance of the target in the 
considered crossroad, we have to subtract these fields 
to those calculated previously in the case without target. In 
Fig. 18, we present the modulus of the difference between 
these  diffused two fields. All the figures are represented 
in same scale from 0dBm to 10dBm. 
We can see that this difference is linked to the presence of 
the target. In addition, we observe for both cases in Fig. 18, 
there is a parabolic curve and a vertical line Фr = 180˚ (for 
the incident angles θi = 30˚ and Фi = 0˚) or two parabolic 
curves (for the incident angles θi = 30˚ and Фi = 45˚). This 
means that the target in the illuminated area has a 
parallellepiped form. In addition, the small traces 
corresponding to the buildings  interaction caused by the 
presence of the target. 

 
(a) Фi = 0˚ 

 
(b) Фi = 45˚ 

Figure 18: The difference between the two scattered 
fields by a crossroad in cases of with and 

without the presence of a target in a street. 

3. Discussion 
All the cases simulated previously were run on an Intel® 
Core(TM)2 Duo CPU, T7700 @2.40 GHz with 3.5GB of 
RAM. The total computation time for a crossroad with the 
target is about one hour and a half when we consider 3600 
incident rays. In case of the scene with the target, the 
calculation time does not increase signicantly. Most of the 
CPU time is spent on finding the diffracting edges, the third-
order combination ray paths related to the diffraction, such 
as R-R-D, R-D-R, D-R-R, etc. and higher order 
mechanisms. The simulation time really depends on the 
maximum number of interactions we choose to include. 
When the ground roughness is small enough to be neglected, 
the dominant component of the EM scattering returns to the 
receiver from the group of buildings is the double-scattering 
(wall-ground or ground- wall mechanisms). 
The software MESUA can predict precisely the presence of 
a target as well as its orientation angle. 

4. Conclusions 
We have defined a three-dimensional EM model to 
characterize in an effcient and accurate way the scattered 
field by an urban area in high-frequency range. This field 
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depends on the polarization of the incident wave, the 
geometry and the materials composing of the buildings and 
the ground. With our model, the diffracted field by an urban 
area is obtained for a deterministic distribution of buildings. 
To obtain an average value of the diffracted field in a given 
direction, it should be calculated for several possible 
configurations and take the mean value. 
In the future work, an activity is ongoing to perform more 
complete simulations of urban areas to include also features 
like building balconies, trees, cars, … and that, from early 
studies, such details do not significantly contribute to the far 
field. This would be of much interest to the community 
performing parameter reconstructions from SAR data. 

Acknowledgements 
The authors would like to thank Mr Liu Weixian, Mr Feng 
HongChuan, Mr Sun Hongbo and Ms Xiao Yi from the 
Temasek Laboratories of Nanyang Technological of 
University (NTU), Singapore who has contributed the 
measurements to compare to our model. All the 
measurements were done in the anechoic chamber of the 
"ElectroMagnetic Effects Research Lab" (EMERL) of NTU. 
 

References 
[1] Gierull, C. H., “Statistical analysis of multilook SAR 

interferrograms for CFAR detection of ground moving 
targets”, IEEE Trans. on Geosci. and Remote Sens., 
Vol. 42, No. 4, 691-701, Apr. 2004. 

[2] Tison, C., J.-M. Nicolas, F. Tupin, and H. Maitre, “New 
statistical model for Markovian classification of urban 
areas in high-resolution SAR images”, IEEE Trans. on 
Geosci. and Remote Sens., Vol. 42, No. 10, 2046-2057, 
Oct. 2004. 

[3] Garestier, F., P. Dubois-Fernandez, X. Dupuis, P. 
Paillou, and I. Hajnsek, “PolInSAR analysis of X-Band 
data over vegetated and urban areas”, IEEE Trans. on 
Geosci. and Remote Sens., Vol. 44, No. 2, 356-364, 
Feb. 2006. 

[4] De Adana, F. S., O. G. Blanco, I. G. Diego, J. P. 
Arriaga, and M.F. Catedra, “Propagation model based 
on ray tracing for the design of personal 
communication systems in indoor environments”, IEEE 
Trans. on Vehicular Techno., Vol. 49, No. 6, 2105-
2112, Nov. 2000. 

[5] Degli-Esposti, V., “A diffuse scattering model for urban 
propagation prediction”, IEEE Trans. on Ant. and 
Propa., Vol. 49, No. 7, 1111-1113, Jul. 2001. 

[6] Chang, P. C., R. J. Burkholder, J. L. Volakis, R. J. 
Marhefka, and Y. Bayram, “High-frequency EM 
characterization of through-wall building imaging”, 
IEEE Trans. on Geosci. and Remote Sens., Vol. 47, No. 
5, 1375-1387, May 2009. 

[7] El Sallabi, H. M. and P. Vaikikainen, “Improvements to 
diffraction coefficient for non-perfectly conducting 
wedge”, IEEE Trans. On Ant. and Propa., Vol. 53, No. 
9, 3105-3109, Sep. 2005. 

[8] Ben Kassem, M. J. and A. Khenchaf, “Bistatic mapping 
radar BiSAR”, OCEANS 2003 Proceedings, Vol. 5, 
2754-2760, Sep. 2003. 

[9] XGTD®, Remcom, Inc., 2010, XGTD version 2.5.16 
User's Manual. 

[10] N. T. M. Nguyen, D. Lautru, and H. Roussel, “A 3D 
model to characterize high-frequency scattering by 
urban areas for monostatic and bistatic radar 
configurations”, PIER B, Vol. 30, 83-102, 2011. 



ADVANCED ELECTROMAGNETICS SYMPOSIUM, AES 2012, 16 – 19 APRIL 2012, PARIS – FRANCE

The Reconstruction of Objects Buried in a Stratified Medium with Rough
Interfaces
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Abstract
A reciprocity gap linear sampling method (RG-LSM) and
the Approximate Transmission Condition (ATC )-based
method is proposed to image object buried under a stratified
media with rough interfaces. First the Approximate Trans-
mission Condition is employed to obtain the field values
and its normal derivative on the boundary of the medium
which the object is located from the data measured on
the outermost boundary. Then with the use of that recon-
structed field values, RG-LSM is applied to image the ob-
ject. Our method is particularly suited for configurations
where the layers are thin with respect to the wavelength
(skin, wall, coatings, etc...).

1. Introduction
Reconstruction of objects buried in layered medium has
been very popular subject in many areas and constitutes
an inverse scattering problem. They have very important
practical applications such as mine detection, tumor cells
recognition, etc. Several techniques have been developed
to image buried objects[1-3]. Among these methods, Reci-
procity Gap-Linear Sampling Method (RG-LSM)[3] seems
more attractive since it does not require the knowledge
of Green’function of background medium. On the other
hand, the concept of approximate (or asymptotic) models
is commonly used in scattering problems in which lay-
ered medium is involved, such as geophysics, underground
imaging, etc [4-6]. Even though the asymptotic models of
thin layer is widely used for direct scattering problems, they
are not restricted only those problems, they can also be ap-
plied to the inverse scattering problems. With this aim,
in our recent work [6] we have derived the Approximate
Transmission Condition that account for general curvilin-
ear behavior of the transmission layer and show that they
can be used in determination of the field distributions on
the one of the boundary from the known field data.

In this framework, we propose a new fast method
which is based on Approximate Boundary Condition and
RG-LSM to reconstruct the object buried under stratified
medium with rough interface. RG-LSM needs the knowl-
edge of the field values and its normal derivative on the
boundary of the medium where the object is buried. In
multi-layered media, however, these data cannot be simply
obtained by measurement since the boundary is inaccesi-

ble. To solve this problem, ATC is employed to reconstruct
these data from the field distributions measured on the outer
boundary.

This paper is organized as follows: Section II gives
overview of Approximate Boundary Condition. The outline
of the Reciprocity Gap-Linear Sampling Method is given
in Section III and then the numerical result is presented to
show the feasibility of the proposed method.

2. Approximate Transmission Condition
Let us consider a thin layer (!!) of thickness ! with
wavenumber k, see Figure 1. Let "!+, and "!! be the
outer and inner boundary of the thin layer, respectively Let
u+ and "u+

"n
be the field and its normal derivative at the

"!+. In the same manner, u! and "u
!

"n
stand for the field

and its normal derivative at the "!!. The problem we
would like to solve is to compute u! and "u

!

"n
from the

knowledge of u+ and "u+

"n
. Our goal is to solve this prob-

lem in an approximate way when ! is sufficiently small, by
using an asymptotic development of the solution with re-
spect to !. To give the expression of ATC , first we shall set,
[u] := u+ ! u! and "u# := 1

2 {u+ + u!} Then the ATC
can be written in the form

∂Ω+

δ

Ω
δ

∂Ω−

Ω

D

Figure 1: Geometry of three-layered medium
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"

+ O(!#+1)
(1)



where Z(#)
ij denotes some boundary operator. The trans-

mission conditions obtained from (1) after neglecting the
O(!#+1) term will be referred to as the ATC of order # + 1.

The fourth order condition corresponds with
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(2)
where s is the curvilinear abscissa and C denotes the curva-
ture of " defined as " = 1

2 ("!+ + "!!) , i.e., the parallel
interface located half way between the two boundaries and
C" denotes the derivative of C with respect to s. From the
measured data on the outer boundary "!+, the electromag-
netic field on the inner boundary "!! can be determined
by the solution of ATC.

3. Reciprocity Gap Sampling Method
For the sake of simplicity, in this section we assume the
background is two layered medium( without thin layer, only
upper medium and the one object D is buried). Let v be a
field satisfying the Helmholtz equation in!with downward
propagating condition. We define the Reciprocity Gap be-
tween u(·;x0) and v by

R(u(·;x0), v) :=
'

"!
!

(

u(x, x0)
"v

"$x
(x) ! v(x)

"u

"$x
(x, x0)

)

ds(x).

(3)
where u(.;x0) is the total field due to point source is lo-
cated at x0. Notice that if there are no obstacles (D = $),
then R(u(·;x0), v) = 0. We now introduce a sufficiently
rich parametrization of the set of admissible functions v by
choosing v to be a single layer potential defined by

v = sg :=

'

"
g(y)#(x, y)ds(y) (4)

where g is an unknown potential and where

#(x, y) =
i

4
H(1)

0 (k1|x ! y|)

H(1)
0 is the Hankel function of the first kind with the order

zero and$ is a straight horizontal line in the upper medium.
The RG-LSM amounts to find an approximate solution

gz % L2($) to the (integral) equation

R(u(·;x0), sgz
) & R(u(·;x0),#(·, z)) for all x0, (5)

where z is a parameter, so-called sampling point, lying in
the search domain in !. In other words, for a given sam-
pling point z % D on would like to test whether there
exists a regular solution to the Helmholtz equation in !,
namely sgz

, whose reciprocity gap with u(·;x0) coincides

with reciprocity gap of a singular solution, namely #(·, z),
with the same fields and for all sources x0.One can easily
guess that this would not be true when z is outside D since
u(·;x0) and sgz

satisfy the same Helmholtz equation out-
side D while #(·, z) satisfies the equation with !!z source
term. The method then stipulates that given an approximate
solution to (5) the norm of 'gz' would be much larger for
z outside D than for z inside D.

From the practical point of view (5) can be written in
the form

Agz & %(., z) (6)

where A is the integral operator with kernel,

A(x0, y) = R(u(·, x0),#(x, y)) y % $, (7)

and where with

%(x0, z) = R(u(·, x0),#(·, z)) z % !. (8)

To construct an approximate solution to the ill-posed equa-
tion (6), one can use the Tikhonov regularization by solving

(& + A#A)gz,$ = A#%(., z) (9)

where & is the regularization parameter and A# is the ad-
joint of A.

The numerical procedure to locate the target object is
then the following : uniform sampling points {zi}i=1,...,N

of the probed region are considered and then for each point
zi,

G(zi) = '%(., zi)'L2/'gzi,$'L2 (10)

is computed. Then the contours of the function zi ( G(zi)
are visualized. As explained above, the values of G are ex-
pected to be much smaller where zi does not belong the
scatterers.

4. Numerical Results
This section is devoted to the validation of the feasibility of
the proposed method. Measurement field are obtained syn-
thetically by solving the forward scattering problem using
an integral equation method. In the example the frequency
of the exciting sources is chosen as f = 300MHz which
corresponds k0 = 2'.

Three layered medium having sinusoidal interfaces is
considered, Figure 1. Thickness of the thin layer is chosen
as ! = 0.1(0 and its index as n! = 2.5 + 0.2i Perfectly
conducting rectangle-shaped object with dimensions (0 )
(0/2 is buried in a lower homogeneous medium with index
n = 1.2 + 0.2i. 40 point sources are uniformly placed on
a line with the length 4(0, at a distance of 1.1(0 from the
interface and measurements are done on upper boundary
"!+ and the reconstruction domain is chosen as 4 ) 4m2

and contains 40 ) 40 pixels. $ is chosen as a straight line
having a 2(0 length at a distance of 0.5(0 from the interface
and 40 discrete number on it.

The reconstructed object by proposed method is de-
picted in Figure 2. As it can be seen from the figure,
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since the sources and the measurements are placed on the
only upper layer but not all over the object, only the up-
per boundary of the object is clearly identified, but not the
lower part of the object. Even so, the location of the object
is still distinguished.

 

 

Figure 2: Reconstructed perfectly conducting rectangular
object

5. Conclusion
We propose a fast method to image the objects buried under
a stratified medium with arbitrary interfaces. The method is
based on Approximate Transmission Condition and Reci-
procity Gap-Linear Sampling Method. The field distribu-
tions on the lower interface of the thin layer is determined
from the measument data on the upper boundary of the
layer by the use of ATC and then RG-LSMmethod is carried
out to image the object. Our approach can be also effec-
tively used in other imaging algorithms,besides RG-LSM,
related to objects buried under stratified medium This topic
is the subject of a work under progress.
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Abstract
In this paper, the solution of a direct scattering problem re-
lated to 3D arbitrary shaped dielectric objects buried under
2D locally rough surface is considered. A method based
on the solution of an electric field integral equation includ-
ing the dyadic Green’s function of two-half space media
with rough interface is proposed. The required Green’s
function is achieved using buried object approach (BOA)
which also involve the solution of another electric field inte-
gral equation including the dyadic Green’s function of two-
half space media with planar interface. The computation
of this well-known Green’s function is required the time-
consuming Sommerfeld integrals. To enhance the compu-
tational efficiency of the proposed method and to avoid the
numerical calculations of Sommerfeld integrals, the dyadic
Green’s function is derived in closed-form by using DCIM.

1. Introduction
Electromagnetic scattering by 3D dielectric or conducting
objects embedded in a layered media is very important in
many practical applications of wave propagation. There-
fore, a wide range of studies have been made about this
issue in the past few decades [1]-[2]. However, most of
them investigate the scattering problem related to bodies
buried under planar interface while the surface roughness
must also be taken into account in real applications.

In this paper, we present a method for the scattering
of electromagnetic waves in the presence of the 3D arbi-
trary shaped dielectric bodies embedded into a semi-infinite
medium with a 2D rough surface. The method is based on
the solution of an electric field integral equation including
dyadic Green’s function of background medium. Hence,
the background medium consist of two-half spaces with
rough boundary, to obtain its Green’s function is a com-
plex and difficult problem in itself. By using the buried
object approach (BOA) which based on the assumption
that the areas bordered by the rough surface and a fictional
plane through the center of roughness constitute 3D dielec-
tric bodies, this problem has been converted to a scatter-
ing problem of 3D dielectric objects placed into both sides
of the fictional plane [3]. Then, the desired Green’s func-
tion can be obtained by the solution of another electric
field integral equation including dyadic Green’s function
of two-layered media with planar interface. The dyadic

Green’s function of two-layered media is required the so-
lution of slow converging and time consuming Sommerfeld
integrals. To avoid the numerical calculation of the Som-
merfeld integrals and obtain the dyadic Green’s function in
closed-form, two-level approximation as an application of
discrete complex image method (DCIM) has been is used in
present work. A three-level approximation as an extension
of two-level approximation is proposed in [5] to eliminate
the some limitations of it. In [6] 2D-DCIM is presented to
obtain the closed-form spatial Green’s function for arbitrary
locations of the source and fields. This is more efficient than
1D-DCIM when the source and field points are in different
layers. The methods presented in the last two works can be
applied our method to improve the efficiency and the range
of the validity.

In Section 2, the electric field integral equations which
are required to get the scattered field from 3D objects buried
under 2D rough surface are given. The procedure to ob-
tain the closed-form of the electric fields Green’s function
is presented in Section 3. The conclusions regarding the
method described in Section 4.

2. Formulation of the problem
The geometry of the addressed problem is illustrated in
Fig. 1. Here, a 3D dielectric body is buried into the lower
half-medium having 2D locally rough surface. An electro-
magnetic wave source located into the upper half-medium
illuminate the rough surface. The main goal of this study
is to discover the effect of buried dielectric object as well
as the roughness on the electromagnetic wave propagation
originated from this source. In this work, we investigate the
scattering due to a plane wave.

Source

0,, 0 =aa σµε

bb σµε ,, 0

oo σµε ,, 0
oV

Figure 1: Geometry of the problem.



The electric field at any point r(x, y, z) can be described
as a summation of two fields, namely,

E(r) = Eo(r) + Es(r)

= Eo(r) + k2b

!

Vo

¯̄GE(r, r!)!(r!)E(r!)dr! (1)

where Es(r) is the scattered field from 3D object embed-
ded into the lower medium and Eo(r) is the total field in
the absence the object but the presence of the roughness.
Additionally, in Equation (1), kb is the wavenumber of the
lower medium, !(r) is the the object function defined by
!(r) = k(r)/kb(r) ! 1, Vo is the volume of the scattered
object and ¯̄GE(r, r!) is the electric field dyadic Green’s
function of the two-half space media with rough interface.
If ¯̄GE(r, r!) and Eo(r) are known, the scattered field can
be obtained by solving the above integral equation numer-
ically via Method of Moment (MOM). Since Eo(r) is the
total electric field at point r(x, y, z) due to the plane wave
and ¯̄GE(r, r!) is the total electric field at point r(x, y, z)
due to the point source at point r!(x!, y!, z!) in the presence
of the rough surface, they are identical to each other ex-
cept the sources creating them. So, they are calculated by
similar way using BOA which is based on the assumption
that the areas bordered by the rough surface and a fictional
plane through the center of roughness constitute 3D dielec-
tric bodies buried into both sides of the plane as illustrated
in Fig. 2. Thus, Eo(r) and ¯̄GE(r, r!) are calculated by solv-
ing the problems of scattering from objects buried in two
half-spaces media with planar interface.

the objects buried into
upper half-space

fictional plane trough the
roughness

r

rbb σµε ,, 0
aa σµε ,, 0

raV

the objects buried into lower
half-space

rr

rʹ′aa σµε ,, 0bb σµε ,, 0

rbV

Figure 2: The BOA model of the rough surface.

In this new context, the field Eo(r) is written as the sum-
mation of two fields, namely,

Eo(r) = Eoi(r) + Eos(r)

= Eoi(r) + k2i

!

Vri

¯̄GE
o (r, rr)!ri(rr)E(rr)drr, i = a, b

(2)

where Eoi is the total field in the absence of the roughness
and it can be easily obtained by using the classical rules
of the reflection and transmission of plane waves from pla-
nar interfaces. Eos is the scattered field from 3D objects

modeling the rough surface. Analogously, ¯̄GE(r, r!) is also
summation of two terms as follows,

¯̄GE(r, r!) = ¯̄GE
o (r, r!) + ¯̄GE

s (r, r!)

= ¯̄GE
o (r, r!) + k2i

!

Vri

¯̄GE
o (r, rr)!ri(rr) ¯̄GE(rr, r!)drr

i = a, b. (3)

Here, ¯̄GE
o is the Green’s function of two layered medium

with planar interface and ¯̄GE
s (r, r!) is the contributions

of the roughness to the desired total Green’s function
¯̄GE(r, r!). In Equation (2) and (3), ki is the wavenumber
of the medium in which the related objects are buried, !ri
is the object function corresponding to these object and they
can be written as:

ki =

"
ka, if z > 0

kb, if z < 0
(4)

!ri(rr) =

#
$%

$&

kb/ka ! 1, if rr " Vra

kb/ka ! 1, if rr " Vrb

0, if rr /" Vri

. (5)

Once the dyadic Green’s function of two-half space media
¯̄GE
o (r, r!) is found, the integral equations in Equation (2)

and (3) are solved numerically by using MOM to obtain
Eo(r) and ¯̄GE(r, r!), respectively. To enhance the com-
putational efficiency of the solution, ¯̄GE

o (r, r!) is obtained
in closed-form by using Discrete Complex Image Method
(DCIM) which is explained in the next section.

3. Closed-Form Green’s Function of
Two-Half Space Media

Consider a two-layered medium perpendicular to z! axis
with a dipole source, as shown in Fig. 3. Since the elec-
tromagnetic properties of the mediums are constant along
all directions except z, this geometry is cylindrically sym-
metric. The dipole is represented by current density J =
"̂I#$(r) with arbitrary orientation "̂ and current moment
I#.

r
aa σµε ,, 0

x

z

rʹ′
bb σµε ,, 0

x

lI

Figure 3: Two-half space media with an arbitrary oriented
dipol.
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In general, any spatial Green’s function for two-half
space media is expressed in terms of spectral Green’s func-
tion via Sommerfeld integrals, namely,

¯̄G(%, z; z!) =
1

4&

!

SIP
G̃(k!, z; z

!)H(2)
0 (k!%)k!dk! (6)

where G̃ is the spectral domain Green’s function which can
be written analytically. H(2)

0 is the zeroth order Hankel
function of second kind and SIP is the Sommerfeld in-
tegration path.

The spatial Green’s function for electric field which is
needed for our purpose can be expressed in terms of vector
and scalar potential Green’s function via Mixed Potential
Integral Equation (MPIE) as follows,

¯̄GE = !j'µ0(
¯̄GA ! 1

k2i
##! ¯̄GQ). (7)

In Equation (7), ¯̄GA is the vector potential Green’s function
and ¯̄GQ is the scalar potential Green’s function.

According to the procedure followed in this study, first
the potential Green’s functions obtain in closed-form by us-
ing DCIM. Then the electric field Green’s function is ob-
tained in closed-form by analytical differentiations of these
closed-form potential Green’s function [7] using Equa-
tion (7). For that reason, let us first consider how the closed-
form Green’s function of potentials are achieved.

3.1. Closed-Form Green’s Function of Potentials

According to the traditional form, the vector potential
Green’s function can be described as

¯̄GA = (x̂x̂+ ŷŷ)Gxx + ẑx̂Gzx + ẑŷGzy + ẑẑGzz (8)

and scalar potential Green’s functions GQ
x,y and GQ

z . Any
component of spatial Green’s functions of vector and scalar
potentials are represented by Sommerfeld integral with ker-
nel of spectral Green’s function as given in Equation (6).
The spectral Green’s function which were derived in nu-
merous works [8] are acquired analytically. For example,
when both the observation and source points are in the up-
per medium, Green’s function of the potentials are repre-
sented as follows

Gxx =
µ0
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where

!% =
"akzb

""bkza

"akzb
+"bkza

, !$ =
µbkza"µakzb
µbkza+µakzb

% =
'

(x! x!)2 + (y ! y!)2, k! =
(
k2x + k2y

For other locations of source and field points, similar
expressions are generated. Since would occupy too much
space, these expressions are not given here.

In Equation (8-14) any of the expressions in the square
brackets are approximated as a summation of complex ex-
ponentials by using two-level approximation [4] as applica-
tion of DCIM as follows

G̃ $=
N1)

n=1

a1ne
"b1nkza +

N2)

n=1

a2ne
"b2nkza . (15)

Here the coefficients a1n and a2n and exponents b1n
and b2n obtained using Generalized Pencil of Functions
(GPOF) method, N1 and N2 are the number of the expo-
nentials used in the approximation. By using approximate
spectral expressions in Equation (8-14) and by means of
Sommerfeld identity

e"jkr

r
=

! #

"#

e"jkzz

j2kz
H(2)

0 (k!%)dk! (16)

any of the spatial Green’s function of potentials is written
in closed-form such as in the following expression

G $= direct term +
N1)

n=1

a1n
e"jkar1n

r1n
+

N2)

n=1

a2n
e"jkar2n

r2n
(17)

where r1n =
'
%2 ! b21n and r2n =

'
%2 ! b22n. The di-

rect term showing in Equation (17) can be calculated ana-
lytically without the need for DCIM.

3



Once, all components of the spatial domain potential
Green’s function are acquired in closed-form by DCIM,
the spatial domain electric field Green’s functions derived
from analytical differentiations of these closed-form poten-
tial functions through the Equation (7)

4. Conclusions
In this work the scattering problem belong to 3D dielec-
tric object embedded into a semi-infinite medium with 2D
rough surface is considered. The proposed method involve
the solution of an integral equation enclosing the Green’s
function of background medium which is the rest of the
overall geometry when the buried dielectric object is re-
moved. The background space Green’s function is also in-
volve a solution of another electric field integral equation
enclosing the dyadic Green’s function of two-half space.
The closed-form Green’s function of electric field are de-
rived from the analytical differentiations of the closed-form
Green’s function of vector and scalar potentials which ob-
tained by using DCIM. This improve the computational ef-
ficiency of the method. The method presented here can
be applied any arbitrary shaped 3D dielectric or conduct-
ing objects buried beneath 2D rough surface with arbitrary
fluctuation.
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Abstract 
A novel fractal geometry is here investigated for antennas 
applications. The proposed geometry is obtained by 
introducing narrow slots in X shape in square patches, so 
that successive iterations can be obtained. Antennas with 
this geometry will produce currents that will flow near the 
edges of the squares which have been defined by slots. As a 
result, resonances occur at frequencies which correspond to 
the dimensions of the fractal generator in different scales. A 
novel fractal dipole antenna is then studied in this paper and 
simulation results for the return loss, surface current 
distribution, radiation pattern and input impedance are here 
reported. Results show that it can operate as a multiband 
antenna.  

1. Introduction 
Fractal structures have been used recently in antenna design 
aiming either to reduce its size or to achieve multiband 
characteristics. The capacity to reduce size can be seen in 
the Koch monopole fractals [1]-[3]. The Koch fractal 
monopoles exhibit lower resonant frequencies than the 
Euclidean monopoles of the same height. As a result, 
monopoles and dipoles with reduced dimensions can be 
constructed. The Sierpinski [4,5] fractal geometries 
(triangle and carpet) and Minkowski [6,7] as well, on the 
other hand, are normally used to design monopole and 
dipole antennas with multiband characteristics. 
It has been observed that the surface current in these 
structures always flow in regions near the edges of the 
antenna, regardless of the iteration being considered. This 
means that if narrow slots were introduced in antennas 
patches in X shape, this would force currents to flow on 
their edges creating, as a result, squares in different scales. 
This paper, therefore, investigates the performance of a new 
fractal dipole antenna (fractal X) that uses such squares in 
the definition of successive iterations. Simulation results for 
radiation patterns, current densities, input impedance and 
return loss were carried out by software CST Microwave 
Studio and it are here reported in the 0-15.6 GHz range. 
They strongly indicate that operation multiband can be 
achieved with the antenna.  

2. Description of the fractal dipole 
Iteration 0, the generator (iteration 1) and iteration 2 are 
shown in Fig. 1. The initializer is a single square and the 

transformation that creates the fractal X consists in 
introducing narrow slots having the shape of x. A new 
geometry is then created which is now considered to be the 
fractal generator, also called iteration 1. Iteration 2 is 
obtained by reproducing the geometry of iteration 1 in 
reduced scale, and so on for higher iterations.  

The slots in X shape have lengths slightly smaller than the 
side of the square created in each iteration and, as a 
consequence, the currents are diverted to the edges of the 
slots yielding new resonances. For iteration 1, the squares 
have diagonals with dimension approximately half the one 
of the square of iteration 0. Therefore one would expect that 
the corresponding resonance frequency is next to twice the 
first one. This repeats for successive higher iterations. 

3. Simulation Results 

3.1. Return Loss 

The corresponding dipole here investigated is in the y-z 
plane and the diagonals of the squares are 23 mm, 10.44 mm 
and 4.74 mm for iterations 0, 1 and 2, respectively. The 
patches lie on a dielectric layer of thickness 1.27 mm and 
εr=2.2. The input return loss with frequency, relative to       
50 Ω, of the new proposed antenna with the shape of the 
iteration 2 was simulated in the 0 – 15.6 GHz range and the 
results are shown in Fig. 2. The dipole of the initializer 
resonates at 2.24 GHz. The next two iterations allow the 
antenna to resonate at 5.74 GHz and 15.13 GHz, 
corresponding to the squares built for iterations 1 and 2, 
respectively.  Both resonances exhibit return losses below     
-10 dB, as one can see from Fig. 2.  
Therefore, the dipole with iteration 2 produces three 
resonances with return losses below -10dB referenced to 50 
Ω, which confirms its performance as a multiband antenna.  
Figs. 3 and 4 show the real and imaginary parts of the input 
impedance along the whole band. Near the three resonance 
bands the real part of the input impedance approaches 50 Ω 
and the imaginary one approaches 0 Ω.  
One point to be mentioned is that the distance the slot starts 
from the edge of the square created in each iteration 
influences the return loss results.  

3.2. Surface current 

Figs. 5, 6 and 7 show simulation results for the surface 
current of the fractal X dipole with the shape of iteration 2. 
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        Iteration 0                  Iteration 1                Iteration 2 
 

Figure 1:  The novel fractal dipoles. 
 
 
 

 
 

Figure 2: Return loss for iteration 2 of the novel fractal 
dipole. 

 
 
 

 
 

Figure 3: Real part of the input impedance for iteration 2 
of the new fractal dipole. 

 
 

Figure 4: Imaginary part of the input impedance for 
iteration 2 of the new fractal dipole. 

 
The illumination is at peak values for frequencies of       
2.24 GHz, 5.74 GHz and 15.13 GHz, which are the 
resonance frequencies for iterations 0, 1, and 2, 
respectively. 
The slots yield a new path for the currents which turns out 
to be the edges of the squares created. Each square 
resonates at a frequency which will depend on its 
dimensions. 
Surface currents revel for each resonance frequency a 
behavior that might explain the very good return loss 
achieved at 15.13 GHz band. The dipole formed by the two 
smallest squares are not the only resonators in the whole 
dipole. 
Remarkable current densities can be observed of the square 
patches away from the feeding ports. This suggests that 
radiator occurs strongly at that frequency. 
 This contributes for less power being reflected back to the 
R.F. generator. The same reasoning can be applied at 5.74 
GHz. In this case weaker current densities are noticed. This 
accounts for an increase in the return loss, coming close to   
-15 dB. At 2.24 GHz, the weaker densities can be seen and, 
therefore, less radiation is expected, which means more 
power being reflected. 
 

 
 

Figure 5: Surface current over the new fractal dipole for 
iteration 2 at the frequencies 2.24 GHz. 

Feeding 
Ports 

Feeding 
Ports 
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Figure 6: Surface current over the new fractal dipole for 
iteration 2 at the frequencies 5.74 GHz. 

3.3. Radiation Patterns 

The radiation patterns for the dipole are displayed in Fig. 8. 
Simulations were carried out for dipole in the iteration 2 at 
2.24 GHz, 5.74 GHz and 15.13 GHz, for φ = 0°, φ = 90° and 
θ = 90°. For θ = 90°, the radiation patterns are very similar 
at the three frequencies. For φ = 0°, they show some degree  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 7: Surface current over the new fractal dipole for 
iteration 2 at the frequencies 15.13 GHz. 

of similarity, as would be expected from a fractal antenna. 
Similarity happens to φ = 90° as well. The well-known 
single linear dipole presents more lobes as frequency 
increases. One verifies similar behavior to the investigated 
dipole here, but in this case even more lobes are observed 
due to more radiator elements as the order of iteration 
increases. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Figure 8: Radiation patterns for the new proposed fractal dipole at the frequencies 2.24 GHz, 5.74 GHz and 15.13 GHz. 
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4. Conclusions 
The inclusion of slots in the design of fractal X has created a 
dipole with three resonances corresponding to the number of 
iterations considered. Simulation results for the input return 
loss at those resonance frequencies are such that the 
VSWR<2. The dipole can therefore operate as multiband 
antenna. The dimensions of the squares created by the slots 
for each iteration defined the resonance frequencies which 
are related by the scale factor of on approximately 2 used in 
this investigation. The radiation patterns for φ = 0°, φ = 90° 
and θ = 90° exhibited some degree of similarity, what is 
expected from an antenna with a fractal shape. This paper 
has suggested that the input return loss can be controlled and 
resonance frequency allocated as long as slots properly 
dimensioned are introduced in the main structure of the 
dipole. The slot dimensions play an important role in the 
design of the antenna.  
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Abstract 
A novel printed monopole antenna for UWB applications 
with frequency band-notch function is presented. By cutting 
an inverted T-shaped slit in the radiating patch a new 
resonance at higher frequencies can be achieved and 
provides a wide usable fractional bandwidth of more than 
120% (3.08-13.23 GHz), also in order to create frequency 
band-stop performance, the square radiating patch 
surrounded by rotated C-shaped parasitic structure, that with 
this design, a frequency notched band of 5.03–5.97 GHz has 
been obtained. Simulated and experimental results obtained 
for this antenna show that the proposed single band-notch 
square monopole antenna has a good antenna gains and 
radiation behavior within the UWB frequency. The designed 
antenna has a small dimension of 1218 mm2. 

1. Introduction 
Ultra wide band (UWB)   antenna   technology  and 
application developed rapidly in recent years. Its plenty of 
advantages, such as simple structure, small size and low cost 
due to have received increased attention, especially  planar 
monopoles are extremely attractive to be used in emerging 
UWB applications, and growing research activity is being 
focused on them. Consequently, a number of planar 
monopoles with different geometries have been 
experimentally characterized [1-3].  
   The frequency range for UWB systems between 3.1–10.6 
GHz will cause interference to the existing wireless 
communication systems for example the wireless local area 
network (WLAN) for IEEE 802.11a operating in 5.15–5.35 
GHz and 5.725–5.825 GHz bands, so the UWB antenna with 
a band-notch function is required. Lately to generate the 
frequency band-notch function, modified planar monopoles 
several antennas with band-notch characteristic have been 
reported [4-8]. In [4], [5] and [6], different shapes of the 
slots (i.e., square ring, W-shaped and folded trapezoid) are 
used to obtain the desired band notched characteristics. 
Single and multiple [7] half-wavelength U-shaped to 
generate the frequency band-notch function, modified planar 
slits are embedded in the radiation patch to generate the 
single and multiple band-notched functions, respectively. In 
[8], band notch function is achieved by using a T-shaped 
coupled parasitic element in the ground plane. 

   A simple method for designing a novel and compact 
microstrip-fed monopole antenna with band-notch 
characteristic for UWB applications has been presented. In 
the proposed antenna, by inserting a rotated C-shaped 
parasitic structure with variable dimensions in the radiating 
patch a single band-stop performance can be created and 
also for bandwidth enhancement, we use an inverted T-
shaped slit in the radiating patch. The presented monopole 
antenna has a small size of 12×18 mm 2 . Good return loss 
and radiation pattern characteristics are obtained in the 
frequency band of interest. Simulated and measured results 
are presented to validate the usefulness of the proposed 
antenna structure for UWB applications. 

2. Antenna Design 
The presented monopole antenna is shown in Figure 1, 
which is printed on an FR4 substrate of thickness 1.6 mm, 
permittivity 4.4, and loss tangent 0.018.  
 

 
Figure 1: Geometry of the proposed antenna, (a) top view, 
(b) side view. 
 
The optimized values of  proposed antenna design 
parameters are as follows:  

mmWsub 12 , mmLsub 18 , mmWf 2 ,

mmL f 5.3 , mmW 8 , mmWT 8.3 , mmLT 75.8
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, mmWT 5.21  , mmLT 25.01  , mmWP 4.11 , 

mmLP 4.10 , mmWP 31  , mmLP 2.01  , 

, and mmLgnd 5.3 . 

3. Results and Discussions 
The proposed microstrip-fed monopole antenna with various 
design parameters were constructed, and the numerical and 
experimental results of the input impedance and radiation 
characteristics are presented and discussed. The Ansoft 
simulation software high-frequency structure simulator 
(HFSS) [9] is used to optimize the design and agreement 
between the simulation and measurement is obtained. 
   The configuration of the various antennas structures were 
shown in Figure 2. Return loss characteristics for ordinary 
square monopole antenna, square monopole antenna with an 
inverted T-shaped slit in the radiating patch and the 
proposed antenna structure are compared in Figure 3. As 
shown in Figure 3, it is observed that the upper frequency 
bandwidth is affected by using an inverted T-shaped slit in 
the radiating patch and the notch frequency bandwidth is 
sensitive to the rotated C-shaped parasitic structure. 
 

 
Figure 2: (a) Ordinary square monopole antenna, (b) square 
monopole antenna with an inverted T-shaped slit on the 
radiating patch, and (c) the proposed antenna. 
 

 
Figure 3: Simulated return loss characteristics for the 
antennas shown in Figure 2. 
 
Also the input impedance of the various monopole antenna 
structures that shown in Fig. 2, on a Smith Chart is shown in 
Fig. 4. 
 

 
Figure 4: The simulated input impedance on a Smith chart of 
the various monopole antenna structures shown in Fig. 2. 

 

 
Figure.5. Simulated surface current distributions at the 
radiating patch (a) for the square antenna with an inverted 
T-shaped slit on the radiating patch at 12.3 GHz and, (b) 
for the proposed antenna in the at 5.5 GHz. 

    

 
Figure 6: Simulated VSWR characteristics for the proposed 
antenna with different values of 1PW . 
 
In order to understand the phenomenon behind this 
additional resonance and band notch performance, the 
simulated current distributions on the ground plane for the 
square antenna with an inverted T-shaped slit at 12.3 GHz 
are presented in Figure 5 (a). It is found that by using this 
slit, new resonance at 12.3 GHz can be achieved [2]. 
Another important design parameter of this structure is the 
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rotated C-shaped parasitic structure. Figure 5 (b) presents 
the simulated current distributions at the radiating stub at the 
notch frequency (5.5 GHz). As shown in Figure 5 (b) by 
inserting the rotated C-shaped parasitic structure on the 
radiating stub, a band-stop performance is generated [3]. 
   The simulated VSWR curves with different values of 

1PW  are plotted in Fig. 6. As shown in Fig. 6, when the 

width of the 1PW increases from 2 to 3.4 mm, the centre of 
notch frequency is decreases from 6.35 to 4.28 GHz and 
from these results, we can conclude that the notch frequency 
is controllable by changing the interior height of the 1PW . 

 
Figure 7: Simulated VSWR characteristics for the proposed 
antenna with different values of 1PL  
 

   The simulated VSWR curves with different values of 1PL  
are plotted in Figure 7. As shown in Figure 7, when the 
length of the 1PL increases from 0.2 to 0.8 mm, the filter 
bandwidth is varied from 0.65 to 1.75 GHz. 
 

 
Figure 8: Measured and simulated VSWR for the proposed 
antenna. 
 
The proposed antenna with optimal design, was built and 
tested. Fig. 8 shows the measured and simulated VSWR 
characteristics of the proposed antenna. The fabricated 
antenna has the frequency band of 3.08 to over 13.23 GHz 

with notched-band function around 5.03-5.97 GHz. As 
shown in Figure 8, there exists a discrepancy between 
measured data and the simulated results this could be due to 
the effect of the SMA port. In order to confirm the accurate 
return loss characteristics for the designed antenna, it is 
recommended that the manufacturing and measurement 
process need to be performed carefully.  
   Figure 9 shows the measured radiation patterns including 
the co polarization and cross-polarization in the H-plane (x-z 
plane) and E-plane (y-z plane). The main purpose of the 
radiation patterns is to demonstrate that the antenna actually 
radiates over a wide frequency band. It can be seen that the 
radiation patterns in x-z plane are nearly omnidirectional for 
the three frequencies. 

 
Figure 9: Measured radiation patterns of the proposed 
antenna (b) 4 GHz, (c) 7 GHz, and (d) 10 GHz. 
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Figure 10: Maximum gain comparisons for the ordinary 
square antenna (simulated), and the proposed antenna 
(measured). 
 
Figure10 shows the effects of the rotated C-shaped parasitic 
structure and the inverted T-shaped slit on the maximum 
gain in comparison to the ordinary square antenna without 
them. As shown in Figure 10, the ordinary square antenna 
has a gain that is low at 3 GHz and increases with frequency. 
It is found that by using a square radiating patch with the 
rotated C-shaped parasitic structure and the inverted T-
shaped slit, a sharp decrease of maximum gain in the 
notched frequency band at 5.5 GHz are shown. For other 
frequencies outside the notched frequency band, the antenna 
gain with the filter is similar to those without it. 

4. Conclusions 
In this paper, a novel small square monopole antenna with 
band-notched characteristics and wide bandwidth capability 
for UWB applications is proposed. In this design, the 
proposed antenna can operate from 3.08 to 13.23 GHz with 
a rejection band around 5.03–5.97 GHz. By inserting a 
rotated C-Shaped parasitic structure and by cutting an 
inverted T-shaped slit on the radiating patch a band notch 
characteristic generated and also additional resonances are 
excited, respectively. The designed antenna has a small size. 
Good return loss and radiation pattern characteristics are 
obtained in the frequency band of interest. Simulated and 
experimental results show that the proposed antenna could 
be a good candidate for UWB application. 
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Abstract 
In this paper, a simple and compact ultra wideband (UWB) 
printed slot antenna with band-notch performance is 
presented. In order to increase the impedance bandwidth of 
the square slot antenna, we use a pair of S-shaped slots in 
the ground plane that with this structure UWB frequency 
range can be achieved. Additionally, by cutting a 
rectangular slot with a protruded E-shaped strip inside the 
slot in the radiating stub, a frequency notched band 
performance has been obtained. The designed antenna has a 
small size of 20×20 mm 2 , while showing the radiation 
performance in the frequency band of 3.08 to over 14.3 
GHz with a band rejection performance in the frequency 
band of 5 to 6 GHz. Simulated and experimental results 
obtained for this antenna show that it exhibits good radiation 
behavior within the UWB frequency range. 

1. Introduction 
Communication systems usually require smaller antenna 
size in order to meet the miniaturization requirements of 
radio-frequency (RF) units [1]. In UWB systems to improve 
the impedance bandwidth which do not involve a 
modification of the geometry of the planar antenna have 
been investigated, and growing research activity is being 
focused on them. As important compact UWB antennas, 
printed slot antennas have attracted more and more attention. 
Consequently, a number of planar slots with different 
geometries have been experimentally characterized [2]-[5]. 
   The frequency range for UWB systems between 3.1–10.6 
GHz will cause interference to the existing wireless 
communication systems for example the wireless local area 
network (WLAN) for IEEE 802.11a operating in 5.15–5.35 
GHz and 5.725–5.825 GHz bands, so the UWB antenna with 
a band-notch function is required. In this paper, we present a 
new design of compact wideband slot antenna with variable 
band rejection characteristic for UWB applications. In this 
antenna, two S-shaped slots cut in ground plane was used for 
enhance of bandwidth and a modified rectangular slot with a 
protruded E-shaped strip inside the slot in the radiating stub 
was applied to generate a band notch performance. The 
fabricated antenna has the frequency band of 3.08 to over 
14.3 GHz with a rejection band around 5-6 GHz. The size of 
the designed antenna is smaller than the slot antennas 

reported recently [2]-[5]. Good return loss and radiation 
pattern characteristics are obtained in the frequency band of 
interest. 

2. Antenna Design and Configuration 
The   square   slot   antenna   fed   by   a   50   Ω   microstrip   line   is  
shown in Figure 1, which is printed on a FR4 substrate of 
thickness 0.8 mm, permittivity 4.4, and loss tangent 0.018. 
The basic antenna structure consists of a square radiating 
stub, a 50  Ω  microstrip feed-line, and a ground plane with a 
rectangular slot. The square radiating stub has a widthW . 
The radiating stub is connected to a feed line of width fW  

and length fL , as shown in Figure 1. On the other side of 
the substrate, a conducting ground plane with a rectangular 
slot is placed. The  proposed  antenna  is  connected  to  a  50  Ω  
SMA connector for signal transmission 

 
Figure.1: Geometry of proposed slot antenna, (a) top view, 
(b) side view. 
 
The optimal dimensions of the designed antenna are as 
follows: mmWsub 20 , mmLsub 20 , mmhsub 8.0 , 

mmW 7 , mmWf 5.1 , mmLf 4 , 

mmWX 18 , mmLX 11 , mmWS 5 , 

mmLS 5 , mmWS 41  , mmLS 5.31  , 

mmWS 12  , mmLS 5.02  , mmLS 25.13  , 

mmLS 5.04  , mmWR 5 , mmLR 5.5 , mmWe 1 , 

mmLe 75.3 , mmWe 75.01  , mmLe 25.31  , 

mmLe 75.02  ,   and mmLgnd 3 . 
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3. Results and Discussion 
The proposed microstrip-fed slot antenna with various 
design parameters were constructed, and the numerical and 
experimental results of the input impedance and radiation 
characteristics are presented and discussed. The Ansoft 
simulation software high-frequency structure simulator 
(HFSS) [6] is used to optimize the design and agreement 
between the simulation and measurement is obtained. 
   The configuration of the various antennas structures were 
shown in Figure 2. Return loss characteristics for ordinary 
square slot antenna, square slot antenna with a pair of S-
shaped slots in the ground plane and the proposed antenna 
structure are compared in Figure 3. As shown in Figure. 3, it 
is observed that the middle frequency bandwidth is affected 
by using a pair of S-shaped slots in the ground plane and the 
notch frequency bandwidth is sensitive to the a protruded E-
shaped strip inside the slot in the radiating stub.  
 

 
Figure 2: (a) ordinary square slot antenna, (b) ordinary 
square slot antenna with two S-shaped slots in the ground 
plane, and (c) the proposed antenna. 

 
Figure 3: Simulated return loss characteristics for the 
antennas shown in Figure 2. 

 

 
Figure 4: Simulated surface current distributions (a) for 
the square antenna with two S-shaped slots in the ground 
plane at 6.3 GHz and, (b) for the proposed antenna in the 
radiation stub at 5.5 GHz. 

 
In order to understand the phenomenon behind this 
additional resonance and band notch performance, the 
simulated current distributions on the ground plane for the 
square antenna with two S-shaped slots at 6.3 GHz are 
presented in Figure 4 (a). It is found that by using these S-
shaped slots, new resonance at 6.3 GHz can be achieved [2]. 
Another important design parameter of this structure is the 
rectangular slot with a protruded E-shaped strip inside the 
slot at the radiating stub. Figure 4 (b) presents the simulated 
current distributions at the radiating stub at the notch 
frequency (5.5 GHz). As shown in Figure 4 (b) by cutting 
rectangular slot with a protruded E-shaped strip inside the 
slot on the radiating stub, a band-stop performance is 
generated [3]. 

 
Fig. 5: Simulated VSWR characteristics for the proposed 
antenna with different values of eL  

 
Fig. 6: Simulated VSWR characteristics for the proposed antenna with 

different values of 1eW  

 
The simulated VSWR curves with different values of eL  
are plotted in Figure 5. As shown in Figure 5, when the 
height of the eL increases from 2.25 to 4.25 mm, the centre 
of notch frequency is decreases from 7.2 to 5.15 GHz and 
from these results, we can conclude that the notch frequency 
is controllable by changing the interior height of the eL . 
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   The simulated VSWR curves with different values of 

1eW  are plotted in Figure 6. As shown in Figure 6, when 

the width of the 1eW increases from 0.25 to 1 mm, the filter 
bandwidth is varied from 075 to 1.35 GHz.  

 

 
Figure 7: Measured and simulated VSWR for the 
proposed antenna 
 

 
 Figure 8: Measured radiation patterns of the proposed 
antenna (b) 4 GHz, (c) 7 GHz, and (d) 10 GHz. 
 

The measured and simulated VSWR characteristic of the 
proposed antenna was shown in Figure 7. The fabricated 
antenna has the frequency band of 3.08 to over 14.3 GHz 
with a band rejection performance in the frequency band 
of 5 to 6 GHz. Also Figure 8 show the measured 
radiation patterns including the co-polarization and cross 
polarization in the H-plane (x-z plane) and E-plane (y-z 
plane). It can be seen that the radiation patterns in the 
plane are nearly omnidirectional for the three 
frequencies. 

4. Conclusions 
In this paper, a novel design of ultra wide band slot antenna 
with variable band notch function is proposed. The 
presented slot antenna can operate from 3.08 to 14.3 GHz 
with VSWR < 2 with a rejection band around 5 to 6 GHz 
.By using two S-shaped slots in the ground plane additional 
resonance at higher frequency range is excited and much 
wider impedance bandwidth can be produced. In order to 
generate a frequency band-stop performance we cut a 
rectangular slot with a protruded E-shaped strip inside the 
slot in the radiating stub. The designed antenna has a small 
size. The measured results showed good agreement with the 
simulated and good measured results. Experimental results 
show that the presented slot antenna could be a good 
candidate for UWB application. 
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Abstract
Microscopy is becoming more and more important as mod-
ern technologies require smaller and better designs. Spa-
tial resolution is often a major concern, defining how small
components can be designed. Among different techniques,
solid immersion microscopy is well-known to provide a
high resolution and a high light collection efficiency. Due
to these advantages, many researchers have analyzed elec-
tromagnetic field distributions in the focal region of the
SIL by using the angular spectrum representation for the
field. However, the approach needs a heavy computation
of diffraction integrals. This paper presents an alternative
approach using multipole theory to calculate the focused
field of a hemispherical solid immersion lens. The new ap-
proach gives a better insight into the physical properties of
the focused beam, and avoids evaluating diffraction inte-
grals. Only a few multipole terms are needed to get the
same approximation as the diffraction integrals, hence the
proposed method is more efficient and convenient. The pa-
per also shows a clear view on a relationship between multi-
pole theory and the Debye potentials (DPs) !e, !m which
are very convenient for calculating scattering by a sphere
using the generalized Lorentz-Mie theory.

1. Introduction
SIL was firstly introduced by Mansfield and Kino in 1990
[1]. Through more than 20 years of development, SIL has
been extensively employed in optical data storage, pho-
tolithography, and microscopy. The performance of the SIL
has been analyzed in both theory and experiment [2, 3]. In
theory, most researchers [4, 5] evaluate the focal field of
the SIL by calculating diffraction integrals which are sim-
ilar to the integrals of Richards and Wolf [6]. The inte-
grals are rapidly varying products of a Bessel function and
a sinusoid, and hence need a heavy load of computation.
Recently, we expressed the focused field of any polarized
beam in terms of multipole terms, which not only helps to
gain a deeper insight into the physical properties of the fo-
cused beam but also avoids computing the diffraction inte-
grals [7]. In our paper, we analyzed the focal field of an
aplanatic optical lens for a number of different polarized
beams. The aplanatic optical lens is a major component of

a conventional microscope. The aplanatic optical lens and
its modeling system are shown in Fig. 1, where the lens is
represented by the Gaussian reference sphere (GRS).
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Û

z 

x 

Lens 

Physical 
System 

1E

Modeling 
System 

f

1k

f

U

Figure 1: Aplanatic optical lens and modeling system.

Hemispherical solid immersion microscope is a modi-
fication of the conventional microscope in which a SIL is
placed into the focal region. The center of the SIL coin-
cides with the focal point of the lens, as illustrated in Fig.
2. The system configuration in Fig. 2 represents the major
part of the hemispherical solid immersion microscope. The
electric field inside the SIL will be derived and analyzed in
this paper using the multipole theory. We will show that all
the advantages of the multipole theory presented in [7] are
preserved regardless of the presence of the SIL. The diffrac-
tion integrals of the focal field will also be presented for the
sake of comparison.

The structure of this paper is as follows: First, we
briefly give an introduction to the problem. Then, we
present and solve the problem in theory for a general polar-
ized beam. In section 3, a radially polarized beam, which
can produces a smaller focal spot than focusing linearly po-
larized light, will be analyzed and discussed. We will give
a conclusion in section 4.
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Figure 2: Hemispherical SIL configuration.

2. Theory
This section derives the focal field of the SIL. For any inci-
dent polarized beam approaching the aplanatic optical lens,
the refracted field on the GRS can be estimated [5]. And the
field outside the SIL can be calculated as shown in [7]. The
field inside the SIL can then be calculated by considering
the scattering effect of the SIL’s interface. To account for
the effect, it is very convenient to express the field in terms
of the Debye potentials [8]. The details of deriving the field
expressions are shown below.

2.1. Multipole theory

The electric field at the GRS can be in general expressed
in terms of the vector electric Nm

l (r̄) and magnetic Mm
l (r̄)

multipole fields as

E(r̄) =
!!

l=1

l!

m="l

[pmElNm
l (r̄) + pmMlMm

l (r̄)], (1)

where

Nm
l (r̄) = !"!" [r̄h(2)

l (kr)Y m
l (!," )],

Mm
l (r̄) = ik!" [r̄h(2)

l (kr)Y m
l (!," )].

Since the wave at the GRS is converging, the Hankel func-
tion of the second kind is chosen. When only the field
around the focal point is of interest, and taking the fact into
account that the radius of the GRS is in practice much larger
than the wavelength, the electric pmEl and magnetic pmMl
multipole strengths (EMMSs) can be estimated in terms of
the spectral amplitude of the field as shown in [7]. Equiv-
alently, we can also estimate the EMMSs in terms of the
far-field:

E(r̄!) = E!#̂+ E" $̂. (2)

The EMMSs are as follows:

pmEl = # ilfeikf

l(l + 1)
clm

" 2#

0

" #

0

#
dPm

l (cos#)

d#
E!

#im
Pm
l (cos#)

sin#
E"

$
e"im" sin# d#d $, (3)

pmMl =
ilfeikf

l(l + 1)
clm

" 2#

0

" #

0

#
dPm

l (cos#)

d#
E"

+im
Pm
l (cos#)

sin#
E!

$
e"im" sin# d#d $, (4)

where

clm = (#1)m
%
2l + 1

4%

(l #m)!

(l +m)!

& 1
2

,

and (!,") and (#,$ ) respectively specify the field point and
the wave propagation direction as shown in Fig. 1. The f
is the focal length of the aplanatic optical lens or the radius
of the GRS. Fig. 1 shows the aplanatic optical lens and its
modeling system.

2.2. Debye potentials

Eq. 1 expresses the field in terms of the multipole fields.
Alternatively the field can be expressed in terms of electric
(!e) and magnetic (!m) Debye potentials as follows [8]:

Er =
i

&'

#
(2

(r2
r!e + k2r!e

$
,

E$ =
i

&'

1

r

(2

(r(!
r!e +

1

sin !

(

("
!m,

E% =
i

&'

1

r sin !

(2

(r("
r!e #

(

(!
!m. (5)

It can be proven that Eqs. (1) and (5) are related by the
following equations:

!e = #i&'
!!

l=1

l!

m="l

pmElh
(2)
l (kr)Y m

l (!," ),

!m = ik
!!

l=1

l!

m="l

pmMlh
(2)
l (kr)Y m

l (!," ). (6)

The above DPs represent the focused field incident onto the
SIL, and the DPs of the transmission field can be expressed
as follows:

!in
e = #i&'s

!!

l=1

l!

m="l

'

's
clp

m
Elh

(2)
l (ksr)Y

m
l (!," ),

!in
m = iks

!!

l=1

l!

m="l

k
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dlp

m
Mlh

(2)
l (ksr)Y

m
l (!," ). (7)

The coefficients cl and dl can be derived:

cl =
2i
'

µs&s
µ&

Ĥ(1)!

l (kR)Ĥ(2)
l (ksR)#

'
µs&
µ&s

Ĥ(1)
l (kR)Ĥ(2)!
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2i
'
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'
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.

where

Ĥ(2)
l (kr) = krh(2)

l (kr),

Ĥ(1)
l (kr) = krh(1)

l (kr)

2



are the Riccati-Bessel functions. It is observed from Eqs.
(6) and (7) that the interface changes EMMSs outside pmEl
and pmMl into &

&s
clpmEl and k

ks
dlpmMl inside the SIL, respec-

tively. It is important to notice that the coefficients cl and dl
are different from Mie scattering coefficients for a sphere.
This difference is due to the multiple reflections inside the
sphere which do not occur inside the SIL. This will be pre-
sented further in a further paper.

2.3. Focal field expressions

Eq. (7) represents the field incident onto focal region. Since
there is no source in the focal region, there will be an out-
going field which is a consequence of the incoming field as
visualized in Fig. 2. The DPs representing this outgoing
field can be obtained from Eq. (7) by replacing h(2)

l (ksr)

by h(1)
l (ksr):

!out
e = #i&'s

!!
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m="l

'

's
clp

m
Elh
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l (ksr)Y

m
l (!," ),
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m = iks

!!

l=1

l!

m="l

k

ks
dlp

m
Mlh

(1)
l (ksr)Y

m
l (!," ). (8)

The total DPs in the focal region are then the summations
of !in in Eq. (7) and !out in Eq. (8):

!tot
e = #2i&'s

!!

l=1

l!

m="l

'

's
clp

m
Eljl(ksr)Y

m
l (!," ),

!tot
m = 2iks

!!

l=1

l!

m="l

k

ks
dlp

m
Mljl(ksr)Y

m
l (!," ). (9)

The field around the focus can be derived by substituting
Eq. (9) into Eq. (5), to give the field expression shown in
Eq. (10) (see page 4). Now, the field inside the hemispher-
ical SIL can be estimated for any incident polarized beam.
In the next section, the result will be used for the radially
polarized beam as an example for comparison between the
two approaches, i.e., the angular spectrum representation
and the multipole approach.

3. Simulation
For the case of a radially-polarized beam, the electric field
on GRS consists of only the meridional component, and
the polarization is circularly symmetrical. Hence we can
express the refracted field on the GRS:

E(r̄!) = a(#)#̂, (11)

or equivalently, the E! and E" in Eq. (2) are as follows:

E! = a(#), E" = 0.

Consequently, the EMMSs of the radially-polarized beam
can be obtained from Eqs. (3) and (4):

pmEl=#
ilfeikf [%(2l + 1)]

1
2

l(l + 1)
)0m

" #

0
a(#)

dPl(cos#)

d#
sin# d#,

pmMl = 0, (12)

where )0m is a Kronecker tensor.
The axial dipole wave [7, 9] is a case of the radially-

polarized beam for which:

a(#) = sin# for # < #m; a(#) = 0 for # > #m,

where #m is the angular semi-aperture of the lens. Eq. (12)
becomes:

pmEl=#il
feikf [%(2l + 1)]

1
2

l(l + 1)
)0m

" !m

0

dPl(cos#)

d#
sin2 # d#,

pmMl = 0.

Then Eq. (10) can be simplified for this particular case:
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Etot
% = 0. (13)

Eq. (13) expresses the field in terms of multipole terms.
Alternatively, the field can be expressed in terms of angular
spectrum representations as follows:

E(x, y, z) = kfeikf

(

)
I1 cos"
I1 sin"
iI0

*

+ , (14)

where

I0 =

" !m

0
tpa(#) cos#J0(ks* sin#)e

i(!+ksz cos!) sin# d# ,

I1 =

" !m

0
tpa(#) sin#J1(ks* sin#)e

i(!+ksz cos!) sin# d# ,

and tp is the amplitude transmission coefficient, " is the
spherical aberration due to the interface:

tp =
2k

k + ks
, " = (ks # k)R,

* =
,

x2 + y2, " = arctan
y

x
.

The electric energy densities around the focus, which are
calculated by using Eqs. (13) and (14), are shown in Figs.
3-6. The Fig. 3 and Fig. 4 are plotted for the case of which
(k,+ ) and (ks, +s) are the same. These two figures show that
the two approaches agree well in absence of the SIL. This
result has been presented in [7]. The Fig. 5 and Fig. 6 are
plotted with the following conditions:

µs = µ, +s = 12.25+,

ks = 3.5k, kR = 2345.
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As observed in Fig. 5 and Fig. 6, the two approaches
preserve the convergence property, without the need for in-
creasing the required number of the multipole terms. The
multipole approach still needs only 6 and 15 terms to ob-
tain almost the same approximation as the approach using
angular spectrum representation in x and z directions, re-
spectively.

With the notices that the two plots in Fig. 3 and Fig. 5
have the same shape and size, but the units of the horizontal
axes in Fig. 3 and Fig. 5 are respectively kx and ksx. Then
we can conclude that the hemispherical SIL narrows the
focal spot in the x, y directions by a factor of the refractive
index of the SIL (ks

k ). The same observation is applied for
Figs. 4, 6, and z direction. These results have been well-
known [5].

Obviously, the dipole term (N = 1) in Fig. 3 gives the
tightest spot, and the higher orders gradually vanish when
#m is increased [7]. This accounts for the fact that the best
resolution is achieved with 4% microscopy (#m = %). In
general, the dipole term gives the tightest spot in terms of
volume, but means that more terms can give a tighter size
in one particular direction. This approach may be exploited
in improving the resolution [10].
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Figure 3: The convergence property along x, y directions
in absence of SIL.
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4. Conclusions
The paper presents a new alternative approach for calculat-
ing the focal field distribution of the optical hemispherical
SIL-based system. The new approach is based on the mul-
tipole theory, which helps avoid the evaluation of diffrac-
tion integrals and gives deeper insights into the behavior of
the polarized beam. Since a few multipole terms are suffi-
cient for achieving very good approximation, this approach
is very fast in evaluating the focal field. The paper also
shows the clear relationship between multipole theory and
DPs, in which the EMMSs link the two expressions. The
new approach is also very useful for investigation of scat-
tering and trapping effects.
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Abstract 
The results of parametric optimization of an ultra-wideband 
(UWB) tapered-slot antenna (TSA) are presented. The 
major design objectives included: (i) return loss 10 db and 
better with forward directive radiation across the 0.5…7 
GHz frequency band; (ii) operation without and with 
backing small ground plane; (iii) small physical volume and 
low weight; (iv) low fabrication cost. First, the antenna 
equivalent circuit has been developed to guide its design 
process. Second, the geometrical parameterized model has 
been created and program in Matlab. The model provided 
with CAD conductor topologies imported into full-wave 
EM simulators. The antenna was iteratively tuned based on 
its equivalent circuit. Finally, the developed TSA design 
was fabricated at a low-cost FR-4 substrate and tested with 
good agreement between predicted and measured electrical 
features. 

1. Introduction 
Tapered slot (Vivaldi) antennas have been widely used from 
the pioneer study of Gibson [1]. Since that time of invention, 
TSAs have attracted lots of attention thanks of their 
broadband features and suitability to PCB fabrication. In 
particular, TSAs have been employed as an element of 
electronically scanning phased arrays [2], and as a single 
radiator and array element in numerous broadband and 
UWB radar, sensor and imaging [3], and communication 
applications. 
      Several versions of TSA antennas have been developed 
and demonstrated in operation including balanced TSA 
configuration (Fig. 1). This type of TSA looks most widely 
explored in the antenna literature, for example, [4-6]. Its 
design includes also a balun circuit required to feed the 
antenna through a coaxial connector, for example, SMA 
shown in Fig. 2.   

Success in design of TSAs comes often from adequate 
understanding of their physical phenomenology [2,7]. This 
might guide design process towards obtaining desired 
electrical performance [8].  One of such useful interpretation 
of the TSA operation comes from its equivalent circuit that 
describes its operation as a cascaded impedance 
transformation between feed point and aperture [2].  Such a 
circuit model is shown in Fig. 2 developed particularly for 
the TSA in Fig. 1. This model includes four major 
transmission lines among which the section 2 has constant 

characteristic impedance only while wave impedances of the 
sections 1, 3  and 4 is gradually changed versus their lengths 
(Fig. 2).  

From this perspective, the TSA shape needs to be 
designed to enable a smooth impedance transformation from 
the standard 50 Ohm coaxial port to 120π   Ohm   of   free  
space.  At the same time, severe restrictions are typically 
imposed on TSA geometrical dimensions mostly at degree 
of its forward protrusion and height that corresponds to the 
parameters L and C, respectively, in Fig. 3. Often this 
restriction is quantified as ratios L/λ and S/λ where λ is the 
wavelength for lowest operational frequency.  A “good” 
TSA design tends to show L/λ≈0.5 and  S/λ L/λ≈0.5. 

 
2. Design Methodology 

 
The physical insight [2,7,8] was employed to design the 

demonstrated TSA radiator with more than a decade 
bandwidth. The design process was guided by the antenna 
equivalent circuit in Fig. 2 and based on the use of an 
antenna parametric geometrical model in Fig. 3 developed in 
Matlab. The TSA geometrical model includes more 
parameters than other models reported in the literature [4-6]. 
In particular, there are dimensional parameters A-E, L and 
along with parameter P1-5 used to approximate smooth 
portion of the TSA conductors by hyper-ellipse curves. 

 
 
Figure 1: Tapered slot antenna on FR-4 substrate 
designed, fabricated and tested in this study.  
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The proposed TSA model involves all important 
structural details that must be involved in shape optimization 
to come up with the required electrical features. In fact, this 
model covers a broad set of possible shapes as those 
illustrated in Fig. 3. The model was implemented in Matlab 
as a shape generator that takes as inputs the parameter from 
Fig. 3 and generates conductor topologies including their 
coding in CAD formats used to import the geometry into 
full-wave EM simulators and to control PCB fabrications 
(Fig. 5).  

The final design was derived through iterative tuning 
facilitated by physical insight coming from the equivalent 
circuit (Fig. 2) and accuracy of full-wave EM simulations. 
Several commercial (CST) and in-house (MoM, FDTD) 
simulators have been used with very good agreement 
between them. The shape of the top and bottom conductors 
(Fig. 5), which is critical to meet the performance 
requirements, was optimized to operate without and with the 
backing ground plane. In this study, we have identified and 
manage the most critical design parameters that contribute 
critically to the low-frequency band cutoff and good forward 
directed radiation. In particular, the reported studies [4-6] 
omit many important details such as described in Fig. 3 by 
the parameter s E1, E2, P4, P5 and others.  

The final design is shown Fig. 6 along with some 
important details of its feed implementation. 

 
Figure 2: (Top) Equivalent circuit model of TSA formed 
as a cascaded transmission line transformer. (Bottom) 
Four major types of transmission lines implemented on 
two faces of antenna dielectric substrate. 
 

 
Figure 3: Geometrrcal model for TSA top (blue) and 
bottom  (red) conductor outlines along with major 
geometrical dimensions A-E, S and L along with shape 
approximating parameters P1…5.   

 

 
 

 
 
Figure 4: Examples of antenna conductor shapes generated 
through the parametric model in Fig. 3. 
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3. TSA Electrical Performance  
This antenna was prototyped and measured with the desired 
electrical features across 0.5-7.0 GHz that are close to those 
required and predicted in full wave simulations. These 
features include return losses of 10 dB and better. Antenna 
realized gain rises monotonically from 1.5 dBi (3dBi with 
ground plane) at 0.5 GHz up to 8 dBi at 7 GHz. This 
particular antenna was designed to use in an array for 
multichannel UWB imaging radar applications such as 
subsurface and “through-matter”  vision and similar [3].  

The simulated and measured return loss (S11) data in 
Fig. 7 are in pretty acceptable agreement. Major notable 
differences are observed only around 1 GHz and 2 GHz as 
S11 spikes of a few dB above the predicted -10 dB level. 
This might be attributed to variations in dielectric constant 
of the used FR-4 substrates that can be changed in the range 
3.3-4.5. The value used in the simulation was set to 3.6. The 
computed 3-D radiation patterns are rendered in Fig. 4 and 
antenna realized gain evaluated in full-wave CST 
simulations is indicated in Table 1 for two cases, i.e. without 
and with backing ground plane. 

Table 1: Realized Gain (dBi) without and with 18x18 cm 
ground plane (Fig. 6, top) 

Freq, GHz .5 1 2 3 4 5 6 7 
W/o GRND 2 3 5 6 7 8 8 8 
W/ GRND 3 4 7 6 7 8 8 8 

 

4. Conclusions 
The demonstrated design approach enables creation of the 
reported space efficient antenna (Fig. 1). Efficiency of 
space usage is quantified by the ratios of the antenna length, 
L, and height, C, (Fig. 3) to the largest operational 
wavelength, λ. The designed TSA exhibits L(C)/λ = 0.3 
because of its optimized geometry while other reported 

                
 

Figure 5: Optimized top, at the lef, and bottom, at the right, antenna conductors printed at the correponding faces of the 
antenna PCB pictured in Fig. 1. 

 

 
 

 
Figure 6: Antenna design with a small backing ground 
plane and major geometrical dimensions, at the top, and 
details on feed design with SMA connector, at the bottom. 
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TSAs, best to our knowledge, are not such space-efficient. 
For example, [2-3] demonstrate L(C)/λ ≥ 0.5 being 
fabricated on expensive microwave substrates with 
dielectric constant exceeding 10 while the proposed design 
is based just on the low-cost FR-4 with dielectric constant 
around 4.     
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Figure7: Antenna return loss (s11) predicted in full-wave simulations, at the left, and measured with the sample in Fig. 1, 
at the right. 

 
Figure 8: 3-D antenna radiation pattern predicted in CST simulations at 0.75 GHz, at the left, 4 GHz, at the middle, and 7 
GHz, at the right.   
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Abstract 
Recently, there has been growing interest in dual-pol 
systems that transmit one polarization and receive two 
polarizations. Souyris et al. proposed a DP mode called 
compact polarimetry (CP) which is able to reduce the 
complexity, cost, mass, and data rate of a SAR system while 
attempting to maintain many capabilities of a fully 
polarimetric system. This paper provides a comparison of 
the information content of full quad-pol data and the pseudo 
quad-pol data derived from compact polarimetric SAR 
modes. A pseudo-covariance matrix can be reconstructed 
following Souyris’s approach and is shown to be similar to 
the full polarimetric (FP) covariance matrix. Both the 
polarimetric signatures based on the kennaugh matrix and 
the Freeman and Durden decomposition in the context of 
this compact polarimetry mode are explored. The Freeman 
and Durden decomposition is used in our study because of 
its direct relationship to the reflection symmetry. 
We illustrate our results by using the polarimetric SAR 
images of Algiers city in Algeria acquired by the 
RadarSAT2 in C-band.  

1. Introduction 
The polarimetric radar synthetic aperture radar (PolSAR) 
images are formed by radar echoes of various combinations 
of transmitting and receiving polarizations from scattering 
media [1]. Single polarimetric radar systems (SP) operate 
with single fixed polarization antenna for both 
electromagnetic wave transmission and reception, for 
example transmitting horizontally polarized radiation and 
receiving horizontal polarization. 

The full polarimetric SAR (FP-PolSAR) design 
architectures are built around the standard linear basis, i.e., 
horizontal (H) and vertical (V). On transmission, the radar 
interleaves pulses with H and V polarizations. On-receive, 
both polarizations are simultaneously and coherently 
recorded [1,2]. This quad-pol system produces the 
scattering matrix containing the four backscatter 
measurements (HH, HV, VH and VV) which allow much 
more information to be extracted from target scene. Indeed, 
FP mode has proven its increased potential compared to a 
single channel acquisition, but suffer from an increase in the 
pulse repetition frequency by a factor of two and an 
increase in the data rate by a factor of four over single 

polarization [3]. Their imaged swaths also are halved, 
resulting in reduced coverage and a degraded revisiting time 
[3]. The L-band PALSAR on board of the Japanese ALOS, 
for example, can only image 35-km swaths at incidence 
angles of less than 27° when operating in FP mode. 
Similarly, the Canadian Radarsat-2 offers a quad-
polarimetric mode over a wider range of incidence angles 
(20°–40°) but a swath width of only 25 km [4]. 

Recently, dual-mode partially polarimetric SAR systems 
(DP) have been proposed such as Envisat ASAR, the 
Japanese L-band PalSAR, the European X-band TerraSAR-
X, and the Canadian C-band RadarSAT 2, where one 
polarization (H or V) is transmitted, whereas two are 
received. These DPmodes collect only half of the full 
scattering matrix, either (HH, VH) or (VV, HV). This 
reduces both the data processing requirements and the 
information content of the polarimetric imagery. The 
acquired data set has the same coverage as for the single 
transmit polarization, but provides added information due to 
the two independent channels on-receive. From a mission 
standpoint, the DP imaging modes collect a wider swath 
width, and hence greater area coverage, as compared to 
quad-pol (FP) imagery. However, the per-pixel information 
content is less for DP imagery than for quad-pol imagery, 
which tends to favor quad-pol data collection [5]. 

Other system configurations have been also proposed 
and called compact polarimetry [6,7]. In these polarimetric 
configurations, only one transmit/receive cycle is required 
instead of two in a quad-pol system, reducing the pulse 
repetition frequency and data rates by a factor of two for a 
given swath width. Souyris et al. [6] introduced the ʌ/4 
compact polarimetric mode, in which the transmitted 
polarization is the superposition of linear horizontal and 
vertical polarizations H+V, resulting in a linear polarization 
oriented at 45° with respect to the horizontal. The radar 
receives returns in horizontal and vertical polarizations. 
Another hybrid DP mode is the circular transmit, linear 
receive (CTLR) mode [7]. As the name suggests either a left 
or right circularly-polarized signal is transmitted and both H 
and V polarizations are coherently received. The 
polarimetric models employed assume both reflection 
symmetric scattering, and a relationship between the linear 
coherence and the cross-polarization ratio to construct a full 
reflection symmetric polarization matrix from the 2×2 
covariance data [6]. An equivalent covariance or coherency 
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matrix may be reconstructed to produce the so-called 
pseudo quad-pol data that accurately reproduces the full 
quad-pol data. 

The compact polarimetry was proposed to assess 
various architecture designs that could be implemented on 
low-cost/low-mass. In that context, the comparison between 
FP versus DP is a subject of most importance. 

This paper provides a comparison of the information 
content of full quad-pol data and the pseudo quad-pol data 
derived from compact polarimetric SAR modes. A pseudo-
covariance matrix can be reconstructed following Souyris’s 
approach and is shown to be similar to the full polarimetric 
(FP) covariance matrix. Both the polarimetric signatures 
based on the kennaugh matrix and the Freeman and Durden 
decomposition in the context of this compact polarimetry 
mode are explored. The Freeman and Durden decomposition 
is used in our study because of its direct relationship to the 
reflection symmetry. 

We illustrate our results by using the polarimetric SAR 
images of Algiers city in Algeria acquired by the 
RadarSAT2 in C-band.  

2. Data used 
The study area is located in the west of the city of 

Algiers which is the capital of Algeria. It consists mainly of 
urban areas, agriculture fields and sea. The data was 
acquired on 11th April 2009 by RADARSAT2 in a fully 
polarimetric mode in C-band. Table 1 gives more 
information about he acquisition and Fig. 1 shows the RGB 
image of the test site. 

 

3. Full polarimetry theory 
The fundamental quantities measured by a polarimetric 
SAR are the scattering matrix elements ܵ௧, where t and r 
are the transmit and receive polarizations, respectively. The 
scattering matrix representation as defined in the linear (H, 
V) basis is [8]: 

ܵ ൌ ܵ ܵ௩
ܵ௩ ܵ௩௩൨                                            (1) 

Rewriting this matrix in the equivalent vector in the 
Lexicographic basis yields: 

ሬ݇Ԧ ൌ ൣܵ ξʹܵ௩ ܵ௩௩൧
்
                                 (2) 

Where the superscript T indicates, the transpose operator. 
The scattering vector in the Pauli basis is given as: 

             ݇ሬሬሬሬԦ ൌ ଵ
ξଶ ሾܵ  ܵ௩௩ ܵ െ ܵ௩௩ ʹܵ௩ሿ்         (3) 

For multilook processed 3x3 positive semi-definite 
hermitian coherency and covariance matrices: 

ۄሾܶሿۃ ൌ ሬሬሬሬԦ݇ሬሬሬሬԦ݇ۃ
 (4)                                                               ۄ்כ

ۄሿܥሾۃ ൌ ሬ݇Ԧۃ ሬ݇Ԧ(5)                                                                   ۄ்כ 

Where the superscript *T denotes the conjugate transpose 
operator. The symbol < > indicates ensemble averaging. The 
coherency matrix is related to the covariance matrix as [8]: 

ሾܥሿ ൌ ͳ
ʹ 
ͳ ͳ Ͳ
Ͳ Ͳ ξʹ
ͳ െͳ Ͳ

൩ ሾܶሿ 
ͳ Ͳ ͳ
ͳ Ͳ െͳ
Ͳ ξʹ Ͳ

൩ 

    ൌ ൦
ȁܵȁଶ ξʹሺܵܵ௩כ ሻ ܵܵ௩௩כ

ξʹሺܵ௩ܵכ ሻ ʹȁܵ௩ȁଶ ξʹሺܵ௩ܵ௩௩כ ሻ
ܵ௩௩ܵכ ξʹሺܵ௩௩ܵ௩כ ሻ ȁܵ௩௩ȁଶ

൪   (5) 

In the case of a target characterized by reflection 
symmetry [9], the following relations hold: 

כܵ௩ܵۃ        ۄ ൌ כ௩ܵ௩௩ܵۃ ۄ ൌ Ͳ                                          (6) 

Equations (5) can then be written as: 

ሾܥሿ ൌ 
ȁܵȁଶ Ͳ ܵܵ௩௩כ
Ͳ ʹȁܵ௩ȁଶ Ͳ

ܵ௩௩ܵכ Ͳ ȁܵ௩௩ȁଶ
                   (7) 

Table 1: Polarimetric data characteristics 
Frequency C-Band  (5,3 GHz) 
Polarization HH, HV, VH, VV (Single Look 

Complex) 
Resolution  11x9 m (azimuth) * (distance) 
Swath width 25 km 
Mode Fine Quad-Pol 
Date of acquisition April 11th   2009 
Time of acquisition 10 :54 pm GMT  
Orbit Ascending, Ref : DT14 
Incidence angle 38,34-39,81° 

Figure 1: The RGB image of the polarimetric data of the 
test site (Red:HH, Green:HV and Blue:VV).
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4. Compact polarimetry theory 
Compact polarimetry is a technique that allows construction 
of pseudo quad-pol information from dual-polarization SAR 
data. 

If a single polarization is transmitted, whereas the two 
canonical orthogonal linear polarizations (H and V) are 
received, the 2-D measurement vector (or observable) ሬ݇Ԧ is 
the projection of the full backscattering matrix ܵ  on the 
transmit polarization state. The relation between ሬ݇Ԧ and ܵ 
is given by [3]: 

                     ሬ݇Ԧ ൌ  Ԧ௧                                                 (8)ܬ�ܵ

Where ܬԦ௧ , represents the transmitted Jones vector. Table 2 
provides examples of Jones vectors for canonical 
polarization states. 
 

Table 2: Jones vector for canonical polarization states 
 Polarization cases 

H V RC LC 
Ԧ  �ቀͳͲቁ ቀͲͳቁ ͳܬ 

ξʹ
ቀ ͳെ݅ቁ 

ͳ
ξʹ

ቀͳ݅ቁ 

�ሺ߰ǡ ߯ሻ ሺͲ°ǡ Ͳ°ሻ ሺͻͲ°ǡ Ͳ°ሻ ሺ݀݊ݑǡ Ͷͷ°ሻ ሺ݀݊ݑǡെͶͷ°ሻ
In this table ሺ߰ǡ ߯ሻ  stands for orientation and ellipticity 
angles, RC and LC for Right and Left circular respectively. 
Und means undefined 

The scattering vectors ሬ݇Ԧ� for the ʌ/4, dual circular 
polarimetric (DCP), and right circular transmit, linear 
(horizontal and vertical) receive or hybrid (CTLR) modes are 
given in Table 3 [5]. 
 

Table 3: Compact polarimetry modes 
Mode  Trans/Recep  ሬ݇Ԧ 
ʌ/4 45°/(H,V) ሾܵ  ܵ௩ ܵ௩௩  ܵ௩ሿ்Ȁξʹ 
DCP RC/(RC,LC) ሾܵோோ ܵோሿ் ൌ

ሾܵ െ ܵ௩௩  ݅ʹܵ௩ ݅ሺܵ  ܵ௩௩ሻሿ்Ȁ
ʹ   

CTLR  RC/(H,V) ሾܵ െ ݅ܵ௩ െ݅ܵ௩௩  ܵ௩ሿ்Ȁξʹ 
In this table, 45° stands for linear polarization with a 
45°inclination. 
 

Fig. 2 shows the different configurations of the CP 
modes. 

The two vectors ሬ݇Ԧ  and ሬ݇Ԧ்ோ  are related by the 
following equation [10]. 

                                 ሬ݇Ԧ ൌ ଵ
ξଶ ቂ

ͳ െ݅
ͳ ݅ ቃ

ሬ݇Ԧ்ோ              (9)     

The two vectors have equivalent polarimetric 
information. This case is important because it means that the 
analysis of the data from these two modes should generally 
lead to the same results. 

The measured compact polarimetric vector ሬ݇Ԧ�and its 
corresponding covariance matrix ܥ�are given by: 

                   ሬ݇Ԧ ൌ ሾܥ ଵܲ ܥ ଶܲሿ்                                   (10)            

൧ܥൣ                   ൌ ሬ݇Ԧۃ ሬ݇Ԧۄ்כ ൌ ܥଵଵ ଵଶܥ
ଶଵܥ  ଶଶ൨                    (11)ܥ

 

 
Figure 2: The three configurations of the compact 
polarimetry (a) ʌ/4 , (b) CTLR and (c) DCP. 

 
 
Where ܥଵଵ ൌ ܥȁۃ ଵܲȁଶۄ ଵଶܥ , ൌ כଵଶܥ ൌ ܥۃ ଵܲ כ ܥ ଶܲ

ۄכ  and 
ଶଶܥ ൌ ܥȁۃ ଶܲȁଶۄ ܥ . , is Hermitian and provides four 
measurements, two real diagonal terms and the real and 
imaginary parts of one of the off-diagonal terms. 

The relevant 2x2 Hermitian covariance matrices become: 

ቂܥഏ
ర
ቃ ൌ ሬ݇Ԧഏۃ

ర
ሬ݇Ԧഏ
ర
ۄ்כ ൌ

����ଵଶ 
ۄȁܵȁଶۃ כܵ௩௩ܵۃ ۄ
כ௩௩ܵܵۃ ۄ ۄȁܵ௩௩ȁଶۃ

൨  ଵ
ଶ ȁܵ௩ȁۃ

ଶۄ ቂͳ ͳ
ͳ ͳቃ 

�ଵଶ 
ʹԸሺܵۃܵ௩כ ሻۄ כܵ௩ܵۃ ۄ  כ௩ܵ௩௩ܵۃ ۄ

כܵۃ ܵ௩ۄ  כ௩௩ܵ௩ܵۃ ۄ ʹԸሺܵۃ௩௩ܵ௩כ ሻۄ
൨          (12) 

ሾܥሿ ൌ ሬ݇Ԧۃ ሬ݇Ԧ
ۄ்כ

ൌ ͳ
Ͷ 

ȁܵۃ െ ܵ௩௩ȁଶۄ െ݅ሺܵۃ െ ܵ௩௩ሻሺܵ  ܵ௩௩ሻۄכ
െ݅ሺܵۃ  ܵ௩௩ሻሺܵ െ ܵ௩௩ሻۄכ ȁܵۃ  ܵ௩௩ȁଶۄ

൨� 

ଵ
ସ�
Ͷۃȁܵ௩ȁଶۄ Ͳ

Ͳ Ͳ൨ 
ଵ
ସ�
ͶۃԱሺሺܵ െ ܵ௩௩ሻǤ ܵ௩כ ሻۄ ሺܵۃʹ  ܵ௩௩ሻۄכ
ሺܵۃʹ  ܵ௩௩ሻǤ ܵ௩כ ۄ Ͳ ൨            (13) 

ሾܥ்ோሿ ൌ ሬ݇Ԧ்ோۃ ሬ݇Ԧ்ோ
 ۄ்כ

ൌ ͳ
ʹ 

ۄȁܵȁଶۃ כሺܵܵ௩௩݅ۃ ሻۄ
כെ݅ሺܵ௩௩ܵۃ ሻۄ ۄȁܵ௩௩ȁଶۃ

൨  ͳ
ʹ ȁܵ௩ȁۃ

ଶۄ ቂͳ െ݅
݅ ͳ ቃ 

�ଵଶ 
െʹԱሺܵۃܵ௩כ ሻۄ כܵ௩ܵۃ ۄ  כ௩ܵ௩௩ܵۃ ۄ

כܵۃ ܵ௩ۄ  כ௩௩ܵ௩ܵۃ ۄ ʹԱሺܵۃ௩௩ܵ௩כ ሻۄ
൨      (14) 

The resulting compact polarimetry covariance matrices 
are expressed as a sum of three terms. The first term 
contains elements that depend only on ܵ  and ܵ௩௩ , the 
second term contains ۃȁܵ௩ȁଶۄ�elements, and the last term 
consists only of co-polarization (co-pol) and cross-pol 
correlations. 
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We come up with an undetermined system of four 
equations (linked to the two real measurements ܥଵଵ, ܥଶଶ and 
the complex one ܥଵଶ) and six variables: 

 
H=ۃȁܵȁଶۄǡ������ܸ ൌ   ,ۄȁܵ௩ȁଶۃ =X     ,ۄȁܵ௩௩ȁଶۃ
P=ܵۃܵ௩௩כ כܵ௩ܵۃ���� ,ۄ כ௩௩ܵ௩ܵۃ�� and    ۄ  .(ۄ
 
Additional information is, therefore required to solve it. 

For this reason, two hypotheses related to the polarimetric 
behavior of the compact covariance matrix components have 
been introduced [6]. 

x The first one suppose reflection symmetry as stated 
in equation (6). 

x The second assumption relates the co-pol 
correlation coefficient to the relative magnitudes of 
the cross-pol and co-pol responses. 

                                        
ுା ൎ

ଵିȁఘషೡȁ
ସ                       (15) 

Where ି௩ߩ ൌ כௌௌೡೡۃ ۄ
ඥۃȁௌȁమۄǤۃȁௌೡೡȁమۄ

 is the linear correlation 

between ܵ� and ܵ௩௩. 
The assumption of reflection symmetry implies that the last 
term is null and the covariance matrices become: 

ቂܥഏ
ర
ቃ ൌ ሬ݇Ԧഏۃ

ర
ሬ݇Ԧഏ
ర
ۄ்כ ൌ ͳ

ʹ 
ۄȁܵȁଶۃ כܵ௩௩ܵۃ ۄ
כ௩௩ܵܵۃ ۄ ۄȁܵ௩௩ȁଶۃ

൨ 

 ������������������������������ ଵ
ଶ ȁܵ௩ȁۃ

ଶۄ ቂͳ ͳ
ͳ ͳቃ                              (16) 

ሾܥሿ ൌ ሬ݇Ԧۃ ሬ݇Ԧ
ۄ்כ

ൌ ͳ
Ͷ 

ȁܵۃ െ ܵ௩௩ȁଶۄ െ݅ሺܵۃ െ ܵ௩௩ሻሺܵ  ܵ௩௩ሻۄכ
െ݅ሺܵۃ  ܵ௩௩ሻሺܵ െ ܵ௩௩ሻۄכ ȁܵۃ  ܵ௩௩ȁଶۄ

൨� 

������������������������������ ଵ
ସ�
Ͷۃȁܵ௩ȁଶۄ Ͳ

Ͳ Ͳ൨                               (17) 

ሾܥ்ோሿ ൌ ሬ݇Ԧ்ோۃ ሬ݇Ԧ்ோ
 ۄ்כ

ൌ ଵ
ଶ 

ۄȁܵȁଶۃ כሺܵܵ௩௩݅ۃ ሻۄ
כെ݅ሺܵ௩௩ܵۃ ሻۄ ۄȁܵ௩௩ȁଶۃ

൨  ଵ
ଶ ȁܵ௩ȁۃ

ଶۄ ቂͳ െ݅
݅ ͳ ቃ (18) 

Here, each mode reduces to a system of four equations 
from the covariance matrix and five unknowns. For the ʌ/4 
and CTLR modes, the unknowns are ȁܵȁଶ, ȁܵ௩௩ȁଶ, ȁܵ௩ȁଶ, 
ሺܵܵ௩௩כ ሻand ሺܵ௩௩ܵכ ), where the last unknown is complex. 
As stated in equation (17), the DCP mode depends on the 
Pauli basis coefficients ሺܵ െ ܵ௩௩ሻ , ሺܵ  ܵ௩௩) , and ܵ௩. 

The assumption of reflection symmetry implies that the 
last term is null and the covariance matrices become: 

           ቂܥഏ
ర
ቃ ൌ ሬ݇Ԧഏۃ

ర
ሬ݇Ԧഏ
ర
ۄ்כ ൌ ଵ

ଶ 
ۄȁܵȁଶۃ כܵ௩௩ܵۃ ۄ
כ௩௩ܵܵۃ ۄ ۄȁܵ௩௩ȁଶۃ

൨  

                      ଵଶ ȁܵ௩ȁۃ
ଶۄ ቂͳ ͳ

ͳ ͳቃ                                   (19) 

              ሾܥሿ ൌ ሬ݇Ԧۃ ሬ݇Ԧ
ۄ்כ ൌ 

ͳ
Ͷ 

ȁܵۃ െ ܵ௩௩ȁଶۄ െ݅ሺܵۃ െ ܵ௩௩ሻሺܵ  ܵ௩௩ሻۄכ
െ݅ሺܵۃ  ܵ௩௩ሻሺܵ െ ܵ௩௩ሻۄכ ȁܵۃ  ܵ௩௩ȁଶۄ

൨� 

      ଵ
ସ�
Ͷۃȁܵ௩ȁଶۄ Ͳ

Ͳ Ͳ൨                                               (20) 

            ሾܥ்ோሿ ൌ ሬ݇Ԧ்ோۃ ሬ݇Ԧ்ோ
 ۄ்כ

ൌ ͳ
ʹ 

ۄȁܵȁଶۃ כሺܵܵ௩௩݅ۃ ሻۄ
כെ݅ሺܵ௩௩ܵۃ ሻۄ ۄȁܵ௩௩ȁଶۃ

൨  ͳ
ʹ ȁܵ௩ȁۃ

ଶۄ ቂͳ െ݅
݅ ͳ ቃ 

                                                                                    (21) 

5. Pseudo quad-pol reconstruction algorithm 
The construction of the pseudo quad-pol covariance matrices 
from the compact polarimetry modes is based on a pair of 
equations that are iteratively solved for ۃȁܵ௩ȁଶ[6] ۄ. 

5.1. ʌ/4 mode solution 

For the ʌ/4 mode, the solution of equations starts with the 
initial values of ۃȁܵ௩ȁଶۄ  and the linear co-polarization 
coherence  ߩ ൌ  .ି௩ߩ

ሺሻߩ           ൌ భమ
ඥభభమమ

                                                (22)  

ሺሻۄȁܵ௩ȁଶۃ            ൌ భభାమమ
ଶ ൬ଵିหఘሺబሻหଷିหఘሺబሻห

൰                        (23) 

and then iterates the following equations: 

ሺାଵሻߩ             ൌ
భమିۃȁௌೡȁమۄሺሻ

ට൫భభିۃȁௌೡȁమۄሺሻ൯ሺమమିۃȁௌೡȁమۄሺሻሻ
 

                                                                                    (24) 

ሺାଵሻۄȁܵ௩ȁଶۃ             ൌ భభାమమ
ଶ ൬ଵିหఘሺశభሻหଷିหఘሺశభሻห

൰ 

                                                                                  (25) 
Given a value for ۃȁܵ௩ȁଶۄ ൌ  ሺሻ (where n is theۄȁܵ௩ȁଶۃ

order of iteration), the pseudo quad-pol covariance matrix is 
then constructed by: 

           ሾܥሿ௦௨ௗ�௨ௗ ൌ 

           
ଵଵܥ െ ۄȁܵ௩ȁଶۃ Ͳ ଵଶܥ െ ۄȁܵ௩ȁଶۃ

Ͳ ۄȁܵ௩ȁଶۃʹ Ͳ
ሺܥଵଶ െ כሻۄȁܵ௩ȁଶۃ Ͳ ଶଶܥ െ ۄȁܵ௩ȁଶۃ

  

                                                                                    (26)      
���� ����� ����������� ���� ���� ��������������� ��� ����

������������������������������Ǥ�
5.2. DCP mode solution 

The iterative equations and pseudo quad-pol covariance 
matrix for the DCP mode are [5]:�

ሺାଵሻߩ�������������� ൌ
భమାۃȁௌೡȁమۄሺሻ

ට൫భభିۃȁௌೡȁమۄሺሻ൯ሺమమିۃȁௌೡȁమۄሺሻሻ
��          (27) 

ሺାଵሻۄȁܵ௩ȁଶۃ             ൌ భభାమమ
ଶ ൬ଵିหఘሺశభሻหଷିหఘሺశభሻห

൰                   (28) 

            ሾܥሿ௦௨ௗ�௨ௗ ൌ      

       
ଵଵܥ െ ۄȁܵ௩ȁଶۃ Ͳ ଵଶܥ  ۄȁܵ௩ȁଶۃ

Ͳ ۄȁܵ௩ȁଶۃʹ Ͳ
ሺܥଵଶ  כሻۄȁܵ௩ȁଶۃ Ͳ ଶଶܥ െ ۄȁܵ௩ȁଶۃ

 (29) 
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ۄȁܵ௩ȁଶۃ ൌ  . ሺሻۄȁܵ௩ȁଶۃ

5.3. CTLR mode solution 

The construction of the pseudo quad-pol covariance matrices 
CTLR mode is similar to the previous mode. The iterative 
equations and pseudo quad-pol covariance matrix for the 
CTLR mode are [5]: 

ሺାଵሻߩ            ൌ
భమାۃȁௌೡȁమۄሺሻ

ට൫భభିۃȁௌೡȁమۄሺሻ൯ሺమమିۃȁௌೡȁమۄሺሻሻ
            (30) 

ሺାଵሻۄȁܵ௩ȁଶۃ             ൌ భభାమమ
ଶ ൬ଵିหఘሺశభሻหଷିหఘሺశభሻห

൰                  (31) 

            ሾܥሿ௦௨ௗ�௨ௗ 

ൌ 
ଵଵܥ െ ۄȁܵ௩ȁଶۃ Ͳ ଵଶܥ݅  ۄȁܵ௩ȁଶۃ

Ͳ ۄȁܵ௩ȁଶۃʹ Ͳ
ሺ݅ܥଵଶ  כሻۄȁܵ௩ȁଶۃ Ͳ ଶଶܥ െ ۄȁܵ௩ȁଶۃ

 

                                                                                    (32) 
ۄȁܵ௩ȁଶۃ ൌ  .ሺሻۄȁܵ௩ȁଶۃ

For all the three modes, it occurs that  ߩሺሻ may become 
larger than one for certain pixels, or even that its 
denominator becomes the square root of a negative number. 
In both cases, we regularize by setting ߩሺሻ ൌ ͳ  and  
ሺሻۄȁܵ௩ȁଶۃ ൌ Ͳ and then halt the iteration. 

Using CTLR mode would involve the same properties as 
those established hereafter with transmitted linear 
polarization [6]. The two vectors of CTLR and DCP modes 
have also equivalent polarimetric information, so they 
should generally lead to the same results. Therefore, we will 
limit our discussion in this paper to the ʌ/4 mode.  

5.4. Modification of the compact polarimetry 
reconstruction algorithm 

The second assumption proposed by souyris et al. may not 
always hold [5]. Hence, an alternate method has been set out 
for approximating the value of X in order to derive better 
pseudo quad-pol representations. The construction 
algorithms employ for iteratively updating X:   

ሺାଵሻۄȁܵ௩ȁଶۃ            ൌ ሺܥଵଵܥଶଶሻ ൬
ଵିหఘሺశభሻห

ேାଶሺଵିหఘሺశభሻหሻ
൰    (33) 

Where �ܰ ൌ ሺȁܵ െ ܵ௩௩ȁଶሻȀȁܵ௩ȁଶ 
The value of N is estimated from the resulting original 

reconstruction algorithm. 
To show the performance of the reconstructed algorithm, 

a full quad-pol data set was used to generate the CP mode, 
and then the corresponding pseudo quad-pol data sets were 
constructed via (21)-(33) equations. The datasets used to 
illustrate the CP mode are the RADARSAT2 C-band fully 
polarimetric images of the west region of the Algiers city 
and an agriculture field region situated in the south of the 
same town. It contains symmetric and non-symmetric 
scattering SAR targets. 

6. Linear co-polarization coherence ȁିȁ 
mapping 

6.1. Linear co-polarization coherence ȁିȁ mapping 

Fig. 3 displays the mapping of the degree of coherence 
ȁߩ ൌ  ି௩ȁ for consecutive orders of estimation. The test isߩ
conducted on the same zone which is the west region of 
Algiers, with a 5X5 analysis window. Fig. 3.a displays the 
FP reference value. The first order estimate shown in Fig. 
3.b produces a “milky” impression, which alters the image 
contrast. However, the third estimated coherence shown in 
Fig. 3.c is qualitatively very close to the FP coherence.  
Fig. 3d displays the last estimate of the reconstructed degree 
coherence versus the actual degree of coherence. As 
expected, this figure shows very good reconstruction 
performances. 

6.2. Quantitative assessment 

For comparison, the original FP data are shown in Fig. 4a 
with H in red, X in green, and V in blue. The ʌ/4 mode 
synthesized result is shown in Fig. 4b. We notice some 
differences between these two images, especially in the X 
intensity in some urban areas, which is noticeably lower for 
the CP mode. However, strong similarity does exist in 
polarimetric response of most of the rest of the test area.  

Fig. 5 shows scatter plots detailing how well the derived 
pseudo-quad-pol results fit the original quad-pol. It shows 
also the performance of the reconstruction algorithm. Most 
of the points of the scatter plot fall close the one-to-one line 
with small spread. A small systematic overestimation of the 
ȁܵ௩ȁଶ can be observed over this data. For every channel, an 
overall agreement is observed between the reconstructed and 
actual radiometric values. 

6.3. Compact polarimetric signatures 

The concept of the polarization signature of a scatterer was 
used by Van zyl et al. [11] to graph the power of a return 
wave as a function of transmit and receive polarizations. The 
backscattering radar cross section is given by: 

ሺ߰ǡߪ            ߯ሻ ൌ ସగ
మ ܵሬሬሬԦሾܭሿܵ௧ሬሬሬԦ                                       (34) 

Recall that t and r denote the received and the transmitted 
polarizations.  k is the transmitted wavenumber, ȥ and Ȥ are 
the orientation and the ellipticity angles. The first angle (ȥ ) 
ranges between  0° to 180° and the second one (Ȥ ) is 
defined between -45° to 45°. 
పܵሬሬሬԦ is the normalized Stokes vector defined as: 

           పܵሬሬሬԦ ൌ ൦
ͳ

���ሺʹ߰ሻ ����ሺʹ߯ሻ
���ሺʹ߰ሻ ����ሺʹ߯ሻ

����ሺʹ߯ሻ
൪                               (35) 

The subscript i denotes r or t. 
The elements of the Kennaugh matrix [K] can be calculated  
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from the coherency matrix [T] as follows [2] 

           ݇ ൌ ଵ
ଶ  ሻ                                            (36)ߟሺሾܶሿݎݐ

With ߟ ൌ ሺെͳሻିఋೕሾܣሿߪ۪ߪሾܣሿ்כ     

Where  ሾܣሿ ൌ ଵ
ξଶ 

ͳ Ͳ Ͳ ͳ
ͳ Ͳ Ͳ െͳ
Ͳ
Ͳ

ͳ
݅

ͳ
െ݅

Ͳ
Ͳ
  and ߜ ൌ ൜Ͳ ݅ ് ݆

ͳ ݅ ൌ ݆ 

ǡߪ ൌ ሺ݅ǡ ݆ ൌ Ͳǡͳǡʹǡ͵ሻ are the four Pauli matrices given by 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
ߪ ൌ ቂͳ Ͳ

Ͳ ͳቃǡ ଵߪ  ൌ ቂͳ Ͳ
Ͳ െͳቃ ଶߪ , ൌ ቂͲ ͳ

ͳ Ͳቃǡ  and ߪଷ ൌ
ቂͲ െ݅
݅ Ͳ ቃ 

The symbol  � denotes the standard tensorial Kronecker 
matrix product. 

One collects coherent CP SAR imagery by transmitting a 
given polarized signal and then coherently receiving any 
pair of orthogonal polarizations. While the transmitted 
polarization is fixed, from the coherently received signals 
one may synthesize the response of any receive polarization. 
 
 

        
(a)                                                                                                 (b) 

 

                        
                         (c)                                                                                                   (d)  

Figure 3: Degree of coherence ȁߩ ൌ  ି௩ȁ inferred from FP.  (0=black, 1=white), (b)-(c)ߩି௩ȁ, (a) reference value of ȁߩ
first- and second-order estimates of ȁߩି௩ȁ, (c) reconstructed degree of coherence (3rd order estimates) versus actual 
degree of coherence (reference value   )
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Therefore, the received power, as a function of the ellipticity 
and orientation angles of the received polarization, 
completely characterizes the CP response. 

The two-dimensional surface plot of the received power 
as a function of polarization ellipticity and orientation 
provides a simple, graphical way to display this result. 
Plots of the CP response from a variety of scattering 
mechanisms, e.g. rough surface, dihedral, dipole, allow for 
an easy visual analysis of the CP information. The results for 
the selected subregions shown in Fig. 6 that consist 
primarily of  sea, grass field and urban structure are given in 
Fig. 7 and Fig. 8 where  the quad- and CP. 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

signatures of surface scattering and dihedral scattering 
representing three subregions were plotted and compared 
against each other.   
Of note in these figures is that employing the CP- and quad-
pol signatures yield essentially the same results. 

As shown in these figures, the urban targets have the 
double-bounce reflection properties and the sea and the 
grass fields have the surface scattering characteristics.  

6.4. Three component decomposition 

Freeman and Durden [12] introduced an unsupervised 
classification based on a three-component scattering model 
under the well-known reflection symmetry condition using  

        
  

                         (a)                                                                                                   (b)  
Figure  4: Full (a) RGB versus compact polarimetric (b) RGB color composit images,  (Red:H, Green:X, Blue:V)

 
                          
Figure 5 : Reconstruction performance for H, V and X channels. Scatter plots of  (a)Hfp-HCP, (b) Vfp-Vcp and (c) Xfp-Xcp 
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Figure 6: The selected regions of interests to generate the 
polarimetric signatures in full and compact modes. The 
three outlined areas the urban (double-bounce scattering), 
grass (surface scattering), and sea (Bragg surface) regions 
over which the polarimetric signatures are examined. 
 
the covariance matrix. The components of the scattering 
matrix are analyzed to assign each pixel to one of three 
scattering categories of the model: surface, double-bounce 
scattering, and volume scattering. The mechanisms are a  
 

�
Figure 7: Co- and cross-polarimetric signatures using 
full polarimetric mode (a) urban region, (b) Agriculture 
field region, and (c) sea region.

 
 
 

canopy scatter from a cloud of randomly oriented dipoles, 
even- or double-bounce scatter from a pair of orthogonal 
surfaces with different dielectric constants, and Bragg 
scatter from a moderately rough surface. 

The Freeman-Durden model for the scattering and 
covariance matrices are: 

x For the scattering processes for slightly rough 
surfaces 

           ሾܵሿ ൌ ቂߚ Ͳ
Ͳ ͳቃ ฺ ௦ۄሿܥሾۃ ൌ 

ȁߚȁଶ Ͳ ߚ
Ͳ Ͳ Ͳ
כߚ Ͳ ͳ

�������(37) 

The obtained covariance matrix terms are : ۃȁܵȁଶۄ ൌ ȁߚȁଶ, 
ۄȁܵ௩௩ȁଶۃ ൌ1, ܵۃܵ௩௩כ ۄ ൌ ۄȁܵ௩ȁଶۃ ,ߚ� ൌ Ͳ and ܵۃܵ௩כ ۄ ൌ
כ௩ܵ௩௩ܵۃ ۄ ൌ �Ͳ. 
Where ߚ  is a parameter related to the relative dielectric 
constant of the surface and the local orientation angle. 

x For the double-bounce scattering 
The scattering matrix and the corresponding covariance 
matrix are: 

           ሾܵሿ ൌ ቂߙ Ͳ
Ͳ ͳቃ ฺ ௗۄሿܥሾۃ ൌ 

ȁߙȁଶ Ͳ ߙ
Ͳ Ͳ Ͳ
כߙ Ͳ ͳ

൩      (38) 

Where ߙ  is related to tree trunk and ground reflection 
coefficients for horizontal and vertical polarizations. 

x For a cloud of identical particles with random  
orientations and very thin horizontal cylinders like needle 
scatterers, the volume scattering averaged covariance matrix 
is given by 
 

 
 
 

Figure 8: Co- and cross-polarimetric signatures using 
compact polarimetric mode (a) urban region, (b) 
Agriculture field region, and (c) sea region. 
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௩ۄሿܥሾۃ            ൌ 
ͳ Ͳ ͳȀ͵
Ͳ ʹȀ͵ Ͳ
ͳȀ͵ Ͳ ͳ

൩                            (39) 

Finally, the covariance matrix of these models of the 
decomposition has the following form: 

ۄሿܥሾۃ            ൌ ௦݂ۃሾܥሿۄ௦  ௗ݂ۃሾܥሿۄௗ  ௩݂ۃሾܥሿۄ௩          (40) 

Where ௦݂ , ௗ݂ , and  ௩݂ , are the coefficients of the surface, 
double-bounce and volume scattering respectively. 
The model for the total backscatter is 

ۄሿܥሾۃ            ൌ 
ଵଵܥ Ͳ ଵଷܥ
Ͳ Ͳ Ͳ
כଵଷܥ Ͳ ଷଷܥ

൩                                   (41) 

Where ܥଵଵ ൌ ௦݂ȁߚȁଶ  ௗ݂ȁߙȁଶ  ଷ
଼ ௩݂,  

ଵଶܥ ൌ ௦݂ߚ  ௗ݂ߙ  ଵ
଼ ௩݂, ܥଷଷ ൌ ௦݂  ௗ݂  ଷ

଼ ௩݂ 
Finally, we estimate the contribution of each scattering 
mechanism to the span 

݊ܽݏ            ൌ ȁܵȁଶ  ʹȁܵ௩ȁଶ  ȁܵ௩௩ȁଶ 

                     ൌ ௦ܲ  ௗܲ  ௩ܲ                                       (42) 

With ௦ܲ ൌ ௦݂ሺͳ  ȁߚȁଶሻ, ௗܲ ൌ ௗ݂ሺͳ  ȁߙȁଶሻ and ௩ܲ ൌ ௩݂ 
 

Fig. 9a and 9b shows the result of applying the Freeman-
Durden decomposition to the polarimetric data. In each 
figure, the contributions of each of the three scattering 
mechanisms to the total power are shown for each pixel, 
with surface scatter colored blue, volume scatter green, and 
double-bounce red. The relative strength of each color in the 
resulting RGB images can be related to the relative strengths 
of the scattering mechanisms. 
The blue areas are dominated by single-bounce surface, or 
grass, backscatter whereas the red areas are dominated by 
double-bounce backscatter from man-made structures. The 
green areas are volume backscatter from forest canopy. The 
black linear patterns are the airport runways with low 
backscatter from their smooth surfaces. 
Double bounce scattering events can, however, originate 
from many natural situations. Among these situations are 
forest ground-trunk scattering interactions and scattering 
from abrupt, steep cliff. Man-made structures not aligned in 
the azimuth direction introduce higher cross-pol returns. 
This explains the observed strong volume scattering areas in 
green color which is defined by the strength of ȁܵ௩ȁଶ. 
The agreement between the CP data and the FP data can be 
tested using a scatter plot which represents the comparison 
between them as shown in Fig. 10 The three CP- and FP-
components are seen to be hignly correlated. 

7. Conclusion 
In this study, we have investigated to what extent the CP 
mode permits to reconstruct the FP information from a single 
linear transmitted polarization and a reception of two 
orthogonal polarizations. However, the key property used to 
estimate the FP information is reflection symmetry, which  
 

 
 

�
                                         (a) 
 

�
                                        (b) 
Figure 9: Freeman-Durden image, the red channel is ௗ݂, 
the green channel is ௩݂, and the blue channel is ௦݂ (a) 
RGB-full polarimetric image. (b) RGB-compact 
polarimetric image

 
reveals a complete decorrelation of copolarized and cross-
polarized backscattering coefficients.  

We have investigated also the CP mode discriminating 
capability using polarimetric signatures which provide a 
complete, easy graphic means to analyze the scattering  
mechanism information in any mode. In particular, we 
showed that the CP signature plots compare well to their 
corresponding quad-pol.  

The Freeman-Durden decomposition based on the 
symmetry of the geophysical media is derived for the CP- 
and FP-mode. The results indicate that the generated  
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pseudo quad-pol compares well to the original quad-pol 
imagery.  

As a conclusion, a Compact polarimetry SAR  cannot be 
“as good as” a fully polarimetric system because an FP-SAR 
measures the 4x4 covariance scattering matrix of the scene, 
whereas a CP-SAR has access only to the 2x2 covariance 
matrix of the backscattered field. However, in many 
applications, the results enjoyed from a CP radar are 
equivalent to those from an FP radar. Consequently, 
Compact polarimetry showed promise of being able to 
reduce the complexity, cost, mass, and data rate of a SAR 
system while attempting to maintain many capabilities of a 
fully polarimetric system and it affords more target 
information than a single-pol system, while not suffering as 
much from the drawbacks of a quad-pol system. 
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Abstract 
A small-size and low cost multi-band CPW monopole 
antenna is presented. The base of the proposed antenna is a 
cross shaped CPW strip. By adding several narrow strips at 
the end of the base strip, acting as resonance paths, located 
symmetrically along the axis of the antenna, multiband 
behavior is obtained. By changing the length of the resonant 
strips, the proposed multi-band antenna can easily be tuned 
to cover the required frequency bands. A designed quad-
band antenna on a substrate size of 20 × 32 mm2 covers the 
frequency bands 1.9, 2.4, 3.5 and 5.2 GHz. This includes 
the PCS, Bluetooth, WLAN and WiMAX frequency ranges. 
The proposed antenna has omnidirectional radiation pattern 
across all relevant bands. 

1. Introduction 
In recent years, wireless local area networks (WLAN) and 
worldwide interoperability for microwave access (WiMAX) 
have evolved at very high rate for modern communication 
systems. There are other frequency bands, such as PCS and 
Bluetooth that are also important. Designs of compact 
antennas that can operate at these frequency bands are 
highly desirable. Different studies have paid attention to the 
planar antennas operating at WLAN and WiMAX frequency 
bands. In comparison to non-printed antennas, printed 
antennas due to their small size,  low  profile,  lightweight,  and  
low cost are more attractive [1]. Among different structure 
of printed antennas, printed coplanar waveguide (CPW)-fed 
antenna is more appropriate for WLAN and WiMAX 
applications, due to its omnidirectional radiation coverage, 
little dependence of the characteristic impedance on 
substrate height, single metallic layer structure, easy 
integration to monolithic microwave integrated circuits, and 
comparatively higher bandwidth [2]. Several techniques to 
obtain multi-band CPW antenna is reported in the literature. 
In [3], an LI-shaped-monopole antenna consisting of an I-
shaped monopole and an L-shaped meandered one is 
reported. A distinct triple-band resonator-loaded antenna 
employing a symmetrical CPW feed for Wi-Fi and WiMAX 
applications is proposed in [4]. In [5] a planar compact 
inverted L-shaped monopole antenna with an L-shaped 
parasitic strip for multi-band WiMAX communication is 
presented. A dual-band design of a CPW-fed monopole 
antenna consisting of a compact rectangular patch and a 

couple of twin embedded slots is presented in [6]. By 
properly selecting the shapes and dimensions of these 
embedded slots, dual-band impedance bandwidths can be 
achieved. 

 

 
 

 

 
 

Figure 1:  Geometry of the proposed CPW monopole 
antenna. 
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Figure 2: (a) The basic antenna structure, (b) the 

modified structure 
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Table 1: Parameters of the antenna (Unit: mm) 
parameter Value Parameter Value 

w 2 h2 3.5 
wf 1.6 g1 1.7 
L1 6.7 g2 0.5 
L2 16 S 2.25 
L3 5 a 20 
L4 7.2 b 31.8 
h 11.3   

 

 

Another technique to create multiband antennas is to provide 
a wideband behavior and then introduce notches to obtain 
the multiband behavior. In [7] a triple-band monopole 
antenna that is suited for WiMAX and WLAN operation is 
reported. Two thin bent slots, half-guided wavelength at the 
center frequency of the rejected band, are etched on the 
radiating patch, creating the dual band-notched feature. In 
this way, the undesired frequencies can be restricted to the 
notch band without affecting the radiation performance of 
the antenna. 

 

 

 

Figure 3: The current distribution on the basic antenna 
structure at 3.5 GHz. 

 

 

 In [8] a CPW-fed wideband planar monopole antenna with 
symmetrical slope ground plane for multiband wireless 
communication systems is presented. This structure can 
cover DCS, PCS, 3G, and Bluetooth bands and the antenna 
has an overall dimension of 40 × 80 mm2.  

According to the literature review of antennas, the proposed 
multi-band antennas are capable to operate up to quad-band 
behavior. The various designs reported for multi-band 
antenna have complicated structures or are large in overall 
substrate dimension. In this paper, a small size quad-band 
CPW antenna for PCS, Bluetooth, WLAN and WiMAX 
systems is introduced which consists of a folded slot and a 
CPW-fed structure such that only a single-layer substrate is 
required for the antenna. The base structure of the antenna is 
a cross shaped strip made up of an open end vertical strip 
along with a horizontal strip. To increase the number of the 
resonant bands, extra strips can be added to the base 
structure. The proposed antenna is simulated through two 
commercially available software packages of Ansoft HFSS 
(finite element method) and CST Microwave Studio (finite 
integration technique). Results are provided and compared. 

 

2. Antenna design 
The geometry of the proposed multiband coplanar 
waveguide (CPW) monopole antenna with open end is 
shown in Fig. 1. This antenna has a simple structure with 
only one layer of low cost FR4 substrate of thickness 1 mm 
and ϵr = 4.4. The antenna is symmetrical with respect to the 
longitudinal direction. 
 

   

(a) (b) (c) 

Figure 4: The current distribution on the modified 
structure at (a) 2.4, (b) 3.5 and (c) 5.2 GHz. 
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Figure 5:   Loss of the basic antenna structure for various L1. 
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Figure 6:    Loss of the basic antenna structure for various h. 
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The base structure of the proposed antenna is a cross shaped 
CPW strip. Based on the dimensions chosen, this basic 
structure can produce a resonance in  the  WiMAX band  at  
3.5 GHz. The structure of this basic antenna is shown in 
Fig.2 (a). 

Fig. 3 shows the simulated current distribution of the basic 
antenna structure at the center resonant frequency of 3.5 
GHz. It is obvious that the current is at a minimum at the 
ends of the horizontal strip as well as at the top end of the 
vertical strip. This shows that the effective length of the 
strips at resonance should be half wavelength and the 
following formula applies 

 
Where L=L1+h. By inserting two vertical strips at the end 
of the horizontal arm of the cross, a modified cross is made, 
as shown in Fig. 2(b). This results in two extra resonant 
frequencies at 2.4 GHz and 5.2 GHz. Fig. 4 shows the 
relevant current distribution at the resonant frequencies of 
each band. Also shown on each picture is the effective 
current path. Based on the new current path, one can show 
that in formula (1) the effective length should be modified 

to L=mL1+nh+qL2 for the structure shown in Fig. 2(b). At 
various frequency bands the integers (m, n, q) should be set 
(1, 0, 1) for 2.4 GHz, (1, 0.75, 0.25) for 3.5 GHz and (0, 0, 
0.85) for 5.2 GHz. 

It is seen that on the modified structure over all the three 
frequency bands very similar surface current distributions 
are obtained. This characteristic agrees with the results of 
next section that similar radiation patterns are obtained at 
the three frequency bands.  
Finally addition of a T-shaped strip with open ended slot on 
top of the modified cross shape adds another resonant 
frequency at 1.9 GHz. The structure of this antenna is that  
 
of Fig. 1. By properly choosing the length, L1, L2 and L3 
an antenna with quad resonant bands at the desired 
frequencies can be achieved. The parametric study of these 
structures and radiation patterns, are studied and the results 
are presented next. Details of the proposed multiband 
antenna structure are shown in Fig. 1 and the relevant 
parameters are given in Table.1. 

3. Results and discussion 
The base (main) structure of the proposed antenna is a cross 
shaped CPW antenna that consists of a horizontal and a 
vertical strip as shown in Fig. 2(a). This structure, by 
properly choosing the length L1 can produce a resonance at 
3.5 GHz.  Fig. 5 shows the return loss of the base antenna 
for various lengths L1. From this figure, it can be seen that 
by increasing the length L1 of the horizontal arm of the cross 
shaped antenna, the centre frequency of the resonant 
frequency decreases. 

The effective current path at 3.5 GHz for the cross shaped 
antenna, as shown in Fig. 3, includes both h and L1 
parameters. Fig. 6 shows the return loss of the same cross 
shaped antenna for various values of h parameter. From this 
figure, it is noticed that by increasing the h the resonant 
frequency of the band decreases.  

The second step towards obtaining the multiband antenna 
structure is to add vertical strip at the end of the horizontal 
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Figure 7: Return Loss of the modified structure for various 
lengths L2. L1=6.7 mm. 

1 2 3 4 5 6
25

20

15

10

5

0

Frequency (GHz)

R
et

ur
n 

Lo
ss

 (d
B

)

 

 

L3=3.5mm
L3=5.0mm
L3=6.5mm

 
Figure 8:     Return Loss of the proposed antenna structure 
of Fig. 1 for various length L3. L1=6.7 mm, L2=16 mm 
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Figure 9: Return Loss of the modified structure for various 
lengths L2. L1=6.7 mm. 
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strip of the cross shaped CPW antenna, leading to the 
modified structure shown in Fig. 2 (b). The added strips can 
add two extra resonant frequencies at 2.4 GHz and 5.2 GHz 
as shown in Fig. 7. By increasing the length L2 of the added 

strip, these resonances move to the lower frequencies and 
appear at the desired frequencies of 2.4 GHz and 5.2 GHz 
where a good tri-band performance at 2.4, 3.5 and 5.2 GHz 
can be seen.  

Finally if an open end horizontal slot with T-shaped strip on 
top of the antenna is added to the structure of the Fig. 2(b) 
the proposed antenna of Fig. 1 with quad band behaviour 
can be obtained. Fig. 8 shows the return loss of the quad 
band antenna. The added resonance at 1.9 GHz is because 
of  

the horizontal strip. By increasing the length L3 of the 
proposed antenna, the resonant frequency at 1.9 GHz 
decreases. 

Quad resonances are obtained at 1.9, 2.4, 3.5 and 5.2 GHz 
bands. To check the validity of the simulation results, the 
structure is also studied through the CST microwave studio 
software. The simulated return loss of the proposed antenna 
as obtained through CST and HFSS are shown in Fig. 9. It 
can be observed that CST results reasonably agree with the 
HFSS results with an acceptable frequency discrepancy. 

The far-field E-plane and H-plane radiation patterns at 
frequencies of 1.9, 2.4, 3.5, and 5.2 GHz for the proposed 
antenna are shown in Fig. 10. The results, in general, show 
that the proposed antenna has a stable monopole-like 
radiation pattern in the E-plane and omnidirectional pattern 
in the H-plane. Also shown in this figure is the Cross-
polarization in the E- and H-planes. These results show the 
low cross polarization at all four resonant bands. 

4. Conclusions 
A quad band CPW monopole antenna has been presented. 
Two full wave simulation software packages, HFSS and 
CST have been used to verify the simulation results of the 
designed antenna. The basic structure for the antenna has 
been presented. This structure gives a resonance at 3.5 GHz 
band. By adding other strips at the end of the basic antenna, 
triple resonant bands at 1.9, 2.4 and 5.2 GHz are obtained. 
The low-cost antenna is only 31.8 × 20 mm2 in size. All 
resonant bands have return loss well above 10 dB. A good 
radiation performance is also achieved. 

References 
[1] C.-C. Lin, S.-W. Kuo, and H.-R.  Chuang,  “A  2.4-GHz 

printed meander line antenna for USB WLAN with 
notebook-PC   housing,”   IEEE Microw Wirel Compon 
Lett., vol. 15, pp. 546–548, 2005. 

[2] P.C. Bybi, G. Augustin, B. Jitha, C.K. Aanandan, K. 
Vasudevan,  and  P.  Mohanan,  “A  quasi-omnidirectional 
antenna   for  modern  wireless   communication  gadgets,”  
IEEE Antennas Wirel Propag Lett., vol. 7, pp. 505–508 
, 2008. 

[3] Y.,   Lee,   and   Y.M.,   Seo,   “Triple-band CPW-fed 
compact monopole antenna for 
GSM/PCS/DCS/WCDMA   applications,”   Electron. 
Lett.,vol. 45, no. 9, pp. 447-448, 2009. 

E-plane H-plane 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 10: Simulated (  Co-Pol) and ( Cross-Pol) E-
plane and H-Plane radiation patterns of the proposed antenna 
at: (a) 1.9 GHz, (b) 2.4 GHz (c) 3.6 GHz (d) 5.2 GHz 



5 
 

[4] S. Chaimool and K.-L.   Chung,   “CPW-fed mirrored-L 
monopole antenna with distinct triple bands for WiFi 
and  WiMax   applications,”  Electron. Lett., vol. 45, no. 
18, pp. 928–929 , 2009. 

[5] J.-H. Lu and B.-J.  Huang,  “Planar  multi-band monopole 
antenna with L-shaped parasitic strip for WiMax 
application,”  Electron. Lett., vol. 46, no. 10, pp. 671-
672, 2010. 

[6] Liu, W.-C., C.-M. Wu, and N.-C.   Chu,   “A   compact  
CPW-fed slotted patch antenna for dual-band 
operation,”   IEEE Antennas Wirel Propag Lett., vol. 9, 
pp. 110–113, 2010. 

[7] H.-W. Liu, C.-H. Ku, and C.-F.   Yang,   “Novel   CPW-
Fed planar monopole antenna for WiMAX/WLAN 
applications,”  IEEE Antenna Wirel Propag Lett., vol. 9, 
pp. 240–243, 2010. 

[8] J.-Y. Jan and T.-M.   Kuo,   “CPW-fed wideband planar 
monopole antenna for operations in DCS, PCS, 3G, and 
Bluetooth   bands,”  Electron. Lett., vol. 41, no. 18, pp. 
991-993, 2005. 
 
 



 ADVANCED ELECTROMAGNETICS SYMPOSIUM, AES 2012, 16 – 19 APRIL 2012, PARIS - FRANCE 

  

Multi Band Monopole Antenna for MIMO Systems 
 

Masoumeh Darvish and Hamid Reza Hassani 
 

Department of Electrical and Electronic Eng., Shahed University, Tehran, Iran 
 hassani@shahed.ac.ir 

 
 

Abstract 
A novel multiband CPW-Fed monopole antenna for multi-
input multi-output (MIMO) application is presented. The 
proposed antenna covers quad frequency bands including 
UMTS, WLAN and WiMAX application, centered at 2, 2.5, 
3.5 and 5.5 GHz. A two element array of such antenna 
suitable for MIMO application is presented. The antenna 
element and array of the two orthogonal element of the 
proposed antenna was fabricated and tested. The array has 
low mutual coupling, low envelope correlation, high 
efficiency and good radiation patterns over all the relevant 
frequency bands. 

1. Introduction 
Due to their ability to increase the channel capacity and 
reduce multipath fading, there is a great interest in using 
multi-input multi-output (MIMO) systems in the wireless 
communication. Among the antennas which are used for 
MIMO application, printed antennas are more appropriate 
due to their small size and low cost. Furthermore, because 
of the omnidirectional pattern of printed monopole 
antennas, they are more attractive for MIMO application. 
The design of a single-band four-element printed monopole 
antenna for UMTS mobile phone application is given in [1]. 
To achieve maximum channel capacity the array is also 
required having high gain [2]. 
Rapid developments in the wireless communication systems 
demand novel antenna designs that can be used in more 
than one frequency bands. The design of a dual-band back-
to-back printed monopole antenna operating at UMTS and 
2.4 GHz WLAN is reported in [3]. A tri-band E-shaped 
printed monopole antenna loaded with two U-shaped 
resonance paths suitable for MIMO systems for WLAN 
application, covering 2.4, 5.4 and 5.8 GHz is reported in 
[4]. This antenna cannot cover the WiMAX frequency band. 

In this paper, a multi band CPW-Fed monopole antenna 
suitable for MIMO application is presented. The array 
structure of the antenna is also presented. Each of the 
elements consists of a CPW-Fed fork-shaped strip to which 
is added an inverted U-shaped strip on top of the structure. 
Due to its two resonance paths, the base forked-shaped 
structure provides two frequency bands. When this antenna 
is loaded with an inverted U-shaped strip, new resonance 
paths is created, which provide three frequency bands. 
Finally unequal arms in the base fork-shaped structure, can 

add another resonant band, which cause the antenna to 
operate in four separate resonant bands.  

 

2. Antenna design 
The   configuration   of   the   proposed   quad band antenna is 
shown in Fig. 1. The antenna is printed on an FR4 substrate 
with relative permittivity ϵr = 4.4 and thickness h = 1 mm 
and   is   fed   by   a   CPW   transmission   line   with   50   Ω  
impedance. The optimal antenna dimensions are listed in 
Table 1. The base structure is a three branch fork like strip 
with an inverted U-shape strip on top of it. This structure 

 

  
(a)                                  (b)  

 
 

Figure 1: (a) Geometry of the proposed quad band MIMO 
antenna with asymmetric arms and (b) a fabricated 
prototype. 
  

Table 1: Parameters of the proposed antenna 
parameter value [mm] parameter value[mm] 

a 54 L4 4.3 
b 52 L5 22 
c 23.7 L6 4.6 
d 10 wf 3 
L1 31 Ll 21 
L2 33 Lr 15.5 
L3 10.5 wd 1 
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can provide three resonant bands at 2.4, 3.5 and 5.5 GHz 
due to three resonance paths. By making the arms of the 
three branch fork like strips unequal resonant band at 2 GHz 
can be created due to creating a new resonance path. The 
proposed antenna can cover 2, 2.5, 3.5 and 5.5 GHz suitable 
for UMTS, WiMAX and WLAN applications.  

3. Discussion 
The simulated and measured return loss for the proposed 
quad band antenna is shown in Fig. 2. Good agreement 
between these two results can be seen. Fig. 3 is shown the 
current distribution of the antennas at 2 and 3.5 GHz. As 
can be seen, two arms with unequal size have two different 
resonance path from feed point to end of the arm. 

Fig. 4 was shown studying the effect of the creating 
asymmetric arms on the return loss of the antenna. This 
figure shows that if the difference between the left arm and 
the right arms (d = Ll - Lr) is zero, the antenna resonate in 
three resonant bands. By increasing this difference, d = 3 
mm, a resonance at 2.7 GHz created but it has low 
impedance matching with return loss -10 dB at centre 
frequency. By using d = 6 mm, a centre frequency of the 
created band, decrease to 2.6 GHz and the impedance 
matching improved with return loss of -22 dB and also good 
impedance matching in all quad frequency bands. 
Radiation patterns with co- and cross- polarization in the E- 
and H- planes are shown in Fig.  5. It is seen that the E-
plane patterns are monopole-like for operation at all 
frequencies, while the H-plane patterns are nearly 
omnidirectional.    
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Figure 2: Simulated and measured S11 of the proposed 
antenna. 

 
Figure 3: Current distribution of the proposed antenna with 
asymmetrical arms. 
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Figure 4: Reflection coefficient for various d. 

 
Figure 5: Radiation pattern of the proposed antenna at 

(a) 2, (b) 2.5, (c) 3.5, and (d) 5.5 GHz. 
(             Co-polar and             Cross-polar) 
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To design a MIMO structure from this proposed antenna, 
two elements are placed beside each other. In a MIMO 
antenna high radiation efficiency, high peak gain, low 
envelope correlation, and high isolation between the signal 
ports is required. The various configurations of such 
antennas in relation to each other are investigated and based 
on the least correlation and mutual coupling, the most 
suitable configuration for MIMO application is presented. 
The proposed configuration consists of two orthogonal 
elements as shown in Fig. 6. These two elements are placed 
in   orthogonal   configuration   with   0.2λg distance between 
each other, and due to the polarization diversity that is 
achieved from this configuration, the correlation and 
coupling is decreased. 

 

 
 

Figure 6: Quad-band MIMO printed monopole 
antenna with asymmetric arms and a fabricated prototype 

 
Fig. 7 shows the reflection coefficient and mutual coupling 
of the proposed MIMO antenna. The impedance bandwidth 
meets the required bandwidth specification for UMTS, 
WiMAX and WLAN operation with reflection coefficient 
below -10 dB. Also S12 is less than -20 dB, thus the mutual 
coupling of this structure is low and these two antennas are 
approximately independent. Good agreement between 
simulated and measured results achieved. 

The envelope correlation can be computed from s-
parameters using the following formula [4]: 
 

|)|S|-|S|)(1-|S|-|S|(1-|
|SS+SS|

=ρ 2
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2
11

2
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*
1221

*
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e         (1)       

 Fig. 8 shows envelope correlation of the proposed MIMO 
antenna. As can be seen, the envelope correlation of this 
structure is less than 0.005, so the proposed antenna is 
appropriate for the MIMO applications. 
Table 2 give the simulated gain and radiation efficiency of 
the antenna array structure of Fig. 6. The radiation 
efficiency decreases with frequency, but is always higher 
than 85%. The low mutual coupling shown in Fig. 7 the low 
envelope correlation shown in Fig. 8 confirm that the 
proposed antenna is a good candidate for use in MIMO 
applications. 

 
Table 2: Gain and radiation efficiency results 

frequency 
[GHz] 

Gain 
 [dBi] 

radiation efficiency 
[%] 

2 0.05 85 
2.5 1.13 87 
3.5 2.54 88 
5.5 3.63 94 

   
 

4. Conclusions 
A quad-band CPW-fed monopole antenna suitable for 
MIMO application has been presented. The antenna 
parameters for UMTS, WIMAX and WLAN application are 
given. The proposed MIMO array configuration with 
element spacing of λg/5   provides   less   than -22 dB mutual 
coupling, envelope correlation of lower than 0.008 and 
efficiency of higher than 85% over all frequencies. The 
proposed antenna has also fabricated and tested. Good 
agreement between simulated and measured results 
obtained. 
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Figure 7: Simulated and measured S-parameters of the proposed 
antenna. 
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Figure 8: Envelope correlation of the proposed MIMO 
antenna. 
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Abstract 
In this paper, a compact PCB-embedded GPS antenna 
loaded with lumped elements is presented. The proposed 
antenna consists of a T-shaped FIPA, two chip capacitors, 
and one chip inductor. The antenna size is 8 mm × 5 mm 
with a ground size of 70 mm × 40 mm. The proposed 
antenna is designed and examined via simulation and 
experiment. The bandwidth under VSWR of 1:3 is 26 MHz 
from 1569 MHz to 1595 MHz. The measured gain is +2.1 
dBi at 1575 MHz. 

1. Introduction 
Since commercial mobile phones with a single-band 
internal antenna have been introduced in 1998, mobile 
terminals are getting smaller and slimmer because of 
consumer’s   needs.   A   mobile   phone can usually provide 
various wireless services using one main antenna and 
several sub-antennas, such as GPS, BT, Wi-Fi, DMB, and 
so on. Hence, the space for internal antennas is limited to 
set it up due to a mobile phone size. Antenna 
miniaturization is an important issue because several 
antennas are often packed into one mobile phone. 
Recently, various design methods for an internal sub- 
antenna have been demonstrated [1]-[4]. Among them, the 
printed antenna has an attractive feature owing to a compact 
size at a fixed operating frequency [5]-[6]. As the printed 
antenna has a simple planar structure, the antenna is suitable 
to be printed on the system circuit board of a mobile phone 
and feasible to be fabricated at a low cost for practical 
applications.  
In this paper, a small GPS antenna embedded on a printed 
circuit board (PCB) for use in a mobile phone is proposed. 
The proposed antenna consists of a conventional T-shaped 
PIFA with three reactive elements, which are two chip 
capacitors and one chip inductor. The proposed antenna has 
be implemented on a PCB ground and tuned to the GPS 
frequency via appropriate capacitances. Further, these 
antennas can be positioned anywhere on a PCB. The details 
of the antenna design, and simulated and measured results are 
presented. 
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Figure 1: Dimensions of the proposed antenna (line width: 
0.5,  unit: mm). 

2. Antenna Design 
The proposed antenna is based on a PIFA type antenna. The 
configuration of the proposed T-shaped GPS antenna is 
shown in Fig. 1. The antenna is designed on an FR-4 
substrate with a thickness of 0.8 mm and a dielectric 
constant of 4.4, that is generally used to a system circuit 
board of a usual mobile phone. The antenna utilizes a small 
portion (8 mm × 5 mm) of a ground plane (70 mm × 40 
mm) and is placed at an off-centered position. 
 The main path length of each folded stripline is 9.6 mm, 
which is about λ0/20. Without capacitors, the resonance 
occurs at a frequency of 5.6 GHz via the HFSS simulation 
[7]. To reduce the resonant frequency to the GPS frequency 
(∼ 1575.42 MHz) while maintaining the same antenna size, 
two chip capacitors are inserted into the T-shaped antenna. 
Thus, each capacitor is placed at each arm of a T-shape. 
One chip inductor is utilized to achieve good matching 
condition at the input port. The antenna is fed at point A and 
shorted with the ground plane at point B, as shown in Fig. 1. 
As the feeding signal of the antenna is applied to point A, 
the signal splits at the T-junction and returns through the  
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Figure 2: Simulated return losses of the proposed antenna 
with different inductances. 
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Figure 3: Simulated VSWRs of the proposed antenna. (a) 
capacitor 1 and (b) capacitor 2. 
 
ground plane. The detailed antenna dimensions are also 
depicted in Fig. 1. 
Firstly, the input inductance has been studied. The 
simulated results of the return losses are shown in Fig. 2.  

 

Figure 4: Simulated current distribution of the proposed 
antenna. 
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Figure 5: Measured and simulated VSWRs of the proposed 
antenna. 
 
The input inductor has a little influence on a resonant 
frequency of the proposed antenna. It can be stated that the 
input inductor may work on an antenna Q-factor.  
Secondly, two capacitors (capacitors 1 and 2) with fixing an 
input inductance of 4.7 nH have been investigated. Fig. 3 
shows simulated VSWRs. Although the antenna is 
configured symmetrically, the capacitance of capacitor 1 
has less influence on a resonant frequency of the proposed 
antenna than that of capacitor 2. It is worth noting that the 
capacitance of C1 should be about 2.5 times larger than that 
of C2 to achieve the optimum performance. 
 

3. Results and Discussions 
Fig. 4 shows simulated current distribution of the proposed 
antenna. The current flows largely on the bar of the T-shape 
and returns through the antenna ground plane. It may be 
noted that the proper ground plane may influence the 
antenna performance. 
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Fig. 5 shows the measured and simulated VSWRs of the 
proposed antenna. Good agreement between the measured 
and simulated results can be observed. The proposed 
antenna has a bandwidth (3:1 VSWR) of 30MHz (1564 ~ 
1594 MHz) which satisfies the operating bandwidth of the 
GPS band. 
Fig. 6 shows the measured radiation patterns in an anechoic 
chamber. The proposed antenna shows an omni-directional 
radiation pattern in the x-y plane. The measured peak gain 
is 2.1 dBi at the broadside direction (z-axis). The measured 
peak and average gain, and radiation efficiency are listed in 
Table I. 
 

Table 1: Lumped Elements and Measured Results. 

L1 C2 C3 Peak 
Gain 

Average 
Gain 

4.7 nH 3.0 pF 1.2 pF 2.1 dBi -3.6 dBi 
 

4. Conclusion 
In this paper, a printed GPS antenna for an internal mobile 
phone has been proposed. The antenna has a compact 
structure and is easy to print on the PCB ground of a mobile 
phone because of a small area of 8 mm × 5 mm. For size 
reduction, this antenna uses one inductor and two capacitors. 
The inductor at the input port influences an antenna Q-
factor, while two capacitors on the bar of the T-shape have 
an effect on the resonant frequency of an antenna. Although 
the antenna has a simple structure and compact volume, it 
has good radiation characteristics and high efficiency. The 
proposed antenna may be especially applicable for modern 
thin mobile phones as an internal antenna. 
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Figure 6: Measured radiation patterns of the proposed 
antenna. 
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Abstract 
The design of a compact dual-band dual-port antenna 

system is presented. It operates in two frequency bands, 790-
862 MHz and 2500-2690 MHz, thereby making it suitable 
for Long Term Evolution (LTE) handheld devices. The 
proposed system is composed of two orthogonal inverted-F 
antennas (IFA) to perform diversity in mobile terminals. A 
good agreement is observed between simulated and 
experimental results. The high antenna diversity capability 
of the proposed system is highlighted with the calculation of 
envelope correlation coefficient, mean effective and 
diversity gains for different environment scenarii.   
 

1. Introduction 
The use of multiple antennas can improve reliability and 
increase the channel capacity [1]. However, for wireless 
mobile devices, the available space is limited. Therefore, 
compact antenna systems are required. Recently, a variety of 
compact antennas for MIMO (Multiple-Input Multiple-
Output) systems have been presented. An internal loop 
antenna with distributed feed which operates in LTE 700 
MHz and GSM 800 MHz bands is presented in [2]. In this 
solution the two operating bandwidths are close. A dual port 
ferrite antenna is presented in [3] which operates in LTE 700 
MHz but with low gain (-8 dBi). In [4], to achieve 
compactness, a PIFA is top loaded with a dielectric sheet. 
This solution covers the bands: 1710-1880 MHz, DCS 1800 
MHz, and 2.5-2.69 GHz. Significant research has been made 
on dual-port and multiband antennas. However, there are 
few solutions covering two bands which are separated by 
more than an octave such as LTE bands (790-862 MHz and 
2.5-2.69 GHz), with implementation of MIMO, for handheld 
devices. 

Thus, the objective of the work presented in this paper is 
to propose a compact antenna system for mobile devices 
that operates in the above mentioned bands. 

2. Antenna design 
The proposed structure is printed on FR4 substrate with 
εr=4.4,   tan   δ=0.019,   and   thickness   of   0.7 mm (fig.1). The 
dimensions of the ground plane are L*L=70*70 mm2     
(λ01/5 * λ01/5) where  λ01 is the free space wavelength of the 
lower band central frequency (f1=816 MHz). The structure 
is composed of two identical elements shaped IFA 

(Inverted-F Antenna) located orthogonally to each other. 
The longer monopole allows operation on the lower band. It 
is connected to the ground plane with a metallic via hole to 
improve impedance matching. Its dimensions are l1=60 mm 
(λ01/6), and h1=16 mm   (λ01/22). The shorter L shaped 
monopole controls the higher band operation with 
dimensions of l2=7.6 mm  (λ02/15) and h2=8.4 mm  (λ02/13) 
where  λ02 is the free space wavelength of the higher band 
central frequency (f2=2.6 GHz). The two monopoles are fed 
by two 50 Ohms SMA connectors (fig.2.b). 
 

 
(a) 

 
(b) 

 
Figure 1: Photography and dimensions of the realized 

structure: (a) top view, (b) Bottom view. 
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3. Experimental results and discussions 
The proposed structure has been simulated with the 
transient solver of CST Microwave Studio® and a 
prototype has been fabricated. Simulated and measured     
S-parameters are compared in Fig.2. A similar behavior 
between simulations and measurements is obtained. The 
structure operates in two bands (|S11| < -6 dB): the lower 
band is about 10% (777-865 MHz) and the higher one about 
7 % (2.51-2.70 GHz). The mutual coupling between the two 
ports is less than -6 dB in the lower band and -13 dB in the 
higher one.  
 

  
 

Figure 2: Simulated and measured S-parameters. 
 
Fig.3 shows the simulated radiation patterns of each antenna 
in the XY plane for the two bands. For the lower band, 
quasi-orthogonality between the patterns can be observed. 
The maximum realized gain is about 1 dB at 0° for the port 
1 and 1 dB at -90° for the port 2. The realized gain, by 
definition, takes into account the reflection coefficient at 
each port.  
For the higher band, the maximum realized gain is 3.5 dB. 
At 2.6 GHz, even if patterns are not orthogonal, the two 
monopoles present minimum and maximum gain in different 
directions. This is well-suited to provide high diversity 
capabilities.  
 
Fig.4 compares the simulated and measured co-polar and 
cross-polar radiation patterns in the E plane (YZ plane) and 
H plane (XZ plane) respectively. Because both ports are 
symmetrical, we only present radiation patterns for port 1 at 
816 MHz and 2.6 GHz. For both planes and both bands, it is 
found that the simulated and the measured radiation patterns 
are in good agreement.  
In the lower band, the measured cross-polar level is about 10 
dB lower than the co-polar level in the H plane but it 
increases in the E plane at 90° direction. This is due to the 
coupling with the second radiating element.  
 
 

 
 

 
(a) 

 
 
 

 
(b) 

 
Figure 3: Realized total gain (dB) in the XY plane for the 
two bands: (a) at 816 MHz (b) at 2.6 GHz. 
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(a) 

 

     
 

                                              (b) 
 

 
 

(c) 
 

 
 

(d) 
Figure 4: Simulated and measured radiation patterns: (a) in 
the E plane at 816 MHz, (b) in the H plane at 816 MHz, (c) 
in the E plane at 2.6 GHz, (d) in the H plane at 2.6 GHz. 
 

4. Evaluation of the diversity performance  
In this section, we propose to evaluate the diversity 
performance of the proposed antenna by calculating the 
envelope correlation coefficient, the mean effective gain 
and the diversity gain while taking into account the 
propagation environment. 
The envelope correlation coefficient ρe quantifies the 
similarity between the radiation patterns of the two 
monopoles. The lower the correlation, the better the 
diversity performance. Vaughan shows in [5] that this 
coefficient can be expressed by: 
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E1θ (Ω),  E1φ (Ω),  E2θ (Ω),  E2φ (Ω)  are  complex  electric  fields  
along  θ  and  φ  radiated  by  the  antenna  fed  by  two  different  
ports.  The  solid  angle  Ω  is  defined  by  θ  [0:  π]  in  elevation  
and  φ [0:2π]  in  azimuth.  pθ(Ω)  and  pφ(Ω)  are  the  Angle-of-
Arrival (AoA) distributions of incoming waves. The 
parameter XPD is the cross-polarization discrimination of 
the incident field and is defined as XPD= Sφ/Sθ  (where Sφ 
and Sθ represent the average power along the spherical 
coordinates  φ  and  θ). The environment depends strongly on 
the arrival angles distribution and on XPD. The most 
common distributions proven by measurements are 
Gaussian and Laplacian distributions [6]. Thus, we consider 
different distributions in elevation, while in azimuth plane 
the distribution will be uniform, as demonstrated by the two 
main measurement campaigns in the literature [6], [8]. In 
order to obtain more realistic results, different environments 
are considered. Each environment is characterized by 
typical values of XPD, mean angle of incident wave 
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distribution  (θi) and standard deviation of wave distribution 
(σ). 
These values were deduced from several measurements [6], 
[7], [8] for different environments: isotropic, indoor, and 
outdoor. The isotropic environment is defined by XPD=0 
dB, pθ(Ω)=pφ(Ω)=1, the indoor environment by XPD=1 dB, 
θi= 20°, σ  =30° and the outdoor environment by XPD=5 dB, 
θi= 10°, σ  =15°. 
 
The envelope correlation coefficient of the proposed 
structure has been calculated from simulated radiation 
patterns. Results are given in Fig.5.  
For the lower band, the correlation coefficient is higher at 
extremities than at the center of the band, for all 
environments (see Fig. 5a). Note that correlation takes into 
account the radiation, matching and isolation level at each 
frequency. According to S-parameters levels, the correlation 
is more or less higher. Since lS11l variation over the whole 
band is more significant (from -6 dB to -20 dB) than lS21l 
variation (from -6 to -8 dB), ρe variation depends mainly on 
lS11l variation. Thus, the lower lS11l is, the lower ρe is.  
For the higher band, the maximum value is below 0.08 
which is less than in the lower band, thanks to a better 
isolation     (<-13 dB). However, the ρe levels remain below 
0.16 for the two bands which largely satisfies the condition 
(ρe<0.5) to provide high diversity capabilities [5].  
 
In the following part, we evaluate the Mean Effective Gain 
(MEG) which was introduced by Taga [9]. It is defined as 
the ratio between the mean received power of antennas over 
the random route and the total mean incident power. When 
each monopole receives the same quantity of power, the 
MEG ratio of the two monopoles is equal to one, which 
means that no performance deterioration is expected due to 
some power imbalance [10]. The mathematical expression 
is given by the following equation:  
 

d
XPDXPD

XPDMEG pGpG )
1

1
1

(
 

 
Where Gθ  and Gφ are  the  θ  and  φ  components  of  the  antenna  
power gain pattern respectively. 
The calculated mean effective gains of the monopoles from 
simulated radiation patterns in the two bands are presented 
in Table I. It can be seen that the ratio of MEG1, determined 
at port 1, over MEG2, determined at port 2, is almost equal 
to 1, which satisfied equal contribution of the two 
monopoles to receive the same quantity of power. This is 
due to the fact that the proposed structure is completely 
symmetric and that the Gaussian and Laplacian angular 
distributions are taken only along the elevation as presented 
in [6]. 
Finally, the efficiency of the diversity is usually presented 
in terms of diversity gain (DG). It can be defined as the 
difference between the signal-to-noise ratio (SNR) of the 
combined signals and the SNR of a single antenna. In 
theory, the maximum gain estimated for diversity of two 
antennas is 10.2 dB [11].  It can be seen in Table 1 that 

calculated DG is about 10 dB across the whole desired 
bands, which is very satisfactory.  
 
From the results shown in Fig.5 and Table 1, it is found that 
the received signals satisfy the conditions ρe < 0.5, 
MEG1/MEG2≈1 and allows a diversity gain of 10 dB. These 
values fit the diversity requirements of MIMO systems. 
 
 
 

 
 

(a) 
 
 
 

 
 

(b) 
Figure 5: Envelope correlation for different environments of 
the proposed structure: (a) in the lower band (b) in the 
higher band. 
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Table 1: Diversity performances of the proposed antenna. 
 

  
MEG1/MEG2 

Gain  
diversity     
(dB) 

816   
MHz 

2.6  
GHz 

      816   
   MHz 

2.6 
GHz 

Isotropic 
 -4.33/-4.35 -4.93/-4.91  9.9 9.9  

Indoor 
Gaussian 
 

-5.03/-5.05 -5.17/-5.15  9.9 10 
 

Outdoor 
Gaussian 

 
-7.63/-7.64 -7.18/-7.15  9.9 9.9 

 

Indoor 
Laplacian 
 

-5.04/-5.05 -5.17/-5.15  9.9 10 
 

Outdoor
Laplacian 

 
-7.63/-7.64 -7.18/-7.15  9.9 9.9 

 

    
 

5. Conclusions 
In this paper, a compact dual-band dual-port system for 
handheld devices has been proposed. The radiation element 
has an advantage to be only 60*16 mm2 (λ01/6 *λ01/22), thus 
it can be easily implemented in mobile terminals. In 
addition, it covers two bands which are separated by more 
than an octave. The system provides good diversity 
capabilities thanks to a low correlation coefficient             
(ρe < 0.2), an equal amount of received power between the 
two radiating elements (MEG1/MEG2≃1), and a diversity 
gain equal to 10 dB for different environments: isotropic, 
indoor and outdoor. Consequently, the presented design is 
suitable for MIMO communication applications. 
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Abstract 
To meet the increasing demand of accuracy, integrity, 
availability and continuity; the key parameters for satellite 
based navigation for civil aviation, nations like the US, 
Europe and Japan have developed and deployed SBAS 
(WAAS, EGNOS and MSAS respectively). A similar 
program called GAGAN (GPS Aided GEO Augmented 
Navigation) has been taken up by the Government of India 
to provide precision approach service for aircraft operations 
over the Indian airspace [1]. Ionosphere is made up of free 
ions which introduce a considerable delay in the passing 
signal; hence it is the major source of error in GPS 
measurements. In particular the tropical region is 
characterized by strong ionospheric disturbances such as 
depletion and scintillation, which strongly affect SBAS 
performance. This paper discusses a methodology for real 
time detection of ionospheric depletion for GAGAN. 
Sample results of the detection algorithm are presented. 

1. Introduction 
GPS is a satellite based navigation system which is useful 
for providing co-ordinates   of   a   user’s   position. It plays an 
important role in aircraft, boats/ships and vehicles on 
ground. Position determination using GPS technology 
involves calculation of transit time of the electromagnetic 
signal from the satellite to the receiver. The signal follows a 
straight   line   path   in   vacuum   but   after   entering   the   earth’s  
atmosphere a number of errors are introduced due to the 
refractive indices of various layers of the atmosphere. In 
addition to this there are errors on the measured pseudorange 
caused due to Ephemeris, Clock, Multipath, Troposphere 
and Receiver noise, out of which the largest source is the 
ionosphere, which is more dominant over the equatorial and 
low latitude regions,  
 

1.1. Ionosphere 

Ionosphere ranges from about 60 km to 1000 km above the 
earth’s   surface.   There   are   two   main   processes   namely,  
photo ionization and recombination occurring constantly in 
the ionosphere [5]. Due to these processes, ionosphere 
consists of free ions and electrons, which interfere with the 
electromagnetic signals and introduce a delay.  
 

In the current operating mode of the GPS system, the major 
source of positioning error is the ionosphere. The delay due 
to ionosphere is dependent on the integral of the density of 
electrons along the path of the signal, called the Total 
Electron Count (TEC). A single-frequency GPS receiver, as 
used in most civilian applications, needs to estimate the 
error caused due to the ionosphere in order to remove the 
delay from the observed total propagation delay. The nature 
of ionospheric activity varies over day and night. It also 
varies with latitude of the region. Low-latitude regions (e.g., 
India, Brazil) have a more dynamic and anomalous 
ionosphere than the mid (e.g. U.S.) and high-latitude 
regions. This requires a fresh look at ionospheric behavior 
for the regional implementation of SBAS (Satellite Based 
Augmentation System). 

2. SBAS: Satellite Based Augmentation System 
This is a recent development in the field of navigation. It 
plays an important role in augmenting the existing GPS 
technology and improves its accuracy. It provides integrity, 
continuity and availability to the user.  
SBAS employs the following method for correcting errors. 
There are reference stations with dual frequency receivers 
built at pre-surveyed locations with known co-ordinates. It 
is at these reference stations that the pseudo-range and 
carrier phase at both L1 and L2 frequencies are measured. 
The measurements are sent to the Master Stations, where 
errors in the received data like ionospheric delay, ephemeris 
and clock errors for each GPS satellite are computed. The 
Master station also computes error bounds for ionospheric 
delay called Grid Ionospheric Vertical Errors (GIVEs) and 
for clocks and ephemeris called User Differential Range 
Errors (UDREs). [3] 

The mechanism followed in SBAS for ionospheric 
corrections is based on the assumption that the ionospheric 
delay occurs at a hypothetical surface covering the earth at 
an altitude of 350 km. The surface is divided into a grid of 
5°x5° in latitude and longitude and the vertices of this grid 
are the IGPs (Ionospheric Grid Points). The IPP 
(Ionospheric Pierce Points) are points where the LOSs for 
the visible satellites to the receiver crosses this surface. The 
slant delay calculated over the path of the signal is 
converted to equivalent vertical delay at the IPPs. The 
GIVE (Grid Ionospheric Vertical Error) and GIVD (Grid 
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Ionospheric Vertical Delay), which are respectively the 
vertical error and delay at IPPs fitted to the grid points, are 
uplinked to the Geostationary satellites.  

GAGAN: Indian SBAS 

GAGAN or Geo Aided GPS Augmentation Navigation is an 
SBAS over the Indian region, which has been taken up in 
India by Airport Authority and ISRO. It consists of: 15 
INRES (Indian Reference Stations), 2 INMCC (Indian 
Mission Control Centre), 3 INLUS (Indian Navigation Land 
Uplink Station) and 3 Geostationary satellite payload.  
 

3. Depletion 
It is a phenomenon where the plasma density of a region 
falls below the average plasma density for a certain period 
and then returns back (or close) to its original value [4]. 
These are generated due to plasma instability processes in 
the F region of the ionosphere. As a result, there is a sudden 
decrease in the TEC in that region, which could affect the 
accuracy of the error prediction by the SBAS corrections. 
Depending  on  the  variations  of  electron  density,  the  earth’s  
ionosphere can be distributed into three main regions, the 
equatorial region from +30° to -30° from the equator, the 
high-latitude beyond 60° towards the poles, and mid-
latitude which lies in between both these regions. Of these 
the equatorial region is the most dynamic region with 
respect to ionospheric disturbances. Diurnal observations of 
the ionosphere suggest that depletions are more common 
during the post sunset period. [6] India lies over the 
equatorial anomaly region. Hence it is important to study 
the depletion events over the Indian region and compute 
their parameters such as depth (maximum decrease in the 
TEC value) and duration (period for which a depletion 
event has occurred). A depletion detector has been 
developed by the authors to study the depletion occurrences 
over the Indian region. 
 

3.1. Scintillation 

Scintillations are rapid fluctuations of the phase and 
amplitude of satellite radio signals and may have a 
considerable effect on the performance of satellite geodesy, 
navigation and communication systems. In the case of 
GNSS, scintillations may reduce the accuracy of the 
pseudorange and phase measurements. At times the 
amplitude scintillation may be so intense that the receiver 
loses lock to the signal. The magnitude of scintillation along 
a line of sight can be measured through a parameter called 
S4 index, which is a function of the signal strength. 
Scintillations are observed to occur within depletions. Solar 
activity plays a major role in variations of the total electron 
count of the ionosphere. Solar maximum conditions have 
been observed to be associated with high values of 
scintillation [4]. Effort was made to utilize S4 index to 
detect the depletions.  
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Figure 1: Correlation of S4Index with depletion. S4 Index 
above 0.25 is considered to be moderate disturbance. 
 

3.1.1. Detection of ionospheric depletion 

To study the impact of depletions on the SBAS corrections, 
it is mandatory to develop a depletion detector and study its 
behavior over Indian region. An attempt in this direction 
has been reported in [2] over the South-American region.  
A study has been made on an existing real time algorithm 
for detecting Ionospheric Depletions for SBAS developed in 
[2]. This algorithm detects the beginning of the depletion 
using a first derivative check and the end of the depletion 
using a combination of a first and a second derivative 
check. This algorithm was implemented and tested, on real 
TEC data for days with moderate scintillation activity over 
the Indian region. It detects depletions using the above 
mentioned thresholds on derivatives. It rejects very small 
depletions, due to their insignificance to the error 
contribution for SBAS system and to reduce false 
detections. 
In the adjoining figure, implementation of [2] is made, on a 
plot with real TEC data recorded by an Indian station on 
24th March 2004. The start of the depletion is accurately 
detected but the end of the depletion is incomplete which is 
evident from the figure. The Y-axis represents the measured 
slant TEC for a given line of sight, and the X-axis has local 
time in seconds. 
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Figure 2: Implementation of the algorithm proposed by [2] 
on Indian data on 24th March 2004 
 

3.1.2. An improved algorithm for depletion detection 

Here an improved algorithm for detecting the beginning and 
end of significant depletion episodes with high accuracy is 
being proposed. As the depletion phenomenon manifests 
itself as a relatively sudden dip in the TEC plot, the 
algorithm works on this plot to first locate the points of 
maxima. In principle, all stretches of the TEC plot between 
two successive maxima should be classified as depletion. 
However, in order to eliminate rapid, low-amplitude and 
high-frequency variations of the TEC curve, including noise 
fluctuations, it is necessary to apply appropriate thresholds 
to both the TEC variation and its rate. A combination of 
TEC and TEC-rate thresholds to capture the start and end of 
those depletion episodes has been evolved. The nature of 
TEC variation associated with depletion shows a high 
degree of variability. Additional difficulties arise in case of 
complex depletion histories such as those with secondary 
depletions (i.e. depletions within depletions). Our 
thresholding scheme is able to account for such special 
cases. Problems also arise due to missing or inaccurate data 
points on the TEC curve, as these would give rise to false 
extrema in both amplitude and slope. The algorithm 
includes mechanisms for handling data dropouts, outliers, 
and flagged data. 
 

3.1.3. Thresholds used in the algorithm for precise 
detection 

The algorithm uses several thresholds in order to report 
detection of only significant depletion cases (the 
significance being dependent on the error contribution to 
the SBAS of that region). On the basis of our analysis of the 
depletion patterns over the Indian region, we selected a 
value to filter out the small fluctuations in TEC. For 
deciding the range of the slope, the average of all starting 
slopes of the depletions was computed, which was taken as 
the minimum value. Similarly the average of the ending 
slopes of the depletions was computed and plugged in as the 
maximum value. In addition to these the maxima (peaks) 

are selected if they happen to be above a certain value to 
avoid selection of trivial variations of the TEC plot. This 
criterion is based on the observation that since depletion 
creates a deficiency of electron count, the TEC value 
actually rises before the event in order to create that abyss. 
 

6.8 6.9 7 7.1 7.2 7.3 7.4 7.5 7.6 7.7 7.8

x 104

5

10

15

20

25

30

35

40

45

50

Local time in sec

TE
CU

PRN 15 24th March 2004

 
Figure 3: Implementation of the our algorithm on Indian 
data on 24th March 2004 
 
In the above figure, a plot showing detection of depletion 
using our improved algorithm is presented. The data is the 
same as that in Figure 2. Clearly, from the figure the start 
and end points of the depletion are accurately detected.  
Here, again the Y-axis represents the measured slant TEC 
for a given line of sight, and the X-axis has local time in 
seconds. 
 

3.1.4. Data Handling 

Real time data has missing data values due to signal outage 
or device errors. The data points need to be fitted to a curve 
in order to compute temporal derivatives and double 
derivatives of the total electron count. But before that the 
missing data points need to be interpolated. Here, we have 
used a sixth order polynomial fit (Gaussian method) to get 
an appropriate curve fitting for the TEC data. After that the 
plot has been smoothed using moving average technique. 
 
The figure 4 below shows the plot of TEC vs Time of a 
particular PRN with data dropouts and outliers. The next 
plot (Figure 5) shows the same data after it has been fitted 
and smoothed. 
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Figure 4: Plot of TECU vs Local time (Mumbai station) 
with missing data and data outliers on data of 24th March 
2004 
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Figure 5: Plot of TECU vs Local time (Mumbai station) on 
data of 24th March 2004 after curve fitting and smoothing 

4. Discussion 
Implementation of the detection algorithm requires us to set 
a few thresholds in order to reject cases of insignificance. 
The values of these parameters on the basis of the region 
need to be analyzed and derived with more data. For 
example, in an equatorial region the depth values may be 
required to set high owing to more severe ionospheric 
conditions prevailing there. But if the same values are used 
for low-latitude regions, the detection algorithm may filter 
out all the depletions. Also, it is the sensitivity of the 
ionospheric model which decides the limit of the threshold 
for a potentially error causing depletion. 
The algorithm was tested with real TEC data from various 
stations over the Indian region. It provides complete 
detection of depletion (whenever it existed). Nevertheless 
for a more profound analysis it is required that the 

algorithm be tested on a larger set of data, with varying 
threshold values. 

5. Conclusions 
Given the dynamic nature of ionosphere, occurrence of 
events like depletions and scintillations that cause the SBAS 
to give erroneous information, are unpredictable. As the 
Indian region falls in an area of high ionospheric activity, 
detection of aberrations which may impact GAGAN 
performance is of utmost importance. This algorithm can be 
employed to detect ionospheric depletions automatically, 
thus, providing it with information to provide accurate error 
estimation to the user. Using this algorithm the ionospheric 
characteristics relating to depletion namely, latitude of 
occurrence, maximum/minimum depth of a depletion and 
average duration of depletion occurring in a region may also 
be studied, which would be useful for designing an iono-
model for that region. 
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Abstract
Photonic crystals (PC’s) made of SiO2 rods covered with air
shell layer in 2D hexagonal and square lattices are
investigated. We study the different aspects of the complete
photonic band gap using the finite difference time domain
(FDTD) method. The rods are embedded in TiO2
background medium with a high dielectric constant. Such
photonic lattices present complete photonic band gaps
(CPBG).We study the effect of the thickness of the shell
layer on these gaps. Our results show that the existence of
air shell layer leads to larger complete photonic gaps. We
believe that the present results are significant to increase the
possibilities for experimentalist to realise a sizeable and
larger CPBG.

1. Introduction
During recent years, photonic band gaps (PBG) structure
also called photonic crystals (PC’s) [1-3] have attracted
much interest after the pioneering work of Yablonovitch
and John[4,5]. They scatter photons in manner similar to the
scattering of electrons in semiconductor. These structures
are periodic modulation of dielectric permittivity with
lattice spacing comparable to the wavelength of light [6].
One of the most important properties of the PC’s is their
ability to control and manipulate the propagation of
electromagnetic (EM) waves in confined space [1].This will
give many applications of photonic crystals, such as
waveguides and communication component [7-8]. If the
band gap exists for both polarizations and all directions, the
crystal is said to have a complete photonic band gap
(CPBG). Electromagnetic wave with frequencies within a
CPBG is completely reflected since it cannot propagate
inside the crystal. Various photonic band gap structures
have been manufactured in two (2D) and three dimensions
(3D) but for frequencies in both near-infrared and
microwave regions. 2D structures have received some
increasing attention because they are easier to fabricate than
3D ones and may be employed in optical and electronic
devices. The creation of a gap depends on many factors
such as refractive index contrast, lattice type, period, and
filling.factor.

Recently, the studies on the PBG are not limited in the
ordinary photonic crystal only. Much attention has thus
been drawn towards a new type of photonic crystal.
Trifonov et al.[9] have analysed the existence of an
interfacial (or cladding) layer affects the properties of the
PBG in 2D photonic crystal. Xiao et al,[10] have studied the
effect of the variation of a rod’s dielectric constant on the
PBG in a 2D square lattice. Babin et al [11], have analysed
the effect of multi-layers particles on PBG. This new type
of composite photonic crystal mentioned above can be
called core-shell or rods with cladding.
In this paper, we study the modification of the complete
photonic band gap (CPBG) spectrum when the thickness of
the shell layer varies. For this study, 2D hexagonal and
square lattices of circular SiO2 rods in TiO2 matrix have
been considered. The rods are covered by thin interfacial
layer (air). This investigation aids greatly to design photonic
crystals with predefined properties.
Titanium dioxide have attracted much attention in the past
as their chemical stability, high refractive index allow their
use as components in optoelectronic devices, sensors, and
photocatalysts [12].

2. Design parameters of the photonic crystal
To analyse the variation of CPBG size with varying the
thickness of the interfacial layer, we consider the following
two structures:

i) photonic crystal composed of hexagonal lattice of
circular SiO2 rods surrounded by air  in TiO2 matrix
as shown in figure 1(a).

ii) photonic crystal composed of square lattice of
circular SiO2 rods covered by air  in TiO2 matrix as
shown in figure 1(b).

Figure 1(c)  shows the diagrammatic presentation of regular
core-shell rod. Parameters rc and rs denote the inner rods and
the outer radius of the interfacial layer respectively. The
thickness of the shell layer is then ts= rs- rc Parameter a is
the space between the centres of two nearest-neighbour rods.
Note that ts=0 yields yield rods without interfacial layer.

mailto:labbame@yahoo.fr
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Figure: 1 Schematic representation of the studied 2D core-
shell photonic crystal; (a) hexagonal lattice; (b) square
lattice; (c) the diagrammatic presentation of a regular core-
shell rod.

3. Numerical analysis and results
The photonic bands of 2D photonic crystals were calculated
by the finite difference time domain (FDTD) method [12].
The PBGs for TE and TM polarization modes were
calculated along the Γ-M-K- Γ edge for the Brillouin zone.

3.1. Hexagonal lattice

We start our study by calculating band structures of circular
rods in TiO2 matrix with hexagonal structure. First we
consider that SiO2 rods with radius r=0.46a are not covered
by air layer (ts= 0).
Parameters εSio2 and εTiO2 denote the dielectric permittivity of
SiO2 and TiO2 respectively. The values of the parameters
are: εSio2 = 2.13 εTiO2=9 at λ = 520nm. Results are presented
in terms of frequencies wa/2πc, where a is the lattice
constant, c the speed of light in a vacuum and ¸ λ the
vacuum wavelength.
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Figure 2: Photonic band structure for hexagonal lattice of
circular SiO2 rods in TiO2 matrix.

Figure 2 shows that there is one gap for TM modes extends
from 0.3230 (�a/ 2πc) to 0.3698 (�a/ 2πc), with
∆w/wg = 13.5%, and there is no gaps for TE modes.
No let us consider that the air layer exists between the SiO2
and TiO2 matrix. The internal radius and the thickness of the
shell layer are rc = 0.08a, ts = 0.36a respectively.
The band diagram is plotted in Fig. 3(a). Only one CPBG
exists and its relative width of ∆w/wg = 1.73%, where ∆w
and wg are the frequency width and the middle frequency of
the gap, respectively. Let’s consider now the external radius
rs = 0.455a, ts = 0.375a and rc remains constant. Figure 3(b)
shows the dispersion relation of this structure. As can be
seen, the CPBG exists and its relative width is
∆w/wg = 2,93%. The obtained results show that ∆w increases
when the thickness of the air layer between the rods and
TiO2 increases.

Figure 3: Photonic band structure for TE and TM
polarization modes in 2D hexagonal lattice of SiO2 rods
covered with air shell layer for (a) ts = 0.36a  (b) ts =0.375a.

3.2. Square lattice

In this section, PCs with a square lattice is considered. This
configuration is analogous to the one described above except
for a square lattice. First of all we consider the case where
there is no shell layer. Similar to the previous case there is
no CPBG.
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We can see from Fig.4 that there is only one tiny photonic
band gap in TE polarization modes in the frequency ranges
of 0.2630 (�a/ 2πc) and 0.26954 (�a/ 2πc), with
∆w/wg =2.45%, and there is no gaps for TM modes.
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Figure 4 : Photonic band structure for square lattice of
circular SiO2 rods in TiO2 matrix.
We think it would be interesting to see how the shell layer
thickness affects the CPBC with square lattice structure of
SiO2 rods covered by a thin air layer.

Figure 5: Photonic band structure for TE and TM
polarization modes in 2D square lattice of SiO2 rods
covered with air shell layer for (a) ts = 0.428a
(b) ts = 0.435a.

We have calculated the PBG for the square arrangement of
SiO2 core - air shell particles as shown in Fig. 1(b). For
rs = 0.468a and ts = 0.428a, only one tiny CPBG is found in
the frequency range (0.50518-0.50085)�a/2πc. Photonic
band calculations demonstrated that for rs = 0.475a, and
ts = 0.435a, the value of ∆w/wg = 11.25%. Figure 5 (a)
clearly illustrate that the width is reduced from that in
Fig. 5 (b). After calculations we found that the thickness of
the interfacial layer leads to improvement of width of
CPBG.

4. Conclusions
Complete photonic band gaps in 2D hexagonal and square
lattices considering an interfacial layer between the SiO2
rods in TiO2 matrix have been studied.
Our results show that changing the thickness of the shell
with respect to the core, one can tune and control the CPBG.
Hence it seems that the full PBG width is affected by the
shell layer thickness. The relative width of CPBG increases
with increasing the shell layer thickness. Therefore the
existence of the air shell layer causes an enlargement in the
CPBG. Therefore, in order to obtain the largest CPBG, we
should suitably choose the thickness of the air shell layer.
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Abstract 
Triggering and guiding of Tesla coil high-voltage sparks 
discharges in air with plasma filaments generated by 
femtosecond laser pulses are demonstrated experimentally. 
Sparks discharges are established between a high-voltage 
electrode (HVE) fixed at the top of the Tesla coil resonator 
and a second electrode connected to the ground. We have 
observed meter long guided sparks discharges when the 
plasma column created by an intense femtosecond laser 
beam connects both electrodes.  

1. Introduction 
Intense ultrashort laser pulses propagating through 
atmosphere give rise to spectacular non-linear effects. 
Owing to a dynamical competition between non-linear 
optical Kerr self-focusing, and multiphoton ionization 
induced defocusing, a contracted beam of high peak 
intensity is formed over long distances. It leaves in its wake 
a long thin column of weakly ionized plasma (electron 
density ~ 1016 cm-3). This process is usually referred to as 
filamentation [1]. Filaments are of great interest for remote 
guiding and triggering of high voltage discharges. It has 
already been reported that electric discharges triggered by 
such straight conductive plasma columns can carry high 
currents with reduced losses [2]. The guided discharge 
plasma columns can also find an application as virtual 
plasma antennas for RF transmission [3].  
In this paper, we report experiments of laser guided 
discharges obtained in air by high voltage bursts delivered 
by a compact Tesla coil. In a first part, we briefly present a 
review of Tesla coil theory, together with computational 
results. In a second part, we describe our compact Tesla coil 
and show that it operates according to the theory. Finally, 
we show results concerning long laser triggered electric 
discharges in air. 

2. Background description 
The experimental setup is illustrated in Fig. 1. The fs laser is 
a Ti:Sapphire Chirped-Pulse Amplification chain [4] 
delivering pulses of 300 mJ energy at 800 nm with a 
repetition rate of 10 Hz. In our experiments, the 50 fs pulse 
is stretched temporally to 700 fs in order to avoid damages 
on steering mirrors and focusing lens. 

The discharges are generated with a home-made Tesla coil 
consisting in an elevator transformer.  The coupled 
resonance of the two series R L C circuits (see Fig. 2) at 
radiofrequencies allows obtaining voltage burst with 
amplitude of 250 kV at the output. 

 
Figure 1: Experimental setup. Our Tesla coil delivers 
voltage up to 250 kV. The fs laser beam is focused and 
aligned to be in contact with the high voltage electrode.  

 
In the following, index values i = 1 and 2 denote the 
primary and secondary circuit respectively. The primary 
circuit is constituted of C1, R1, L1 and the secondary circuit 
is composed of C2, R2, L2. Two cycles of operation are 
observed. First, the capacitor C1 is charged to a potential VC 
supplied by a HV generator which can deliver a voltage up 
to 8 kV. 
 

 
Figure 2: Coupled resonant RLC lumped circuits 
describing a classical Tesla coil. 
 

Then, when switch S1 closes, C1 discharges through the 
primary circuit and a free oscillatory behavior of the Tesla 
coil is launched via the magnetic flux represented by the 
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mutual inductance M. This initializes HV discharges from 
the tip of the electrode on the torus top end (see Fig. 1). Our 
Tesla coil is built with the following component values: C1 

 38 nF, L1  60 H, C2  48 pf and L2  50 mH, such that 
both circuits are tuned to the same resonance frequency, 
 

.105
2

1
11

12 kHz
CL

ff  

 
The transformation ratio of the Tesla is of about 25-30, 

meaning that its output delivers nearly 250 kV. 

 In Fig. 3, we show a sequence of photographs realized 
with the original Tesla coil built with a mechanical rotary 
switch S1. Laser beam propagates from left to right. One can 
clearly see a well-formed ~ 1 m long forward guided 
discharge between the HVE of the Tesla coil and the 
grounded electrode. The drawback of this configuration is 
the important jitter (>100-200 s) of the mechanical rotary 
switch used in the circuit.  

 

  

  

 
Figure 3: Femtosecond laser-induced guided discharges 
at t = {33, 66, 133} ms, from top to bottom. HV 
discharges are initialized by the origin rotary spark gap. 

For the experiments we have in mind, it is imperative to 
reduce the jitter to synchronize the Tesla with the discharge 
triggering laser pulse. In the following subsection, we 
present a practical realization of the switch S1 represented in 
Fig. 2.  

2.1. Solid state switch 
A convenient solution consists in implementing a solid state 
electronics device. This allows stable repetitive formation 
of guided discharges since the laser pulse arrival time can 
be tuned to the maximum of the voltage on the secondary 
Tesla loop. It is based on a push-pull triac configuration of 
two thyristors allowing transmission of high alternating 
currents occurring in the cycle where C1 supplies its stored 
energy in the primary circuit (see Fig. 4).  

 
Figure 4:  Electrical scheme of our Tesla coil. Low-Pass 
RC filter is constituted of {R3 = 20 k ; R4 = 20 k ; C3 
= 180 nF}. E1 is a 30 kV-30 mA DC bias supply. Triac is 
turned on with the laser trigger pulse on its gate. A is a 
classical Rogowski current probe giving waveform of 
i1(t) as it will be shown later for instance. 

Furthermore, to avoid any high-frequency feedback currents 
due to the short-circuit when S1 closes, , we added a RC 
low-pass filter towards the DC supply, as shown in Fig. 4. 

3. Tesla coil theory and experimental verification 
In this section, we give a brief model of Tesla coil systems. 
By  applying  Kirchhoff’s  rule   to the loops appearing in Fig. 
2, we establish a system of two differential equations 
coupling the currents i1(t) and i2(t): 
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where M = k (L1L2)1/2 is the mutual inductance and k  0.2 
is the coupling coefficient. Solving these coupled equations 
with appropriate initial conditions [5], we obtain a closed 
solution form in good agreement with a Runge-Kutta 
numerical integration. 
In the absence of secondary circuit, the primary voltage and 
current oscillate at their own frequency 1 = 1/ (L1C1)1/2 
defined by the lumped elements of the primary circuit as 
defined above. When the secondary circuit is included, 
energy is coupled from the primary to the secondary circuit. 
Once the whole energy is transferred, the process reverses 
and energy goes back to the primary circuit. This free 

Laser 

1 m 
Tesla coil 

Guided HV discharges 
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energy oscillation between the two circuits runs until S1 
opens or until damping due to losses cancels the energy. 
From an electromagnetic point of view, it has been shown 
that the Tesla structure radiates energy like a resonant 
dipole antenna, and the field distributions of the Tesla coil 
possess characteristics of helical resonators [6]. 
 
In Fig. 5 we compare the primary current i1(t) measured 
with a Rogowski coil, and the numerical solution of Eqs (1). 

 
Figure 5: Temporal waveform of i1 in the primary 
circuit of the Tesla coil over the range t  [0; 350] s 
and computed with a measure and the closed solution of 
Eqs (1). C1 is initially charged at the potential Vc  4 
kV DC.  
 

The two curves are in very good agreement and show that 
the signal decays at a rate determined by the quality factor 
Qi = 1/ Ri  (Li/ Ci)1/2 of the circuits. Fig. 6 displays the 
spectrum of the temporal waveforms V1(t) = -L1di1/dt both 
from numerical solution of Eqs (1) and from measurement. 
The two characteristic frequencies, corresponding to the 
envelope and the carrier appear at 95 kHz and 115 kHz, and 
lie on either side of the central resonant frequency r  105 
kHz. 

 
Figure 6: Spectrum of the temporal waveform V1(t) = -
L1di1/dt, where i1(t) is shown in Fig. 5. 
 

Fig. 7 gives the computed temporal waveform of the output 
voltage of the Tesla coil. As expected, the output signal is 
also amplitude modulated, with a phase shift of the current, 
due to inductive behavior. The peak value reaches 200 kV 
and corresponds to the potential reached at the tip of the 
high voltage electrode. Note that the highest voltage is 
reached during the first beat envelope after a delay of  25 

s.  
 

 
Figure 7: Temporal waveform of V2(t) voltage at the 
output of the Tesla coil over the range t  [0; 500] s 
and computed with the closed solution of Eqs (1). Input 
voltage Vc = 8 kV DC. Inset is a zoom at t  [0; 50] s. 
 

4. Experimental results with spontaneous 
discharges 

First, experiments were conducted without laser, to ensure 
that the triac works with spontaneous discharges bridging 
the gap between HVE and grounded electrode. To switch S1 
on, we send a TTL rising edge to the gate of the triac. 
 

Figure 8: Tesla coil typical voltage measured at C1 
terminals. F = 10 Hz. Vc  2 kV DC. 

The voltage in the primary circuit was recorded with a 
North-Star HV high impedance probe (400 M ). 
The HV probe connected to the C1 terminals returns its 
typical voltage as displayed in Fig. 8. Two cycles of charge/ 
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discharge of C1 are shown. We are able to control easily the 
frequency and the starting time of the HV discharges with an 
accuracy of a few hundreds of ns. 
In order to overcome the difficulty of measuring the very 
high voltage in the secondary circuit [7], we placed a remote 
(  1.8 meter) copper disk with 80 mm diameter, acting like a 
receiver antenna, and connected to an oscilloscope.  
Fig. 9 is a trace of the typical electric field produced by the 
Tesla coil and recorded with the antenna. As discussed in the 
theory section, it shows that maximum output voltage 
occurst 25 s after C1 discharge has begun. The measured 
waveform is in good agreement with the calculation.  

 
Figure 9: Signal emitted by the Tesla coil and capture 
with the antenna. Illustration of the normal output 
voltage. Input voltage Vc  7 kV DC (just below 
threshold) and D  16 cm. Inset is a zoom at t  [0; 50] 

s. 
 
In Fig. 10 by contrast, one can clearly see that when a 
natural HV discharge occurs, the energy stops ringing 
between primary and secondary circuits of the Tesla coil. Its 
EM radiation is turned off at the first beating because the 
whole energy is released towards the ground through the 
ionized channel defined by the spontaneous HV discharge. 

 
Figure 10: Signal emitted by the Tesla coil and capture 
from the antenna. Illustration of the output voltage when 
a HV discharge is initiated. Input voltage Vc  7 kV DC 
(just above threshold) and D  16 cm. 

This result means that guided HV discharges can carry high 
power, and should show interesting abilities in antennas 
applications, for instance. 

4.1.1.� Guided and triggered discharges 

To synchronize the laser pulse we used a photodiode 
sensitive to 800 nm. This signal displayed on the 
oscilloscope is used as a time reference, enabling to adjust 
the delay of the gating signal applied to the triac. 
 

 

 

 
Figure 11: Femtosecond laser-induced guided and 
triggered discharge. D = 15 cm between electrodes. 
Overview description (top) and zoom (bottom). HV 
discharges are initialized by the solid-state switch. Vc  
6 kV DC. 

We optimized the triggering of HV discharges in such a 
way that laser pulse bridges the gap between the electrodes 
when the voltage across the secondary circuit has peaked, 
i.e. 25 s in our Tesla coil system. Hence, the triac S  must 
be set on 25 s before the laser pulse arrival on the HVE tip. 
Therefore, precise adjustement of this delay between the 
laser beam arrival at HVE tip and S1 closing is empirically 
done, such that maximum voltage is collected by the laser 
induuced plasma filaments to the remote grounded 
electrode.  
Results displayed in Fig. 11 are time-integrated images of 
the visible radiation emitted by the HV guided discharges, 
recorded perpendicularly to the laser beam transverse 
direction with a standard CCD camera. The primary voltage 

Laser 

HV Electrode  

Grounded Electrode 
D = 15 cm  

Torus  

HV guided and triggered discharge  
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was held at Vc  6 kV DC. These photographs exhibit a 
fully developped and perfectly straigth HV triggered 
discharge channel along the laser propagation direction, 
with a gap of, and performed with a 300 mJ, 700 fs IR laser 
pulse at 10 Hz repetition rate. The gap D = 15 cm between 
the electrodes is entirely bridged. 
Several remarks can be made. First, the typical Tesla coil 
EM radiation shown in Fig. 9 is quenched when an HV 
guided and synchronized discharge appears, leading to the 
same waveform as in absence of laser filaments (as depicted 
in Fig. 10). Next, the HV guided discharge takes place 
within a few s after laser has entered the HV gap region. 
This behavior is consistent with ref. [8]. Lastly, the 
breakdown voltage threshold is significantly reduced due to 
the pre-ionization of the air gap by the laser induced plasma 
filaments.  
 
Understanding of mechanisms of formation (laser 
connection with negative-positive leader, depending on the 
polarity of the HVE) of those HV guided discharges has 
been performed by several groups through previous 
experiments with streak cameras [8-9]. But, the guiding and 
triggering of HV discharge being a complex interplay 
between plasma physics, hydrodynamic and air chemistry 
processes, it has yet to be examinated. 
We also note that weaker backward guided HV fragrances 
have been observed. This phenomenon exists mainly 
because filaments are produced even several tens of 
centimeters before the lens focus [10], which is set here at 
the HVE tip. Pictures also indicate that laser induced 
plasma filaments enhances the luminence of the discharges, 
as compared with unguided spontaneous discharges. 
Finally, once the delay was accurately adjusted, we 
measured a probability of guided and triggered HV 
discharges higher than 80 % at the laser 10 Hz repetition 
rate. 

5. Conclusions 
In this paper, we have covered a descriptive overview of a 
Tesla transformer and have compared solutions from the 
governing coupled differential equations describing the 
Tesla circuit with experimental measures. 
Preliminary discharges generated with the Tesla coil built 
with a rotating spark gap device and guided with laser 
induced plasma filaments have been presented. Since 
precise triggering of the HV burst was not possible with the 
latter rotary device, we implemented an alternative solution 
based on a solid-state semiconductor element. We have then 
described an efficient and helpful bench Tesla coil HV 
discharges, controlled by the solid-state component, and 
guided and triggered by fs laser induced plasma filaments. 
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Abstract 
We demonstrate the coupling of a radiofrequency signal into 
a guided atmospheric discharge initiated by a femtosecond 
laser filament. The radiation efficiency of this virtual plasma 
antenna is compared to a classic copper monopole of same 
dimension. 

1. Introduction 
Plasma antennas have been studied since the 70s for 
radiofrequency telecommunications applications in the 
domain of defense [1]. Those virtual antennas are generally 
monopole antennas in which the radiating element is a 
plasma column obtained in a low pressure discharge tube 
filled with noble gas. The main drawback in this scheme lies 
in the presence of the tube which limits the stealth of the 
antenna. An interesting alternative has been demonstrated by 
Dwyer et al., who used a nanosecond laser to initiate a long 
atmospheric discharge plasma column and demonstrate 
emission at 112 MHz [2]. To improve the concept, the use of 
femtosecond lasers associated with the formation of plasma 
filaments seems promising. Indeed, contrary to a 
nanosecond setup presented in [2] where laser energy of 15 
J/m was needed to guide a discharge, using femtosecond 
pulses reduces this energy to 0.12 J/m allowing the prospect 
of long monopole antenna.  
When powerful laser pulses with femtosecond duration is 
loosely focused in air, a long and uniform weakly ionized 
plasma string is produced in a process called filamentation. 
Laser energy loss during filamentation is small since the 
intensity in the filament core is clamped close to the 
minimum required for ionization while the short pulse 
duration prevents reabsorption by the self generated plasma 
[3]. The resulting plasma is much longer and continuous 
than the one produced with nanosecond pulse, and the 
energy necessary is also considerably reduced [4]. 
In this work we first demonstrate the coupling of a 
radiofrequency signal inside the high conductivity plasma 
column formed by the laser guided discharge. In a second 
phase we show that the plasma column can radiate this 
injected signal, behaving like a  monopole emitting antenna. 

2. Experimental setup 
The ENSTAmobile laser was used to create the plasma 
filament in air. This Chirped Pulse Amplified laser chain can 
deliver nominally 50 fs pulses with a peak power of 7 TW at 
a repetition rate of 10 Hz. In this experiment the laser beam 
with energy of 250 mJ and pulse duration of 350 fs was 
focused in air by a 3 m focal convex lens. A continuous 
plasma column of 50 cm was then formed in air around the 
geometrical focus of the beam. This weakly ionized plasma 
column has an electron density of 1016 e-/cm3, and a 
recombination time of about 10 ns.  
The filament plasma column was used to trigger a 
reproducible and perfectly linear electric arc with high 
conductivity. The discharge was obtained by applying DC 
voltage of 40 kV between two sharp metallic electrodes 
separated by 50 mm. The filaments were touching both 
electrode tips to close the circuit. The low density plasma 
from the filament served as a precursor and preferential path 
for the electric arc [4-5]. It decreased the breakdown 
voltage by ~30%.  
 

 
Figure 1: Experimental setup. Laser guided discharges are 
obtained inside a glass tube, between the two metallic 
electrodes separated by 50 mm. 
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Two different couplers were used in the experiment to inject 
or to detect RF signal in the circuit. Coupler 1 consists in a 
metallic coil of few turns placed around the high voltage 
cable. Coupler 2 is a resonant inductive cavity similar to the 
one described in ref [6]. Coupler 1 presents a higher 
coupling efficiency between 100 MHz and 1 GHz but it 
radiates strongly, making the characterization of the plasma 
radiation difficult, while coupler 2 is shielded and does not 
emit any radiation by itself. A glass tube was added around 
the discharge gap to avoid direct arcing on RF coupler 2 
(see blue cylinder in Fig. 1).  
 

 
Figure 2: Picture of a filament guided electric discharge of 
20 cm, obtained with an applied voltage of 50 kV. 

3. Results 

3.1. Coupling RF signal inside the plasma 
In the first experiment we checked that a RF signal could be 
injected inside the laser guided plasma discharge. A 
continuous signal at 1 GHz with 2W power was injected 
through coupler 1, while coupler 2 was connected to a fast 
oscilloscope with a 1 GHz bandwidth. The measured signal 
is presented in Fig. 3 (red curve). The laser filament was 
formed between the electrodes at time t = 0 s, initiating the 
discharge within a few 100 ns. As described in ref [6], 
coupler 2 is equivalent to a derivative current monitor with 
a maximum efficiency at 1.5 GHz. The measured signal is 
then related to the current circulating inside the plasma. At t 
= 0 s the current presented slow oscillations corresponding 
to the development of the discharge. These oscillations are 
rapidly damped after 1 μs, but a 1 GHz modulation on the 
signal remains for almost 10 μs.  
To observe more clearly this modulation a frequency filter 
at 1 GHz with a 10 MHz bandwidth was applied to the 
signal. The result is presented in Fig. 3 (black curve). On 
can clearly see the amplification of the 1 GHz component at 
t = 0 s followed by a slow decay over 10 μs. This slow 
decay corresponds to the lifetime of the arc, limited by the 
power supply energy storage capacity. 
 

 
Figure 3: Current measured inside the plasma during the 
discharge when a 1 GHz signal is injected with coupler 1 
(top). Same signal after application of a frequency filter 
at 1 GHz with a 10 MHz bandwidth (bottom). 
 
The spectrum of the current signal obtained by direct 
Fourier transformation is also presented in Fig. 4. The 
injected 1 GHz component is again clearly visible. 
Other measurements have been made in the same 
conditions with a signal at 0.5, 0.8 and 1.1 GHz showing 
a similar behavior. 
 

 
Figure 4: Spectrum of the current signal presented in Fig. 
3 obtained by Fourier transformation. 

3.2. RF Emission from the plasma antenna 
In the second experiment the emission from the high density 
plasma column seeded by the RF signal has been 
characterized. For this experiment, to minimize radiation 
from the high voltage cables, coupler 2 was used to inject 
the signal directly inside the plasma antenna. Detection of 
the radiated signal was performed with a planar integrated 
antenna (described in ref [7-8]) placed 1.5 m away from the 
plasma emitting antenna. The frequency of the injected 
signal was 0.97 GHz. 
The spectrum of the antenna signal in the frequency range 
0.8 – 1.2 GHz is presented in Fig. 5. Fig. 5(a) shows the 
measured spectrum when the RF generator and the high 
voltage were operating, but no laser filament was present to 
initiate the discharge. Fig. 5(b) shows the measured 
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spectrum when the filament initiated the high density 
plasma column. A significant noise due to the discharge is 
present over the whole frequency range, but the injected RF 
component at 0.97 GHz is clearly observed. For comparison, 
a measurement has been made replacing the plasma column 
by a copper tube of 50 mm length equivalent to a monopole 
antenna (Fig. 5(c)). We find that the plasma column 
emission efficiency is about 4 times smaller than the one of 
the metallic monopole antenna. 
The main limitation in the experiment was related to the 
apparition of corona discharges in the electrical circuit. 
With voltage higher than 30 kV, the formation of corona is 
difficult to avoid in DC mode. These corona generate a 
significant noise in the measurements and degrade the 
stability of the discharge in terms of jitter and current 
amplitude. To improve the results, the development of a 
pulsed high voltage generator should allow discharges 
without corona.  
 

 

 

 
Figure 5: Spectrum detected with the antenna in absence 
of laser filament (a), when the plasma is replaced by a 
metallic tube (b) and with the laser guided discharge (c). 

4. Conclusions 
In this paper, we have demonstrated the possibility of using 
an atmospheric discharge initiated by femtosecond laser 
filament as a virtual antenna emitting in the radiofrequency 
domain.  
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Abstract 

In this paper we aimed to model the light transmission of a 
Vertical-Cavity Surface-Emitting Laser diode (VCSEL) in 
the graded-index optical fiber, taking into account the 
attenuation and the dispersion influence on light 
characteristics. For this we used the VHDL-AMS 
language. Thanks to its multidisciplinary characteristics, it 
allows us to study several domains in the same model, 
such as, electrics, optics, optoelectronics and thermal 
influence. Our objective is to find the performance of GI 
fiber and to know their limits in length. 

  

1. Introduction 

Metallic and non-metallic wave guides were fabricated to 
guide light, but they have enormous losses and they were 
not suitable for telecommunication systems. During 1950s, 
the optical fibers with large diameters were used in 
endoscopes to see the inner parts of the human body [1]. 
Since its invention in the early 1970s in the laboratories of 
the U.S.A Company Corning Glass Works [2], the use of 
and demand for optical fiber have grown tremendously. 
With the explosion of information traffic due to the 
Internet, electronic commerce, computer networks, 
multimedia, voice, data, and video, the need for a 
transmission medium with the bandwidth capabilities for 
handling such vast amounts of information is paramount.  
Fiber optics are a medium for carrying information from 
one point to another in the form of light. Fiber consists of a 
core and cladding, of the transparent materials are made of 
glass or plastic. A protective coating of plastic surrounds 
the cladding. It is important that the core refractive index 
nc, is greater than the cladding refractive index ng. It is  
known that, the optical fibers have many advantages such 
as large bandwidth, light weight, small diameter, low 
transmission loss, dielectric waveguide because optical 
fibers are made from silica which is an electrical insulator, 
signal security i.e. the transmitted signal through the fibers 
does not radiate, Long-distance signal transmission and 
designed for future applications needs [3]. 
This study based on VHDL-AMS (Very High Speed 
Integrated Circuit Hardware Description Language Analog 
Mixed Signal [4]) simulation. The model of each 
component in the chain will have an input from one or 
more of the areas mentioned above and a number of 

parameters intrinsic to the component to simulate the 
output variables of the model also may belong to different 
areas. For this we made a study theoretical physics, before 
the use of a specialized computer tool were then required 
to help establish low-level models based on fundamental 
equations of components or more abstract models with 
sufficient performance for the purpose. 
 

2. VCSEL model 

We have begin to modelling the transmission block, which 
is a VCSEL laser diode using the two rate equations of the 
variation in the carrier and the photon number [5] taking 
into account the various domains, such as the electrical, 
the optical domain and the thermal domain. 
In Fig. 1, we show the results for the static response of the 
VCSEL versus injection current. We notice that under the 
emission threshold current 1.5 mA, the carrier number is 
proportional to Id however, when Id is greater than Ith the 
lasing starts and the carrier number stabilizes at a constant 
value to the lasing threshold of the call (Nth), while the 
number of photons increases almost linearly. 

 
Figure 1: DC response of the carrier and photon number, 
versus injected current. 
 
We started the simulation of the opto-electro-thermal 
model in a static analysis to find the graphics curves of 
Popt(I) for several  temperature. In Fig. 2 the schematic of 
the optical power as a function of T is shown. Notice that, 
a temperature change causes a variation of the threshold 
current and also the optical power is given by Eq. (1) [6], 
under the emission threshold Ith, the optical power is not 
emitted, when Id exceeds Ith, the laser effect is started and 
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the optical power increases almost linearly; it reaches its 
maximum for a temperature  of 25 ° C. 

)1())()(()( TthIITToptP !="  

where Popt(T) is the optical output power, I is the injection 
current, η(T) is the temperature dependence differential 
slope efficiency, and Ith(T) is the threshold current as a 
function of temperature.  

 
Figure 2: Optical powers of the VCSEL versus injected 
current for several temperatures. 
 
The results of the dynamic response of VCSEL using a 
frequency sinusoid source are shown in Fig. 3. We can see 
that the dissipation power which is equal of subtracting 
between electrical power and optical power, causes a 
temperature elevation of physical process in a laser diode. 

 
Figure 3: Dynamic response of a VCSEL versus time 
using a sinusoidal source. 
 

3. Graded-index fiber Model 

The fibers used in our work are the graded-index (GI). 
Modelling this component aims to account for the 
influence of his opto-geometric parameters on spectral and 
temporal characteristics of the propagating signal. The   
important effects to take into account in these models are 
attenuation, modal dispersion and chromatic dispersion. 
We also modeled two couplings, the connector VCSEL-
fiber and the connector Fibre1-Fibre2 which connected the 
optical fibers to each other. 
model of the graded index fiber, with a numerical aperture 
of 0.275, a wavelength of 1300 nm, a center refractive 
index of 1.5, a cladding refractive index of 1.474, a 
vacuum refractive index of 1, a profile exponent of 2, a 
core radius of 25 µm and a cladding radius of 60 µm.  
Data from Fig. 4, shows that the core refractive index 
varies according to a parabolic profile during the core 

diameter of the fiber. nc is maximal at the core center and 
when the light comes to the core-cladding junction, nc 
takes the value of ng.  

 
Figure 4: Simulation results of the core refractive index of 
the graded-index fiber. 
 
Dispersion, expressed in terms of the symbol τtot, is 
defined as pulse spreading in an optical fiber. As a pulse of 
light propagates through a fiber, elements such as 
numerical aperture, core diameter, refractive index profile, 
wavelength, and laser line-width cause the pulse to 
broaden. This poses a limitation on the fiber overall 
bandwidth. It is measured in time, typically nanoseconds 
or picoseconds. Dispersion is generally divided into two 
categories: modal dispersion (τmod) and chromatic 
dispersion (τc). Modal dispersion is defined as pulse 
spreading caused by the time delay between lower-order 
mode sand higher-order modes.  
Chromatic dispersion is typically expressed in units of 
nanoseconds or picoseconds per (km-nm). 
In Fig. 5, we cane that the total dispersion rise with 
increasing the fiber length according to Eq. (2), (3) and (4) 
[7-8]: 
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where Tc is the chromatic dispersion coefficient, consists 
of two parts, material dispersion DM and waveguide 
dispersion DG , it is expressed in units of (ps / nm · km), ∆λ 
is laser diode spectrum, and the Dmod is the modal 
dispersion coefficient, it is expressed in units of (Ps / Km). 

 
Figure 5: Simulation results of fiber total dispersion versus 
radial distance for several lengths. 
 
The core a graded index fiber is composed of several 
layers, each with a refractive index, slightly different from 
the previous one. The core index decreases from the centre 
axis to the core-cladding interface, according to a 
parabolic law. The light rays are not reflected to the 
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encounters with the cladding, but follow the trajectories 
almost sinusoidally and deviated gradually each time they 
cross a new layer, thus decreasing the amount of modal 
dispersion. In Fig. 6, we show the simulation results of 
light transmission through the GI fiber for several lengths. 
The graphs show the optical powers to the output of each 
component. The powers represented are respectively: Popt-

VCSEL to the VCSEL output, Popt-C-VCSEL-F1 to the output of 
VCSEL-fiber connector, Popt-F1 to the first fiber output, Popt-

C-F1-F2 at the output of the Fibre1-Fibre2 connector and Popt-

F2 which is to the second fiber output. we can see that, the 
Popt-VCSEL and VCSEL-C-F1 do not change as a function of the 
fiber light, by cons Popt-F1, Popt-C-F1-F2 and F2-Popt, are 
decreased with increasing fiber length, for example Popt-F2 

is decreased to 1 µW for L = 40 km. According to the 
representative graphs, we notice that the optical power is 
reduced at the output of each component compared to the 
previous one. The light energy transmitted through the 
VCSEL, is not totally recovered at the fiber output. This 
attenuation is due to several phenomena, such as, the 
dispersion, the absorption by the impurities, the scattering 
by impurity or by interface defects of core-cladding and 
Rayleigh scattering [9], the loss of the coupling (VCSEL-
fiber and fiber-fiber).  
  

 

 

 
Figure 6: Simulation results of the light transmission in 
graded-index fiber versus time for several lengths. 
 
The GI fibers are specially designed for 
telecommunications. The GI fiber core is not 
homogeneous, the refractive index value, decreases from 

the axis until it reaches the cladding index value. The 
propagation principle in a graded index fiber is based on a 
focusing the light beam is continuously deflected towards 
the fiber optical axis. This deviation causes the optical 
signal to have a sinusoidal signal form. 

 

4. Conclusion 
In this paper, we modeled the optical transmission of a 
VCSEL laser diode through GI fiber. We have also 
focused to find the basic characteristics of each component 
and the influence of parasites parameters and to find the 
transmission limitations according to the length. We used 
as transmission block , the electro-opto-thermal  model of 
the VCSEL diode created by the VHDL-AMS based on 
two rate equations of the carrier number, and of the photon 
number.  
Implementation as VHDL-AMS language, allows us to 
support the modelling steps and simulation needed to 
implement the design top-down. This language allows 
describing all the steps, beginning with the high level 
functional to the modelling of noise, instead of using 
multiple tools. In addition, it supports the multi 
abstraction: the blocks can be simulated with different 
description levels. Our models are useful in the design and 
simulation of an optical transmission system by adding a 
photodiode model, as receiving block.  
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Abstract 

We resolve numerically the nonlinear Schrödinger 
equation using the SSFM (Split Step Fourier 
Method) in order to generate and stabilize soliton 
pulses by searching the best balance between the 
GVD (Group Velocity Dispersion) and the 
nonlinear effects when ultra short pulses are 
launched through the fiber. After that, we study 
the influence of the Raman and TOD (third order 
dispersion) effects on these solitons.    

1. Introduction 

Optical solitons play a major role in large amount 
of data communication through the optical fibers 
[2][3],   so   far   it’s   considered   as   the   best   way   of  

transmission because they are defined as pulses 
which   don’t   vary   during   propagation,   that’s   why  

they are being majorly used in transmission across 
trans-oceanic and trans-continental distances. 

2. The used Numerical model 

The propagation of an impulsion through the 
optical fiber is governed by the Schrödinger 
equation, which is written as follows [1], [2], [4]: 

+ 𝑗 − = 𝑗Ɣ|𝐴| 𝐴- 𝐴              (1) 

With: 

A: the envelope of the pulse. 

𝛽  : The group velocity dispersion. 

 

 

𝛽  : The third order dispersion. 

Ɣ : The nonlinear coefficient. 

𝛼 : The attenuation. 

In the case of anomalous dispersion (𝛽 <0) 
and with a certain agreement between the 
input power and the chromatic dispersion in 

such a way that:Ɣ
| |

= 1, we generate an 

optical soliton, this one is defined physically 
as   a   pulse   that   doesn’t   change   during   its  

propagation even for long distances, 
mathematically the soliton is a solution of the 
Schrödinger equation which has this form [2]: 

u(ε,τ)=sech(τ)exp(j )                              (2) 

With: 

τ=  

ε= (𝐿 : the  dispersion  length). 

u=
( ) /  

To simulate this propagation we used the 
SSFM method [1] which is considered as 
pseudo spectral method that allows the 
resolution of the nonlinear Schrödinger 

mailto:lyes_86@live.


equation, with the purpose to follow the 
evolution of the pulse in the temporal and the 
spectral domain. 

Its principle is based on dividing the fiber into 
several small fractions « h » and assumes that 
in each fraction the linear and the nonlinear 
effects act separately as shown in figure 1: 

 

Figure 1: schematic illustration of the SSFM 
method. 

 

In this method the linear and nonlinear effects 
are characterized by the (D and N) operators 
as follows: 

D = −        +        −                             (3)  

N=𝑖Ɣ(|𝐴| + (|𝐴| 𝐴) − 𝑇 | | )        (4) 

With:   = 𝑗𝜔 

The introduction of these effects is done in 
two steps: 

2.1. The dispersive step 

As the differential operator     is equivalent to 

a   multiplication   by   jω   in   the   space   of  

frequencies, and for more simplicity, the 
operator D is calculated in the Fourier domain 
and the pulse is written as follows in the 
temporal domain: 

A(z+h,t)=𝑇𝐹 [exp(h.D)(TF(A(z,t))]          (5) 

A(z+h,t)=𝑇𝐹 [exp(j 𝜔 h)(TF(A(z,t)      (6) 

2.2. The nonlinear step: 

The N operator is applied directly in the 
temporal domain and the pulse is given in this 
case by the follow equation: 

A(z+h,t)=exp(hN).A(z+h,t)                          (7) 

A(z+h,t)=exp(jƔ|𝐴| ℎ).A(z+h,t)                 (8) 

By repeating these two operations many 
times, we have access to the electrical field of 
the pulse according to the distance of 
propagation and we achieve a numerical 
simulation of the propagation of the light in 
an optical fiber. 

3. Results and interpretations 

3.1. The soliton 

 To simulate the propagation of the soliton 
pulse, we used an optical fiber and an 
hyperbolic sine pulse which have the 
following characteristics: 

� 𝑇 =0.56 ps. 

� 𝑃=22.5 watt. 

� Ɣ=3 W /Km  

� 𝛽 =-22  ps /Km 

� 𝐿 =𝐿 = 0.0148Km. 

� 𝐿=100Km. 

We have neglected the fiber losses, and the 
carrier frequency that we used is 1550nm. 

Figure 2 shows the shape of the pulse at the 
input of fiber. 



 

Figure 2: The input soliton in the temporal 
domain. 

 

Figure 3 gives the comparison between the 
input and the output soliton pulse in the 
temporal domain, we can easily see that there 
is no difference between them; this result is in 
agreement with theoretical assumptions. 

 

Figure 3: the input and the output soliton in 
the temporal domain. 

The next figure shows the evolution of the 
shape of the pulse through all the distance of 
propagation. 

 

 

 

 

 

 

 

Figure 4:  the evolution of the soliton through 
the fiber in the temporal domain. 

In this figure we can clearly see that the pulse 
keeps the same shape at any point of the 
fiber from the input to the output of the fiber. 

Figure 5 shows the input and the output 
spectrum of this pulse, also here we see that 
the   shape   of   spectrum   doesn’t   change  

through the propagation, but we have just 
small and negligible perturbations and we 
have also attenuation in its intensity. 

 

Figure 5: the input and the output soliton in 
the frequency domain.  
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3.2. Higher-Order Effects 

On the previous section we didn’t   study   the  
higher effect (TOD and SRS) on the 
propagation of soliton; we have just seen how 
to use the GVD and nonlinear effect to 
generate the soliton. In the next section we 
see the influence of these effects on the 
propagation of soliton.   

 

3.2.1 The TOD effect on soliton propagation 

In general this effect is neglected in presence 
of the GVD, however its effects may occur 
when the GVD is small or zero, that’s  why  we  

consider the following parameters for our 
simulation:  

� 𝑇 =0.56 ps. 

� 𝑃=0.203 watt. 

� Ɣ=3 W /Km  

� 𝛽 =0  ps /Km. 

� 𝐿 =𝐿 =1.64 Km. 

� 𝐿=150Km. 

� 𝛽 =0.11ps /Km 

Figure 6 shows the input and the output pulse 
in the time domain, we see clearly that we 
have a shift of a few picoseconds and also an 
attenuation of the pulse. 

 

Figure 6: the input and the output soliton in 
the temporal domain under the TOD effect. 

Physically speaking, we can say that the TOD 
slows down the soliton and as a result, the 
soliton peak is delayed by an amount that 
increases linearly with distance.  

Figure 7 shows the evolution of the delayed of 
the pulse in the time domain; we see clearly 
that its increase with the distance of 
propagation. 

 

 

 

 

 

 

 

 

Figure 7: the temporal shift of the pulse through 
the optical fiber. 
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 The next figure shows the spectrum of input and 
output soliton under the TOD effect; we see a 
splitting of the spectrum into two well-resolved 
spectrum peaks. These peaks correspond to the 
outermost peaks of the SPM-broad end spectrum. 

 

Figure 8: The input and the output soliton in the 
spectral domain under the TOD effect. 

Figure 9 shows the generation of the two 
frequencies from the carrier according to the 
length of the fiber.  

 

Figure 9: the splitting of the carrier along the 
distance of propagation. 

 

 

3.2.2 The Stimulated Raman scattering effects on 
soliton propagation 

When the pulses are very short and energy, they 
have a large enough spectrum that during the 
propagation the Raman gain amplifies the low 
spectrum components with the energy carried by 
high frequencies which play the role of pump. This 
process is known as the self frequency shift. 

To see this effect, we use the following 
parameters: 

� 𝑇 =0.56 ps. 

� 𝑃=22.5 watt. 

� Ɣ=3 W /Km  

� 𝛽 =-22  ps /Km. 

� 𝐿 =𝐿 =0.0148 Km. 

� 𝐿=7.5Km. 

� Tr=5fs. 

 

Figure 10: the input and the output soliton in the 
spectral domain under the SRS effect. 

Figure 10 represents the input and the output 
spectrum of the pulse; it shows the frequency 
shift of soliton spectrum to lowers frequencies. In 
the  next  figure  we  see  a  temporal  drift;  it’s  caused  

by the difference in the group velocity due to the 
chromatic dispersion of the fiber. 
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Figure 11: the input and the output soliton in the 
temporal domain under the SRS effect 

4. Conclusion 

In this work, we are arrived to generate  and study 
a soliton pulses according to the transmission 
distance   by resolving the propagation equation in 
optical fiber taking in consideration  the dispersion 
and  the nonlinear effects  using  The SSFM 
method, and ensuring  the balance between these 
two effects. After that, we have studied the 
influence of the TOD and the SRS on the temporal 
shape and spectrum of generated solitons 
according of many features of both lunched pulse 
and the fiber, and this for the reason that these 

effects are very important, so we can’t   ignore  
them. However we can affirm 
that the optical solitons are by far the light 
pulses which are the most appropriate for long 
distances transmission trough optical fibers. 
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Abstract 
Quantum cryptography is a hot extraordinary topic that 
covers a wide range of expertise, ranging from fundamental 
physics to industrial applications. The objective of this 
research should result in increasing the security of our 
transmissions, all the more with regard to trade information. 
The purpose of this work was to study the satellite 
communications and coupled with quantum transmission. 
We began with a study of state and pose the problematic 
problem of free space without quantum transmissions and 
quantum cryptography. We then reviewed to purpose the 
BB84 protocol lake away of transmission between the 
satellite and earth station by giving its principles, so that the 
study of different problem of free space by considering the 
theoretical limits. Thus, we focus on a comprehensive 
survey on the quantum error rate given their importance in 
implementations of key exchange systems. These points are 
thus the primary aim of our study. We will try to highlight 
the practical limitations of quantum cryptography. These 
limits are coupled with techniques borrowed from signal 
processing with pure quantum theories to develop methods 
for correcting errors in the field of quantum transmission. 
 

1. Introduction 
 
The quantum modern global satellite systems really is a big 
step into the world of communications over secrete service 
links between people all over the surface of the earth, how it 
is a major concern of all researchers to improve the 
performance of the Quantum Cryptography [1, 2]. It is the 
latest scientific revolution with real world 
telecommunication after a communication network to global 
satellite systems may offer different services to the users. 
Altitude orbit is considered that essential parameter in the 
satellite network. This explains why the constellation 
defined in him; he is in four kinds of orbits: LEO, MEO, 
HEO, and GEO satellite. 
The main goal of this paper is to develop a prototype 
approach of optical laser satellite communication terminal 
applications on micro-satellites in LEO and space-to-ground 
constellations.  Micro-satellite constellations in LEO orbits 
can inter-communicate and communicate with the ground 
station using laser beams as the carrier (Figure 1) [3].  

The onboard laser communication equipment takes the form 
of a terminal including an optical or quantum transmitter and 
a receiver. 
Quantum satellite transmissions offer many advantages for 
secure communications, e.g. eavesdropper's problems, 
confidentiality of keys, resistance to traffic analysis, high 
speed transmission. The principal of quantum information is 
encoded in two or three states (two or three qubits), using 
the correlation between more particles (photons, atoms) [4]. 
Quantum Key Distribution (QKD) is one of the more 
essential researches methods of modern information 
processing that emerged from the properties of 
"Superposition of states" and "Teleportation systems" [5]. 

 

 
Figure 1: The LEO satellite constellation and ground station. 

 
In this regard, some of the most outstanding problems 
included: 
a) Atmospheric turbulence which leads to wave front 
distortion [5], b) Environmental vibration effects which lead 
to pointing errors, c) The absorption, scattering and 
reflection of radiation in the lower layers. 
The most aggressive quantum key distribution network is 
shown in [6], in addition, the quantum network based on 
optical fiber and classical communication network are 
involved in such modern network [7]. Furthermore, QKD 
can be integrated with IP address so as to secure internet 
traffic, which has been stated in future research paper. The 
realization of Quantum Key Distribution Low Earth Orbit 
network depends on the technology of satellite transmission. 
As communication has many advantages compared to 
satellites telecommunications, such as that its cost is 
relatively much lower, the maintenance is simple and 
convenient and it is in favor of environment protection.  
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Once quantum communications Satellites can be practically 
performed and is in wide use, our scheme is undoubtedly 
more feasible than the idea to distribute entangled photons 
using satellites. Generally, on the basis of the obtained 
results, design recommendations were made for developing 
and enhancing current and future free space QKD links in 
the LEO. Additionally, it is noteworthy to say that such 
recommendations could be potentially adapted in the coming 
GEO links. Essentially, specific suggestions for future 
research are included, where the overall study may be useful 
to researchers working in similar free space quantum 
communication links. 

2. Simple Quantum Satellite Networks 
 
The quantum photon emitter is placed at the station. The 
laser link to the top receiver on the satellite using the BB84 
protocol can be used to run the negotiation of shared secret 
key, see Figure 2. 

 
Figure 2 : Simple quantum satellite scenario. 
 
To get things really integrated in this proposal is in the 
system-space satellite station transmitter pairs of entangled 
photons are placed on the satellite. This is the most 
interesting use of technology pairs of entangled photons 
integer in BB92or BB84 protocol [7]. The most aggressive 
quantum key distribution network is shown in figure 3, in 
addition, the quantum network based on optical fiber and 
classical communication network are involved in such 
network [3].  
 
 
 
 
 
 
 
 
 
 
 

 

 

Figure 3: Global Quantum Key Distribution LEO network [4]. 
 

Some desirable attributes in QKD network are safe 
management of keys, quantum authentication, efficient 
transmission of key and robustness etc. Furthermore, such 
QKD can be integrated with IP address so as to secure 
internet traffic, which has been stated in future research 
paper. 

3. Objectives of space communication 
 
In our point of view, the quantum computing algorithms can 
be used to affirm our free-space communication in the 
following four ways [8]: 

1. Open-space communication:   usually   “horizontal”  
telecommunication that happens below 100km height. For 
channel, the space is used instead of optical cable. 

2. Earth-satellite communications: it happens through 
greater heights than the Open air communication, usually 
between 300 and 800 km altitude. Signal encoding and 
decoding is used to produce quantum error correction that 
allows operation in noisy environment. 

3. Satellite transmission: Quantum algorithms improve 
that the effective bandwidth, thus the brand is better utilized 
as in traditional cases [9]. 

4. Inter-satellite communication (Handover inter satellite 
systems): the communication between satellites where the 
channel is the free-space. Any kind of coding and encoding 
can be used, to increase stability [10]. 
Much as satellite communication systems is viewed as an 
alternative solution to the realization of relatively long-
distance secure key exchange, obtainment of global scale 
key exchange is still challenging. This is owed to the fact 
that long-distance propagation of the optical beam is 
affected by several atmospheric and geographical problems.  
 

4. Research contribution 
 
Based on the objectives stated in last section, the 
contributions from this work are detailed in the following 
subsections: 

 
A- Mathematical Model for the BB84 Protocol: 

 
Since the discovery of the concept of quantum cryptography, 
various protocols have been proposed for use in quantum 
communication links. Of the many protocols that have been 
proposed, BB84 is considered the most developed let alone 
the recently proposed B92 variant. These protocols are 
assumed to have different deficiencies and are thus 
differently suited for secure information interchange. In 
order to determine the suitability of the two protocols for 
quantum communication, a mathematical model should be 
developed for possible analysis of related links. With regard 
to the above point of view, the contribution made in this part 
of the study includes the development of a mathematical 
model for analyzing the performance of BB84 protocol over 
satellite-based quantum communication links between a 
ground station and a satellite in the LEO [11].  
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The developed model takes into account the various 
atmospheric phenomena such as absorption, scattering and 
turbulence which can significantly limit the performance of 
free space links. Moreover, the expressions of the quantum 
bit rated are given based on ideal single-photon sources and 
single-photon sources with Poison distribution. Using the 
developed theoretical model, it is possible to analyze the 
performance of the quantum protocol in the LEO domain 
[12, 13]. 

 
B- Mathematical Model for the Physical Layer 

Limitation in Satellite-Based QKD systems:  
 
Quantum optical communication offers an attractive 
solution to ensure secure distribution of the key 
information. However, satellite vibration is a major cause 
of pointing errors, a phenomenon whose effect can lead to 
misalignment between the transmitter and receiver, hence 
resulting in the problem of pointing errors. In the end, the 
occurrence of pointing errors can lead to link outages. As 
pointed in the objectives such an occurrence should be 
modeled. Thus, the contribution made in this part of the 
study includes a newly developed QBER mathematical 
model which takes into account the effect of satellite 
vibration. In line with the above, it is noteworthy to affirm 
that this is the first model developed in an attempt to 
address the problem of pointing errors due to satellite 
vibration, in the research discipline of quantum 
cryptography. Moreover, using the developed model, the 
effect of satellite vibration was studied by way of 
simulation. For the derived model we define the QBER as a 
function of satellite vibration amplitude. Moreover based 
on the numerical simulation carried out, we a plot of the 
QBER as a function of satellite vibration amplitude is 
presented. The obtained result shows that the vibration 
amplitude has greater effect on the QBER. Generally, the 
obtained result reveals that an increase in the vibration 
amplitude leads to a corresponding increase in the QBER, 
an outcome which can reduce the amount of generated 
secure communication key rate, after the procedures of 
error correction and privacy amplification. 
 

5. Research solution 
 
The bit error rate (BER) for the classical space links 
communications is very high (usually in the order of 10-1) 
because of noisy deep space, however, TCP/IP can tolerate 
bit error rate in the order 10-5 only. FEC (Forward Error 
Correction) compensate for the errors to some extent but 
only by trading bandwidth (FEC requires more data to detect 
bit error and recover from it).  Some characteristics of the 
satellite communicating and earth links in Space scenario 
make the direct use of terrestrial protocol stack TCP/IP 
infeasible [12]. I have tried to cover the essential 
characteristics of satellite, and Surface station: 

� Very High and Variable Propagation Delay: 
Communication using electromagnetic waves 
having the speed of light takes time in minutes or 

even hours in deep space due to the astronomical 
distances; 

� Security: Security and integrity of data is a big 
issue for data flowing through the deep space that is 
vulnerable or open to attack. High Latency has to 
be taken into consideration before using the proper 
algorithm otherwise communication will be 
severed. 

� Noise: High Signal to Noise can be achieved by 
using lower loss receivers, with more performance 
improvement by using Reed –Solomon, Turbo 
Decoder. 

� The performance of a quantum key distribution is 
evaluated by calculating the quantum bit error rate 
(QBER). 

The error rate in quantum optical transmission is generally 
expressed as the ratio of wrong bits to the total amount of 
detected bits. We call this quantity quantum bit error rate 
(QBER). It is equivalent to the ratio of the probability of 
getting a false detection to the total probability of detection 
per pulse: 
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We consider free space quantum communication:  
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darkP , photP , are the probabilities to get a dark count, to 
detect a photon. ndark is the dark count rate of the detector 
and   is the detection time window. This formula applies 
for a setup with two detectors.  
  Since a dark count will with a 50% chance not lead to an 
error, but just to an additional count, there is a factor two in 
the denominator, but not in the numerator. Note that the 
QBER is dependent of the factor q, the last one is a 
systematic factor depending on the chosen implementation. 
It cannot be bigger than 1/2 due to the fact that half of the 
time the randomly chosen bases of Alice and Bob are not 
compatible. The second part, QBERdet, is due to the dark 
count rate of the photon counters and increases with 
decreasing transfer efficiency t. Hence QBERdet is the 
determining factor for longer transmission distances. The 
detector dark count rate finally limits in combination with 
the losses in the fibres the transmission distance. Since fibre 
losses have already attained the physical limits, the detectors 
deserve a thorough discussion.   It is known that when the 
atmosphere is clear there is very high transmittance in 
certain windows.  
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Higher than 10 km above sea level the atmosphere becomes 
rarefied, and absorption and scattering can be neglected. In 
clear weather the transmittance can be improved to 65% by 
selecting a proper wavelength, but in bad weather when 
there are clouds, rain or fog, noise and losses increase so 
quickly that QKD fails. This is the problem encountered in 
all free-space communication [14].  
If the ground station can be established on a high mountain, 
most losses caused by the atmosphere can be avoided. The 
divergence half-angle θ of a Gaussian beam with radius ω0 
(1/e2) is given by [3, 14]: 

                      
0

                    (3) 

Where λ is the laser wavelength and ω0 is equal to half the 
diameter D of the collimating telescope [4]. Considering the 
satellite’s  allowed  payload,  we  take  D = 10 cm, transmission 
distance L = 1000 km and λ = 650 nm. After propagation 
over 1000 km the spot size becomes 8m in diameter (it 
should be less than 10m to account for atmospheric 
turbulence). In order to receive the signals from the satellite 
with accuracy better than 5μrad is required. If we intercept a 
large Gaussian beam of diameter 2ω with a small telescope 
(D) then the collected fraction is: 
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Here, we take D = 1m so the losses are 17 dB. The 
transmittance number of photons per pulse 0.1 and coupling 
efficiency 60%, then the number of signal photons received 
by the ground station is 10−4 per pulse. At present, the dark 
count of silicon-based is about 25 counts s−1 which will 
cause 2.5 × 10−7counts pulse if the width of the time gate is 
10 ns, which contributes less than 0.2% to the error rate. 
Compared with QBER formula in the quantum 
transmissions: 
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6. Discussion 
According to the expression president the quantum error rate 
is a function of the average number μ of photon in an 
impulse. We will evaluate the expression of the QBER for 
various values of μ. 
The figure 4 present the various values of contrast C of the 
interferometer, an estimate of the error rate in the absence of 
spy on the channel according to his length. Indeed, the 
device of detection presented in this paper being entirely 
fiber, it is difficult to control the fluctuations of phase in 
optical fibers connecting each detector. The direct 
consequence of these fluctuations is a variation of the 
contrast of the interferometer. 
Several measurements were taken and give a value of 
oscillating contrast between [0, 7 and 0, 9]. 

In the worst of the cases, the value of contrast is 0, 7. In this 
case, the error rate is greater than 13% some is the length of 
the channel, which does not guarantee an unconditional 
safety. 
QBER  (μ  =  0.1) 

 
Figure 4: Quantum Error Rate as function altitude and 
contrast. 
 
The average value of the contrast of our system of detection 
is 0, 8. Figure 4 presents the evaluation of the error rate in 
this case. The confidentiality of a transmission is then 
guaranteed since the error rate is lower than 11% when the 
length of the channel does not exceed more than 30 km. In 
the best of the cases, the value of contrast is worth 0, 9. A 
transmission having for goal to constitute a key of encoding 
can be regarded as confidential as long as the length of the 
channel does not exceed 50 km. By modifying the 
interferometer device in order to refine its contrast using a 
loop of control in phase, it is possible to approach the usual 
values for a quantum system of key distribution. 
 

7. Conclusions 
The realization of Quantum Key Distribution Low Earth 
Orbit network depends on the technology of satellite 
transmission. As communication has many advantages 
compared to satellites telecommunications, such as that its 
cost is relatively much lower, the maintenance is simple and 
convenient and it is in favor of environment protection. 
Once quantum communications Satellites can be practically 
performed and is in wide use, our scheme is undoubtedly 
more feasible than the idea to distribute entangled photons 
using satellites. Generally, on the basis of the obtained 
results, design recommendations were made for developing 
and enhancing current and future free space QKD links in 
the LEO. Additionally, it is noteworthy to say that such 
recommendations could be potentially adapted in the coming 
GEO links. Essentially, specific suggestions for future 
research are included, where the overall study may be useful 
to researchers working in similar free space quantum 
communication links. 
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Abstract 
Characteristics of steady state Stimulated Brillouin 
Scattering (SBS) in an optical fiber can theoretically be 
explained by the system of two coupled differential 
equations. In this paper, these two coupled differential 
equations are solved analytically and exact analytical 
solutions are presented. The exact solution is compared with  
approximation solution as well. 

1. Introduction 
It is well known that an intense laser light wave propagating 
in a material medium will result in many nonlinear physical 
processes that can lead to light scattering. The dominant 
nonlinear effect in light wave systems is stimulated Brillouin 
scattering (SBS)  [1]. Recently, Brillouin scattering exhibits 
great potential in the fields of distributed fiber sensing and 
Slow-light.  
Previously works based on the steady state coupled 
differential equations have derived the analytical expression 
neglecting the attenuation for the power distribution of 
Brillouin scattering [2]. Thereby, the effects of pump 
depletion or attenuation are ignored in many works 
concerning about the analysis of SBS [3,4]. However, the 
attenuation in long distance fiber is very serious. Therefore, 
the analytical solution neglecting the fiber attenuation is not 
explicit enough. 
In this paper, the steady state Brillouin scattering in a long 
single mode optical fiber is analyzed, and the analytical 
solutions with the attenuation coefficient are obtained for the 
first time. Using the new method, the Brillouin threshold and 
depletion and saturation phenomena in a standard single 
mode fiber (SSMF) with a length of 15km are analyzed. 
Also, with these solutions, a slow-light based on SBS is 
investigated. 

2. Theory 
SBS can be described as a three-wave-interaction of a pump 
wave, a Stokes wave, and an acoustic wave. A counter 
propagating signal wave at the Stokes wave’s frequency is 
amplified by the pump wave. Besides the amplification, the 
phase of the signal wave is changed due to the SBS. A signal 

wave and a pump wave propagating in a fiber as Brillouin 
medium can be described by:  
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Where ES and EP are the electric field components of the 
signal or Stokes and the pump wave and PS and PP are the 
corresponding powers. Aeff is the effective core area, D  is 

the fiber attenuation and gB stands for the SBS gain 

coefficient. The phase mismatch terms KeR' and KeI'  
describe the gain distribution and the phase development 
according to the SBS. Since we use a cw-wave, we 
neglected all terms regarding the pump wave’s phase [4,7]. 
By expressing the electric fields in terms of their powers and 
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 equations (1) and (2) can be 
transformed to a more easily system of equations: 
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We have solved analytically these three equations and 
presented exact analytical solutions for  PS, PP, and SM . 
By dividing the equation (4) to (3) we have: 
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Where
gBg KeRAeffD D'  ' , the integration of (6) gives the following 

expression:  
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Where C is a constant, using Lambert function together with 
equation (7), we derive the expressions of PP and PS: 
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Where W is Lambert function.  

 
Figure 1: Propagation conditions of the pump and Stokes 
wave along the fiber. 

The conditions of PP and PS along the fiber with the length 
L is illustrated in Fig. 1. According to Fig. 1 we have 
boundary value problem. Thus, the solution of the equation 
(9) at z=L have two unknown variables, PP(z=L) and C. The 
integration of (3) and substituting (8), gives the following 
expression:  
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Now equations (10) and (7) can be easily solved by Newton-
Raphson method and we can get PP(z=L) and C. Also, we 
can obtain PS(z=0). 

To solve equation (5) it is better to dividing it by equation 
(3) which then leads to following relation: 
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Where
gBg KI eIAeff

'  ' , the integration of (11) and 

substituting (8), gives the following relation: 
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By introducing PP(z=L) and C into this equation, the phase 
of Stokes wave at fiber input (z=0) can be obtained. 

3. Simulation and Discussion 
Using this new method, the Brillouin threshold and 
depletion and saturation phenomena in a standard single 
mode fiber (SSMF) with a length of 15km are analyzed and 
is shown in Fig. 2. As can be seen from diagram, the SBS 
activity starts at a Brillouin threshold of approximately 
15mW. Above this power value the backscattered Stokes-
wave rapidly increases whereas the transmitted pump power 
reaches the saturation regime. 
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Figure 2: Stokes power and transmitted power versus 
launched power. It is seen that depletion and saturation 
occur at around 15mW launching power. 

The Brillouin threshold is commonly calculated by [3,8]: 

 
max

19 B effth
P

B eff

K A
P

g L
 , (13) 

Where BK is a polarization factor, maxBg is the maximum 
value of the Brillouin gain coefficient in the line center and 

effL  and effA denotes the effective length and effective area 
of the fiber. The calculated and measured Brillouin 
thresholds of several SSMF with different length are shown 
in Table 1. This table shows that the measured Brillouin 
thresholds are in good agreement with the calculated 
thresholds by equation (13). 
 

Table 1: Calculated and measured Brillouin threshold of 
several SSMF with different length  

Length 
(km) 

th
PP (calculated) th

PP (measured) 

5 36.59 36.2 
10 20.39 20.1 
15 15.08 14.8 
20 12.50 12.3 

 

According to the Kramers-Kronig relations pulses are 
slowed down inside the gain bandwidth of SBS. Thus, SBS 
can be used to obtain a slow-light [5,6]. Using exact solution 
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of coupled equations, for simulation of a slow-light based on 
SBS a fiber length of 15km, pump powers 10mW, 15mW and 
17mW, a signal input power 2 WP and a temporal pulse 
FWHM width of 160ns were chosen. In figure (3) the 
normalized time functions of delayed pulses in comparison 
to the reference pulse are additionally shown. Also, in a SBS 
slow-light the maximum achievable time delay saturates at 
high pump powers and hence, is limited by the pump 
depletion. In the saturation regime the time delay does not 
increase any further but distortion increase, as can be seen in 
Fig. 3. 
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Figure 3: Normalized time functions of delayed pulses and 
reference pulse in SSMF with a length of 15km. 

4. Conclusions 
We have solved analytically two coupled differential 
equations of SBS and the exact analytical solutions are 
presented. The phenomena of power saturation and 
depletion have been illustrated using theoretical solution. 
Finally, a SBS slow-light was simulated and delayed pulses 
for different pump power were shown. 
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Abstract 
A neuro-fuzzy system (ANFIS) is developed to estimate 
GSM-900 radiation exposure time needed to cause specific 
electrophysiological time-related changes in auditory 
pathway. The proposed system is exploiting the available 
experimental results of [1], for auditory brainstem response 
changes in rabbits due to mobile phone radiation exposure. 
This paper proves, on one hand the short-term effect of 
mobile phone usage to the subject auditory pathway, and on 
the other hand the possibility of building an automated 
system to detect the radiation exposure auditory brainstem 
responses. This system can be very useful, as it provides 
reliable exposure assessment, even though it is unsafe to 
extrapolate neurological data from non human in vivo 
experiments. 

1. Introduction 
International scientific research confirms that 
electromagnetic fields are biologically active in animals and 
humans, and in some cases can cause discomfort and 
disease [2]. Especially radiofrequency radiation from 
mobile phone use has been associated in many studies to an 
increased risk for brain tumors. Experimental radio 
frequency (RF) dosimetry indicates that, in common usage 
approximately one half of the mobile’s output power is 
absorbed by tissues on the side of the head close to the 
handset. In conjunction with the high number of mobile 
phone users and the relative high specific absorption rate 
(SAR) close to the ear, it is clearly that the auditory system 
must be particularly examined for possible adverse effects 
from the EM radiation. 

A number of studies have been carried out investigating 
the effect of mobile phone radiation on the auditory system. 
In a recent experimental animal study [1], the possible 
electrophysiological time-related changes in auditory 
pathway during mobile phone electromagnetic field 
exposure were investigated. In this work, we will further 
use the data sets acquired in [1] through the experimental 
study, in order to implement an ANFIS network. 

The rest of the paper is organized as follows. In Section 
2, the experimental procedure is described and details about 

the auditory brainstem response are given. In Section 3, the 
fundamental ANFIS network architecture is presented, 
along with the configuration used to train the network. 
Finally, in Section 4, characteristic results are presented and 
discussed. 

2. Experimental study 
Auditory brainstem response (ABR) is an electrical signal 
evoked from the brainstem and the central auditory pathway 
after sound stimulation of the ear. The procedure is to 
generate a brief click or tone pip from earphones and to 
measure the elicited neuronal action potentials by surface 
electrodes, typically placed at the vertex of the scalp and ear 
lobes. The amplitude (microvoltage) of the signal is 
averaged and charted versus time (msec), similarly to 
electroencephalography. ABR audiometry provides a 
unique method for non-invasive study of the 
pathophysiology of the human or other mammal hearing 
system. Since 1971 [3], the ABR recording method has 
been standardized and used increasingly in 
otorhinolaryngology clinics to evaluate symptoms and 
problems related to the auditory pathway. The ABR signal 
is characterized by a series of vertex positive peaks labeled 
from I to VII. The latencies of the first five peaks, which 
represent brainstem transmission time and therefore 
brainstem auditory processing, are the most important 
parameters for evaluation and diagnosis by medical experts. 
The analysis of ABRs is usually conducted manually, 
following a four-step procedure: determination of the 
responses’ presence, detection of the main peaks, estimation 
of the different latencies between I, II, III, IV, and V peaks, 
and diagnosis of the possible problem [4]. 

As described in [1], twenty eight rabbits under general 
anesthesia were radiated via a power- and frequency-
adjustable radio transmitter, which was designed and 
manufactured according to the needs of the experiment for 
GSM-900 mobile phone emission simulations, as described 
in Fig. 1. The transmitter was placed near the ear of each 
subject and the antenna was placed in the entrance of the 
external auditory bony canal, as shown in Fig. 2. ABRs 
were recorded during radiation (real time measurements) at 
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regular time intervals (at 1, 15, 30, 45, and 60 minutes), 
using the EP25-Eclipse platform (Interacoustics). 

Figure 1: The block diagram of the experimental 
procedure in [1]. 

 
Figure 2: One of the subjects anesthetized during the 
experiment [1; Fig.1b]. The needle electrodes, the inserted 
earphones and the radio transmitter in place are shown. 

3. Adaptive Neuro-Fuzzy Inference System 
The ANFIS (Adaptive Network-based Fuzzy Inference 
System), originally proposed in [5], has emerged as the 
combination of two powerful intelligent techniques: the 
artificial neural networks and the fuzzy logic approach, 
which have been adopted and tested to solve many real-
world problems in recent years. This combination of fuzzy 
logic and neural networks into adaptive network 
architecture is the main fact making ANFIS so attractive in 
our investigation. Specifically, ANFIS integrates the greater 
learning capability of neural networks with a fuzzy logic 
approach to construct a fuzzy inference system, with 
membership function (MF) parameters, which are tuned 
using a back-propagation algorithm either alone or in 
combination with a least squares method. 

Figure 3: Equivalent ANFIS architecture, of a two-input 
first-order Sugeno fuzzy model with two rules. 

As the a priori knowledge is not excluded, a better 
starting point for training the ANFIS is generally provided. 
Thus the convergence time is reduced and the results are 
improved. Since this type of neuro-fuzzy structure has 
proven to be a universal function approximator [5]-[6], we 
have decided to use it for this problem. 

3.1. General architecture of ANFIS 

ANFIS consists of two parts: the antecedent part and the 
conclusion one. They are connected to each other by rules 
in network form. The architecture of the ANFIS network 
(Surgeno fuzzy model) is shown in Fig. 3. It is structured in 
five layers, which are explained below. Additionally, the 
rule set with two fuzzy if-then rules for the above network 
is the following: 

1 1 1 1 1 1

2 2 2 2 2 2

Rule1: If is and is , then ,
Rule 2: If is and is , then .

x A y B f p x q y r
x A y B f p x q y r

 � �
 � �

 (1) 

Layer 1: Every node i in this layer is an adaptive node 
with a node function: 

� � � �
21, 1,; for =1,2, or ; for =3,4

i ii i BO x i O y iP P
�$   (2) 

where x (or y) is the input to node i and Ai (or Bi-2) is a 
linguistic associated with this node. Here the membership 
function for Ai can be any appropriate parameterized 
membership function such as the generalized bell function, 
the Gaussian function, or the sigmoid function. 

Layer 2: Every node in this layer is a fixed node labeled 
Ȇ, whose output is the product of all the incoming signals 
and represents the firing strength of a rule, or in other words 
perform the fuzzy AND function: 

� � � �1, ; =1,2
i ii i BO w x y iP P$  � . (3) 

Layer 3: Every node in this layer is a fixed node labeled 
N. The ith node calculates the ratio of the ith rule's firing 
strength to the sum of all rules' firing strengths. The output 
of this layer is called normalized fire strength: 

� �3, 1 2 ; 1,2i i iO w w w w i  �   (4) 

Layer 4: Every node i in this layer is an adaptive node 
with a node function: 

� �4, ,i i i i i i iO w f w p x q y r  � �  (5) 

where iw  is a normalized firing strength from layer 3 and 
(pi, qi, ri) is the parameter set of this node. Parameters in this 
layer are referred to as consequent parameters. 

Layer 5: The single node in this layer is a fixed node, 
which computes the overall output as the summation of all 
incoming signals: 

5,OverallOutput i i i i i i
i i i

O w f w f w
§ ·

   ¨ ¸
© ¹

¦ ¦ ¦ . (6) 

3.2. ANFIS configuration and training 

The ANFIS network used in this paper is the Sugeno-type 
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FIS structure, shown in Fig. 4, with inputs: a) the absolute 
latency of wave I, II, III, IV, or V (baseline ABR recordings 
without radiation exposure), and b) the exposure time to 
GSM-900 radiation. The output of the network is the 
absolute latency of the corresponding wave after the given 
radiation exposure time. 

Figure 4: ANFIS inputs-output block diagram. 

In the herein simulation we have followed the hybrid 
training algorithm, which combines the steepest descent and 
the least-squares methods, in order to achieve fast parameter 
identification (detailed information about this algorithm can 
be obtained from [6]). The type and number of MFs 
assigned to each input variable is chosen by the trial-and-
error procedure (similarly to the function of neural 
networks), in order to achieve a desired performance level 
[5]. During this procedure we have tried 6 different MFs, 
namely: the Gauss, the Gaussian combination (gauss2), the 
difference between two sigmoid membership functions 
(dsig), the Gbell, the Ȇ-shaped, and the product of two 
sigmoidally shaped membership functions. Based on the 
performance of each MF, we have selected either the Gauss 
MF (in order to evaluate the latencies of waves I, III, and 
IV), or the gauss2 MF (in order to evaluate the latencies of 
waves II and V) [5]-[7]. For the selected MFs, Table 1 
shows the achieved training performance. 

In order to determine the end of the training algorithm, a 
stopping criterion have to be designated. During the training 
procedure, the feedforward and reverse pass calculations are 
repeated per epoch (which is a single pass through the entire 
training set, followed by testing of the verification set), until: 
(a) the parameters are stabilized, (b) the respective error 
function is minimized, or (c) the maximum number of 
epochs is reached [5]-[8]. In this paper, the following RMS 
error function (RMSE) is used as error function: 

� �2
1

1 N

j j
j

RMSE P T
N  

 �¦ , (7) 

where Pj is the value predicted for case j; and Tj is the target 
value for the same case. In order to have perfect fit, Pj has to 
be equal to Tj and RMSE has to be equal to 0. Thus, RMSE 
ranges from 0 to infinity, with 0 corresponding to the ideal 
case. 

Table 1: ANFIS number of rules and training 
performance of the selected membership functions. 

Input Rules MF type RMSE 
Wave-I 64 Gauss 1.384×10-2 
Wave-II 49 Gauss2 6.520×10-2 
Wave-III 64 Gauss 2.347× 10-2 
Wave-IV 25 Gauss 1.125× 10-1 
Wave-V 64 Gauss2 9.494× 10-2  

4. Results 
A number of training and checking tests were performed in 
order to achieve the best performance of the ANFIS 
network. The RMSE is shown in Fig. 5, versus the number 
of the dsig MFs (composed of difference between two 
sigmoidal membership functions), used by ANFIS in order 
to evaluate the latencies of waves I-V. Obviously 8 dsig 
MFs suffice to minimize and stabilize the training RMSE. 
Moreover, Fig. 6 depicts the RMSE versus the number of 
Gauss MFs, which are used by ANFIS in order to evaluate 
the latencies of waves I-V. Apparently 9 Gauss MFs suffice 
to minimize and stabilize the training RMSE [5]-[7]. 

Figure 5: RMSE versus the number of Dsig membership 
functions used by ANFIS in order to evaluate the 
latencies of waves I-V. 

Figure 6: RMSE versus the number of Gauss membership 
functions used by ANFIS in order to evaluate the 
latencies of waves I-V. 

Thereafter, in order to evaluate the trained ANFIS 
network, we compare its output with the corresponding 
experimental data. In all cases, ANFIS reproduced exactly 
the known data, as shown in Figs. 7-8. Especially in Fig. 7, 
the ANFIS-predicted latencies for wave-III coincide with the 
experimental data for 0, 1, 15, 30, 45, and 60 minutes of 
radiation exposure (where 0 corresponds to the baseline 
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recordings without exposure), for three different subjects. 
This network, using 8 Gauss MFs to each input variable, 
was trained for 37 epochs. 

Similarly, in Fig. 8, the ANFIS-predicted wave latencies 
coincide with the corresponding ABR recordings (real 
experimental values) from a randomly selected subject. 

Figure 7: Coinciding experimental and ANFIS predicted 
values (at 1, 15, 30, 45, 60 minutes of radiation) for the 
latency of wave-III’s peak, for three different individual 
subjects. 

Figure 8: Coinciding experimental and ANFIS predicted 
values for the latencies of waves I-V, at 1, 15, 30, 45, 60 
minutes of radiation. 

5. Conclusions 
The wide and growing usage of cellular phones has raised 
questions about the possible health risks associated with RF 
electromagnetic fields. Since it is very difficult to accurately 
measure and quantify the RF exposure level for all 
individuals, it would be helpful for epidemiologists and 
cellular phone users to obtain a time estimate of specific 
radiation exposure generating health problems. In this 
context, a neuro-fuzzy system was developed to estimate 

GSM-900 radiation exposure time causing specific 
electrophysiological time-related changes in auditory 
pathway. The system was trained and evaluated, exploiting 
available experimental results in [1] for auditory brainstem 
response changes in rabbits due to mobile phone radiation 
exposure. The coincidence between the real experimental 
and the ANFIS predicted values for the ABR wave latencies 
was remarkable. Thus, we have proved not only the 
existence of short-term effects to the auditory pathway of 
subjects using mobile phones, but also the capability of 
building an automated system to detect or satisfactory 
predict the radiation exposure auditory brainstem responses. 
Such a system, providing reliable exposure assessment, 
could be very useful even though it is unsafe to extrapolate 
neurological data from non human in vivo experiments. 
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Abstract 
In this work we observe hydrolysis of acetylcholine kinetics 
in the presence of an enzyme, with a wide broadband 
dielectric spectroscopy (40Hz – 4GHz) with or without 
pulses excitations. We also follow an in vitro reaction with 
an electrical marker and can observe the consequences of 
high voltage (increasing to 1kV in around 20ns) pulses on 
this marker. 

1. Introduction 
The biochemical system studied is the hydrolysis of 

acetylcholine chloride in the presence of the enzyme 
acetylcholinesterase (AChE) specific to its degradation, 
choline chloride and acetic acid (Figure 1), in aqueous 
medium [1]. The acetylcholine is the primary 
neurotransmitter in the human body (figure 2). Roughly, the 
hydrolysis reaction occurs after the transmission of nervous 
information from one neuron to another. It allows purging 
the transmission channel of neurotransmitters who have 
accomplished their task and therefore block new entrants. 
The hydrolysis reaction can also re-form new radicals 
recovered in the synapses to synthesize new 
neurotransmitters. 

The biochemical system studied is highly ionic, by the 
nature of the compounds characterized, and by adding a 
buffer (phosphate buffer pH 7.5), necessary to stabilize the 
reaction. The ionic character of molecules studied, limits 
the extent possible conduction phenomena at low 
frequencies. The need to observe the reaction in aqueous 
solution makes it impossible to discriminate the elements 
present by measuring their dipole moment (microwave 
frequency band), the water molecules themselves being 
dipolar in nature and the large majority. We then referred to 
a study of the effects of conduction and adsorption on the 
electrodes at low frequencies to observe the evolution of the 
kinetics of the hydrolysis reaction first and then vacuum in 
the presence of pulse trains of high amplitude (nanopulses 
below 1kV). 

2. Chemical reaction & experimental set-up 
The objective is to find the thresholds of electromagnetic 
pulses to be applied to modify the behavior of the studied 
biochemical reaction. The acetylcholine is the primary 

neurotransmitter in the human body [1]. The hydrolysis 
reaction occurs after the transmission of nervous 
information from one neuron to another. It allows one hand 
to purge the transmission channel of neurotransmitters have 
completed their task and therefore blocking new entrants, 
on the other hand the radical reform of choline then 
recovered by the synapses in order to synthesize new 
neurotransmitters.  
 

 
Figure 1: Hydrolysis reaction. 

 

 
Figure 2: Simplified diagram of neural transmission 
between two neurons. 

 
The experimental device (Figure 3) [2-4], has two 
impedance analyzers (Agilent 4294A and 4291A) and a 
network analyzer (Agilent PNA-C) covering a frequency 
band 40Hz to 18GHz in APC7. The measuring chamber is a 
coaxial discontinuity gold plated cylinder (by electrolytic 
bath). The cell characterization is a discontinuity gold 
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plated coaxial cylinder (by electrolytic bath). The electrodes 
underwent a submicron polishing so as to limit the anodic 
reactions at the electrodes. These reactions could lead to 
measure a faradic current which mask electrical the 
parameters of the electrolytes. The measuring chamber is 
connected to an electromagnetic switch analyzers 
broadband. All is controlled automatically by computer 
(switching, acquisition and calculation). The direct problem 
(calculation of the admittance of the whole measuring 
chamber and liquid) is calculated by mode matching to 
present both sides of the interface coaxial measuring 
chamber (TEM modes and evanescent TM0n coaxial TM0m 
in the cylindrical guide) [5]. 
The complex permittivity is obtained by numerical solution 
of the inverse problem by approximation and minimization 
of the difference between direct calculation and 
measurement [1,3,5]. The pulses supplied by a generator 
(Kentech) of 1kV (maximum) are defined by a rise time of 
the order of 2 to 3ns.  
 

 
 

Figure 3: Instrumentation for electric and dielectric 
broad band characterization of liquids excited by high 
voltage pulses 

 

2.1. Results 

2.1.1. Validation of permittivity and conductivity 
measurements on liquids and common salts. 
Figure 4 shows the good agreement for the method for 
measuring permittivity at high frequencies of liquids 
(ethanol in this example) between measures and results of 
literature.  

 
Figure 4: Validation permittivity of ethanol (95%). 

 
Consider a charged particle and its ionic atmosphere or 
solvent molecules surrounding it. Under the effect of the 
applied field, the charged particle will move to "follow". 
The uncharged solvent molecules will not be subject to this 
effect, but their hydrogen bonds, if the solvent is water will 
move towards the charged particle moving. Thus, there is 
symmetry breaking. 
 

 
Figure 5: Example of data represented into conductivity 
Argand chart can be fitted by an adapted Cole-Cole 
model 50mM AchCl in ethanol. 

 
 
The theory describing this relaxation is called the Onsager-
Falkenhagen. It emphasizes that an electric field relaxation 
appears, partially offsetting the applied electric field. This 
theory plays an important role in modeling the conductivity 
of electrolytes in solution, which varies depending on their 
concentration. It can be shown that the more the ion 
concentration in solution is important, the more the 
interactions ion/ion are present, and the molar conductivity 
weakens. When an external electric field is applied to a 
sufficiently high frequency (beyond the relaxation frequency 
of the solvent), the ionic atmosphere is no longer able to 
keep the charged particle and the conductivity of the 
solution increases. This effect is called the Sack effect. An 
example of visualization of this effect is given in figure 5 of 
the mixture of salt Ach-Cl in ethanol. 

1
2

LF DC

Sack effect 

Rotational 
dissymmetry  
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Measured data represented into conductivity Argand chart 
(an example is given figure 5) are fitted by an adapted Cole-
Cole model like equation 1.  

 (1) 
*() = 1/(0r()*)   (2) 

 
Typically, data can be fitted with two relaxations: in the 
lower frequencies we found Surface phenomenon like CPE 
– Adsorption on electrodes, and in higher frequencies we 
found rotational dissymmetry zone (i.e. bulk or solvent 
relaxation) and then Sack effect beyond solvent relaxation. 
In the high frequency area, conductivity relaxation is equal 
to dipolar relaxation for Debye like model. 
The solvent has properties different from its solute in this 
experiment. 
Figure 6 shows the quality and validity of conductivity 
measurements on common salts (ions) solvated in water 
double distilled, for different concentrations compared with 
results extracted from the literature [6]. It also shows the 
variation of relaxation frequency of the bulk and the 
relaxation frequency of the double layer capacitance shown 
on the representation of static conductivity. Subjected to an 
electric field, each ion or molecule orientational and 
directional characteristics differ depending on its nature 
(size, charge, polar, non-polar, etc).  
 

 
Figure 6: Validation of the conductivity measurement by 
various NaCl solvated in double distilled water 
measurement.  

 

2.1.2. Products and substrates  

The observed results show a significant difference between 
the conductivity of broadband acetylcholine chloride in 
buffer pH 7.5 (figure 7) and the product of the reaction (ie, 
Choline chloride and acetic acid in the same buffer pH 7.5) 
due to the adsorption of species on the electrode (figure 8 
for the result of the hydrolysis to be compared to a measure 
of the stoichiometric mixture Choline chloride (CHCl) + 
50 mM acetic acid + buffer, figure 9). Representation is 
most relevant to show the marker reaction is the complex 
conductivity (* = j0

*) over a wide frequency band. The 
value of the static conductivity (DC) results over the nature 
of the conjugate base (here chlorine) that characterized the 

molecule. Changing in Argand diagrams is characteristic of 
the appearance of acetic acid [3]. 
 

 
Figure 7: Initial substrate (pH 7.5 buffer + 50 mM Achcl). 

 
Figure 8: Final product after 57 min reaction. 

 
Figure 9: Result for the stoichiometric mixture Choline 
chloride (CHCl) + 50 mM acetic acid + buffer. 

 

2.1.3. Founding a marker of the reaction 

To characterize the progress of the reaction, it is initially 
necessary to determine a reliable marker. As we have 
previously set out the measurement of the static conductivity 
does not reflect the evolution of the reaction as it reflects the 
majority of the chlorine ion mobility in the substrate and 
product. The deconvolution of Argand diagrams of 
conductivity extracted two phenomena, the most important 
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is the circle at higher frequencies around a few hundred kHz, 
a relaxation was attributed mainly to the phenomenon of 
double layer capacitance [3-5]. The second phenomenon, at 
lower frequencies, is mainly attributed to adsorption of 
acetic acid and acetates ions (Figures 7-9). Marking the 
progress of the reaction will emphasize the production of 
acetic acid which is the exploitable broadband impedance 
characterization. The final selected marker (which 
characterizes quite well the evolution of the reaction 
mixture) will be the value of the imaginary conductivity, '' 
at the relaxation frequency of the phenomenon of electrical 
double layer. The second relaxation phenomenon decreases 
in proportion to the amount of acetic acid. Indeed, the 
adsorption of acetic acid is dominant over the choline 
chloride ions and naturally adsorbed on the electrode. To 
validate this marker, we performed measurements of 
changes in response to different concentrations of enzyme 
(Figure 10). 

 
Figure 10: Evolution of ''(Fr2) as a function of enzyme 
concentration 

 
Conventionally, the more enzymes, the more quickly the 
reaction proceeds to the extent that it is not saturated with 
enzyme. This measure clearly shows the linear relationship 
between the amount of enzyme and reaction time. Figure 2, 
for the blue curve, the amount of enzyme is two times higher 
than for the red curve, but the conductivity value reached in 
mid-term is two times faster.  

 
Figure 11: Evolution of the marker  "(Fr2) for the 
duration of the reaction for different repetition 
frequencies of pulses trains (320V pulses). 

 
Now that we have defined a marker for monitoring response 
reliably, we are also able to characterize the evolution of the 

kinetics under continuous and pulsed alternating fields. 
The measurements for different values of repetition 
frequency of the pulse train show that the reaction appears 
to be more and more inhibited with increasing the pulse 
repetition frequency (figure 11: 320V, frequency repeat 
from 5 Hz to 100 Hz), with a rise in temperature controlled 
below 1°C. A similar characterization was performed on 
mixtures subjected to a field at 2.45 GHz without changing 
the rate of reaction (at constant temperature). 

2.2. Conclusion 

We were able to identify a marker of electrical hydrolysis 
reaction. The marker of in situ monitoring of the reaction 
allowed us to observe a noticeable effect of inhibition of the 
reaction under pulse-type nanopulses in athermal condition. 
These results show the usefulness of the proposed approach 
to observe the thermal or sub-thermal effects on biological 
systems in vitro. We also demonstrated that the application 
of a field at 2.45 GHz CW in the limit of the thermal heating 
of the solution (∆T <3 ° C) does not act as a catalyst for the 
reaction of hydrolysis in the absence of enzyme AchE, there 
is no inhibitory effect in presence of this enzyme. 
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Abstract 
Method of optical polarimetry is well known, but earlier it 
was mainly used to low scattering media. For example a 
standard sensing site for glucose quantification is the 
aqueous humor of the eye. In this paper we consider the 
possibility of measuring the glucose concentration by 
detecting polarization of the backscattered laser light. As 
object of research a human finger have been chosen. 

1. Introduction 
More than 9 million people in Russian Federation, 17 
million in the U.S. and 346 million worldwide suffer from 
diabetes. Thus, this disease is global medical problem of 
modern society. According to World Health Organization in 
2030, the number of diabetics will exceed 500 million 
people. Effective way of definition of a critical condition 
especially at people being in risk group (age over 40 years 
old, overweight) is a real-time monitoring of blood glucose 
concentration.  

Currently, there are dozens of commercially available blood 
glucometers, but for the measurement using such devices it 
is necessary to taking of a blood sample. Therefore, to avoid 
introducing infection into the body, it is necessary to strictly 
observe the rules of antiseptic. Given the fact that control of 
blood sugar levels of diabetic should carry up to 8 times a 
day, the problems associated with discomfort and the risk of 
infection becomes clear. All this leads to the fact that the 
patient tends to either limit the number of procedures, or 
avoid them altogether. The result is a deterioration in his 
condition until death. 

Thus, the development of methods of noninvasive and 
continuous (or repeated) monitoring of blood glucose 
concentration is one of the priorities of modern biomedical 
diagnostics.  

The development of coherent-optical methods for the study 
and diagnosis of biological objects makes it possible to 
create a non-invasive sensors of blood glucose 
concentration dynamics. These methods have several 
advantages: non-ionizing radiation is used for the control, 
additional chemical reagents does not require in the process 
of measurement, measurement can be conducted in a 
continuous mode, and repeated many times, the 
measurement results are displayed in real time. In addition, 

measurement procedure does not cause discomfort to the 
patient. 

2. Glucose quantification in highly scattering 
media 

In this paper polarimetric technique for detecting the 
dynamics of blood glucose concentration is considered and 
the possibility of creating a non-invasive sensor based on it 
is justified. 

2.1. Theory 

Changes in blood glucose concentration leads to a change in 
the optical characteristics of human tissues, including skin. 
It is known that glucose concentration increasing leads to a 
decrease in the scattering coefficient of tissues [1, 2], which 
is determined by the difference in refractive index of 
extracellular fluid and cell membranes. Glucose 
concentration increasing in the extracellular fluid leads to 
an increase in the refractive index, which in turn reduces the 
scattering coefficient of tissue. In addition, glucose, since 
their chirality, rotates the polarization plane of linearly 
polarized light. This property is the basis for all modern 
high-sensitivity polarimetric methods. In [3, 4] is proposed 
to carry out polarimetric measurements (in transmitted 
light) in the liquid contained in the anterior chamber of the 
eye (aqueous humor), as it has a low coefficient of scatter. 
However, this method of measurement susceptible to 
substantial errors caused by the birefringence of the cornea 
and the eye movement [5, 6]. Using human skin as an object 
of study in the polarimetric measurements was limited to a 
strong depolarization of the light passing through the skin. 
Nevertheless, substantial preservation of light polarization 
in biological tissue samples is demonstrated for the 
reflection geometry [7]. In view of the fact that part of the 
incident linearly polarized light is scattered in the opposite 
direction, and under certain conditions, preserves the 
polarization becomes possible to measure the direction of 
light polarization. The results of such measurements and 
corresponding theoretical models of the scattering of 
polarized radiation in containing glucose turbid media were 
considered in [8-10].  
Polarimetric quantification of glucose, as noted, based on 
optical rotatory dispersion, in which chiral molecules 
contained in aqueous solution rotate the plane of 
polarization of linear-polarized light passing through the 



solution. The angle of rotation is directly proportional to the 
concentration of optically active molecules, the length of 
the solution layer, and a constant of the substance, called 
the specific rotation. The resulting angle is given by 

 LCOM D ,   (1) 
where ĮȜ has the dimension [deg•dm-1•g-1•l] and represents 
the specific rotation at wavelength Ȝ, L — length of the 
sample in dm, C — concentration in g/l. Glucose in the 
human body is dextrorotatory and has a specific rotation 
52.6 for the D-sodium line with a wavelength of 589 nm. At 
physiological concentrations and the sample length of 1 cm 
angle of rotation of the polarization plane is about 0,005°. 
Propagation of light in biological tissue is complex. For 
each observation point of the scattered light at the tissue 
surface, the ensemble of effective optical paths that light 
travels from the source to this point, characterized by 
different optical paths, and the corresponding trajectories 
occupy a spatial region that has a «banana» shape. The 
cross section of such a distribution for different distances 
between the source and observation point is shown in Fig. 
1a. Here are the results of Monte Carlo simulation and 
analytical calculations of paths of photon migration in 
homogeneous semi-infinite field, carried out in [11]. Under 
certain conditions of irradiation and detection (strongly 
scattering medium with small absorption, the distance 
between the source and observation point at least three 
times greater than the mean free path of the scattering 
medium). To calculate the statistical properties of an 
ensemble of effective optical paths the diffusion 
approximation can be used. If a strong absorption (in 
particular in human skin), the form of most likely trajectory 
can be written as 
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where r — the distance between the source and observation 
point, the x — axis is directed along the surface, z — 
perpendicular to the surface, ȝa, ȝs - absorption and 
scattering coefficients, g - anisotropy factor. The maximum 
penetration depth krz 2/max

mod |  with . 2/rx  

a)  
 

b)

Figure 1: The trajectories of the photons, the results of 
simulation (a), the analytical "banana" geometry (b) 
[11]. The optical parameters of the scattering medium: 
ȝa=0,02 mm-1, ȝs=10 mm-1, g=0,85. 
 

It is known [12] that the dermis of human skin has a length 
of depolarization lp=0,43 mm (476-514 nm) and 0.46 mm 
(633 nm). Moreover, in [13] established experimentally that 
the linear polarization is maintained within 2.5 of the 
photon transport mean free path ltr. Thus, skin has ȝa=0,4 
cm-1 and ȝs'=20 cm-1, ltr=0,48 mm in red and near-IR 
radiation. Consequently, the light can propagate in the skin 
over the length of 1.2 mm, while maintaining the linear 
polarization. Thus, we can assume that the light passing 
along the considered trajectory could reach the receiver 
maintaining polarization, with the polarization vector is 
rotated by an angle corresponding to the concentration of 
glucose contained in the skin capillary bed. 

2.2. Methodology 

Since the rotation angle of the polarization vector that meets 
glucose concentration in the blood is small, it is necessary 
to have a high sensitivity polarimeter. One way to improve 
sensitivity is to use a differential set. Consider the principle 
of its operation (Fig. 2). Two light beams with intensity I0 
passes through a polarizer 1 with a transmittance T1, a 
cuvette 2 with transmittance T2 and fall to the analyzer 3 
(transmittance T3) [14]. Analyzers of the two polarized 
beams are oriented so that its plane of oscillation rotated at 
angles ± 45º relative to the plane of the polarizer, so that the 
angle between the planes of the analyzers is 90º. The 
introduction of an optically active liquid in the cuvette leads 
to the rotation of the plane of both beams, which reduces 
the intensity of the beam in one channel (eg, I'3) and 
increases in another (I3). 
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Figure 2: Optical scheme of a differential polarimeter. 

Subtracting one signal from another, we obtain the intensity 
difference ǻI = I3 - I'3, proportional to twice the value of the 
angle of polarization plane rotation. This value is defined as 

M ' 2sin0321 ITTTI .  (3) 

Equation (3) shows that the I ~ 2ĳ, therefore, considered 
two-channel differential polarimeter scheme is two times 
more sensitive then the single-channel. In addition, the 
scheme proposed here involves the use of the maximum 
slope of the transmission curve of the polarizer, not a 
traditional setting of the optical system, "the darkness", 
which should also increase the sensitivity of the optical 
sensor. 

Equation (3) also shows that the ǻI depends not only on the 
measured angle ĳ, but also on the transmission coefficient 
T2, depending on the optical properties of the liquid (the 
coefficients of T1 and T3 can be assumed to be constant). In 
order for the measured parameter was dependent only on ĳ, 
find the sum of 

032133 ITTTIII  c� � .   (4) 

Divide (3) on (4), then 

M ' � 2sin/ IIK .   (5) 

It is seen that the photoelectric signals processed in 
accordance with (3)-(5), give a signal proportional to the 
measured angle ĳ, but not dependent on T2. The latter is 
important because the transmittance of the object can be 
changed, in particular, if the point of the study is changing. 

Laboratory model of non-invasive differential glucometer 
was constructed to detect the polarization of the reflected by 
skin super-ficial layers light. The depth of the light 
penetration allows to detect the intensity of light reflected 
by the microvasculature blood at a distance of about 500 
microns from the skin surface. 

2.3. Results 

To test the possibility of non-invasive measurement of 
glucose concentration in blood full-scale experiment was 
carried out. Right index finger pad was chosen as the test 
object. It was illuminated focused beam of polarized laser 
radiation with a wavelength of 650 nm and output power of 
20 mW. The scattered radiation was detected by two 
photodiodes conjugated with the analyzers. Received 
signals further processing was carried out as described 
above. The measurements were performed before eating 
(corresponding to "-1" minute on the graph) and within 60 
minutes after oral administration of 25 g white sugar 
(corresponding to 0 minutes on the graph) for the two 
persons - relatively healthy volunteers 22 and 26 years. The 
result of this experiment is shown in Fig. 3 a. 

a)  
 

b)  

Figure 3: A rotation angle of the polarization plane of the 
probe light beam on time (a) and on the glucose concentration 
in blood (b) of the two volunteers, 1, 2 - the subjects in the age 
of 22 (1) and 26 (2) years. 
 

3. Discussion 
As is well known sucrose — a disaccharide consisting of 
two monosaccharides — Į-ȕ-glucose and fructose, and 
belongs to the so-called simple sugars that require only a 
slight digestion in the intestine, or not required at all. 
Therefore, as soon as sucrose reaches the intestine, it 
immediately enters the blood stream. Increased blood sugar 
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levels caused by the sudden entering of sugar, triggers the 
mechanism hormone insulin releasing, needed to support 
these sugars to the cells of the body. Sugar is rapidly 
consumed, leading to a sharp drop in blood sugar levels to 
the lowest mark (a condition also known as hypoglycemia 
or sweet sadness). This decrease in blood sugar causes the 
release of stress hormones that release stored sugar from the 
liver, again raising the blood sugar level. Thus, the 
introduction of sugar leads to a periodically change in the 
concentration of glucose in the blood, which can be seen in 
the above graphs in both subjects. It should also be noted 
that in general the dynamics of polarization is similar to 
both persons. 

To directly determine the glucose concentration in blood 
using the proposed method will require individual 
calibration, which was proved in an experiment, where 
standard mobile glucometer indications  were used as 
referential values (Accu Chek Active). As can be seen from 
the obtained results (Fig. 3b), the correlation coefficient 
between the concentration of glucose in the blood and the 
angle of rotation of the polarization of backscattered 
radiation varies from person to person. It is caused by 
individual features of the human skin structure. 

4. Conclusions 
So, the possibility of non-invasive detection of the glucose 
concentration dynamics in human blood by polarimetry of 
backscattered linearly polarized laser light is proved in the 
paper. 

The photons trajectories in the human skin are analyzed. 
The possibility of creation a recording system, consisting of 
the probe light channel, and two symmetrically placed 
receiver channels, is founded. On this basis, the concept of a 
glucometer based on the differential scheme is proposed 
and briefly analyzed. 

As a result, a laboratory model of a differential non-
invasive optical coherence glucometer, allowing to measure 
the dynamics of glucose concentration in the blood from the 
change of polarization of the probing laser radiation 
scattered by the skin, has been developed and created. 
Experimental studies of glucometer, which is only 
preliminary, confirm its performance and practical 
perspective. 
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Abstract
In this paper the results of Project ELU-1 are reported. The
objective of ELU-1 is to design an integrated, non-invasive,
low cost system for the monitoring of ”responses” in pa-
tients with chronic motor disabilities by exploiting a corre-
lation of different signal types, e.g., EEG, EOG, EMG and
biofeedback.

One of the main achievements of this project is the abil-
ity to provide evidence of sustained behavioral responses,
reproducible and intentional to visual, audio, tactile and ol-
factory stimuli with a low cost, portable system.

This system can be used both for diagnosis and commu-
nication support for brain injured people.

1. Introduction
Patients diagnosed as vegetative may have periods of wake-
fulness but seem to be unaware of themselves or the en-
vironment. Although functional MRI (fMRI) studies have
shown that some of these patients are consciously aware, is-
sues of expense and accessibility preclude the use of fMRI
assessment in most of these individuals [1].

We aimed to assess bedside detection of awareness
with a biofeedback signal composed by a combination of
electroencephalography (EEG) [1, 2]; Electrooculography
(EOG) [3] and Electromyography (EMG) [4] techniques in
patients in a vegetative state.

This solution relates in general to the field of brain com-
puter interface (”BCI”). More specifically, the solution
is composed by off-the-shelf biopotentials acquisition sys-
tems by which a user may control an external device with
signals produced in response to a collective manifestation
of electroencephalography, electromyography, electroocu-
lography and others.

2. Description of the ElU-1 system
ELU-1 is a software that augments off-the-shelf biopo-
tentials acquisition systems such as OCZ NIA, EMOTIC
EPOC or Mindware vy NeuroSky. These input devices,
such as the OCZ NIA, are able to produce an input signal
related to biopotentials that varies accordingly. This sig-
nal is processed by a plurality of bandpass filters at Low
(?), Mid(?) and High(?) frequencies. The output of this fil-
ters is thus related to the biopotentials. The ELU-1 software

Figure 1: Schematic Block diagram of OCZ NIA BCI de-
vice.

elaborates the filters output into control signals to control an
external device. ELU-1 integrates a method to analyzes the
filters outputs with respect to a plurality of gesture models
to detect the gestures being made by the user. Some exam-
ples of this gestures include detecting a short eyebrow lift, a
long eyebrow lift, a jaw clench, a short eyebrow drop, right
and left eye glances and multiple eye blink performed by
the user. We now show an example of how ELU-1 gener-
ates the external device control signals. Consider the elec-
trical response with respect to an eye blink measured as a
continuous analog signal.

In Figure 2, this a of three rapid, consecutive volitional
blinks creates a unique pattern of three evenly spaced small
pulses in the high frequency channel time history which
is discriminated by a simple state machine algorithm. In
this way, a control signal in response to three consecutive
eye blinks is generated and given as output. This kind of
gesture recognition has been implemented for a plurality of
gestures.

The main innovation of ELU-1 consists in its ability to
provide evidence of sustained behavioral responses, repro-
ducible and intentional to visual, audio, tactile and olfac-
tory stimuli with a low cost, portable system to detect re-
sponses of patients affected by low level neurological states
(LLNS). This has been achieved by the use of off-the-shelf
devices for data acquisition (TiA) such as the OCZ NIA for
the EEG, EMG and EOG signal and the development of the
software ELU-1 as BCI output (TiC) to elaborate and visu-
alize ”the responses” or ”decisions” taken by patients on a
screen as markers and events (TiD) modules.



Figure 2: This is the gesture of three rapid -revisited by
ELU-1.

Figure 3: ELU-1 EX Graphical User Interface.

3. Description of the ELU-1 system trials
The proposed trials were undertaken at the vegetative states
department of Centro Don Orione, Bergamo, Italy. Twenty
patients with traumatic brain injury and non-traumatic brain
injury who met the GOS/GCS/LCF/DRS and CRS-R defi-
nitions for patients with disorders of consciousness were re-
cruited. A novel 3-signal (EEG/EMG/EOG) motor imagery
task for both ocular and facial muscles has been developed
to train the proposed brain-computer interface to detect
command-following in absence of overt behavior. Patients
completed the task consisting in the execution of simple
commands such as eye coordination motions, the reminding
of strong emotions, the feeling of calm, stressed, frustrated
and meditative states and the imagination of movements of
their right-hand and toes. The command-specific responses
of EMG/EOG/EEG of each patient were analysed for robust
evidence of appropriate, consistent, and statistically reliable
markers of motor imagery, similar to those noted in healthy,
conscious control. The adopted sensors were able to give
a representation of brain wave frequencies corresponding
to stress or calm states, thus measuring emotional states in
absence of any body movement. To perform the evalua-
tion, the standard scales such as GOS/GCS/LCF/DRS and
CRS-R, have been revised. In particular, motor responses

Figure 4: Figure 1. Some examples of off-the-shelf devices
for EEG and related visualization software.

have been substituted by brain activity for patients who
were given training to control their EEG/EMG/EOG sig-
nals for the triggering of logic gates. ELU-1 can function
both in a mono-directional and bi-directional modes. In
the mono-directional mode, a computer receives signals di-
rectly from brain activity, such as EEG, EMG, EOG. In the
bi-directional mode, by combining the input channels with
one or more feedback channels to the individual, it allows
information exchange between the person and the environ-
ment, i.e., the opening or closing of a logic gate.

4. Clinical results
We assessed 15 patients diagnosed in the vegetative state,
and 5 with residual cognitive function and conscious aware-
ness. Nine (60%) of 15 patients could repeatedly and re-
liably generate appropriate EEG/EOG/EMG responses to
two distinct commands. The performed tests were able to
demonstrate the ability of patients to control the amplitude
of some brain waves exploiting them as control signals for
the activation of external devices. All the 20 patients that
took the test had language alteration at various levels: com-
prehension (¡30%), production (100%), repetition (100%),
construction of sentence (n.a). In the 75% of patients inten-
tional and sustained responses have been documented. In 3
cases it has been possible to use ELU-1 to play videogames.
In 2 cases it has been possible to use a computer for writ-
ing. In 75% of patients a good residual hearing capability
was detected, even in those cases for which negative re-
sults were reported by the evoked potentials method, 5 pa-
tients were not able to keep their eyes open. The tests have
highlighted that the use of combined signals from EEG and
EOG with audio feedback, i.e., simple ”beeps” associated
to the frequency of EOG pulses, have improved the atten-
tion/collaboration of patients.

5. Discussion
The combination of 3-signals (EEG, EOG and EMG) ex-
ploited in ELU-1 allows the design of a cheap, portable,
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widely available and objective brain computer interface.
ELU-1 can be used as portable support for communication
to allow patients with serious brain damage to communicate
in a simple and cheap way.

The outcome of this project could allow the widespread
use of this bedside technique to give individuals with com-
munication disabilities a voice and a way for a more ful-
filled, integrated and independent life.

6. Conclusions
The combination of 3-signals (EEG, EOG and EMG) ex-
ploited in ELU-1 allows the design of a cheap, portable,
widely available and objective brain computer interface.
ELU-1 can be used as portable support for communication
to allow patients with serious brain damage to communicate
in a simple and cheap way. The outcome of this project
could allow the widespread use of this bedside technique
to give individuals with communication disabilities a voice
and a way for a more fulfilled, integrated and independent
life.
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Abstract
A numerical technique, based on the combination of a
finite element method and a boundary integral method has
been developed to compute the induced signal in MRI
antennas. This signal rises from a free movement of
precession of the transverse magnetization of the sample to
explore. In our modeling, the transverse magnetization
represents the magnetic source field. Its flux embraces the
antenna to give rise to a sinusoidal current which is very
quickly attenuated in time (a few ms); it represents the
signal containing all the informations of the sample. We
here want to find the geometrical and electromagnetic
characteristics of the antennas which permit to have a
signal to noise ratio as great as possible. In our
computation, we have taken into account leading factors
such as the distance between the probe and the organ to be
explored and also the geometrical and electromagnetic
characteristics of the probe.
Keywords: MRI antennas, boundary integral method, finite
element method

1. Introduction
Magnetic resonance imaging (MRI) is a very interesting
exploration tool. Its utility on a patient is such as it gives a
spectacular development since many years. However,
detection by nuclear magnetic resonance poses a critical
problem of sensitivity because the received signal is
accompanied by interfering signals and noises of various
origins. The main sources of noises in carefully designed
MRI antenna are the internal noise of the coil itself and the
noise inductively coupled to the antenna by the sample. To
improve the signal-to-noise ratio, printed circuit antennas
made of thin metallic layers put on a dielectric substrate
are used. Our goal is to model these antennas to obtain the
electric and magnetic fields and the surface current density
on the conducting layer and, finally, the resonance
frequency. Previous works [1],[2] have studied different
models of printed circuit antennas made of thin metallic
layers put on a dielectric substrate using an integral
equation on both sides of the boundary and where the
unknowns were the electrical and magnetic fields (E,H) on
the whole boundary of the system and the surface current J
on the metallic layer. But, because of the choice of degrees
of freedom for E, H and J, Ohm’s law was weakly satisfied
and the method was not efficient for a large range of
frequencies and geometries. In this paper, we propose a
novel approach which associates a finite element method

and a boundary integral method to model these antennas.
We only consider the tangential components of the electric
field e and the magnetic field h. The jump of H over the
metal is the surface current density J which is the useful
signal to obtain the image in MRI.

2. Physical Model
Our system is made of the body to explore and of the
antenna close enough to the body surface in order to have a
maximum intensity of the electromagnetic field. The whole
is in MRI environment: a static magnetic induction B0, a
radiofrequency magnetic induction B1 and a system giving
field gradients on the three directions of space. In MRI, the
useful signal comes from the induced body magnetization
M at the time when this one returns to equilibrium with a
free precession movement of pulsation ω and a decreasing
time T2, as soon as the radio frequency magnetic field is
extinguished; it then produces into the antenna a RF
electromagnetic source field. The magnetization M of the
body to explore is given by the solution of Bloch equations
[3] and we are interested by the component Mxy which is
the projection of M on the reading plane (xoy)

� � � �

�� ���
where: � .

B01 is the amplitude of the RF magnetic induction B1 , γ is
the magnetogyric ratio,T1 and T2 are respectively the
longitudinal and transversal relaxation times,
M0 is the magnetization at the equilibrium.

Hydrogen imaging is most widespread because of
its abundance on biological texture. The magnetization of
pure water at 300 K with B01 = 1 T is about 0.00032 A/m.

Equation (2) gives the source vector potential
Asfor a continuous distribution of magnetization M
through a body with a volume v and a surface γ with its
unit outward normal vector nb[4]:

� � �
�

���

We consider that M is constant throughout the body:
� � ���

The magnetic source flux density Bs is represented by :
� � ���
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Faraday’s law relates the electric source field
intensity es to the time rate of change of Bs :

� � � � ���
Hence, the electric source field es can be written as:

� � � �
where ϕ is the scalar potential.

We can deduce the electromagnetic source field
(Es,Hs) from the transverse component Mxy of
magnetization M

�
� � ��

�
�

�
� � ��

�
� � ��

������������	
�������

and we have:

� � � ���
The electromagnetic fields generated by such a

source must have the same time dependence as the source
but can differ in phase

thus: � � �
The signal pick up from MRI antennas is directly
depending on the radiofrequency magnetic induction field
B1 by each current unity which the antenna can send in a
given space point. An expression for B1/i (or induction
coefficient) can be given on the antenna axis having an
equivalent radius a as a function of the antenna distance z
by [5]:

� � � �� �

z is a determining factor in the design of the antennas. A
very weak distance would cause the increase in the intensity
of the noise. This factor does not directly appear in the
equations which govern our physical system; it intervenes
like a variable parameter in the calculation of the field’s
source.

3 .Formulation and method
In this section, we present a FEM-BIM

formulation to model the antenna, the configuration of
which is shown in Fig.1, where  is a dielectric substrate of
permittivity ε; its boundary is Γ. A part Γm of Γ is covered
by a metallic layer (which may have slits) of small
thickness d and conductivity σ and the other part of Γ is Γd.
� is the unit outward normal vector to Γ and � is the unit
outward normal vector to γ0 tangent to Γ. The antenna is
embedded in a source field (Es,Hs) generated by a
magnetization defined in (8).

Fig.1. Illustration of the printed-circuit antenna and the
different computational regions

The system thus defined is governed by Maxwell
equations where á � �ù � :

� �� � � ��
�� � � ����

���������	
�������

3.1. Variational formulation inΩ:

Variational formulation of Maxwell equations is obtained
by respectively multiplying (10) and (11) by a test functions
e’ and h’ and integrating on domain Ω:

�
� �  � � � �  

� � �  � � ����

�
� �

� � �  � � � � �  

� � � �  � � ����

3.2. Formulation of the boundary terms:

The Stratton-Chu formulae [4] give an integral
representation of the magnetic and electrical fields (e,h).
Outside Ω, for �� Ã. In fact, we are interested by the
tangential components of the electromagnetic fields on Γ, in
order to establish a variational formulation in which they
are the unknown quantities. For this reason, we compute the
limit of the tangential component of the electric field

��� �� when � � � Ã and �� �� � Ù� using the
potential property issued from [6]. We note gradx the
gradient derived by x variable and divΓ the surface
divergence and we have:

�
� � � � �

� � � ����

and somewhat similar with h. We then obtain the tangential
trace of the electromagnetic fields e and h on the external
face of Γ, � � Ã

Γm

Γd

γ0

Ω
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�
� � � �

�

� � � � �

� � � �� � � �

� � � � ����

� �
� � � �

�
�

� � �

� � � � �� � � �

� � � � � ����

where � ��� � � ��� �� � is the Green function
in the air for the Helmoltz equation and k is the wave
number and � � � is the tangential component of h on Γ
in the air side.

We assume that the metallic layer is very much smaller
than the skin-depth so that the current is constant over the
thickness. We then adopt a surface model. The surface
current density circulating on Γm is given by Ohm’s law:

� (17)
So, boundary Γ is considered as a thin shell of thickness d.

We consider that Ã � Ã � Ã and the jump of the
tangential component of the magnetic field across Γm is the
surface current density:

� � � � Ã ����

3.3. Variational formulation of boundary terms

By respectively multiplying (15), (16) and (17) by a
tangential test fields h’, e’ and J’ defined in the same
functional space of the fields and by integrating on Γ, we
obtain:

� ��  � � �  

�
�

�

�  �

� � �  

� � �  �

� � � �  ��

� � � � �  �

� � �

� � � �  ����

� �� �  � � �  

� � � �  

� � � � �

�  �

� � � � �  

� � � ��

� � � �� �  �

�

�
�

� � � �

� � �  ����

�  � �  ����

�
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Replacing (19) and (20) in (13) and (12) and taking into
account (21) we obtained the variational problem defined
by the three equations (22), (23) and (21).

The current J must be defined in the same functional space
that e and must be discretized with the same basis functions
that e. Also, J must be defined in the same functional space
that ê��������	
������ ä��������	
������) and be discretized with the same basis functions
that ê��������	
������ ä��������	
������). It seems to be incompatible. To avoid this
problem, we have to compute e and J. For this reason we
take J as a state variable on Γm and e on Γd

4. Computational Method
To solve the variational problem we adopt a

numerical approach with finite element method. The
volume of the antenna (Ω) is meshed with tetrahedra and its
boundary Γ is meshed in a finite union of triangles which
corresponds to the faces of the tetrahedra. Fields e and h are
discretized with Whitney elements [7] where the basis
functions are the circulation of the fields along the edges.

5. Numerical results
Based on the presented FEM-BEM formulation, a

computer program was written for the analysis of the
printed-circuit antenna used in MRI. The antenna geometry
is supplied to this program in an input file that contain lists
of the nodes and their (x,y,z) coordinates, the nodes
forming each tetrahedron, the nodes on metallic boundaries,
and all information about mesh grid . We have made a first
simulation of the body with a sphere with a median induced
magnetization M0. By varying the distance between the
antenna and the sphere, we traced the arrows of the current
solution of the problem. Following figures shown mesh of
the antenna and the current on the metallic layers

We take a dielectric with radius equal to 8 cm and height
equal to 1.6mm, it is covered with two metallic layers one
on the upper face and the second one on the lower face, the
slits of the two layers being opposite. The layers are made
of copper with thickness d=35µm. Their width is 1.0 cm
and the size of the slits is 1.0 cm 0.5 mm. M0=32. 10-03
(A/m), and T2=0.1s.

To validate our computational code, we have
computed the voltage on the slits and the magnetic field on
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Fig.3. Induced signal on the metallic layers

Fig. 2. Mesh of the metallic layer of
the antenna
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the antenna for several values of the frequency. Fig.4.
shows the resonance curve from which we have calculated
the numerical resonance frequency (f0=209 MHZ) and
compare it with the experimental value obtained in our
laboratory (fexp=200 MHZ) so the two values are
comparable.

6. Conclusion
In this paper, we present a finite element–boundary

element (FEM-BIM) formulation for printed-circuit
antennas used in MRI environment. We here consider the

variation in á��������	
������ of the fields which is a multiplying
term to the Maxwell equations, so we do not need a
numerical scheme in time. From ten to one hundred MHz,
the bandwidth of the frequency resonance of biological
tissue, the induced signal is globally supported by the
surface Γof the antenna that is why a Stratton-Chu integral
formula is adopted in our computation.

The presented method gives good results in a small
CPU time. The FEM coupled with BIM is more robust than
BIM alone used in [1] and [2].The condition number of the
matrix is improved. Our computational code is valid for a
range of the frequency where MRI antennas are working
from 10 MHZ to 10 GHZ but the frequency range of the
code defined in [1] and [2] is a few MHZ.

The induced signal is characterized by a very low
intensity and a very fast attenuation.¶ This requires a
particular numerical processing.¶ The ` pseudo-period' of
Mxy is T=2   ãB0 = 3.10 -7 second for protons subjected
to a field of 0.5T. ¶The duration of ‘relaxation’ being about
5 T1, Mxy doing between 106 and 107 rotations; our work
represents a new approach in this field.

In our computation, we don’t take into account
physical phenomena, such us, inductive and capacitive
effects between antenna and the organ. These effects
accentuate when the distance is towards zero. These effects
essentially contribute in the identification of noise and can
be quantify by experimental measurements.
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Abstract
Ceroglossus suturalis beetles show iridescent coloration
produced by multiple reflections from the epicuticle of their
elytra, which is a multilayer that alternates materials of dif-
ferent optical density. By means of scanning and transmis-
sion electron microscopy techniques we obtain the signif-
icant geometrical parameters such as the number of lay-
ers and their thicknesses. We investigate the reflected re-
sponse of the Ceroglossus suturalis beetle, and apply evolu-
tion strategies to retrieve the real and imaginary parts of the
refraction index of the materials comprising the multilayer
system. We show that this kind of algorithms have a great
potential as a tool to investigate natural photonic structures.

1. Introduction
There are two main ways of achieving coloration in the bi-
ological world: pigmentary and structural. Pigmentary col-
ors have a chemical origin and are produced by the selec-
tive absorption of natural light, and structural colors have
a physical origin and are produced by the interactions of
natural light with microstructures. In general, color results
from a combination of pigmentary and structural effects
[1, 2]. Structural color is created by interference, diffraction
and scattering of light by the microstructures present in the
cover tissues of animals and plants. When iridescent colors
are produced, the hue changes with viewing angle, and the
color is very intense and highly saturated [3, 4]. Coleoptera
(the order to which the Ceroglossus suturalis belongs) are
the most colorful specimens in the animal world, and this
color originates at their surface, which is generally covered
by a cuticle. A large variety of microstructures can be found
within the cuticle of these beings, and then many color ef-
fects are produced [3, 4].

In addition to the structure, the refraction indices of the
materials involved determine the structural color in biolog-
ical structures. Therefore, a key aspect in the investigation
of such systems is the knowledge of the constitutive param-
eters of the materials that compose biological tissues [5].
Only a few works reported methods to retrieve the complex
refractive indices of such systems. For instance, an effec-
tive medium theory has been applied to a multilayer film
to determine the anisotropic index of refraction of the cu-
ticle material of the wings of butterfly Morpho Menelaus

[6]. Measurements using index-matching techniques have
been used to find the refractive index of the cuticle ma-
terial comprising the microstructure of Morpho butterfly
scales [7]. Also, the complex refractive indices of the natu-
ral multilayer reflector in the beetle Chrysochroa raja were
found by the application of a known optical characteriza-
tion technique [8]. In [9] the authors have proposed an it-
erative procedure, based on Cauchy’s and Fresnel’s equa-
tions, to retrieve the refraction index from experimental
data, and Leertouwer et al. used Jamin-Lebedeff interfer-
ence microscopy to measure the wavelength dependence of
the refractive index of butterfly wing scales and bird feath-
ers [10].

To properly analyze the reflected response and compare
experimental with theoretical results, it is necessary to ac-
curately know the values of the refractive indices of the
materials that comprise the microstructures. Besides, most
structurally colored biological systems contain absorbing
pigments [11], which implies an increase in both the real
and imaginary parts of the refraction index. Stochastic op-
timization techniques appear as very promising tools to be
applied for this purpose. Although not in the context of nat-
ural systems, some illustrative examples of the successful
use of this approach can be found in the works by Djurisic
et al. [12] and by Vial et al. [13]. The authors of these
references used stochastic methods together with a Drude-
Lorentz-like model to characterize the optical constants of
some metals.

In this paper we study the structural color generation in
Ceroglossus suturalis beetles. In particular, we investigate
the possibility of retrieving, from experimental o numerical
data, accurate values of the refraction indices of the com-
ponent materials of this natural multilayer system. For this,
we employ a bio-inspired optimization technique known as
evolution strategies. In Section 2 we show and character-
ize the sample under study. In Section 3 we outline the
approach used to retrieve the constitutive parameters of in-
terest and give the theoretical details of the methods em-
ployed. Some examples to illustrate the inversion method
proposed are shown in Section 4. In particular, results of
optimized values of the real and imaginary parts of the re-
fraction indices and the corresponding reflectance spectra
of the multilayer system are given. The performance of the
method is assessed by means of the fitness function. Fi-



Figure 1: Samples of a green and a brown specimen of
Ceroglossus suturalis beetles.

Figure 2: SEM image of a transversal cut of the cuticle of a
green Ceroglossus suturalis specimen. Inset: TEM image.

nally, concluding remarks are provided in Section 5.

2. Sample characterization
Ceroglossus suturalis beetles mostly live endemically in the
Argentinean Patagonia and in the south of Chile, in the
forest. They exhibit a characteristic iridescent coloration
that can vary between yellow-green and brown-copper, as
shown in Fig. 1. The structural arrangement that produces
color in this species is a periodicmultilayer composed of al-
ternating layers of materials with different optical density,
located in the epicuticle [14]. Scanning (SEM) and Trans-
mission (TEM) Electron Microscopy images of a transver-
sal cut of the cuticle are shown in Fig. 2, in which the peri-
odic multilayer system becomes evident. Each period com-
prises two layers of different materials. A total of 9 periods
was found in the green specimen, the layers’ thicknesses
being 100 nm and 60 nm, whereas for the brown beetle
the multilayer consists of 20 periods, and the layers’ thick-
nesses are 120 nm and 70 nm. These values were obtained
after an exhaustive study and analysis of several SEM and
TEM images using the ImageJ software [15]. The parame-
ter extraction was completed with a statistical analysis.

3. Theoretical approach
The essential idea of the inversion method proposed in this
contribution is illustrated in Fig. 3. The pink arrows in
the flux diagram show the basic steps to obtain an optical

signal from a biological sample, e.g. reflectance spectrum,
etc. On the other hand, the black arrow illustrates the im-
portant role played by the characterization of the sample
microstructure, through differentmicroscopy techniques, in
the establishement of an adecuate geometrical model. Once
this is done, a rigorous electromagnetic method (analytical
or numerical) is developed to calculate an optical signal for
different geometrical and constitutive parameters of the sys-
tem. As indicated by the blue arrow, this should lead to a
theoretical curve that in principle agrees with the experi-
mental one. The main objective in this work is to retrieve
the constitutive parameters of the system from this infor-
mation. To solve this special inverse problem, we make
use of an heuristic optimization technique coupled to the
forward electromagnetic solver that is described in the fol-
lowing paragraphs.

In the case of the Ceroglossus suturalis the iridescent
response is clearly governed by the periodic multilayer
structure present in the epicuticle. As observed in Fig.
2, the layers exhibit imperfections such as surface rough-
ness and non-uniform thickness, and their distribution is
not perfectly periodic. However, as a first approach a pe-
riodic planar multilayer model appears as a suitable model
to represent such system. A sketch of the simplified struc-
ture is shown in Fig. 4, where it can be observed that
each period comprises two layers of different refraction in-
dices and thicknesses. An electromagnetic method for one-
dimensional periodic multilayer systems based on the 4x4
transfer matrix method [16] is then used to find the solution
of the direct problem, i.e., the scattered electromagnetic re-
sponse given all the parameters of the structure. The ba-
sis of this approach is to combine Maxwell equations with
the corresponding constitutive relations to obtain a differ-
ential system for the unknown electric and magnetic field
components in each layer. For structures with traslational
invariance and assuming plane wave illumination, this sys-
tem can be reduced to a 4x4 differential system, whose un-
knowns are the tangential components of the electric and
the magnetic fields. Then, the field components are propa-
gated from one side to the other of each layer, and also the
boundary conditions at each interface are imposed. This
procedure ends with a 4x4 matrix system for the unknown
amplitudes outside the structure, i.e., transmitted and re-
flected.

3.1. Retrieving some relevant constitutive parameters:
stochastic optimization

This section is devoted to describe the inversion procedure
that we employ to retrieve some constitutive parameters of
the multilayered structure shown in Fig. 4. As stated in
the previous section, the computation of the reflected and
transmitted fields can be done in a straightforward man-
ner through the 4x4 method. Nevertheless, the relationship
between the geometrical and material features of the mi-
crostructure and the reflected/transmitted field is not a triv-
ial one. As a consequence, the establishment of an inversion
scheme directly from the forward model is a formidable
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Figure 3: Scheme of the procedure proposed to retrieve the
relevant parameters of biological microstructures.

Figure 4: Periodic multilayer system.

task itself. One way to overcome this situation is to re-
formulate the original inverse problem in terms of approxi-
mation theory. For this, we employ the functional

f(pT ) = !Iexp(!) " Ithe(!|pT )!2
2, (1)

where !!2 is the Euclidean Norm, Iexp(!) and Ithe(!|pT ),
respectively, represent the spectrum measured experimen-
tally and the spectrum generated with a previously estab-
lished analytical or numerical model. Also, the compo-
nents of the vector pT are the parameters of interest to re-
trieve. At least in principle, the minimization of the func-
tional (1) should lead, if the solution is unique, to recover
them, which in the present context are the dielectric con-
stants, real and imaginary parts, of the multilayered struc-
ture studied.

3.2. Evolution strategies

We have found in previous contributions that evolution
strategies, a variant of the so called evolutionary algorithms,
are a suitable and versatile tool for the optimizationof func-
tionals similar to (1) [17, 18]. Since there are no visible
restrictions to employ them in the present work, for the
sake of completeness we will succinctly describe their op-
erational principles in the next paragraph. For a more de-
tailed depiction, we refer the interested reader to the excel-
lent Beyer’s work [19].

The first step prior to the beginning of the optimization
process is the random generation of an ensemble of vectors
pT that will conform the initial population P !g"

µ |g=0, where
µ is the number of elements within the population and g is
the associated iteration of the algorithm. A canonical evolu-
tionary optimization algorithm is based on the application,
over a defined number of iterations, of two “genetic” opera-
tors with well defined roles. The first is the Recombination,
which explores the search space through the exchange of
information between different elements of the population.
The second operator is the Mutation, which is used to ex-
plore the search space through the introduction of random
variations in the population. The application of these ge-
netic operators over the initial population leads to the gen-
eration of a secondary population P !g"

! of ! elements. It is
at this stage of the evolutionary loop that the link between
the physics of the problem studied and the optimization al-
gorithm is established. As we stated in previous paragraphs,
in the present work this is done through the minimization of
the functional (1), which can also be interpreted as a mea-
sure of the closeness between the reflectance data and those
computed with a previously established model. Each el-
ement of the secondary population will be evaluated, and
only those elements of P !g"

! that minimize the Euclidean
norm will be retained, through some selection scheme, as
part of the population P !g+1"

µ for the next iteration of the
evolutionary loop. The procedure is repeated until a de-
fined termination criterion has been achieved. The respec-
tive sizes of the initial and the secondary populations, P !g"

µ

and P !g"
! , remain constant throughout the entire search pro-

cess.

4. Results and discussion
As a first example, we illustrate the inversion scheme pro-
posed in this work. For this, we will consider the target
spectrum depicted with a solid blue line in Fig. 5. Al-
though this information could be experimentally measured,
we generate it numerically through the 4x4 Method pre-
viously described. The incident field is assumed to be a
p- or s-polarized plane wave. Furthermore, we fixed the
dielectric constant of one layer to "1=(2.3829+ i 0.434) (
this value remained the same throughout the optimization
process), and we assumed "2= (2.8215+ i 0.1008), as re-
ported by Noyes et al. for the Buprestid beetle [8], which
presents a periodic multilayer structure similar to that of the
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Figure 5: Target reflectance spectrum and optimized spectra
obtained with different evolution strategies.
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Figure 6: Convergence behavior of the Non-Elitist strategy
(red), Elitist strategy (blue), and PSO (green).

Ceroglossus suturalis. Our goal is to retrieve this value of
"2 directly from the reflectance spectrum.

Throughout our numerical experiments we set the size
of the initial and the secondary populations to µ = 14 and
! = 100, respectively. Furthermore, we fix the number
of elements to be recombined to # = 2. The number of
generations in the evolutionary loop was set to g = 100 and
it provided the termination criterion. In this example, each
element of the population was a randomly generated value
of "2. Also, to define the search space, we set the lower and
upper bounds "10 # Re{"2}, Im{"2} # 10.

The Non-Elitist, (µ/#,! ), and the Elitist, (µ/#, +!),
evolution strategies (ES) were tested for their relative suc-
cess looking for the solution from twenty different ini-
tial states. The main difference between these selection
schemes is that the former choices the best elements only
from the mutated population. The latter, on the other hand,
selects the best elements from an intermediate population
generated from the junction of the initial and mutated pop-
ulations. Consequently, a promising element belonging to
the first initial population can survive throughout the entire
optimization process. Although this attribute of the Elitist
strategy guarantees a monotonic decrement or increment of
the fitness function, it can also make it prone to premature
convergence into a local optimum.

Some typical results are shown in Fig. 6, where the
red and blue solid curves represent the convergence behav-
ior of the Non-Elitist and the Elitist strategies, respectively.
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Figure 7: Topology of the fitness function.

The oscillating behavior is representative of the Non-Elitist
strategy and can be interpreted as a temporary deterioration
of the fitness value throughout the optimization process. In
certain situations, this feature can be advantageous to avoid
a premature convergence into a local optimum. However,
this was not the case for this example and the Non-Elitist
strategy did not converge to the target spectrum in any of the
original twenty trials. On the other hand, the Elitist strategy
converged to the target solution in fifteen trials. This result
suggests that the Elitist strategy could be the most suitable
method for this inverse problem. However, further work is
required to have concluding results. The spectra associated
to the parameters retrieved with the Elitist (blue symbols)
and the Non-Elitist (red symbols) strategies are shown in
Fig. 5, where we have used the same colors as in Fig. 6 to
facilitate the visualization. It is evident that the Non-Elitist
strategy converged to an undesired solution, i.e., to a local
optimum of the fitness function.

For the sake of completeness, we compared the results
obtained with the Elitist strategy with those of another bio-
inspired optimization technique known as Particles Swarm
Optimization (PSO). In essence, this algorithmmimicks the
collaborative behavior of a population of individuals during
their search for food [20, 21]. In order to compare the ES
and the PSO in an objectivemanner, we considered a swarm
of size µ = 114 elements. Also, we fixed the number of it-
erations of the PSO to g = 100. Under these conditions, the
Elitist strategy (µ/# + !)"ES and the PSO evaluate the fit-
ness function the same number of times. Typical results of
our numerical experiment are depicted with the solid green
curve in Fig. 6. The convergence behavior shows that the
dynamics of the (µ/# + !)"ES and the PSO are quite sim-
ilar and their respective fitness values after twenty genera-
tions are quite close. It should be mentioned that the PSO
retrieved the target parameters in the twenty trials. With
respect to Fig. 5, the green squares show that the spec-
trum generated with the parameters retrieved by the PSO
is indistinguishable from that generated with the Elitist ES.
The fact of obtaining similar results with methods of differ-
ent natures provides some confidence in our approach. A
further study employing the PSO is the subject of a future
publication.

To get more insight into the behavior of the different
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Figure 8: (a)-(d) Target reflectance spectra for different incidence angles and for both polarization modes (solid lines), and
their corresponding optimized spectra (symbols) obtained using the Non-Elitist strategy. (e)-(h) Fitness functions for a few
realizations for each one of the incidence angles considered.

optimization strategies, in Fig. 7 we show the topology of
the fitness function as a function of the real and imaginary
parts of the dielectric permittivity, for the same parameters
used in Fig. 5. Both optima are marked with diamonds
in the figure. The red one represents the desired solution
that we are looking for and where the minimum value of
the fitness function –for the permitted range of dielectric
constants– is achieved. Furthermore, this is the optimum
found by the Elitist Strategy (µ/# + !) and the PSO. The
contour lines in its vicinity are dark, and increase in value
(become yellow) as we move away from it. On the other
hand, the blue diamond corresponds to the local optimum
towhich theNon-ElitistES converged. Although the fitness
function also decreases in its vicinity, its value is not as low
as for the other optimum. During the optimization process,
the algorithm may converge to this undesired solution, and
this should be avoided.

With the following example we intend to highlight the
potential of evolution strategies to retrieve simultaneously
several unknown parameters of the system. In particular,
we applied the Non-Elitist strategy to find the dielectric
constants of both materials that comprise the natural multi-
layer system. This means that we have now four unknowns
to be found: the real and imaginary parts of both dielec-
tric permittivities. We consider the same parameters of the
structure as those of the previous example, but without fix-
ing any of the dielectric constants. Then, for this example
the search space was defined as"10 # Re{"i}, Im{"i} #
10, with i = 1, 2.

In Figs. 8 (a)-(d) we plot the target reflectance spec-

tra for different incidence angles and for both polarization
modes (solid lines), together with the corresponding op-
timized spectra (symbols) obtained using the Non-Elitist
strategy. The target curves have been calculated for "1 =
(2.3829 + i0.434) and "2 = (2.8215 + i0.1008). It can
be observed that there is an excellent agreement between
the target and the retrieved reflectance for all incidence an-
gles. In order to get more insight on the accuracy of the
retrieved solution, in Figs. 8(e)-(h) we plot the correspond-
ing fitness functions for a few realizations in each case. It
can be noticed that for 30-40 generations, all realizations
achieved the right values (we show only three examples in
each case for the sake of clarity). The preliminary results
obtained with the Elitist strategy and the PSO agree with
those showed in Figs. 8. This numerical evidence suggests
that the solution found with the three inversion schemes is
the global optimum, within the search space defined in this
contribution. Nevertheless, this work is still in progress and
at this stage we are unable to draw conclusive results.

5. Conclusions

We have proposed evolution strategies as a tool to retrieve
the relevant parameters of natural photonic structures. In
particular, we investigated the Ceroglossus suturalis beetle,
which exhibits an iridescent coloration produced by the in-
teraction of light and the multilayer structure present in its
epicuticle. We have shown examples in which the refrac-
tion indices of the materials that compose the periodic bi-
layered structure are obtained. If one of the indices is fixed,
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the Elitist strategy and the Particles Swarm Optimization
methods successfully converge to the right values of the real
and imaginary parts of the other refraction index. However,
the Non-Elitist strategy algorithm arrives to a non-desired
local optimum. On the other hand, if both refraction in-
dices are unknown, the Non-Elitist strategy converges to
the right values. There are still many improvements that
could be done within the optimization algorithms proposed,
to guarantee the convergence to the global optimum in all
cases. However, we have shown that this approach consti-
tutes a promising tool for the determination of refraction
indices of the materials involved in biological structures.
Currently, work is in progress to include, in the evolution-
ary loop, a Debye’s or a Cole-Cole model to describe the
frequency-dependent dielectric permitivitty of the layers.
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Abstract 
In this paper, we establish a model of actin filaments as 
nanobioelectronics nonlinear transmission line based on 
polyelectrolyte features of biopolymers. Each actin 
monomer is an electric element with a capacitive, inductive, 
and resistive property due to the molecular structure of the 
actin " lament. In the continuum limit and weak amplitude 
limit, the perturbed nonlinear Schrödinger equation is 
derived for the propagation of solitary ionic waves along a 
filament. From the analytical analysis and numerical 
simulations, we can conclude that actin filaments can 
function as biomolecular "electrical wires". This ability of 
actin filaments to conduct electrical signals may have 
important implications in the coupling of intracellular 
signals. 

1. Introduction 
The cytoplasm of eucaryotic cells is spatially organized by a 
network of protein filaments known as the cytoskeleton. 
This network contains three principal types of filaments: 
actin-based filaments, see Fig. 1, tubulin-based filaments 
called microtubules, and intermediate filaments. All three 
types of filaments are formed as helical assemblies of 
subunits that self-associate using a combination of end-to-
end and side-to-side protein contacts. Each actin monomer 
(globular, G- actin), see Fig. 2, has tight binding sites that 
mediate head-to-tail interactions with two other actin 
monomers, so actin monomers polymerize to form 
filaments (filamentous, F- actin), see Fig. 1. Because all the 
actin monomers are oriented in the same direction, F-actin 
have a distinct polarity and their ends (called the plus and 
minus ends) are distinguishable from one another. Here we 
are dealing with F-actin which represents polymerized two-
stranded helical chain of G-actin. We take the length of an 
actin monomer is typically l = 5.4 nm and the radius of the 
actin filament is approximately R = 2.5 nm [1].  

 
Figure 1: The sketch of F-actin helicoidally polymerized 
with discernible monomers. 

 
Figure 2: Ribbon diagram of an actin monomer [2]. 

Much of the research on F-actin systems has focused on 
their mechanical properties. However, actin filaments are 
polyelectrolytes and therefore may have electrochemical 
properties of biological significance. This phenomenon is 
further manifested by the extensive changes in electric 
dipole moment observed in actin " lament oriented by shear 
# ow and a nonlinear electro osmotic response to weak 
osmotic stress [3].  

Recently, it has been proposed that cytoskeletal 
elements including microtubules and F-actin are involved in 
facilitating the propagation of electrical signals in the cell. 
Lin and Cantiello [2] have experimentally demonstrated that 
actin filaments are good conductors of electrical signals. 
Electrical currents were observed about the surface of an F-
actin under both high and low counter ionic strength 
conditions. Counter ionic waves were highly nonlinear and 
remained long after the electrical stimulation of F-actin 
ceased.  

On the basis of such concept, we established the model 
where these cytoskeletal cylindrical polymers can be 
viewed as $coaxial cables%  having the features of nonlinear 
transmission lines (NLTLs). These lines in general could be 
sequenced in ladders of repeated identical electric 
elementary units (EEU) which possess speci" c values of 
capacity, inductivity, and resistivity. 

On the other hand, the concept of molecular 
communications has been introduced in the recent years. 
Following the bio-hybrid approach, molecular 
communication is inspired by the communication 
mechanisms that naturally occur amongst living cells, and it 
is de" ned as the transmission of information using 
molecules [4]. In molecular motor transport, a sender 
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(nanoscale component) releases information molecules, and 
molecular motors transport the information molecules along 
protein filaments to a receiver (nanoscale component) up to 
hundreds of micrometers away. We believe that a bio-
inspired molecular communication system using a network 
of cytoskeletal filaments will govern the development of 
future nanonetwork communications. 

In this paper, we explain the polyelectrolyte character of 
F-actin and develop a model based on the transmission line 
analogy with capacitive, inductive, and resistive 
components. The physical signi" cance of each of the 
components, for each section of the electrical network, will 
be described below. This way we will investigate the nature 
of nonlinear ionic waves propagating along an actin 
" lament in solutions containing counter-ions as would be 
found under realistic physiological conditions. Also, we 
numerically analyzed the pertaining voltage equation. 

2. Characterization of F-actin  
In as much actin filaments are mostly negatively charged on 
their outer surface they are true polyelectrolyte polymers. 
This is the consequence of the fact that numerous amino 
acids forming actin monomer have many negatively 
charged residues under physiological conditions. Manning 
[5] showed that highly charged cylinder-like polymers exert 
strong attraction on their counter ions so that a certain 
fraction condenses onto the polymer surface forming the so-
called ionic cloud. An important point is that, because of the 
helical structure of F-actin, the distribution of counter ions 
will be nonuniform along the polymers length [1].  

 In order to use the polyelectric theory for F-actin chain, 
we start from the so-called Bjerrum length, λB, the distance 
where the thermal # uctuations of ions are balanced by 
Coulomb interactions between their charges. For 
monovalent ions it yields 

 .
4 0

2
Tk

εε
e

B
B
=

lp
 (1) 

Here, e is the charge of an electron, ε0 the permittivity of 
vacuum, εr the relative permittivity of cytosol and kB is 
Boltzmann&s constant. At the physiological temperature T = 
310 K and taking εr = 80, it is easy to " nd from Eq. (1) that 
λB = 0.67 nm.  

Counter ion condensation occurs when the mean 
distance between intrinsic polymer charges is such that λB/β 
> 1 [6]. Each actin monomer carries an effective excess of 
11 negative charges. Assuming an average of 370 
monomers per µm, one " nds that there is approximately 
' 4e/µm. So linear charge spacing of β = 2.5×10' 10 m is 
giving λB/β ∼ 2.7 > 1. Thus the majority of counter ion 
population is predominantly constrained within the layer of 
thickness λB around F-actin " lament. 

Now we will introduce the electrical components which 
are ingredients of respective nonlinear circuit which 
simulates the conductive properties of an F-actin in 
solution. The described cloud of counter ions with thickness 
λB is wrapped around F-actin. This cloud provides both 
resistive and capacitive components for ionic currents 

con" ned in this layer resembling the role of coaxial cable in 
electrical engineering. The inductive component to the 
electrical properties of ionic waves along F-actin is due to 
its double-stranded helical structure that induces the ionic 
# ow in a solenoidal manner following the winding troughs 
of local electric potential. 

2.1. Capacitance of an electric elementary unit of F-actin 

In continuum model, F-actin as a polyelectrolyte is 
represented by a volume which is bounded by a charged 
cylindrical surface in contact with an electrolyte whose 
dielectric constant is assumed to be time invariant and 
uniform. In an earlier papers [1, 6, 7], a detailed Poisson-
Boltzmann approach was used to estimate the capacitance 
of elementary capacitance attributed to one F-actin 
monomer, see Fig. 3. Here, we adopt the same expression  
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where l = 5.4 nm is typical length of an actin monomer, and 
R = 2.5 nm is approximate radius of the actin filament. The 
permittivity, ε, is given by ε0εr, where εr is the relative 
permittivity, which we take to be that of cytosol, i.e., εr =80. 

This result is a pretty rough estimation which ignores 
the local peaks and troughs due to globular shapes of actin 
monomers. These troughs wind helically along F-actin. This 
circumstance will be taken into account by assuming that 
the charge on this capacitor varies in a nonlinear way with 
voltage much like the charge-voltage relation for a 
reversed-biased pn diode junction. Thus, for the n-th 
monomer, we suppose [8] 

 ( ),32
0 nnnn VVVCq ba +-=  (3) 

where C0 is the linear capacitance of the capacitor, and α 
and β designate the nonlinear coef" cients of the capacitor. 

 
Figure 3: The rough shape of cylindrical capacitor with 
characteristic dimensions. 

2.2. Inductance of an electric elementary unit of F-actin 

In F-actin the monomers are arranged in head to head order 
to form actin dimers resulting in alternating distribution of 
electric dipole moments along the length of the " lament, see 
Fig. 4. This fact, together with the winding troughs, would 
be the reason that F-actin may be thought of as a 
$solenoid% . This solenoid # ow geometry leads to an 



3 
 

equivalent electrical element possessing self-inductance. 
Thus, we may roughly estimate an effective inductance for 
the length of one monomer in solution by [1] 

 H,107.1 12
2

-¥==
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where A = ض×(R+λB)2 is the cross-sectional area of the 
effective coil, and l is the length of the F-actin. N is the total 
number of effective turns of the coil, in this case it is the 
number of windings of the helical distribution of ions 
around the " lament. 

 
Figure 4: Schematic shape of F-actin monomers with 
pertaining dipole moment and winding current. 

2.3. Resistance of an electric elementary unit of F-actin  

The current trough layer of ionic cloud about F-actin can be 
divided into two components, longitudinal and transversal 
[7]. If we suppose that the connectivity of ionic cloud is 
homogenous, then the expression for longitudinal resistivity 
along one monomer reads: 

 .2     ; 1
1

1 BRA
A
lR lpr ==  (5) 

While the transversal component is: 

 .2      ; 2
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These resistors are shown in Fig. 5. Due to lack of 
experimental evidences, we adopt the theoretical estimated 
conductivity of solution with counter ions in cytosol [1]. 
Using the values of conductivity, σ = 1.21 (دد m)-1, and 
parameters as before, we get: 

  .103   and   ,102 6
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Figure 5: The representation of two elementary resistors, 
transversal and longitudinal. 

3. Model of F-actin as nonlinear electrical 
transmission line 

On the basis of already estimated components of electric 
elementary units, actin monomer, we are now able to 
establish a corresponding electrical model. A typical section 
scheme is shown in Fig. 6.  

 

Figure 6: Schematic representation of the nonlinear 
transmission line for ion propagation along F-actin. 

We expect a potential difference between the F-actin 
charged surface with condensed counterions and ions laying 
along $coaxial%  cylinder at one Bjerrum length away. These 
$Bjerrum ions%  are responsible for time dependant current 
which makes the inductance, L. In series with L should be 
inserted resistive component, R1, see Fig. 6. In parallel to 
these components, there exists a resistance, which we 
denote R2, acting between the Bjerrum ions and the surface 
of the " lament. In series with this resistance, we have a 
nonlinear voltage-dependent capacitance, C(Vn). 

By applying the Kirchhoff current law at node n whose 
voltage with respect to the ground is vn, and applying the 
Kirchhoff voltage law across the two inductors connected to 
this node, we obtain: 

 ,1 dt
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ii n
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Similarly, if the voltage across the capacitor is Vb+Vn, where 
Vb is the bias voltage of the capacitor, we have: 

 .)( 12 nbnnn VViiRv ++-= -  (10) 

From Eq. (9) we have: 
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From (8) we have 
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and including Eqs. (11) in Eq. (12), we get: 
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Replacing the expressions for the voltages vn–1, vn and vn+1 
from Eq. (10) to Eq. (13), we obtain that voltages of the 
adjacent nodes on this lossy NLTL are related via partial 
differential equation as follows 
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Applying the reductive perturbation method [9], we 
expand each Fourier component of Vn(t) in a power series in 
the small quantity شش, 
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where c.c. stand for complex conjugate. Here 

 ( ) شش,     شش,     , 2 tknttvn g wqtx -==-=  (16) 

where vg is the group velocity. The resistances are rescaled 
to 

شش,     شش.  2
2
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A Taylor expansion allows us to write 
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After substituting Eqs. (15) and (18) into Eq. (14) and 
using Eqs. (16) and (17), we can transform Eq. (14) into a 
chain of equations in different orders of the small parameter 
 also with the aid of the) 3شش and we can obtain at order ,شش
results of order شش), and for l = 1, the following equation: 

 ( ) ( ) ,i2
2

2
VVVQVP

t
Vi G-=+




+

 w

x
w  (19) 

where the values of the coef" cients are 
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with ωc= 2(LC0)-1/2 being the cutoff angular frequency. In 
addition, P(ω), Q(ω) and Γ are the coefficients of dispersion, 
nonlinearity and dissipation, respectively. The 
corresponding linear dispersion law of the elementary 
solution is given by 
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Thus, propagation the time-space voltage of ionic pulses 
along actin filaments can be described with a lossy 
nonlinear Schrödinger (NLS) equation (19).  

With the dissipation disregarded, ةة =0, Eq. (19) reduces 
to the standard NLS equation, which possess in" nitely 
many symmetries and conservation laws such as the total 
pulse intensity and total energy. A well-known soliton 
solution of the standard NLS equation is of the form [10] 
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where A is real constant. When ةة , 0, the perturbed term iةة V 
is considered as the loss for ةة >0. Consequently, the 
conservation quantities always change, say, the total pulse 
intensity satis" es the following equation: 

 ,2 I
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here, we take ةة >0. It implies that the amplitude and width 
of the pulse will be changed due to the perturbed term. As 
far as we know, there are two different views on the decay 
rate of soliton amplitude. One holds that the amplitude of 
the bright soliton of Eq. (22) will decay exponentially as 
e(−2ةة t) [11, 12]: 
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Here we mention one of possible numerical solutions of 
Eq. (19) for the speci" c set of the values of estimated 
resistive components of the EEU. Fig. 7 depicts the 
evolution of intensity pro" les |V|2 of the solution of 
perturbed NLS equation. Under the action of perturbation of 
iةة V, the amplitude and energy of soliton decay with time t 
exponentially. For larger ةة  values, both of them decay 
faster. And the phases of soliton are also changed by 
perturbation. 

Numerical solution is apparent that localized solitonic 
pulse-like wave propagates with decreasing amplitude along 
distances of hundreds EEUs with constant velocity. This 
velocity can be estimated from Fig. 7 as follows: 
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The range of this soliton-like waves is 300×l = 300×5.4 
nm = 1.62 µm which is of the order of cell&s diameter. 

 
Figure 7: One of possible numerical solutions of pertaining 
voltage equation for the speci" c set of the values of 
estimated resistive components. 

4. Conclusions 
Strongly reliant on the polyelectrolyte concept, we 
elaborated a new model for ionic waves along actin 
" laments in cell. The background for the model is the 
molecular structure and geometry of F-actin and its 
interaction with solvent ions. In that context, F-actin 
" lament surrounded by ions from cytosol is considered as 
an nonlinear electrical transmission line with R, L and C 
elements estimated on the basis of available experimental 
data and known geometry. The important feature of 
nonlinearity of F-actin capacitance was arisen naturally 
from rough landscape of its surface.  

In the continuum limit and weak amplitude limit, the 
perturbed nonlinear Schrödinger equation is derived for the 
propagation of solitary ionic waves along F-actin. Our 
numerical solution of pertaining voltage equation has the 
shape of soliton-like pulse, which progresses with an almost 
constant velocity and only a decay of its initial amplitude. 
The velocity of propagation of soliton localized pulses was 
estimated to be several m/s, which are very reasonable 
values. It depends on the characteristic properties of the 
electrical circuit model.  

We believe that these " ndings may have important 
consequences for our understanding of the signaling and 
ionic transport at intracellular level. 
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Abstract: 
The objectives of the present study are to investigate the effects of radiation emitted from 
mobile-phone base–stations on plants growth by using fluorescence emission spectra. 
Five plants: Dura“Sorghum bicolor”, Sunflower “Helianthus annuus”, Roselle "Hibiscus 
sabdariffa”, Maize “Zea mays” and Aubergine “Solanum americanum” were selected for 
this experiment. The plants were grown under three levels of irradiation i.e. 0.08 
mW/cm2 and 0.16 mW/cm2, while the control was set free of radiation exposure. The 
chlorophyll fluorescence emission of the intact leaf was measured using a blue LED 
which emits 450 nm and recorded via USB2000 spectrophotometer from Ocean Optics 
Company (USA). Spectroscopic parameters calculated are the P. I. R and A. R The 
vegetative growth parameters of plants were monitored: height and width of leaf, fresh 
and dry weights,. The data obtained revealed that increase in radiation intensity is 
associated with poor growth parameters in all studied plants. The response of each plant 
depends on its tolerance to the increase of RF/MW radiation. All growth parameters 
revealed signs of damage on leaves of the exposed plants.  
 
Key words: Base-station, RF/MW,   Plants, LED, P. I. R and A. R. 
 
Introduction: 
There is considerable evidence which proves, beyond reasonable doubt, that microwave 
radiation from mobile phones and wireless telecommunications cause a significantly 
increased risk on biological systems of both humans and plants e.g. brains, genes and 
plants’ growth stress [1, 2 and 3]. Plant tissues absorb the energy of the electromagnetic 
radiation in the visible region by the photosynthetic pigments. This energy is used for the 
photosynthetic processes [4, 5]. The liberalization and privatization of the 
telecommunication sector, policies,  regulations and plans adopted by the Government of 
the Sudan have created a capital–attracting, pro-competitive policy environment that have 
fostered the build–up of a modern, fully–digital infrastructure in the country and 
furnished a climate suited to enhance ICTs development nationwide. Accordingly, the 
number of mobile subscribers in Sudan has increased dramatically in the last decades 
from only 292 users in 1998 to 17784190 users in 2010 [6]. There are thousands of 
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mobile-phone base-stations installed all over the country. Since wireless communication 
uses radiofrequency (RF) and microwave (MW) electromagnetic fields, exposure to these 
fields result if not controlled by safety protocols, in environmental contamination and 
health hazards. Chlorophyll a (Chl a) induced-fluorescence emission from intact leaves is 
a well known technique for the study of plants classification, growth, stress …etc. The 
objectives of the present study are to investigate the effects of radiation emitted from 
mobile-phone base–stations on plants growth by using LED (450nm) on five 
conventional plants grown in Sudan i.e. Dura, Sunflower, Roselle, Maize and Aubergine. 
 
Materials and Methods: 

Tested plants 

Dura is cultivated in Sudan for it constitutes the main staple food and also used for 
livestock feed. For food use, the grain may be roughly ground and as a mush or porridge, 
or made into flour. The grain is also a source of native beers, particularly in Africa.  [7] . 
Sunflower is an annual plant native to the Americas. The plant is grown in Sudan for its 
oil (a widespread cooking ingredient) and as an ornamental plant [8]. Maize known as 
corn in some countries is a cereal grain domesticated in Mesoamerica and from there it 
spread to the rest of the world [9].  Maize in Sudan is currently a secondary crop, 
although it is used as a food staple in some parts of the southern states. But the 
government is trying to encourage expanded, larger-scale production to capture export 
markets [10]. Rossele is an important commercial kenaf species grown for its calyx 
(herbal tea), pigments, fibres and oil. Its fibres were reported to be superior to that of jute 
and its seeds’ oil content are similar to kaok and cotton seeds [11]. Egg plant Aubergine  
is a delicate perennial plant  often cultivated as an annual for its fleshy and meaty texture, 
fruit. The plant is native to the Indian subcontinent .[12 and 13].  The plant is a popular 
salad ingredient in the Sudanese meals.  

Thirty seeds of each of the five tested plants were sown in three pots (i.e. 10 seeds/pot) 
that were filled with a mixture heavy clay soil and sand (mixed with equal ratios) to about 
10 cm from the top. The clay soil was brought from the Blue Nile Bank near Khartoum 
and mixed with dry plants leaves as an organic–fertilizer. The average diameter of the 
pots is about 26 cm. After successful germination and establishment, the seedlings were 
thinned to leave the best three healthy seedlings in each pot.  Three sets were grown for 
each plant species: at 0.16 mW/cm2; at 0.08 mW/cm2 and the control which was 
completely isolated. The plants were irrigated daily at six o’clock pm till the flowering of 
the plants. The following parameters were measured: germination, height of plants, width 
of leaves, fresh and dry weights of plants, % dry weight. 
RF/MW radiation exposure 
A mobile phone base-station installed on the roof of the Faculty of Science building was 
used as a source of radiation in this experiment As a precautionary measure, the Expert 
Group on Health Effects of Electromagnetic Fields [14] recommended that power lines 
and power installations should be sited away from heavily populated areas to keep 
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exposures to people low. This base station belongs to Zain, Sudan Telecommunication 
Company and emits RF/MW radiation frequency between 800 and 900 MHz. The power 
density varies due to distance from base of the tower. The power density was measured 
using a RF-strength metre, Alpha Inc. No. 9912-00 b, USA. 
 
Spectroscopic Measurements    
Spectroscopy measurements of chlorophyll fluorescence of plant material were 
performed by irradiating the leaves with a blue light emitting diode (LED) operating at a 
wavelength of 450 nm, and output power 60µW. Plant leaf was placed a distance between 
source of excitation and a fiber optic which was connected to a high-resolution Ocean 
Optic spectrometer. A compact software controlled spectrometer (USB 2000/origin lab 
Dunedin, USA/Northampton, USA) was used for recording the fluorescence signal 
emitted by the plants intact leaf. The resolution of the spectrometer was 1.34 nm FWHM, 
and its detector covers the wavelength range from 350-1100 nm. The whole setup was 
coupled to laptop computer; and the recorded data were then analyzed using ORIGIN 6.1 
computer program. The software uses an algorithm curve fitting with a combination of 
Gaussian spectral functions to analyze the spectra. Spectroscopic parameters calculated 
after the Guassian fit of the curve were the peak fluorescence intensity and peak 
wavelength for PSII and PSI complexes i.e. IF(685) and IF(734) respectively, the peak 
intensity ratio P.I.R. and area A.R. The latter two parameters when plotted versus time 
provide information about the plant growth. The measurements of the fluorescence 
started at the middle of the third week after sowing, and were taken from different leaves 
in each pot. Fluorescence signals from intact leaves of the tested plants were recorded 
daily, and averaged per week. 
 
Results Analysis and Discussion 
Spectroscopic data 
Fluorescence data obtained are summarized in Fig. (1a-e), which shows the fluorescence 

spectra together with P.I.R and A.R for each type of plants.   
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Fig. (1-a):  Dura: (A). Fluoresce spectra (B). A. R and (C). P. I.R 

 
  

 
 
 
 
 
 
 
 
 
 

  
 
 
 
 
 

Fig. (1-b): Sunflower 
 
 
 
 
 
 
 
 



5 
 

660 680 700 720 740 760 780 800 820 840
0

1000

2000

3000

4000

734nm

658nm

in
te

ni
st

y(
a-

u)

wavelngth(nm)

control
 0.08mW/cm2

 0.16mW/cm2

W1 W2 W3 W4
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

P.
I.R

weeks

 control
 0.08mW/cm2

 0.16mW/cm2

W1 W2 W3 W4
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

A.
R

weeks

 control
 0.08mW/cm2

 0.16mW/cm2

A
B

C

               Control   

               0.08 mW/cm2 

               0.16 mW/cm2 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

660 680 700 720 740 760 780 800 820 840
0

1000

2000

3000

4000

734nm

685nm

in
te

ni
st

y(
a-

u)

wavelength(nm)

 control
 0.08mW/cm2

 0.16mW/cm2

W1 W2 W3 W4
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

P.
I.R

weeks

 control
 0.08mW/cm2

0.16mW/cm2

W1 W2 W3 W4
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

A.
R

weeks

 control
 0.08mW/cm2

0.16.mW/cm2B

C

A
               Control   

               0.08 mW/cm2 

               0.16 mW/cm2 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. (1-c): Maize 
 
 
 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

Fig. (1-d): Roselle 
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Fig. (1-e):  Aubergine  
 
 

 
From spectra shown in Fig.(1:a-e), the highest fluorescence intensity was recorded by the 
control plants, followed by the group exposed to 0.08 mW/cm2 and 0.16 mW/cm2 
respectively. Since the fluorescence intensity is proportional to the number of fluorescing 
molecules, then the amount of chlorophyll content of plants under free radiation exposure 
is higher than that of the exposed plants. Similar results were obtained by [15 and 16] 
working with gamma irradiation on chickpea and cotton respectively. In addition, the 
values of P.I.R and A.R. were lower for the control group of plants compared to those 
exposed to 0.08mW/cm2 and 0.16 mW/cm2 respectively. According to [4], lower values 
of these parameters is an indication to higher chlorophyll content in plant leaves. 
Generally the maximum peak wavelengths of intact leaves center around 685 and 734 nm 
respectively, but slight deviations from these values occur depending on the internal leaf 
structure of each plant.  The P. I. R and A. R parameters measured followed a linear 
relation with time for all tested plants, which indicates regularity of the changing effects. 
 
Vegetative data 
 
Germination response to RF/MW radiation 
 
 Seed germination of all tested plants began two days after sowing and by 14 day, it was 
completed (see Table (1)). The results indicated that the seeds of the five plants 
germinated best in the absence of RF/MW while exposure delays germination for all 
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tested plants. These results are in conformity with [17].  Other authors e.g. [18, 19], have 
shown that microwave radiation either promotes or has no effect on germination and 
plant growth.  
 Table (1). Germination percentage of the five tested plants (rSD) 
 
Plant Germination (%) 

Control 0.08 mW/cm2   0.16 mW/cm2 
 Day2 Day7 Day14 Day2 Day7 Day14 Day2 Day7 Day14 

Dura 85rrrr������������ 100rrrr������������ - 75rrrr������������ 80rrrr������������ 98rrrr������������ 60rrrr������������ 80rrrr������������ 100rrrr������������ 

Sunflower 90rrrr������������ 100rrrr������������ - 70rrrr������������ 85rrrr������������ 95rrrr������������ 50rrrr������������ 75rrrr������������ 98rrrr������������ 

Maize 90rrrr������������ 100rrrr������������ - 80rrrr������������ 85rrrr������������ 97rrrr������������ 70rrrr������������ 89rrrr������������ 100rrrr������������ 

Roselle 88rrrr������������ 100rrrr������������ - 60rrrr������������ 80rrrr������������ 90rrrr������������ 55rrrr������������ 85rrrr������������ 98rrrr������������ 

Aubergine 85rrrr������������ 98rrrr������������ - 55rrrr������������ 90rrrr������������ 98rrrr������������ 65rrrr������������ 90rrrr������������ 99rrrr������������ 

 
 

 

Fig  (2). Effect of MW/FR on height of plants.                      Fig  (3) Effect of MW/FR on width of leaves  

 (P1: Dura, P2: Sunflower, P3: Maize,  P4:Roselle, P5: Aubergine). 

        
Fig. (2) Showed that microwave negatively affects the height of the five tested plants i.e. 
stunted dwarf growth was associated with high microwave strength. The control scored 
the maximum height followed by 0.08 mW/cm2  and at 0.16 mW/cm2, respectively. 
Similar results were obtained for the width of the plants (Fig. 3). 
 

 
 
 
 
 

 
 



8 
 

p1 p2 p3 p4 p5
0

1

2

3

4

5

dr
y 

wt
(%

)

plant

 control
 0.08mW/cm2

 0.16mW/cm2

 
 
 
 
 
 
 
 

 
 

 
                                      Fig. (4): Ratio of fresh to dry weights for all tested plants  
 
Symptoms of growth damage such as leaf necrosis, leaf tip burn, and leaf folding were 
evident on plants grown at 0.08 mW/cm2 and at 0.16 mW/cm2. The extent of damage 
depends on the level of radiation exposure. These observations were in agreement with 
[20] who reported that microwave radiations caused burns along the vascular system of 
maize seedlings and damage the photosynthetic system. The five plants grown at 0.16 
mW/cm2 radiation were more susceptible to be attacked by insects e.g. Aphids, 
destructive insects that feed on plants cell sap [21], and aubergine exposed to the highest 
radiation dose was infected by tomato leaf curl virus (TLCV), a virus associated with the 
Family Solanaceae and causes much damage to the crops [22].  
 
Conclusions 
Spectroscopic and vegetative measurements were found to be consistent with each other 
for all experimented plants.   Signs of damage were evident on plants exposed to RF/MW 
radiation. These effects include delay germination; dwarf stunted plants, decreasing 
length and width of leaves and fresh and dry weights, acceleration of flowering in some 
of tested plants and weakening of the plants’ immune systems. Installation of base-
stations should consider safety regulations that insure minimal risk to plants, animals and 
humans.  Further studies on the effects of RF/MW radiation on plants in correlation with 
intensity levels and exposure time are proposed.     
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Abstract
We consider a composite material comprising periodically
distributed metallic spheres in a dielectric host matrix. We
investigate the capabilities of the effective non-retarded
method (ENR) to reproduce the reflectance/transmittance
of an inhomogeneous slab made of such a material. First,
the effective dielectric function of the composite medium
is obtained using the ENR approach, and it is intro-
duced into the Fresnel coefficients to calculate the re-
flectance/transmittance of the slab. This response is com-
pared with that obtained with the Korringa-Kohn-Rostoker
(KKR) wave calculation method for various thicknesses
and for different filling fractions. Within this framework,
we calculate the electromagnetic response of a slab of a
given thickness for different values of the lattice constant.
As this value decreases, the KKR results approach those
given by effective medium theories, as is to expect because
in this case the long wavelength condition is better fulfilled.

1. Introduction
Research on metamaterial structures undergoes continuous
progress due to their unique electromagnetic behavior and
the associated application potential [1]. With constant ad-
vances in design and fabrication capabilities, metamate-
rial development appears to be restricted by the properties
of naturally available materials used to build metamaterial
structures. An interesting route to obtain materials with
tailorable dielectric function is the use of metal-dielectric
mixtures. Effective medium theories describe the effective
dielectric function of such complex systems through the di-
electric function of the components and a limited number
of parameters, usually the filling fraction of the components
only [2, 3]. Therefore, these theories can provide just an ap-
proximate description of the effective behavior of complex
mixtures and it is questionable to what extent real metal-
dielectric composites can be described by simple mixing
formulae. For many applications, a more advanced descrip-
tion is necessary for a correct prediction of the observed
effective dielectric function.

The effective non-retarded method (ENR) is based on

Haydock’s recursive scheme [4], which permits to obtain
the frequency-dependent complex macroscopic dielectric
response of 2D and 3D periodic metamaterials in the long
wavelength limit. This method allows calculations for 3D
structures with arbitrary geometry, such as interpenetrated
inclusions made out of dispersive and dissipative compo-
nents. The details of the procedure to obtain the total
macroscopic dielectric response have been recently pub-
lished in [5, 6]. The method is based on the use of the long
wavelength approximation within the recursive Haydock’s
method [4], to find a tridiagonal representation of a char-
acteristic function, from which the macroscopic dielectric
function of the composite material can be obtained. Since
the coefficients that appear in the tridiagonal representation
only depend on the geometry and not on the material, once
they are obtained for a particular geometry of the scatter-
ers they can be used for different types of materials, saving
computation time.

When the interparticle distance and (or) the size of the
particles become(s) comparable to the wavelength of the
incident radiation, a more accurate description of the elec-
tromagnetic response is required. Among the methods sug-
gested for the calculation of the transmission/reflection co-
efficient of composite periodic structures made of spheres,
the so-called on-shell methods appear to be numerically ef-
ficient. In the KKR method the electromagnetic interac-
tions between the scatterers arranged in the periodic lat-
tice are calculated by means of the layer-multiple-scattering
method for spherical scatterers [7, 8, 9]. In this method,
the composite medium is first divided into layers paral-
lel to a given crystallographic plane, each layer contain-
ing a two dimensional lattice of identical spheres. Next,
a multipole expansion in spherical waves is used to cal-
culate the multiple scattering between spheres in a given
layer. Finally, a plane-wave expansion is used to account
for the multiple scattering between layers. The computer
program MULTEM [8, 9] is the numerical implementation
of the vector KKR method and allows the calculation of
frequency bands of the infinite crystal and of the transmis-
sion/reflection coefficient of light incident on a slab of the
composite medium. Recently, simulated reflectance spec-



tra calculated by means of the vector KKR method in high
order band frequencies, have shown a clear correlation be-
tween theoretical and experimental results [10, 11, 12].

In this work we explore the dependence of the elec-
tromagnetic response of a 3D metal-dielectric composite
slab on the relevant parameters of the material, and com-
pare the results obtained by the ENR approximation and
the KKR method. First, in section 2, we use the ENR
approach to estimate the macroscopic dielectric response
of a medium comprising a simple cubic lattice of metallic
spheres in a dielectric host. In section 3 we consider a slab
made of such a material and calculate the reflectance and
transmittance using the Fresnel coefficients for normal inci-
dence. We compare the results with those obtained with the
KKR method and with the classical effective medium the-
ory (MG). The response of the complex system is analyzed
for different filling fractions, starting from the very diluted
case with very small spheres, up to the case of almost touch-
ing spheres. We analyze the potential and limitations of
each method to describe the electromagnetic response of
the inhomogeneous slab. Finally, concluding remarks are
provided in section 4.

2. Optical resonances of the macroscopic
dielectric function

The system comprises a periodic arrangement of metallic
spheres of radius r located at the centers of cubic unitary
cells with lattice parameter L. The spheres are embedded in
a dielectric host material with permittivity !host. A scheme
of the composite material is shown in Fig. 1. To model the
permittivity of the spheres !sph as a function of frequency
we use the well known Drude formula

!sph(") = 1 !
"2

p

"2 + i " !
, (1)

where "p is the plasma frequency, ! accounts for the losses
due to the absorption in the material and i is the imaginary
unit. An important parameter that characterizes the com-
posite medium is the filling fraction (f), which is the frac-
tion of volume in a unit cell that is occupied by spheres. For
a structure of spheres arranged in a simple cubic lattice f
is given by (4/3) # (r/L)3. Then, the filling fraction is low
for dilute systems of spheres and increases as the structure
becomes denser. For the limiting case of nearly touching
spheres in a simple cubic lattice, f reaches the maximum
value of 0.52, approximately.

Effective medium theories such as ENR and Maxwell-
Garnett approximation (MG) describe the effective dielec-
tric function of the composite medium (!M ) in terms of the
dielectric function of the components and the filling frac-
tion of the structure.

As mentioned above, the ENR method allows calcula-
tions for particles of arbitrary geometry. To discretize the
structure, the method considers a cubic unit cell of side
L with 2M + 1 points per side. When the discretization
procedure is applied to particles with curved surfaces such

L r�sphL
�host

sph

Figure 1: Scheme of the composite medium: a simple cu-
bic structure of metallic spheres with permittivity !sph im-
mersed in a dielectric host medium with permittivity !host.
The cubic unit cell of side L is shown.

as spheres, their surfaces exhibit a roughness which soft-
ens as M is increased. Therefore, the method is especially
suitable for treating particles with a planar geometry, such
as cubes or parallelepipeds. The roughness can produce
modes that appear as small fluctuations in the electromag-
netic response, and therefore the minimum value ofM nec-
essary to describe adequately the system geometry must be
found in each example.

To investigate the features of the macroscopic dielec-
tric function calculated with ENR and MG approaches, we
show in Figure 2 its real and imaginary part versus the nor-
malized frequency. For the numerical simulations, we con-
sider silver spheres at optical frequencies and use ! ! = 0.03
eV and ! "p = 8.5 eV in equation (1). Two different val-
ues of r/L are investigated: 0.22 (Figure 2 (a)) and 0.38
(Figure 2 (b)), which correspond to filling fractions 0.045
and 0.23, respectively. The host medium is titanium diox-
ide with !host = 7.84. For the simulations with the ENR
method we have usedM = 120.

If the particles are small (dilute system, r/L = 0.22, f
= 0.045), the system behaves as a dielectric system at low
frequency. The curve of Im {!M} exhibits a peak close to
2 eV due to the excitation of a dipole resonance which oc-
curs for " " "p/(1 + 2 !host)1/2. The results obtained
using both approaches are similar, although it is noted that
the peak in Im {!M} for the ENR method is slightly wider
than that predicted by the MG approximation. In the limit-
ing case of a single sphere system (r/L # 0), the relation
!sph = !2 !host is verified at the dipole resonance [13, 14].

When the filling fraction increases to 0.23, the dipole
resonance shifts to lower frequencies and appears at 1.71
eV, approximately. Also, Im {!M} presents another peak
associated to a multipole resonance at 2.5 eV. In both cases,
as expected, Re{!M} and Im {!M} verify the Kramers-
Kroning relationship.

It should be noted that the MG approach predicts only
the dipolar interaction between the scatterers, and there-
fore it is suitable for treating dilute systems of spheres. For
denser systems, interactions of higher multipole order have
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Figure 2: Imaginary and real parts of the macroscopic di-
electric function !M as functions of the normalized fre-
quency for a simple cubic lattice of silver particles in a di-
electric host medium with !host = 7.84. (a) f = 0.045 and
(b) f = 0.23. The dotted line corresponds to the macro-
scopic dielectric function obtained by the Maxwell-Garnett
approach.

a significant impact on the optical properties of thin films of
nanomaterials and therefore solutions obtained with more
sophisticated theoretical formalisms are required. In the
following section we analyze the electromagnetic response
of a slab made of a composite material.

3. Optical properties of thin films of
nanomaterials

We consider normal incidence on free standing films of
thickness 360 nm made of the same composite systems an-
alyzed in the previous figure. In Figure 3 we show the re-
flectance (Fig. 3(a), (b) and (c)) and transmittance (Fig.
3(d), (e) and (f)) for different values of the filling frac-
tion, f = 0.045, 0.151 and 0.23, respectively. We present

curves obtained with three different approaches: the KKR
method, the ENR method and the MG approximation. For
the KKR simulations, we construct the slab with 32 lay-
ers of spheres separated a distance L = 11.25 nm. It can
be observed that the curves corresponding to the ENR ap-
proach present small fluctuations in the resonance region
due to the modes associated with the surface roughness of
the particles, which, as explained before, results from the
discretization of the spheres in the numerical implementa-
tion. Despite these fluctuations, the method describes very
well the optical properties of the film. For all values of the
filling fraction considered, the curves exhibit oscillations
due to the Fabry-Perot interference in the region of low fre-
quencies. On the other hand, due to the excitation of the
dipole resonance, in the frequency range close to 2 eV the
reflectance is very high (more than 80% of the incident en-
ergy) and no energy is transmitted through the slab. We
can note that for f = 0.045, the curves corresponding to the
KKR and to theMG approaches are in excellent agreement,
as expected for a dilute system of spheres. When the filling
fraction is increased to 0.151 and 0.23, the reflectance band
becomes wider and exhibits a pronounced dip at 2.5 eV ap-
proximately, where the reflectance and the transmittance of
the slab are negligible for both filling fractions. The split-
ting of the reflectance band is due to the excitation of multi-
pole resonances of higher orders, which occur at those fre-
quencies at which Im {!M} presents a peak and Re{!M} is
zero (see Fig. 2 (b)). When Re {!M} changes from nega-
tive to positive, the system’s behavior changes dramatically,
since the effective medium becomes a transparent material
which allows light propagation. This effect has been re-
ported in the literature and is also known by the name of
optical extraordinary transmission. These type of anoma-
lies cannot be predicted by the MG approach because it
does not take into account multipolar interactions of higher
orders. Conversely, since the KKR and the ENR methods
consider in their formulations multipolar interactions be-
tween the spheres, they describe adequately the splitting
of the reflection band at those frequencies at which mul-
tipole resonances are excited. Notice that, even for a thin
slab (thickness of the order of the wavelength), the ENR
approach correctly describes the electromagnetic response
of the composite medium.

To investigate the influence of the thickness of the slab
on its electromagnetic response, in Fig. 4 we show the re-
flectance (Fig. 4(a)) and transmittance (Fig. 4(b)) for a slab
of thickness 1820 nm and f = 0.23. We include curves ob-
tained with the KKR, ENR and MGmethods. For the KKR
calculations, we consider 64 layers of spheres (L = 28.44
nm and r = 10.8 nm). As in the previous case, we observe
oscillations due to the Fabry-Perot interference in the region
of lower frequencies. However, since the slab is thicker
than the film considered in the previous figure, in this case
the adjacent maxima of these oscillations are closer. As
expected, the spectral positions of the resonances are the
same as those of the previous figure, since they do not de-
pend on the thickness of the slab. The curves obtained with
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Figure 3: Reflectance and transmittance as functions of the normalized frequency for a slab of thickness 360 nm made of
silver spheres immersed in titanium dioxide with !host = 7.84. The parameters are the same as in Figure 2. (a) and (d) f =
0.045, (b) and (e) f = 0.151, (c) and (f) f = 0.23.

the KKR and the ENR methods are in good agreement and
predict the splitting of the reflection band at the multipole
resonance.

The macroscopic dielectric response obtained with the
ENR method depends on the ratio r/L, contrarily to what
occurs in the KKR formulation. The KKR approach re-
quires to specify r and L separately, and this means that
for a given thickness of the slab and for a fixed r/L, there
are infinite pairs (r, L) that can produce a response compa-
rable to that of the effective theory. For a fixed thickness
of the slab, different numbers of layers of spheres (N ) rep-
resent different lattice parameters L. If N is increased, L

decreases and if f is kept fixed, the spheres become smaller.
To investigate the influence of N in the results obtained by
the KKR method, in Figure 5 we plot the reflectance as a
function of the normalized frequency for f = 0.045 (Figure
5(a)) and f = 0.23 (Figure 5(b)) for varying N (8, 16 and
32), as indicated in the figures. Other parameters are the
same as in the previous figure. We observe that as the num-
ber of layers increases, the curves converge to the results
predicted by the ENR method. For both filling fractions,
we have a good agreement between the methods for N =
32, which corresponds to a lattice parameter L = 11.25 nm.
Note that for f = 0.045 the radius of the sphere is r = 2.48
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Figure 4: Reflectance (a) and transmittance (b) as functions of the normalized frequency for a slab of thickness 1820 nm made
of silver spheres immersed in a dielectric medium with !host = 7.84. The filling fraction is f = 0.23. Other parameters are the
same as in Figure 3 .
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Figure 5: Reflectance as a function of the normalized frequency frequency obtained with the KKR method for a slab of
thickness 360 nm made of silver spheres immersed in a dielectric medium with !host = 7.84 for 8, 16 and 32 layers. Other
parameters are the same as in Figure 3. (a) f = 0.045, (b) f = 0.23.

nm whereas for f = 0.23 it is r = 4.28 nm. If N is further
increased, the response of the system is approximately the
same as for N = 32 (not shown). This is to expect, since
asN increases, the long wavelength condition is better ful-
filled and the material tends to behave as a homogeneous
medium.

4. Conclusions
We have considered a composite material comprising peri-
odically distributedmetallic spheres in a dielectric host ma-
trix. The macroscopic response of the composite medium
was calculated with the ENR approach. The reflectance and
transmittance of a slab made of such a nanomaterial were

calculated with the KKR and the ENR approaches for var-
ious thicknesses and for different filling fractions. The re-
sults were also compared with those obtained with the MG
approximation. Comparison between the three approaches
are in very good agreement, except at the frequencies of
excitation of multipole resonances, at which the reflection
band splits. At these frequencies, only the ENR and the
KKR method give accurate results since the MG approach
does not take into account the multipolar interaction be-
tween the spheres. It was shown that the ENR method also
provides reliable results for thin films of thicknesses of the
order of the incident wavelength. Simulations performed
with the KKR method for a thin slab and for varying the
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number of layers show that as this number increases, the
KKR results converge to the response given by the ENR
method. This is to expect since the long wavelength con-
dition is better fulfilled and then the material behaves as a
homogeneous medium.
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Abstract 
In this paper, a compact band pass waveguide metamaterial 
filter based on complementary split ring resonator (CSRR) 
and complementary split square resonators (CSSR)  using 
relatively low dielectric constant substrate are presented. 
The presented waveguide filter combines a conventional 
band pass filter characteristics and negative refractive index 
(NRI) metamaterial characteristics. The left handed 
metamaterial (LHM) is made of CSRR and CSSR, etched 
on the ground plane. The effective parameters of the CSRR 
unit cell are extracted using robust retrieval algorithm. The 
CSRRs can be tuned to pass the signals at slightly different 
frequencies and thus, give rise to a pass band with a certain 
bandwidth, which can to some extent be controlled with the 
geometrical parameters of the CSRR and CSSR. The 
frequency characteristics of the proposed waveguide filter 
are successfully optimized using numerical experimentation 
techniques. The results show that the compactness is 
achieved by using CSRR compared to use CSSR and other 
metamaterials structures. Simulations results based on a 3D 
full wave electromagnetic simulator Ansoft HFSS based on 
the finite element method are presented. 

1. Introduction 
Recently, pioneer research of the complementary split ring 
resonator (CSRR) has been proposed in many articles [1-2] 
and can be derived from the SRR structure in a 
straightforward way by using the concepts of duality and 
complementariness. This CSRR structure provides negative-
ε  effective  permittivity  and  negative-μ  effective  permeability  
if it used in waveguide transmission line. Because of their 
small size CSRRs are called sub-lambda structures. CSRR 
and CSSR are resonant structures that are used widely in 
electromagnetics [3–4]. For example, these structures are 
used in periodic configurations to design metamaterial 
structures [5–6]. Also, because of their resonance behavior 
SRRs and CSRRs can be used to design slow wave 
transmission lines, phase shifters, various kinds of 
microstrip filters, etc. [1-6].  Due to this fact, a super-
compact pass band structure can be realized using CSRRs. 

The CSRRs are etched on the ground plane, and provide a 
negative index of refraction to the dielectric media [5]. The 
electromagnetic (EM) behaviors of the CSRRs are similar to 
those of the electromagnetic bandgap (EBG) structures 
and/or the defected ground structures (DGS) [7]. However, 
it is difficult to design and finding the equivalent circuits of 
EBG and DGS. It may be worth pointing out the attenuation 
produced by CSRR is better than EBG structures and DGS. 
Size miniaturization of microwave filters is of much demand 
in   the   today’s   rapid   changing   communication   world.   Even  
those filters size are large at the lower end of microwave 
frequencies. These components (CSRRs) for metamaterials 
can design filter with improved filter characteristics and size 
miniaturization [8]. Little waveguide filter designs have 
been proposed for size miniaturization and performance 
enhancement in the past few decades [9]  so there are still 
some areas for improvements when using metamaterials in 
the filter design. 
In this paper, a compact metamaterial structure using CSRR 
and CSSR are used to design a band pass waveguide filter 
(BPWGF) are designed and analyzed in waveguide 
technology by using artificial LHM implemented by means 
of CSRRs. A detailed parametric study and comprehensive 
study of CSRR and CSSR are carried out to demonstrate the 
effects of the geometrical parameters. There are two 
important factors such as cell dimensions (split ring radius) 
and split ring gap widths have been discussed in this work. 
On the other hand the effective parameters are extracted 
using robust retrieval algorithm illustrating the negative 
refractive index of the CSRR metamaterial structure. Such 
techniques give a very good miniaturization and high 
performance filter. The frequency characteristics of the 
proposed waveguide filter are successfully optimized using 
Ansoft HFSS [10]. Also the equivalent circuit model and 
parameters extraction method for the CSRR structure are 
presented. 

2. Design of CSRR-Based LHM BPWG Filter 
The CSRRs are etched on a commercial low loss dielectric 
substrate; Rogers&Duroid 5870 with relative dielectric 
permittivity εr of 2.33 and height h of 0.508 mm coated with 

mailto:e.hamad@ieee.org
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a conductive layer of copper with thickness t of 0.035 mm. 
The CSRR unit cell is depicted in Figure 1 with r = 3.13 
mm and c = d = 0.4 mm, which gives a theoretical resonant 
frequency of 5.2 GHz according to the theories developed 
above, which is designed for IEEE802.11a WLAN system 
at 5.2 GHz band. The transversal periodicity is a = 7.26 mm, 
which is approximately 1/8 λo at resonance in order to 
achieve the homogeneity property of the LHM medium. 
The MTM unit cell designed above is used to construct the 
2-D MTM periodic structure to employ the LHM flat lens 
for beam focusing application [5].  

a

a

c

Copper

rex

CSRR

g
d

c

 
(a) CSRR configuration (top view) 

hsSubstrate

Ground Plane

Port 1

a

CSRR  etched on the ground

Port 2

hg

Waveguide

 
(b) CSRR unit cell (side view) 

-50

-40

-30

-20

-10

0

4.5 5 5.5 6

S11(dB)
S21(dB)

IS
I P

ar
am

et
er

s 
(d

B)

Frequency(GHz)  
(c) S-parameters  

Figure 1: CSRR-based LHM unit cell and 
simulated S-parameters 

2.1. Parametric Studies on CSRR Cell Geometry 

To design and optimize the CSRR structure an intensive 
study of various cell parameters has been carried out to 
explore the effects of different parameters on the overall 
performances of the CSRR structure. It is observed that the 
gap width and the radius of the split ring affect extremely its 

resonant frequency and bandwidth. In the following section, 
the effects of some parameters will be investigated in depth 
using EM simulator. 

2.1.1. Split Ring Radius 

In Fig. 2, the CSRR parameters, resonant frequency and 
bandwidth are depicted as a function of the split ring radius. 
Following several optimization simulations shown in Fig. 
2(a), one can observe that the split ring radius affects the 
resonant frequency, which decreases as split ring radius 
increases. By using curve fitting, the following equation is 
obtained; the other parameters are keep constant to the 
optimal values: 

1.443527.079  r exf r  (1) 

where fr is the resonant frequency in GHz, rex is the split ring 
radius in mm and R = 0.99913 is the correlation coefficient 
calculated from MathCAD. 
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Figure 2: Effect of ring radius on the  resonant frequency 
and the  bandwidth  

Figure 2(b) illustrates the effect of split ring radius on the 
bandwidth, it is found that the split ring radius inversely 
proportional to the bandwidth of the CSRR.  

2.1.2. Split Ring Gap Width 

In this section, the resonant frequency and bandwidth are 
investigated as a function of the gap width of the split rings. 
After intensive simulation, the influence of the gap width on 
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resonant frequency is clarified. The resonant frequency 
increases as gap width increases and hence the effective 
capacitance decreases. The following equation is obtained 
using curve fitting techniques to fit the simulation results of 
the resonant frequency in term of gap width while the other 
parameters are kept to the optimal values. 

0.271116.7438 rf g  (2) 

where fr is the resonant frequency in GHz, g is the gap width 
in mm and R = 0.996 is the correlation coefficient calculated 
using MathCAD. 
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Figure 3: Effect of ring radius on resonant frequency 
and bandwidth  

Figure 3(b) gives the CSRR bandwidth for different gap 
width values. From this study, it is evident that the gap 
width is linearly proportional to the bandwidth. 

3. Design of CSSR BPWG Filter 
The CSSRs are etched on a commercial low loss dielectric 
substrate (Rogers&Duroid 5870) with relative dielectric 
permittivity εr of 2.33 and 0.508 mm thick, coated with 
copper layer of thickness t = 0.035 mm. The CSSR unit cell 
is depicted in Figure 4 with rex = 5.3 mm and c = d = 0.4 
mm, which gives a theoretical resonant frequency of 5.25 
GHz, which is designed for IEEE802.11a WLAN system at 
5.25 GHz. The transversal periodicity a is 11.6 mm, which 
is approximately 1/5 λo at resonance in order to achieve the 
homogeneity property of the LHM medium. 
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Figure 4:  SRR-based LHM unit cell and simulated 
S-parameters 

3.1. Parametric Studies on CSSR: Cell Dimensions 

The CSSR parameters, resonant frequency and bandwidth 
are depicted as a function of the cell dimensions and split 
radius. Fig. 5(a) illustrates effects of the cell size on the 
resonant frequency, which decreases as the cell size 
increases. By using curve fitting techniques to fit the 
simulation curve, the following equation is obtained: 

1.485188.88  rf a  (3) 

where fr is the resonant frequency in GHz, a is the cell 
dimension in mm and R =   0.99984 is the correlation 
coefficient calculated from MathCAD. 
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on the  resonant frequency and the  bandwidth  

Figure 5(b) gives the CSSR resonant frequency and the 
bandwidth for different square split radius values. From this 
Figure, it is clear that the resonant frequency decreases as 
the split radius increases. To fit the simulation data a curve 
fitting technique is used and following equation is derived:  

1.252241.47  rf r  (4) 

where fr is the resonant frequency in GHz, r is the split 
radius in mm and R =  0.99994 is the correlation coefficient 
calculated from MathCAD.  

4. Equivalent Circuit Model of CSRR and 
Parameter Extraction 

In this section an accurate equivalent circuit model for the 
CSRR and the parameter extraction method are presented. 
Recently, CSRRs as shown in Figure 6 have been proposed 
as new constitutive elements for the synthesis of negative 
permittivity and LHMs in planar configuration [11]. The 
CSRR unit cell can provide cutoff frequency at certain 
frequencies without any periodic array. Therefore, the CSRR 
can be modeled simply as a parallel LC circuit. The etched 
gap areas correspond to a capacitance and the metallic rings 
are equivalent to an inductance. A more accurate model of 
the CSRR would include an extra capacitance to consider 

the fringing fields around the discontinuity area. A series 
resistance with the tank circuit to consider the conductive 
loss is incorporated. In order to extract the values of the 
equivalent circuit elements, the S-parameters of the CSRR 
unit are calculated using an EM simulator. 

R

 

C
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(b) Equivalent circuit model   
Figure 6: Layout and equivalent circuit model of CSRR 

unit cell   

Figure 6 illustrates the typical unit cell layout and its 
equivalent circuit model for the etched CSRR in the ground 
plane. The substrate for simulation has a relative dielectric 
constant of 2.33and a thickness of h = 0.508 mm. The 
dimensions are r = 3.13 mm and c = d = 0.4 mm, which 
gives a theoretical resonant frequency of 5.2 GHz. The 
equivalent circuit model of the CSRR shown in Figure 6 
consists of LC tank circuit with capacitive and resistive 
coupling elements. The LC tank circuit includes a shunt LC 
resonator (L1 and C1) and a capacitance element (Cs) 
connected in series. Firstly, the performance of the CSRR is 
obtained by full wave simulation. To determine the element 
values of the equivalent circuit, three independent equations 
are required. The first one is given by the resonance 
condition of the whole tank circuit, which leads to the zeros 
of S11 at f1. The second one is given by the resonance 
condition of the series LC circuit (L1 and C1), which leads to 
the zeros S21 at f2. The third one arises from the 3 dB 
insertion loss at f3. Finally, the element values in the 
equivalent circuit of Figure 6 can be expressed by these 
three special frequency points as follow:  
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𝐶𝑠 =
𝑓32
𝑓22

− 1 𝐶1 
(7) 

where, Yo is the characteristic admittance of the ports for S 
parameters. It is obvious from Eq. (7) that the value of Cs is 
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negative. The series negative capacitance is undesirable for 
the design of high-pass and band-stop filters since it forbids 
the transmission at high frequency band. The equivalent 
circuit simulation result using the obtained equivalent circuit 
parameters is shown in Fig. 7 for comparison with the field 
calculated results. As shown in Fig. 7, the circuit simulation 
results show excellent agreement with field calculations.  
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Figure 7: The results of the full wave simulation of EM 

and the equivalent circuit using AWR. 

For the CSRR dimensions that is shown in Figure 7. The 
extracted circuit parameters are as follows: C1 = 0.257 pF, 
L1 = 2.95 nH, Cs = - 0.053 pF, and R = 1.22 Ω where fc = f3  = 
5.13 GHz, fo = f1 = 5.25 GHz, f2 = 5.75 GHz and Zo = 50 Ω.    

5. Retrieving the Effective Parameter 
In order to retrieve the effective permittivity and 

permeability of thickness d of metamaterial structure, we 
need to characterize it as an effective homogeneous slab [12] 
and the effective parameters are extracted from the 
transmission and reflection characteristics. Continuous 
material can be characterized by the complex variables S11 
and S21, The complex normalized wave impedance z and 
relative index n are retrieved from the S-parameters [13]: 
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where ko denotes the wave number of the incident wave in 
free space. Finally, the effective permittivity and the 
effective permeability can be calculated in terms of the 
refractive index n and the intrinsic impedance z from: 

          /n z         and           nz   (10) 

Using the equations discussed above using robust method 
algorithm to retrieve the constitutive effective parameters of 
CSRRs LHM structure to extract the permittivity. The 
permeability and refractive index for the LHM unit cell 
designed at 5.2 GHz is depicted in Fig. 8. It’s  obvious   that  
the unit cell has a negative refractive index in the operating 
frequency band. 
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6. Conclusions 
In this paper, a design of a compact metamaterial band pass 
waveguide filter has been presented by the capabilities of 
using CSRR and CSSR structures. A parametric 
investigation for different variables has been presented. Also 
an accurate equivalent circuit model for the CSRR unit cell 
and the parameter extraction method are presented. An 
observed significant compactness is achieved by using 
CSRR structure compared to CSSR unit cell. In addition, the 
effective parameters of the CSRR unit cell are extracted 
using robust retrieval algorithm to verify the LHM 
characteristics of the structure and the obtained results show 
a LH characteristic in the operating band. The designed 
structure is suitable for metamaterial flat lens designs and 
beam focusing applications. 
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Abstract 

If a scatterer and an observation point (receive) both 
approach the so-called near field zone of a source of 
electromagnetic waves, the scattering process becomes 
singular one which is mathematically attributed to the 
spatial singularity of the free space Green function at the 
origin. Starting from less well known property of left-
handed material slab to transfer the singularity of the free 
space Green function by implementing coordinate 
transformation, we present a phenomenon of virtual 
singular scattering of electromagnetic wave on an 
inhomogeneity located in the volume of left – handed 
material slab. Virtual singular scattering means that a 
scatterer is situated only virtually in the near field zone of a 
source, being, in fact, positioned in the far field zone. Such 
a situation is realized if a scatterer is embedded into a flat 
Veselago’s lens and approaches the lens’s inner focus 
because a slab of Veselago medium produces virtual 
sources inside and behind the slab and virtual scatterer (as a 
source of secondary waves) from both slab sides. 
Considering a line-like dielectric scatterer we demonstrate 
that the scattering efficiency is proportional to product of 
singular quasistatic parts of two empty space Green 
functions that means a multiplicative quasistatic singularity 
of the Green function for a slab of inhomogeneous Veselago 
medium. We calculate a resonance value of the scattering 
amplitude in the regime similar to the known Mie resonance 
scattering. 

1. Introduction 

Newly proposed transformation optics concept [1,2] 
assumes that the space for electromagnetic (EM) field can 
be bent in an almost arbitrary way (in the absence of 
gravity) by filling EM space with spatial transformation 
media. Transformation media will implement the coordinate 
transformation, squeezing the originally flat 
electromagnetic space and guiding light along curved 
trajectories [3].  
 We define abovementioned transformation media 
concept as “newly” because this idea is not new. The origin 
of the concept one may find in the general relativity as a 
statement that given a curved space-time with a metric 
tensor, Maxwell’s equation may be written as if they were 

valid in a flat-time in which there is an optical medium with 
a constitutive equation [4]. Answering the question with 
whom did the idea originate that gravitation is equivalent to 
an optical medium, F. de Felice [4] wrote that perhaps 
A.Einstein was the first. Later on in 1923 Gordon [5,6] tried 
to describe dielectric media by an “effective metric” and 
wanted to use a gravitational field to mimic a dielectric 
medium. Interestingly, in contrast to Gordon [5], Landau 
and Lifshitz [7] tried to use dielectric media to simulate a 
gravitational field. 
 In connection with mapping of EM fields in physical 
space to the electromagnetism of empty flat space, note the 
paper [8] dates back to 1959 where the covariant Maxwell 
equations [9] in non-inertial reference system were 
transformed to usual three dimensional vector form for 
particular problem of EM field study in rotating system of 
reference. In this case the displacement vector D

r
 and the 

magnetic field vector B
r

 were expressed through the 
electric field vector E

r
and the magnetic flux vector H

r
 via 

constitute equations 

( ) HvcED
rrrr

!"= /1 , 

( ) EvcHB
rrrr

!+= /1  

where v
r  was a local speed of rotating. The formulas were 

obtained also related the electric field and the magnetic flux 
in the non-inertial and the inertial systems of reference. In 
1960 Plebanski [10] formulated the EM effect of curved 
space-time or curved coordinates in concise constitutive 
equations for general case. The constitutive equations [10] 
are obtained from abovementioned ones by replacing the 
first terms in the right hand side of these equations to E

r
#  

and H
r

µ , respectively, and by replacing the vector v
r  to 

$
r

" , where the symmetric matrices µ# =  and vector $
r

 

are written in terms of the space-time metric tensor. Now 
media with such #  and µ  and $

r
 are called after Pendry 

et al [1] the transformation media. The transformation media 
lead to modern metamaterials that include the so-called left-
handed materials (LHMs) and not only demonstrate 
superlensing effect but are able to avoid objects and flow 
around them, as it was demonstrated numerically [1] and 
analytically in terms of bistatic scattering [11]. A flat perfect 
LHM slab is commonly referred to as Veselago’s lens [12] 
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in which both the permittivity #  and the permeability µ  

are equal to minus one. The terms optical left and right 
handedness were introduced by Veselago [12] to distinguish 
LHMs, in which the wave vector, the electric and magnetic 
fields vectors of a wave form a left-handed orthogonal set, 
from conventional right-handed media with the right-handed 
triple of the same vectors.  

Superlensing effect was demonstrated experimentally 
with a slab of silver [13,14]. Resonantly coupled plasmon 
polaritons propagating on both surfaces of the silver slab 
were identified to be responsible for the superlensing effect. 
The slab volume itself seems to be not so important. 
Schweizer et al [15] supposed that resonantly coupled 
frequency selective surfaces, e.g. stacks of multiple meander 
structures, might also enable subwavelength imaging. 
Geometrical parameters of the meander structures 
(corrugation and spacer between metal films) may be 
changeable to a large degree.  

 We present in this paper a phenomenon of virtual 
singular scattering of electromagnetic wave on an 
inhomogeneity located in the volume of left – handed 
material slab on the basis of less well known property of 
left-handed material slab to transfer the singularity of the 
free space Green function by implementing coordinate 
transformation.  

We use the Green function approach [16], elaborated for 
line source wave scattering by line dielectric inhomogeneity 
inside LHM slab. The central point of our method is a 
transformed integral equation for the Green function of 
inhomogeneous LHM slab written in terms of the Green 
function for homogeneous LHM slab and a volume 
scattering potential accounting for the dielectric 
inhomogeneity inside the slab. A solution to this 
transformed integral equation is presented with the aid of a 
scattering operator (T-matrix), which satisfies a Lippman-
Schwinger equation. Solution to the Green function for 
inhomogeneous LHM slab is expressed by a scattering 
amplitude in the case of a thin linelike scatterer as compared 
with the free space wavelength. The scattering amplitude 
evaluated through an exact solution to the Lippman - 
Schwinger equation via modeling the scattering potential of 
the linelike scatterer by non-local separable potential. 

2. Scattering operator 

Let s-polarized monochromatic EM wave with the 
frequency $  is incident from the background medium 0%  

with both permittivity and permeability equal to unity, 0#  = 

0µ  = 1, onto an L  thick 2D inhomogeneous LHM slab 

(region 1%  bounded from two sides by the planes z  = 0 

and z  = L of the Cartesian coordinate system zyx ,, ). 

The electric field of the wave has the y -component only 

),( zxEy
 = 

yGjic )/4( 2
0&$µ . Here an operator 

denotations and the Gaussian systems of units are used; 

),( ''
rr
(G  is a 2D Green function for the LHM slab, 

yj  

stands for the current density of EM field source. The points 
),( zx='

r  and ),( zx ((=('
r  are placed inside the regions 

a%  and 
b% , respectively, where indices ba, .= 0,1. 

We describe LHM using the dielectric permittivity and 
the magnetic permeability which are both effective-medium 
parameters of artificial composite materials. In the case of 
natural substances, the magnetic permeability ceases to 
have any physical meaning already at relatively low 
frequency [17]. However, unlike natural substances, 
artificial composite materials involving substances with 
exceedingly large dielectric permittivity may nevertheless 
show a magnetic response that is incompatible with the 
Landau-Lifshitz argument [18]. 

The inhomogeneous LHM slab means spatially regular 
LHM slab which possesses nonrandom inhomogeneities 
consisting of right-handed nonmagnetic material. The 
inhomogeneous slab has an inhomogeneous dielectric 
permittivity ),( zx# = ),(1 0 zx)#)# ++"  and 

homogeneous magnetic permeability µµµ ((+(= i  whose 

real part µ(  can be close to minus one and *((µ  0. The 

homogeneous deviation 0)#  of the dielectric permittivity 

and small imaginary part µ ((  of magnetic permeability both 

save the convergence of the Green function ),()0(
''
rr
(G  

of homogeneous slab for any receive and source plane 
positions (see section 2.1). The nonrandom part ),( zx)#  

accounting for inhomogeneities. Clearly, the limit 
0),( *zx)#  corresponds to vanishing of inhomogeneities 

and, hence, a situation of homogeneous LHM slab. 
The Green function ),( ''

rr
(G  is naturally subdivided 

into four pieces [16] ),(, ''
rr
(baG  depending on in which 

region 
ba,%  is positioned the source '

r
(  and the receiver 

'
r

 points. Physically 00G  describes transmitted through and 

reflected from the slab wave radiation, 10G  and 01G  

describe incoming into the slab and outgoing from the slab 
radiation, respectively, and 11G  describes radiation 

propagation inside the slab. These four Green functions are 
linked between them by the standard boundary conditions of 
the electric and magnetic field tangential component 
continuity on the slab boundaries.  

The extended boundary condition technique [20] allowed 
[16] to derive a specific radiation conditions on the slab 
boundaries for the Green function 10G  of incoming 

radiation and the integral equation for this Green function 
with an effective scattering potential followed by a 
continuous extension of 10G  from the slab boundaries to 

outside region of the slab that gives the Green function 00G . 

Similarly, one can derive a specific radiation conditions on 
the slab boundaries for the Green function 11G  of 

propagated radiation and the integral equation for this Green 
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function with effective scattering potential followed by a 
continuous extension of 11G  from the slab boundaries to 

outside region of the slab that gives the Green function 01G . 

On the next step we write down the Green function of 

inhomogeneous LHM slab abG  in terms of the Green 

function of homogeneous one )0(
abG . In particular, we have 

10
)0(

01
)0(

0000 GTGGG +=                 (1) 

where the scattering operator of the inhomogeneity 
),( ''

rr
(T  obeys the Lippman - Schwinger equation 

TGVVT )0(
1111 +=                             (2) 

Here ),(1 zxV  = [ ]µ)# ),(2
0 zxk"  is the inhomogeneous 

component of the effective volume scattering potential 

),(),( 10 zxVVzxV +=  which also has the 

homogeneous 0V  = 2
01

2
0 kk "  part; ck /0 $=  and 

[ ]
2/1

0001 )1( µ)#+"= kk  are the wave numbers in the 

free space and homogeneous LHM slab, respectively. The 
effective volume scattering potential ),( zxV  has the 1D 

Fourier transform with respect to the x -component of the 
spatial position vector ),,(ˆ zqqV (  = ),,(0̂ zqqV (  + 

),(1 zqqV ("  with singular potential of homogeneous slab 

),,(0̂ zqqV (  = )(20 qqV ("&)  + ),,( zqqVS (  and regular 

volume potential ),(1 zqqV ("  accounting for 

inhomogeneities. The singular surface part ),,( zqqVS
(  = 

[ ] )(2)()()1( qqLzzi q ("+"+"" &)+)+),µ  

describes the effect of magnetic permeability jump on the 
slab boundaries, 0*+ ; 2/122

0 )( qkq "=,  stands for the 

longitudinal wave number. 

2.1. Green function 
)0(

abG singularity transfer by 

homogeneous LHM slab 

In the case of homogeneous slab ( #  = µ  = -1) the 

effective potential ),,(ˆ zqqV (  consists of surface part 

),,( zqqVS
(  only that simplifies abovementioned integral 

equations for the Green functions 10G  and 11G  to algebraic 

and easy resolved form. The outgoing radiation Green 
function 01G  one can get on the basis of a reciprocity 

relation [16] ),()/1( , ''µ
rr
(baa G  = ),()/1( , ''µ

rr
(abb G . 

Figure 1 demonstrates that the Green function 

),()0(
''
rr
(G  of perfect Veselago’s lens is simple obtained 

[2,16] from the empty space Green function )(0 ''
rr
("G  

by a spatial coordinate transformation from the physical z -
axis to EM (empty) space z~  coordinate: zz =~  if 0<z ,  

zz "=~  if Lz <<0 , and Lzz 2~ "=  if Lz > . 
However, these relations are valid for only definite  

positions of receive and source planes. Otherwise, the 

Green function )0(G  in angular spectrum representation is 
diverged due to the evanescent wave enhancement effect 
[19]. Really, Figure 1(a) schematically shows that incoming 

radiation Green function )0(
10G  coincides with the empty 

space Green function )0(
10G  = )2,(0 zLzxxG (+"("  = 

)~~,(0 zzxxG (+"("  and has singularity at inside focal 

plane zLz ("* 2  under conditions zLz ("> 2  and 
LzL 2<(< . Other three panels of Figure 1 (b,c,d) 

illustrate the properties of the transmitted radiation Green 

function (panel b) )0(
00G  = )~~,(0 zzxxG (+"("  with 

singularity at left outside focal plane )2( zLz (""*  

under conditions )2( zLz (""<  and LzL 2<(< ; the 

Green function of radiation outgoing from inside to the right 

outside slab region (panel c) )0(
01G  = 

)~~,(0 zzxxG ("(""  with singularity at right outside 

focal plane zLz ("* 2  under condition zLz ("> 2 ; 
and the Green function of radiation outgoing from inside to 

the left outside slab region (panel d) )0(
01G  = 

)~~,(0 zzxxG "((""  with singularity at left outside focal 

plane zz ("*  under condition zz ("< . 
Figure 1(a), for example, may be treated as if source and 

receive are situated in the positions zL ("2  and z ,  

 
Figure 1: Singularity transfer by homogeneous LHM slab 
from right outside plane zz (= , LzL 2<(< , to inside (a) 
and left outside (b) focal planes zLz ("* 2 , 

zLz ("> 2  and )2( zLz (""* , )2( zLz (""< , 

respectively; singularity transfer from inside plane zz (= , 
Lz <(<0  to right (c) and left (d) outside focal planes 

zLz ("= 2 , zLz ("> 2  and zz ("* , zz ("< , 
respectively. 
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respectively. Besides, it is important to stress that in the two 
last panels of Figure 1(c,d) one get the inside slab source 
image on the outside region of the slab.  

3. Scattering amplitude 

Physically Eq.(1) evidently means that transmitted 
through or reflected from the inhomogeneous LHM slab 
radiation, created, for example, by a point source on the 
right outside region of the slab, is incoming into the slab 
next can be scattered by a slab volume inhomogeneities and 
then is outgoing the slab. The further detailed investigation 
of the outgoing radiation is precluded by the unknown 
Green function 10G  for incoming into inhomogeneous slab 

radiation. Therefore, assuming weak scatterer constant 
potential )#

2
01 kV = , we replace this unknown Green 

function 10G  in Eq.(1) with known one )0(
10G  in perfect 

Veselago’s lens that gives approximate equation 
)0(

10
)0(

01
)0(

0000 GTGGG +-                   (3) 

For definiteness we consider below the case of small 
linelike inhomogeneity infinitely extended along the y -

axis (see black box in Figure 2) and whose rectangular cross 
section occupies a region in the xz -plane with centre point 

11, zx  and linear dimensions zx .. , . Assuming these 

dimensions to be smaller than the wavelength in the free 
space, 10 <<.xk  and 10 <<.zk , Eq.(3) reads 

),;,(),;,(~
),;,(),;,(

11
)0(

1011
)0(

01

)0(
0000

zxzxGzxzxGT

zxzxGzxzxG

((+

((-((
    (4) 

Here T~  denotes a scattering amplitude that is obtained by 
integration the scattering operator Eq.(2) over all its four 
arguments. Physically Eq.(4) represents a multiplicative 
effect in singularity transfer beyond Born’s approximation 

written in [16] as )0(
10

)0(
011

)0(
0000 GGVGG +- . 

Figure 2(a) schematically demonstrates this effect. Clearly, 
the real source can be freely moved in the slab outside 
region LzL 2<(< . Current position of the real source 
defines current positions of the inner and outer slab focuses. 
At a definite position of the real source, the real and virtual 
scatterers are radiated by singular quasistatic fields of inside 
and outside virtual sources, respectively. Besides, a receive 
is situated in the near field region of both outside virtual 
source and virtual scatterer (dotted lines in Figure 2(b)).  

4. Multiplicative effect in singularity transfer 

4.1. Transmission mode  

Let us introduce the physically important defocusing 
parameters z)  and z()  for positions of receive and 

source planes, respectively, relatively the position 1z  of 

linelike scatterer plane defined by 1zzz ""=)  and 

z() = zLz (+" 21 . Supposing these defocusing 

parameters are much more the linelike scatterer cross  

 
Figure 2: (a) Multiplicative effect in singularity transfer from the right outside plane zz (=  at some position Lz 20 <(<  

to the left outside focal plane, )2( zLz (""= , by LHM slab via linelike scatterer 1z . (b) At a definite position of the real 

source z( , the real zLz ("* 21 , zLz ("> 21  and virtual )2(1 zLzz (""<"< , )2( zLz (""*  scatterers 

are radiated by singular quasistatic fields of inside zL ("2  and outside )2( zL ("" virtual sources, respectively, and 

receive is in the near field region of both outside virtual source and virtual scatterer.  
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section dimensions, z) >> zx .. ,  and z() >> zx .. , , 

and supposing an exact focusing with respect to the x  axis, 

1xxx =(= , one can simplify Eq.(4) as follows (Fig.3(a)) 

),0(),0(~
)2,0(),;,(

00

)0(
0000

zxGzxGT

zLzxGzxzxG

(=="

(+""=-((

))

   (5) 

4.2. Reflected mode  

Simplification for Eq.(4) in the case of slab reflected 
radiation, with the receive and source planes being placed 
both in the right Lz >  and Lz >(  outside region of the 
slab, is performed similar to the case of transmitted 
radiation: the defocusing parameters are now defined by 

12 zLzz +"=)  and 12 zLzz +"(=()  that gives 

(Fig.3(b)) 

),0(),0(~
),0(),;,(

00

)0(
0000

zxGzxGT

zzxGzxzxG

(=="

("=-((

))

             (6) 

5. Exact scattering amplitude under resonance 

Our last step is to demonstrate that small inhomogeneity 
in the LHM slab can contribute significantly into scattered 
field in the regime similar to the well known Mie resonance 
scattering. Let us replace, following [21], the local 
scattering potential ),(1 zxV  in Eq.(2) with an auxiliary 

non-local separable scattering potential 
),(),()()(),(

11
zxzxfzzxxzxV ((*("(" //))      (7) 

Here zxkf ..= #)
2
01  is the Born’s scattering amplitude 

[16] and a function ),( zx/  is normalized to unit. The 

Lippman -Schwinger Eq.(2) with separable potential is 
resolved exactly in accordance with the well known theory 
of potential scattering [22]. The corresponding solution 
gives for the scattering amplitude 

( )//
)0(

111

1

1
~

Gf

f
T

"

=                         (8) 

where a bilinear form with scalar product is in the 
denominator. 

The Green function )0(
11G  of radiation propagated inside 

the perfect planar LHM slab is presented by the divergent 
integral [16]. However this Green function has been 
numerically calculated [23] for a lossy slab with 

#
)# i+"= 1  and 

µ
)µ i+"= 1  where both 

#
)  and 

µ
)  are small positive real numbers. We perform an 

analytical estimation of this Green function in the 
asymptotical limit 1"=(µ , *((µ  0 and reveal a 

resonance property of the scattering amplitude (8) with its 
resonance value 

µ ((- ifT /~
1                                (9) 

under the resonance condition 

1
1

ln
2/122

0 <<






 ((









((







 .

-.

)#

µ

µL

z
zk              (10) 

where both dimensions of the scatterer cross section are 
equal zx .. = . Fig.4 demonstrates that the resonance 
value of the scattering amplitude (9) may be not so small for 
practically interesting dimensions of the inhomogeneity. At 
the same time, the inset in Fig.4 proves satisfaction of the 
resonance condition (10), i.e. that the scatterer cross  

 
Figure 3: Multiplicative effect in singularity transfer by LHM slab from the right outside plane zz (=  to the left (a) and 
right (b) outside focal planes )2( zLz (""* , )2(1 zLzz (""<"< , and 12 zLz "* , 12 zLzz ">>( , 

respectively, via linelike scatterer 1zz =  near inside focal plane zLz ("* 21 , zLz ("> 21 . 
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dimension have to be smaller than the free space 
wavelength.  

6. Discussion 

Let us discuss a resolution of a linelike scatterer with 
respect to its depth extension in the LHM slab. Firstly note, 
the defined in the section 4 defocusing parameters z)  and 

z()  are supposed to be much more the linelike scatterer 

cross dimensions. Nevertheless, these defocusing 
parameters can be much less the wave number in the 
background, 10 <<zk )  and 10 <<(zk ) , until the linelike 

scatterer cross dimensions are much less the wave number 
also, 10 <<.zk  and 10 <<(.zk .  

Consider in more details Eq.(6) for the Green function of 
inhomogeneous slab reflected radiation 

),;,(

),0(),;,(

11
)(

00

)0(
0000

zxzxG

zzxGzxzxG

R
(+

("=-((
             (11) 

where the term ),0(),0(~
00

)(
00 zxGzxGTG R

(=="= ))  

takes the form  









(









"-(

zkzk
TzxzxG R

))& 00
211

)(
00

2
ln

2
ln

)2(

1~),;,(  (12) 

in the quasistatic limit. We remind that the empty space 
Green function is proportional to the first type Hankel 

function of the zero order, )(0 '
r

G  = )()4/1( 0
1

)0( '
r

kHi , 

and asymptotically tends to logarithm expression, 
)/2()2/1( 0'&
r

kLn , in the quasistatic limit, 10 <<'
r

k .  

The term )(
00

RG  describes a contribution of linelike 

scatterer into the Green function of the inhomogeneous 
LHM slab in the case of reflection from the slab. This term 
is proportional to scattering amplitude of the scatterer and 
product of two Green functions' quasistatic singularities, 
provided the source and receive points being focused on the 
scatterer with small defocusing parameters.  

A resolution of a linelike scatterer with respect to its 
depth extension is defined by the first logarithm in right 
hand side of Eq.(12). Fig.5 gives illustration to Eq.(12) 

presenting the normalized quantity )(
00

RG  as a function of 

defocusing parameter z)  measured in linelike scatterer 

thickness z. . 

7. Conclusions 

Wе present а phenomenon of electromagnetic wave 
virtual singular scattering as if the wave virtual receive and 
virtual source points were in near zone of а scatterer. Such 
sort of singular scattering саn be realized in the case when 
the scatterer is positioned inside а left-handed material slab 
and the real source and real receiver points are placed at 
definite positions in outside of the slab.  
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Figure 4: Calculated resonance scattering amplitude (9) 
versus the normalized dimension of the linelike 
inhomogeneity with small constant value of the dielectric 
permittivity 1.0=)#  inside the LHM slab (black box in 

Figure 2) for the imaginary part of the inhomogeneity 

magnetic permeability 210"
=((µ  (solid curves), 310"  

(dashed curves) and the magnetic permeability real part 
equal to 1"=(µ . The inset visualizes the inequality (10).  
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Figure 5: The dependence of the normalized reflection   
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the normalized defocusing parameter zz ./)  at different 

values of the parameter  2/0 zk .  = 310"  (curve 1), 0.01 

(2), and 0.1 (3). 
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Wе apply the usual Green function approach and potential 
scattering theory [22] to s-polarized electric wave field 
multiple scattering by dielectric inhomogeneity placed 
inside left handed material slab.  

As known [24], light distribution near focus of a right 
handed material lens is written in terms of Lommel's 
functions that are regular, not singular ones. In contrary, the 
wave field near inside focus of perfect Veselago's lens is 
described by the Green function of empty space, with virtual 
source point being placed in this inside focus. Тhе similar 
singular behaviour has the wave field near outside perfect 
Veselago' s lens focus also, being described by the empty 
space Green function with virtual source point placed in this 
outside focus. As a consequence it is obtained the 
phenomenon of singular wave scattering by а weak and thin 
dielectric inhomogeneity as а linelike scatterer placed near 
inside focus of Veselago's lens. In this case the linelike 
scatterer is radiated by singular quasistatic field near the 
inner focus of Veselago's lens that enhanced the effect of 
scattering. Besides, the outgoing from the left-handed 
material slab scattered radiation is enhanced by similar 
singular manner near outside focus of Veselago's lens. In 
result the effect of wave scattering by linelike scatter near 
inside Veselago's lens focus is appeared to be proportional 
to product of singular quasistatic parts of two empty space 
Green functions that means а multiplicative quasistatic 
singularity of the Green function for inhomogeneous left-
handed material slab. 

Modelling the linelike scatterer by non-local separable 
scattering potential reveals a resonance property of the 
scattering amplitude related to singular behaviour of the 
Green function for waves propagated inside perfect left-
handed material slab. 

To the end, note that positions of the inside and outside 
focuses of a flat slab of homogeneous left handed material 
(perfect Veselago' s lens) are defined by positions of the real 
source and the real receive points and the slab thickness. 
Therefore for given small inhomogeneity inside left-handed 
material slab one can find such positions of real source and 
real receive points, which bring visible image for the 
inhomogeneity due to described phenomenon of singular 
scattering.  

The latter has at least two conclusions. First, it may be 
proposed a principle of non-contact tunneling near field 
optical microscopy with some features of tomography using 
optical singularities produced by Veselago like medium, in a 
manner as if an optical antenna of near field scanning 
microscope will be able to penetrate inside tested surface 
[25]. Really, Veselago like medium allows to display a set 
of near field images taken from different observation points 
of the object using any projection rendering system. Due to a 
phenomenon of electromagnetic wave virtual singular 
scattering, the brightness of the object image will be as high 
as if source and receive are both located in the near field 
zone of the object. Second, in the Introduction we note that 
left-handed materials are currently considered as media 
which enable precise control over the flow of 
electromagnetic waves. Using these artificial materials, the 
first microwave cloaking has been achieved [26]. However, 

even an ideal perfect cloak (curved electromagnetic space) 
may be electromagnetically detected within its working band 
[27] on the basis of a radiation (some kind of 
electromagnetic source) generated at propagation of a fast-
moving charged particle through the cloak. At the same 
time, perfect artificial material consisting of huge amount of 
identical electrotechnical elements is rather illusion in 
practice. Defects of such materials may function as 
abovementioned current sources [27]. One sort of such 
defects, i.e. a dielectric inhomogeneity in left handed 
material slab, has been considered in this paper. 
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Abstract
Dual-band perfect absorption/thermal emission is shown to
be a general property of an ultrathin bilayer consisting of
a dielectric and a totally reflective layer if the permittivity
of the dielectric can be described by Drude-Lorentz (DL)
model. The two bands coexist and reside on opposite sides
of the Lorentzian resonant frequency where the material
loss is small. However, the perfect absorption mechanism
for the two bands is distinguishably different. One band
is related to Fabry-Pérot phenomenon and the surge of re-
fractive index near the Lorentzian resonance. This band is
polarization insensitive. The other band is associated with
excitation of Brewster-type mode at the !-near-zero (ENZ)
wavelength and occurs only for p-polarized wave at oblique
incidences. This mode has a fast-wave non-radiative char-
acter and propagates along the ultrathin ENZ layer superim-
posed on the highly reflective surface. Both bands exhibit
wide-angle high emission with a small shift in their center
frequencies which can be tuned by tuning the Lorentzian
resonance. The resonance-enhanced dual band absorption
occurs in the ultrathin DL layer at the weakly absorbing
wavelengths as a consequence of an interaction between the
total transmission and the total reflection. We demonstrate
this phenomenon in a silicon carbide/copper bilayer. The
suggested structure may have applications in biological and
chemical sensors, IR sensors, thermal emission controls,
thermophotovoltaics, and photodetectors.

1. Introduction
There has been considerable interest in various absorbers
and thermal emitters due to high demand applications in
thermal sensing and energy harvesting. Thermal emission
is often characterized by broadband, incoherent, and quasi-
isotropic due to the intrinsic random nature of thermal fluc-
tuations. For renewable energy application, it is desirable to
have a narrow-band radiation that matches with electronic
transition of photovoltaic cells [1] to maximize energy con-
version efficiency. In the past few years, photonic bandgap
materials have been investigated for changing absorption
spectrum and reducing radiation bandwidth [1]–[5]. On the
other hand, the ability of controlling emission spectrum and
direction also has important applications such as tailoring
radiation [6, 7] and thermal sensing. To increase coherence
and modify emission characteristics, there has been increas-

ing attention on patterning surface microstructures, such as
subwavelength gratings [8]–[11], microcavities [12]–[15],
and metamaterials [16]–[19]. It is of great interest in manip-
ulating light to achieve total absorption at a subwavelength
scale. Dual-band absorption [20]–[23] is a desired feature
for infrared sensors, thermal emitters, and integrated multi-
functional devices. In this paper, we will show that dual-
band wide-angle perfect absorption is a general property
of ultrathin bilayers composed of a primary dielectric layer
and a secondary reflective layer if the permittivity of the
dielectric can be described by Drude-Lorentz (DL) model.
Coherent enhanced absorption is resulted from an interplay
between the total transmission of the primary layer and the
total reflection of the secondary layer. In the following, we
will analyze this phenomenon with both real metal substrate
and perfect electric conducting (PEC) ground and demon-
strate this property in a silicon carbide (SiC)/copper (Cu)
bilayer structure.

2. Coherent perfect absorption
2.1. Basic theory

Figure 1 shows the geometry of the bilayer structure and
the coordinate system used in the simulation. Due to the az-
imuthal symmetry, the polar angle " is sufficient to describe
the direction of the absorption/thermal emission. Consider
transverse magnetic (TM) modes, corresponding to non-
zero field components Hy , Ex, and Ez . Assume a harmonic
time dependence exp(!i#t) for the electromagnetic field.
From Maxwell’s equations, the magnetic field Hy satisfies
the following wave equation:

$2Hy

$x2
+
$2Hy

$z2
+ k20!µHy = 0 , (1)

where k0 = #/c; the ! and µ are, respectively, the permit-
tivity and permeability of the material. Equation (1) permits
solutions of the form %(z) exp(i&x). Here the transverse
wave number & is determined by the incident wave, and is
conserved across the interface,

&2 = k20!µ! '2 , (2)

where ' is the wave number in the z direction. The func-
tional form of %(z) is either a simple exponential exp(i'z)
for the semi-infinite regions or a superposition of cos('z)



Figure 1: A schematic diagram of a bilayer structure.
The permittivity of the primary (top) layer is described by
Drude-Lorentz model while the secondary (bottom) layer is
highly or totally reflective substrate, such as metal or PEC.
The angle " represents the direction of thermal emission or
absorption.

and sin('z) terms for the bounded regions along the z di-
rection. The other two components Ex and Ez can be
solved from Hy using Maxwell’s equations. Only non-
magnetic materials are considered. Assume the permittivity
of the primary layer in Fig. 1 is described by Drude-Lorentz
model, which is given by

! = !! +
#2
p

#2
0 ! #2 ! i(#

, (3)

where the permittivity at the high frequency limit !! = 3.8.
The plasma frequency #p = 0.43µm"1; the Lorentzian
resonant frequency #0 = 0.11µm"1; and the damping fac-
tor ( = 8 " 10"3 µm"1. The dispersion in Eq. (3) and
the corresponding refractive index are shown in Fig. 2. The
Lorentzian resonant wavelength is about 9.1µm. For ideal
perfect absorption to occur, the substrate should be totally
reflective, such as PEC. However, we use copper (Cu) as
the highly reflective substrate in our simulation for future
potential practical implementation, meanwhile we will use
PEC ground to assist our analysis. The complex permittiv-
ity of copper can be obtained from Palik [24]. Thus, perfect
absorption here is not in a strictly mathematical sense, but
rather in a practical sense, meaning close enough to 100%.
The complex permittivity of copper and refractive index are
provided in Fig. 3 for convenience.

The electromagnetic field can be solved by scattering
matrix method and matching boundary conditions at the in-
terface of each layer, i.e. the continuity of Hy and Ex. The
transmittance (T ) and reflectance (R) of electromagnetic
(EM) power can be calculated via the Poynting vector S,
given by S = #(E " H#). The fraction of energy ab-
sorbed by the structure is described by the absorptance (A),
where A = 1 ! T ! R as required by energy conserva-
tion. From the absorption spectrum, the emission spectrum
can be obtained from Kirchhoff’s law which directly relates
the absorptance with the emissivity [25, 26]. For a PEC
substrate, there is no transmission and the tangential com-
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Figure 2: Real (left-top) and imaginary (left-bottom) parts
of the permittivity given by Eq. (3), as well as the real
(right-top) and imaginary (right-bottom) parts of the cor-
responding refractive index.
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Figure 3: Real (left-top) and imaginary (left-bottom) parts
of the permittivity of copper given from Palik [24], as well
as the real (right-top) and imaginary (right-bottom) parts of
the corresponding refractive index.

ponent of the electric field Ex = 0 at the PEC-dielectric
interface. Thus, the magnetic field Hy is proportional to
the cos('z) term if the origin of the z-coordinate is located
at the PEC-dielectric interface. By matching boundary con-
ditions at the air-dielectric interface, it is straight forwards
to derive the reflection coefficient of the magnetic field as

r =
1 + ) tan('2d)

1! ) tan('2d)
exp(!i2'1d) , (4)

where the subscripts 1 and 2 refer to, respectively, air and
the dielectric. The 'j (j = 1, 2) is given from Eq. (2); and
the d is the thickness of the dielectric layer; and

) = i
Z2

Z1
= i

'2!1
'1!2

, (5)

where Z1 and Z1 are the impedance generalized for oblique
incidences; the !1 and !2 are, respectively, the permittivity
of air and the dielectric material. The reflected electric field
Ex = Z1Hy . From the Poynting vector calculation, the
reflectance of the power is given by R = |r|2; and thus
the absorptance A = 1 ! R can be obtained. Perfect ab-
sorption occurs when the reflection coefficient is zero where

2



the effective impedance (Ze) of the ENZ-PEC structure is
matched to that of free-space. From Eq. (4), we have

Ze $ !iZ2 tan('2d) = Z1 . (6)

For the real metal substrate, it is an open boundary and the
numerical simulation is based on scattering matrix method
which computes the transmission and reflection coefficients
of the magnetic field (Hy). The associated electric field can
be derived from the magnetic field by solving Maxwell’s
equations. Then, the transmittance (T ) and reflectance
(R) of the electromagnetic power can be calculated via the
Poynting vector. Thus, the absorptance A = 1! T !R.

2.2. Simulation and analysis

In the following discussion and figures, we will use the
term “emissivity” and “absorptance” interchangeably for
convenience. Figure 4 compares the emission character-
istics of the DL/Cu and DL/PEC bilayer structures. The
results are very similar using the real metal or PEC as the
substrate. Two bright bands with broad emission angle are
located on opposite sides of Lorentzian resonance where
the material loss is small (see Fig. 2). The angle of per-
fect emission or absorption depends on the wavelength, di-
electric constant, and thickness of the layers. The longer
wavelength band around 10 % 12µm is associated with
Fabry-Pérot (FP) resonance and Lorentzian enhanced per-
mittivity and refractive index (see top panels in Fig. 2),
which allows the Fabry-Pérot resonant condition to be sat-
isfied for the ultrathin layer. This band has a broader band-
width and also appears for TE polarized wave; and thus
it is insensitive to the polarization as long as the material
is isotropic. The shorter wavelength band around 4µm is
due to the !-near-zero (ENZ) effect [27]-[29] and occurs
only for p-polarized waves at non-zero angles of incidence
where the normal component of the electric field inside the
ENZ medium is extremely high due to the continuity of
the normal component of electric displacement field. Since
the transmission of the bilayer is zero, perfect absorption
occurs at an angle where the reflection of the p-polarized
wave is zero, corresponding to excitation of Brewster-type
mode [30], which is a fast-wave non-radiative mode propa-
gating along the ultrathin ENZ layer [29]. When the reso-
nant transmissions from the DL layer are totally reflected
by the substrate, the coherence-enhanced absorption can
occur via multi-reflection and repeated absorption. In the
Drude-Lorentz/metal bilayer structures, the shorter wave-
length band has a Brewster-type total transmission while
the longer band has a Fabry-Pérot type total transmission.
The strong coupling between the total transmission of the
DL slab and the total reflection of the substrate results in
the coherent perfect absorption.

Interestingly, the large imaginary part of the permittiv-
ity at the Lorentzian ENZ wavelength * & 9µm does not
introduce strong absorption in the ultrathin slab because
the huge dissipation destroys the coherence. Thus, at the
Lorentzian ENZ wavelength the optical coherence cannot
be built-up inside the DL cavity; and the absorption is small

Figure 4: Emissivity of the bilayer in Fig. 1 vs. emission
angle (") and wavelength. The permittivity of the primary
layer is described by Drude-Lorentz model given by Eq. (3).
The secondary layer is copper (left) and PEC (right). The
thickness of the DL and Cu layers is, respectively, 0.35µm
and 0.15µm. Color bars represent the magnitude of the
emissivity. The shorter (longer) wavelength band is located
at the left (right) side of the Lorentzian resonance (see left
panels in Fig. 2).

2 4 6 8 10 12 14
0

0.2

0.4

0.6

0.8

1

Wavelength (µm)

Ab
so

rp
ta

nc
e

 

 

θ = 34.7o

Cu
PEC

2 4 6 8 10 12 14
0

0.2

0.4

0.6

0.8

1

θ = 34.7o

Wavelength (µm)

R
ef

l.,
  T

ra
n.

 

 

Refl.
Tran.

Figure 5: Top panel: absorptance versus wavelength at the
perfect absorption angle " = 34.7$ of the shorter wave-
length band when the substrate is Cu (blue-solid) and PEC
(green-dashed). Bottom panel: reflectance (blue-solid) and
transmittance (green-circles) of the DL/Cu bilayer versus
wavelength at the corresponding angle. Simulation param-
eters are the same as those in Fig. 4.

due to the ultrathin layer. Absorptance versus wavelength
at the perfect absorption angle of the shorter wavelength
band is illustrated in the top panel of Fig. 5 for both copper
and PEC substrates. The bottom panel of Fig. 5 shows the
corresponding transmittance and reflectance for the copper
substrate. With the zero transmittance, perfect absorption
corresponds to the zero reflection. The spectral and angular
locations and bandwidths are related to the permittivity and
material dispersion. With the advance of metamaterial fab-
rication, the desired spectral locations of peak absorption or
emission and other spectral features can be engineered by
properly designing the Lorentzian resonant frequency and
the damping factor.

The total round-trip Fabry-Pérot phase (!F ) of the DL
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Figure 6: Top panels: absorptance of the DL/Cu bilayer
vs. AOI at the perfect absorption wavelength of the shorter
band * = 4.02µm (left) and the longer band * = 10.88µm
(right). Bottom panels: total round-trip FP phase !F (in the
unit of +) vs. AOI at the corresponding wavelength.
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Figure 7: Total round-trip FP phase !F (in the unit of +)
vs. wavelength at the perfect absorption angle of the shorter
wavelength band (" = 34.7$, blue-solid) and the longer
wavelength band (" = 40.7$, green-dashed).

cavity is given by

!F = ,1 + ,2 +
4+d

*
#
!'
!
"
cos "d , (7)

where the d is the thickness of the DL cavity. The ,1 and ,2
are the reflection phases from the DL medium to air and to
the substrate copper, respectively. The third term in Eq. (7)
represents the propagation phase inside the DL cavity. The
permittivity ! is given by Eq. (3). The refraction angle "d
inside the DL medium is given by

"d = tan"1

#
#(kx)
#(kz)

$
= tan"1

#
&

#(')

$
, (8)

where the & is real and determined by the angle of inci-
dence; and ' can be obtained from Eq. (2). It is straight
forward to calculate the reflection phases ,1 and ,2 from
the reflection coefficients at the interface of the two media.
In the longer wavelength band in Fig. 4, the blue-shift of the
emission frequency as the angle increases can be explained
from the cosine factor in Eq. (7). To satisfy the FP resonant
condition, as the angle increases, the reduced propagation

phase can be compensated by increasing the refractive in-
dex (see top-right panel in Fig. 2) through blue-shifting the
resonant frequency.

Figure 6 shows the absorptance and the total round-trip
Fabry-Pérot phase !F versus angle of incidence (AOI) at
the perfect absorption wavelength of the shorter and longer
wavelength bands. Figure 7 shows the total FP phase as a
function of wavelength at the perfect absorption angle of the
shorter and longer wavelength bands. For a single slab, res-
onant transmission occurs when the total Fabry-Pérot phase
is an integer multiple of 2+. As illustrated in Figs. 6 and 7,
the near-zero total FP phase at the central wavelength of the
longer band is a clear indication of FP resonance-assisted
perfect absorption. The shorter band is related to Brewster-
induced total transmission and occurs only for p-polarized
wave at the oblique incidences (AOI (= 0). Regardless of
different transmission mechanisms, the primary layer forms
a resonant cavity whereas the secondary layer provides an
optical feedback via reflecting the total transmission from
the primary layer, leading to the cavity-enhanced coherent
perfect absorption, as a result of the multiple-reflection and
repeated absorption.

3. Emission from SiC/Cu bilayer
In this section, we will demonstrate above phenomenon by
replacing the ideal Drude-Lorentzian medium with a real
material – silicon carbide (SiC). The permittivity of silicon
carbide can be obtained from Palik [24]:

! = !!

#
1 +

#2
L ! #2

T

#2
T ! #2 ! i(#

$
, (9)

where !! = 6.7 and the damping factor ( = 4.76 cm"1.
The frequency #L = 969 cm"1 is the longitudinal opti-
cal phonon frequency whereas the #T = 793 cm"1 is the
transverse optical phonon frequency. Silicon carbide has a
Lorentzian resonance in infrared region as shown in Fig. 8.
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Figure 8: Real (left-top) and imaginary (left-bottom) parts
of the permittivity of silicon carbide obtained from Eq. (9),
as well as the real (right-top) and imaginary (right-bottom)
parts of the corresponding refractive index.
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Figure 9: Emissivity of the SiC/Cu bilayer structure vs.
emission angle and wavelength. The thickness of the SiC
and Cu layer is, respectively, 320 nm and 150 nm. Color
bar represents the magnitude of the emissivity. The shorter
(longer) wavelength band is located at the left (right) side
of Lorentzian resonance (see left panels in Fig. 8).
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Figure 10: Top panels: emissivity vs. emission angle at the
perfect emission wavelength of the shorter wavelength band
(left panel, * = 10.31µm) and the longer wavelength band
(right panel, * = 12.88µm). Bottom panel: emissivity vs.
wavelength at the emission angle " = 41.0$.

The emissivity of the SiC/Cu bilayer as a function of
emission angle and wavelength is provided in Fig. 9. A
dual-band wide-angle thermal emission from this bilayer
structure can be observed. The two coexisting wavelength
bands are located on opposite sides of Lorentzian frequency
where the material loss is small. Again, there is no strong
absorption at the Lorentzian ENZ wavelength (% 12.5µm)
since the huge dissipation destroys the coherence of the
electromagnetic field inside the ultrathin cavity. Thus,
the cavity-enhanced absorption cannot be achieved at this
wavelength. Due to the smaller damping factor in the
Lorentzian resonance of the silicon carbide, the emission
bandwidths are narrower than those in above DL model.
Figure 10 illustrates the emissivity versus emission angle
at the perfect emission wavelength of the shorter (top-left)
and longer (top-right) bands, as well as the emissivity vs.
wavelength (bottom) at the emission angle " = 41$. The
separation between the two bands are less than that in the
previous model due to the relatively smaller damping factor

in the silicon carbide.

4. Conclusions
In conclusions we have demonstrated the cavity-enhanced
dual-band wide-angle absorption/thermal emission around
Lorentzian resonance in ultrathin bilayer structures. Many
engineered materials can often be effectively described by
Drude-Lorentz model, thus the proposed bilayer structures
is applicable for a broad range of materials. The layered
geometry allows easy integration. The dual-band spectrum
and wide acceptance angle are desired features for multi-
functional devices including thermal emitters, IR sensors,
photodetectors, absorbers, and bolometers.
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Abstract 
Here we present metastructures containing cut-wire grating 
and a single longitudinal cut-wire orthogonal to grating’s 
wires. Experimental investigations at microwaves show 
these structures can provide strong magnetic resonant 
response of a single nonmagnetic cut-wire in dependence 
on configuration and sizes in the case when metastructures 
are oriented along the direction of wave propagation and 
cut-wires of grating are parallel to the electric field of a 
plane electromagnetic wave. It is suggested a concept of 
magnetic response based on antiparallel resonant currents 
excited by magnetic field of surface polaritons in many 
spatial LC-circuits created from cut-wire pairs of a grating 
and section of longitudinal cut-wire. Three separately 
observed resonant effects connected with grating, LC-
circuits and with longitudinal cut-wire have been identified 
applying measurements in waveguides, cutoff waveguides 
and free space. To tune and mark resonance split cut-wires 
are loaded with varactor diodes. 

1. Introduction 
We know, at microwaves metamaterals containing chiral 
inclusions, can possess an effective magnetic permeability, 
which depends on the orientation of inclusions relative to the 
magnetic field h of the incident electromagnetic wave. 
Resonance phenomena caused by the excitation of resonance 
currents by the field h. Presently extensive investigations are 
directed toward the development of magnetic metamaterials 
containing technologically simple line wires to apply in 
dispersion engineering [1]. The main attention is devoted to a 
cut-wire pair that possesses both the electric and magnetic 
response due to the possibility of parallel current induction by 
the electric field and antiparallel current, by the magnetic 
field [2, 3]. Since the magnetic and electric resonance 
responses are generated practically at the same frequency, it is 
difficult to separate these signals and evaluate the magnetic 
contribution.  
In paper [4] it is suggested a new way to create separately a 
strong microwave magnetic response using cut-wires. It was 
found in waveguides that a line wire of length lm, which is 
oriented along waveguide axis parallel to the direction of 
propagation of an electromagnetic wave (and 
perpendicularly to its electric field E) and arranged 
asymmetrically near a cut-wire grating forming surface 
polaritons, can exhibit a resonance response that has a 
magnetic nature. A giant resonance is observed in 
longitudinal single cut-wire of a definite (resonance) length 
in a certain frequency range corresponding to the existence 
of surface polaritons (below the resonance frequency of the 

polariton-generating grating of cut-wires parallel to the E-
field). In this paper we investigate this very interesting 
phenomenon experimentally in waveguides (WGD), cutoff 
waveguides (Cut WGD) and free space in dependence on 
configuration and sizes. We suggest and verify a concept of 
magnetic response based on possibility of antiparallel 
resonant currents induction by magnetic field of surface 
polaritons in many spatial LC-circuits from cut-wire pair of 
grating and section of longitudinal cut-wire. We demonstrate 
and identify three separately observed resonant effects. The 
first resonance is due to parallel currents induction in 
grating’s wires, the second resonance effect is due to 
excitation of antiparallel currents in LC-circuits and the third 
resonance is due to contribute of total currents from LC-
circuits along longitudinal cut-wire lm.  To tune and mark the 
resonance varactor-loaded split cut-wire is applied. 
 

2. Investigated metastructures. Concept of the 
magnetic response 

Different metastructures have been investigated at 
microwaves in dependence on configuration and sizes. 
Obtained results allow to suggesting a concept of resonance 
response of a single longitudinal cut-wire that has a 
magnetic nature. It is investigated “Cut-wire grating -single 
longitudinal cut-wire (Gr-LCW)” metastructure, “Wire pair 
– longitudinal cut-wire (Wire pair-LCW)”, “Cut-wire 
grating -parallel cut-wire (Gr-PCW), metastructures with 
varactor-loaded split LCW and PCW.  
 

2.1 Measurements methods (waveguides, free space) 

We have measured frequency dependence of the 
transmission coefficient T of electromagnetic wave of 
metastructures arranged along the axis and oriented parallel 
to the side wall of a standard waveguide, WGD (48x24 mm) 
and a below-cutoff rectangular section, Cut WGD (16x24 
mm). The measurements were performed in frequency 
range 3-6 GHz. We have used also a standard waveguide 
(23x10 mm) and a below-cutoff rectangular section 
(8x10mm) to measure transmission in frequency range 8-12 
GHz. To prepare Cut WGD a fragment of the main WGD 
(of the length L=25mm) is divided into three sections by 
metal spacers parallel to the direction of wave propagation. 
Investigated metastructure is placed into a central cutoff 
WGD section (fig. 1b).  
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A comparative analysis of the signal transmission spectra in 
the main and below-cutoff waveguide section is an 
important method of identification of the type of excited 
resonance [5]. For example, in the case of magnetic 
excitation (magnetic resonance in WGD, MR) the 
transparency band in Cut WGD is observed above the MR 
frequency. In addition, the magnetic excitation is 
characterized by the presence of superforbidden band below 
the MR. In the case of electric excitation (electric 
resonance, ER), the transparency band in Cut WGD is 
observed below the ER frequency. 
We have measured also the frequency dependence of the 
transmission coefficient T of metastructures arranged in free 
space in the gap between transmitting and receiving 
waveguides for two cases. In the first case receiving and 
transmitting WGD are placed along the same axis (A-
direction). In the second case receiving WGD is placed 
along transverse B-direction (fig. 1c). 
 

2.2. Experimental verification 

2.2.1. “Gr-LCW” metastructure 

Below we present results of investigation of metastructure 
“cut-wire grating -single longitudinal cut-wire” (Fig.2a), 
like [4], placed along propagation direction of 
electromagnetic wave and engineered to have magnetic  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

resonance properties using only cut-wires, lp and lm  are 
lengths of grating’s wire and longitudinal cut-wire LCW, s –  
distance between Gr and LCW. Grating of wires lp parallel 
to the E-field exhibits a resonance response, which is 
manifested by resonance I of the electric type and 
characterized by a resonance dependence of the transmission 
coefficient with a minimum at a certain frequency dependent 
on the wire length. This grating is excited by the E-field 
(induction of parallel currents) and generates surface waves 
(polaritons) near resonance I (below the resonance 
frequency). Local transverse magnetic field of polaritons 
inducts electromotive forces and antiparallel currents in 
many spatial LC-circuits (such as abghefa and cdehgbc 
created from cut-wire pairs of a grating and section of LCW) 
and like-directed currents along LCW. Equivalent electric 
diagram is shown in Fig. 2b. Directions of currents which 
run in many LC-circuits abghefa are the same along wire lm 
and opposed to currents of circuits cdehgbc. In the case of 
symmetrically located wire lm (t=lp/2) these opposed currents 
along LCW of circuits abghefa and abghefa are practically 
quenched. In the case of asymmetrically location, if LCW 
length lm is resonant the wave of current along wire lm and 
the resonance response are very strong. Resonance response 
of a LCW lm can be detected separately because its resonance 
frequency depends on length and distance s and is different 
from frequencies of grating and LC-circuits. 

 

L 

Fig. 1. Metastructure in (a) WGD, (b) Cut WGD 
section and (c) free space. 
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Receiving WGD 

(c) 

Fig.2. “Gr-LCW” metastructure (a) and its 
equivalent electric diagram (b). 
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Fig. 3a shows the frequency dependences of transmission T 
measured in the presence of Gr. of lp=21mm, for which 
resonance I is observed in the WGD at 6 GHz and pass-band 
is observed in the Cut WGD section at frequencies below 
this resonance. Fig. 3b shows corresponding frequency 
dependences of T measured in the presence of Gr. of 
lp=16mm, for which resonance I and pass-band (below I) are 
observed above 6 GHz in the WGD and Cut WGD. Position 
of pass-band below the resonance I specifies electric 
excitation and electric-type resonance of grating.  
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Fig.3. Frequency dependences of T in the WGD 
(dashed curves) and Cut WGD (solid curves) in the 
presence of (a) Gr. of lp=21mm and (b) Gr. of 
lp=16mm. 
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Fig.4. Frequency dependences of T in the presence of 
“Gr-LCW” meta-str.(lp=21mm, lm=26mm) in (a) 
WGD (dashed) and Cut WGD (solid) and (b) free 
space (A-direction). 

Fig.5. Frequency dependences of T in the presence 
of “Gr-LCW” meta-str.(lp=16mm, lm=23mm) in (a,b) 
WGD (dashed) and Cut WGD (solid) and (c,d) free 
space (A- and B-directions).  
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Now let us consider the results of measurements in the 
presence of metastructure “Gr-LCW” 
In fig. 4 we see frequency dependences of transmission T 
measured in WGD and Cut WGD (a) and in free space (b) 
in the presence of metastructure “Gr-LCW” with lp=21mm, 
lm=26mm, s=0.2mm, t= lp/4. In this case in addition to 
resonance I of the Gr. the metastructure exhibits magnetic 
resonances II (of LC-circuits) and III (of LCW). The below-
cutoff section exhibits, besides pass-band due to Gr., a new 
transparency band that extends from resonances III and II 
toward high-frequency region, fig. 4a. Such position of 
pass-bands identifies magnetic excitation and magnetic type 
of the resonance (MR). The resonance II is due to 
antiparallel currents in LC-circuits excited by transverse 
magnetic field of polaritons and resonance III is due to 
contribute of total currents from LC-circuits along 
longitudinal cut-wire lm.  How can we make out the 
difference between resonances II and III and mark out the 
resonance III of LCW lm? One can easy do it by 
measurement of transmission T in free space (A-direction). 
In this case (fig. 4b) resonance response of LCW lm in A-
direction is practically not entered in contrast to responses 
of Gr. and LC-circuits. There is also the way to mark out 
the resonance response of a cut-wire applying varactor 
diodes (see part 2.3).   
Fig. 5 shows frequency dependences of transmission T  
measured in WGD and Cut WGD (a,b) and in free space 
(c,d) in the presence of metastructure “Gr-LCW” with 
lp=16mm, lm=23mm and different distance s. Value 
lp=16mm is selected so as to provide resonance I and 
corresponding pass-band in Cut WGD would shift to the 
high-frequency edge of the interval of measurements and do 
not overlap with magnetic resonance III related to the lm 
wire. Resonance III was excited at 5.1 GHz for a distance 
of s=2.7mm and shifted to lower frequencies (4.7 GHz) 
when s was decreased to 1.1mm (fig. 5a). When s3=0.2mm 
resonance III of lm wire was observed at frequency 3.5 GHz 
(fig. 5b). The below-cutoff section exhibited the 
corresponding pass-bands (above frequency of the magnetic 
resonance III of lm wire and supperforbidden bands (below 
III, which occur at about 5 and 4.4 GHz and follow behind 
the shifting resonance III. Resonance II related to the LC-
circuits was depicted at frequency 5.2 GHz in WGD and 
free space (fig. 5b,c). 
Resonance III of lm is not depicted in free space in A-
direction, but one can observe resonance response in B-
direction by measurement of cross-polarized reflected wave 
from lm wire , fig. 5d. 
A strong resonance III is observed when the lm wire is 
arranged asymmetrically relative to lp wire grating, its 
intensity decreases when lm wire shifts to symmetrically 
location. In the case of t=lp/2 resonance response III is 
absent.  
Strong MR III is observed if the lm value is close to half-
wavelength in the frequency region adjoining resonance I 
from the side of lower frequencies, which is the region of 
existence of surface polaritons generated by wire grating lp. 
The position of MR III depends on wire length lm. MR III 
shifts toward higher frequencies with decreasing lm and 

pass-band of the below-cutoff section in this case exhibits 
the corresponding shift as one can see in Fig. 6a.  
In the case of using two wires with different lengths lm1 and 
lm2, two MRs III are excited at different frequencies and 
two pass-bands appear that are characteristic of the 
magnetic excitation (fig. 6b).  
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2.2.2. “Wire-pair – LCW” metastructure 
One can imagine wire grating lp as composition of many 
wire-pairs and confirm suggested conception by 
investigation of metastructure consisting one wire pair and 
LCW. We show that metastructure (see fig. 7), created from 
one pair of cut-wires AB in composition with 
asymmetrically located longitudinal cut-wire CD 
orthogonal to AB parallel to the electric field of incident 
electromagnetic wave, can also possess magnetic resonance 
response of longitudinal cut-wire CD at frequencies 
different from electric response of cut-wires AB. Conditions 
to achieve magnetic response and resonance properties are 
like as in the case of metastructure “Gr–LCW.  

k 

E 

h

Fig.6. Frequency dependences of T in the WGD 
(dashed) and Cut WGD (solid) in the presence of 
(a)“Gr-LCW” meta-str and (b) “Gr-Two LCW, lm1, 
lm2” metastructure. 
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In Fig. 8 we see frequency dependences of transmission T 
measured in WGD and Cut WGD in the presence of 
metastructures “Cut-wire pair-LCW”, distance between 
wires AB is 20mm. We observe in WGD electric resonance 
I related to the wire pair AB without LCW CD at 6 GHz and 
corresponding pass-band in Cut WGD (below resonance I). 
In addition with “Cut-wire-pair-LCW” metastructure we 
observe magnetic resonance III related to wire CD and 
corresponding pass-band in Cut WGD (above the magnetic 
resonance frequency), (Fig. 8a). Decreasing the length lAB 
resonance I shifts to the high-frequency edge of the interval 
of measurements and do not overlap with magnetic 
resonance III related to the CD wire (Fig. 8b,c). 

2.2.3 . “Cut-wire grating – PCW” metastructure 

Let us consider “Cut-wire grating -single parallel cut-wire 
(Gr-PCW)” metastructure created from grating of wires lp 

and a cut-wire (marked le ) located parallel lp on distance s 
(Fig. 9.) 
 
 
 
 
 
 
 
 
 
In this case electric-dipole resonance (ER) is excited, which 
depends on the wire length (le) and can be observed both 
with and without lp wire grating. The below-cutoff section 
exhibits a pass-band, which situated below the ER 
frequency and is characteristic of the electric excitation. In 
the case of strong change of distance s resonance frequency 
related to le wire is not practically shifted (Fig. 10) in 
contrast to MR frequency related to lm wire (Fig. 5a,b). 
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In the case of using two wires with different lengths le1 and 
le2 two ERs (ER1 and ER2) are excited at different 
frequencies and two pass-bands (in Cut WGD) appear that 
are characteristic of the electric excitation (Fig. 11).  
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Fig. 7. Metastructure “Cut-wire pair-LCW” 
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Fig. 8. Frequency dependences of transmission T in 
the WGD (dashed bold) and Cut WGD (solid bold) in 
the presence of metastructures “Cut-wire pair-LCW”  

k

E

hle 

Fig. 9. Metastructure “Cut-wire grating-PCW” 

Fig. 10. Frequency dependences of transmission T in 
the presence of “Gr-PCW” metastructure in (a) the 
WGD and Cut WGD and (b) free space A-direction  

Fig. 11. Frequency dependences of transmission T 
in the WGD and Cut WGD in the presence of “Gr- 
two PCW” metastructure.  
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2.3. Split LCW and PCW loaded with varactor diodes 
 
It is special interest to study a metastructure using varactor 
diodes. In [6] it has been demonstrated that the resonant 
frequency of split ring resonators (SRRs) can be tuned using 
varactor diodes. The resulting particle has been called a
varactor-loaded split ring resonator (VLSRR). In this paper 
we use varactor diodes in metastructures to tune resonance 
response related to cut-wires and match the resonance 
minima of transmission T to concrete resonant elements 
with certainty what is important for multi-resonance system. 
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By analogy with [7] we call resulting cut-wire as varactor 
loaded split longitudinal cut-wire lm (VLSLCW) or varactor-
loaded split parallel cut-wire le (VLSPCW).  
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Split cut-wire is loaded with varactor diode placed on 
substrate Al2O3 in the gap as we see in Fig. 12.  
Frequency dependences of transmission T in the WGD and 
Cut WGD in the presence of metastructures “GR-VLSLCW” 
and “Cut-wire-pair-VLSLCW” are demonstrated in Fig. 13, 
14 under different bias conditions. These metastructures 
show electric resonance response I related to grating of 
wires lp (or wire pair AB), resonance II and magnetic 
resonance III related to split longitudinal cut-wire lm (or 
split cut-wire CD) loaded with varactor diode SMV1234. 
Resonance III of wire VLSLCW shifts from 3.53 GHz to 
3.74 GHz (Fig. 13) and from 3.34 GHz to 3.49 GHz (Fig. 
14) with the tuning voltage VDC from 0 to 10v. 
Corresponding pass-band in Cut WGD (above III) follows 
the shifting resonance III. Positions of resonances I and II 
are practically not changed.  
Metastructure “Gr-VLSPCW” consisting of wire grating lp 
and split cut wire le loaded with varactor exhibits electric 
resonance response I related to grating of wires lp and 
electric resonance ER related to wire VLSPCW. Fig. 15 
shows that the resonance ER shifts from 4.6 GHz to 4.86 
GHz with the tuning voltage VDC from 0 to 10v 
corresponding to varactor tuning capacitance from 9.63 to 
1.47 pF. 
 

3. Discussion 
We investigate composite multi-resonance metastructure at 
microwaves. Using different measurement methods we can 
match the resonance minima of transmission T to concrete 
resonant elements of metastructure and identify resonance 
type (magnetic or electric). We can observe separately three 
resonances in dependence on design. The emphasis is 
resonance in longitudinal cut-wire placed near wire grating. 

Fig. 12. Split cut-wire loaded with varactor 
diode  

C D 
lm 

Substrate Al2O3 

Fig. 13. Frequency dependences of transmission 
T in the WGD (dashed) and Cut WGD (solid) in 
the presence of metastructure “GR-VLSLCW” 
under different bias conditions 

Fig. 14. Frequency dependences of transmission T 
in the presence of metastructure “Cut-wire-pair-
VLSLCW” under different bias conditions in (a) 
WGD and (b) Cut WGD  

Fig. 15. Frequency dependences of transmission T in 
the presence of metastructure “Gr-VLSPCW” under 
different bias conditions in free space A-direction. 
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We suggest a concept of magnetic response based on anti-
parallel resonant currents excited by magnetic field of 
surface polaritons in many spatial LC-circuits created from 
cut-wire pairs of a grating and section of longitudinal cut-
wire. Obtained results confirm this conception. Is there any 
possibility of traditional electric excitation in this case? 
Theoretically, yes, because near each cut-wire-end of a 
grating there is opposed longitudinal electric field. This 
field can induce opposed currents along longitudinal wire, 
so, total longitudinal current is practically absent. 
Experimentally we investigated the possibility of using 
resonance in a single planar double split ring PDSR to study 
the local polarization characteristics of electric or magnetic 
fields of surface polaritons supported by wire grating [7]. 
By moving the PDSR different resonance effects were 
observed in dependence on excitation by different 
components of electric or magnetic fields. Resonance 
effects which could be excited by longitudinal electric field 
are absent.  

4. Conclusions 
 
In this paper it is observed that nonmagnetic single 
longitudinal cut-wire arranged in necessary planar 
metastructure can show a magnetic resonance response in 
dependence on design, when metastructure is disposed along 
propagation direction of electromagnetic wave. Different 
composition metasructures “Cut-wire grating – single 
longitudinal cut-wire LCW”, Wire-pair - LCW” are 
investigated at microwaves. Obtained results allow to 
suggesting and verifying a concept of the magnetic 
resonance excitation based on antiparallel currents in many 
LC-circuits created from cut-wire pairs of a grating and 
section of longitudinal cut-wire. Frequency dependences of 
transmission T are measured in waveguide, cutoff 
waveguide and free space. Three resonance areas I, II and 
III in transmission are observed. One can match each 
resonance minimum to concrete resonant elements. The 
resonance I is related to wire grating, while resonances II 
and III are related to LC-circuits and the LCW. One can also 
identify resonance type (electric excited by electric field or 
magnetic excited by magnetic field) by measurements in 
cutoff waveguides. The resonance I is identified as electric 
type while the resonance II and III are magnetic resonances 
excited by magnetic field of surface polaritons. Resonance 
frequencies II and III are not the same and different from 
frequency I depending on grating’s wire length, LCW length 
and distance s between LCW and grating.  
Present investigation shows a practical way to the excitation 
of a magnetic resonance in nonmagnetic longitudinal line 
cut-wire which is arranged perpendicularly to the electric 
field of incident electromagnetic wave near a grating of cut-
wires parallel to the electric field. It is suggested a concept 
of magnetic resonance response based on antiparallel 
currents in many LC-circuits created from cut-wire pairs of 
a grating and section of longitudinal cut-wire. The 
resonance III is due to contribute of total like-directed 
currents from LC-circuits along longitudinal cut wire.  
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Abstract 
In this paper, we try to study the behavior of a 2*2 Multi-
Input Multi-Output (MIMO) antennas such as the spacing 
and the isolation between the two radiating elements. In 
fact, we demonstrate how a negative magnetic permeability 
Metamaterial (MNG) can enhance the antenna array of a 
multiple input multiple-output (MIMO) communication 
system. The MNG is inserted between the ground plane and 
the substrate to decrease the correlation between the two 
antennas. Each antenna is designed to operate at about 4.5 
GHz. The performance of a patch antenna array using MNG 
was elucidated relative to a similar array without MNG. 
Design and simulations are done using Ansoft’s HFSS. 

1. Introduction 
Recent growth in the use of wireless wide-area networks 
(WWAN) thanks to its advantages like good accessibility 
and high bit rate has pushed the wireless industry to find the 
best technique in order to increase its spectrum efficiency 
and guarantee the best quality of service. Thus, Multiple-
input Multiple-output (MIMO) technology remains the most 
promising in the evolution of wireless broadband access 
networks [1]. Indeed, MIMO systems promise higher 
channel capacities compared to single antenna systems by 
exploiting the spatial characteristics of the multipath 
wireless propagation channel [2]. Nevertheless, the antenna 
elements are strongly coupled with each other which affect 
the performances of a MIMO system [3]. Many studies have 
been fructified to optimize the isolation characteristic of a 
MIMO antenna. Some of methods are based on the isolation 
elements between the radiating elements [4] as well as using 
a shorting strip [5] or also a corrugated ground plane [6]. 
Otherwise, we find another recent technique to more 
enhance the characteristics of a MIMO system based on the 
use of µ-negative metamaterial (MNG) structures [7], [8]. In 
[8], MNG structures consists of a concentric combination of 
Edge-Coupled Split Ring Resonator (EC-SRR) and a 
Broadside-Coupled Square Ring Resonator (BC-SRR) with 
dimensions chosen to provide an effective negative 
permeability for two bands. Moreover, The MNG is inserted 
between the two antennas 

(back to back). In this study, we have just used SRR to 
develop MNG at about 4.5 GHz and it was inserted between 
the ground plane and the substrate. On the other hand, we 
have used MNG to reduce the size of each antenna and the 
spacing between the two elements. In fact, Metamaterials 
have been extensively applied for antenna applications 
recently to achieve antenna miniaturization [9] and 
improved directivity [10]. 
In this paper, we quantify the performance of a miniaturized 
patch antenna array for a 2*2 MIMO communications 
system using MNG for different values of spacing (λ/2, λ/4 
λ/8 and λ/10). Then, we set the spacing value = λ/10 and we 
evaluate the behavior of the proposed system when we 
change the position of each antenna. Finally, we suggest a 
perspective by designing a 4*4 MIMO system. 

Following this introduction, we discuss the design and 
the performances of the proposed antenna and MNG in 
Section 2. The design and the results of simulations of the 
proposed perspective are presented and discussed in Section 
3. Finally, we conclude the paper in Section 4. 

2. Antenna Design and Performances 

2.1. Antenna Configuration 

Before insertion of MNG, the antenna geometry used in this 
study is a square patch with a recessed microstrip feed line 
(50 Ω) with dimensions of LF = 32.5mm and WF=1mm, 
backed by a substrate and a perfect conductor ground plane. 
The size of each radiating element is LP =WP = 20mm and 
it’s assumed as a Finite conductivity. Both of the elements 
and the microstrip line are printed on the same side of a 
Teflon substrate (LS = 60mm, WS= 55 mm ), TS = 1,27mm 
in thickness and a dielectric constant of  2.2. In this case the 
two identical antennas were separated by d= λ/2 where λ is 
the free space wavelength. The structural details of the 
proposed 2*2 MIMO system are shown in Fig.1 
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Figure 1: Schematic of the proposed 2*2 MIMO system 
without MNG 

2.2. MNG design and miniature antenna 

In this research, the proposed MNG was composed by Split 
Ring Resonators (SRRs). Indeed, The effective permeability 
characteristics of the SRR unit cell can be determined using 
the method described in [11] et [12] and it was -4.931 at 4.5 
GHz. Furthermore, we have chosen a group of a = 4 sets of 
MNG slabs. Each set consists of b=7 unit cells. The 
optimized separation distance between the MNG slabs is  
c= 5.31 mm. Based on these conditions, a significant 
reduction (96%) in the area occupied by the each patch 
antenna was achieved. In fact, to match the resonance 
frequency (4,5GHz) and the same spacing (d= λ/2) between 
the two elements, the dimensions of the 2*2 MIMO system 
with MNG must be as follow: LP =WP =4mm, LS 
=50.89mm, WS = 19.17mm, TS = 0.5mm, LF = 6mm and WF 
=0.3mm. 

The dimensions of the proposed MNG were shown in Fig.2. 
The Perspective view of the two antennas with MNG and 
spacing λ/2 is shown in Fig.3.The simulated S-parameters 
for the proposed antenna system with and without MNG are 
shown in Fig. 4. 

 
Figure 2: Dimensions (in millimeter) of the proposed MNG 
 
 
 

 
Figure 3: Perspective view of the two antennas with MNG 
( λ/2) 

 

Figure 4: S-Parameters with and without MNG for MIMO 
system 

The antennas (without MNG) resonate at 4.5 GHz with a 
return loss of -20.52 dB. The mutual coupling measured in 
terms of S12, is -30dB compared to -40.24 dB for the design 
with MNG structures. In this situation (MNG and d =λ/2), 
we haven’t achieved the best isolation characteristic and the 
minimum spacing between the two radiating elements. 
Therefore, in the next section, we will try to improve further 
these two requirements of a 2*2 MIMO system. 

2.3. Analysis of the spacing and Isolation Characteristics 

The dimensions of each patch antenna, the values of TS, a, 
WS, LF and c were conserved as mentioned in 2.2. However, 
the others dimensions of MNG, the microstrip line and the 
substrate were changed as shown in Tab.1. The simulated S-
parameters for different values of d are illustrated in Fig. 5. 
 
Table 1: Dimensions of MNG and the substrate for different 

values of d 
 

 LS 
(mm) 

WF 
(mm) 

b 

d =λ/2 50.89 0.3 7 
d =λ/4 36.3 0.7 5 
d =λ/8 29.04 0.7 4 
d =λ/10 29.04 0.7 4 
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Figure 5: Measured mutual coupling between the antenna 
elements for different antenna spacing 
 
Fig. 5 shows that it is obvious that the addition of the MNG 
structure improves the isolation characteristic and also the 
spacing (d= λ/10) between the two antennas. Moreover, we 
have the best dimensions of the substrate and the MNG 
which optimizes significantly the cost of construction of our 
suggested 2*2MIMO system. Clearly, the transmission 
coefficient S12 is -20dB when d= λ/10 compared to -11.36 
when d= λ/8, -22.83dB when d= λ/4 and -40.24dB when d= 
λ/2. 

2.4. Variation of the mutual coupling when the two antennas 
are opposite and d = λ/10 

In this section, we set d = λ/10 as the spacing between the 
two elements and we assume that the two antennas are 
opposite to evaluate the performances of the new 
configuration. As a result, we have conserved the details of 
each patch antenna, microstrip line and the value of b and TS 
as mentioned in 2.3. On the other hand, we have used a new 
values of a =6, c=3.56, LS = 29.04mm and WS = 22.66mm. 
The Simulated S12 characteristics are shown in Fig.7. 
 

 
 
Figure 6: New configuration with opposite antennas 
 
 

 
Figure 7: Simulated S12 characteristics for the new 
configuration 
 
Based on the above results, we can confirm that the 
orientation of the antennas affect the mutual coupling 
strengths. In fact, the measured isolation becomes -13.56dB. 

2.5. Design and Performances of a 4*4 MIMO system 

As we mentioned above, the correlation between any two 
antennas within a MIMO system should be kept as low as 
possible in order to improve the performance and capacity of 
MIMO systems. In this section, we evaluate the behavior of 
a 4*4 MIMO system as a perspective for our study in this 
paper. The perspective view of this design is presented in 
Fig.8.In fact, we have conserved the same dimensions of a 
2*2 MIMO system as mentioned in 2.2 when d= λ/10. 
The results of simulations are shown in Fig.9.  

 
 
Figure 8: Perspective view of a 4*4 MIMO systems 
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Figure 9: S-Parameters for the proposed perspective 

 
 
As expected, the isolation between each two antennas seems 
more or less varied like S12 = -37.83dB, S13 = -25.64dB, S14 
= -35.83dB, S23 = -18.44dB, S24 = -22.46dB and  
S34 = -15.67dB. 

3. Conclusion 
In this paper, 2*2 MIMO systems for different 
configurations are discussed. They are shown how it is 
possible to minimize the volume occupied by the antennas, 
the spacing between the two elements and the mutual 
coupling thanks to MNG structure. As a result, we must 
choose an optimal compromise between the various cases 
already studied. Additionally, we have proposed another 
structure (4*4 MIMO systems) that is developed based on 
the initial design. Measured results show that these arrays 
have also a good performances and it can be a promising 
solution for applications in cognitive radio. 
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Abstract 
Assuming that two dimensional photonic crystals with 
disorder is a good approximation in studying wave 
transmission through a localizing two dimensional dense 
random medium slab, a layer-by-layer decay of the 
incident electromagnetic field energy density through two 
dimensional photonic crystals composed of dielectric rods 
and stability of opaque band of a hexagonal packing of 
cylindrical pores with positional disorder in silicon matrix 
are investigated by the Riccati equation method.  

1. Introduction 
The propagation of electromagnetic (EM) waves in 
randomly inhomogeneous slab of nondissipative medium 
can in general be described by a normal diffusion process 
which predicts an inverse linear decrease of the transmission 
with the slab thickness. The transmission through a medium 
possessing more higher concentration of scatterers behaves 
inverse quadratic dependence at the localization transition 
followed by an exponential decay [1] if scattering becomes 
strong enough, as in the case of resonance scattering [2]. As 
it is known [3], the resonance leads to both large scattering 
amplitude and large scattering delay time. The latter results 
in inapplicability of a traditional Boltzmann equation 
method [4]. In the weak scattering limit the transport of EM 
field in a random medium is described by the radiation 
transfer equation [5]. Beyond this limit as in the case of 
dense media consisting of randomly distributed dielectric 
spheres tuned to the Mie resonant scattering, the propagation 
of EM waves may be correctly described by the modified 
radiation transfer equation which predicts a diffusion regime 
with a decrease of diffusion coefficient due to an 
accumulation of EM field energy in resonant scatterers. [6]. 
Nevertheless, the self-consistent theory of localization [7,8] 
has been adopted as the simplest approach to the problem. 
This theory provides an implicit equation for the energy 
diffusion coefficient of EM field [8] which is no longer a 
local variable but is determined by macroscopic coherent 
wave interference throughout the entire medium and even 
depends on the size of entire medium slab in the vicinity of 
the localization threshold [9]. The self-consistent theory 
extends the perturbative weak localization treatment of the 
corrections to classical diffusive behavior of the wave 

energy. Starting from dilute media in the zero 
approximation, a numerous corrections are required to 
describe denser media in which the diffusion coefficient 
may goes to zero.  

An alternative approach from relatively dense random 
media such as photonic crystals (PCs) with moderate 
disorder has been proposed by John [9]. PCs feature opaque 
bands, i.e. frequency ranges for which incident 
electromagnetic waves are totally reflected because of both 
microscopic Mie resonant scattering and the Bragg-like 
multiple scattering [10]. Opaque bands and Anderson 
localization are closely related. Really, both inhibit wave’s 
propagation due to interference in nondissipative media and 
can only be obtained for strongly scattering media. One of 
the ways in the framework of this approach of treating 
localization of EM waves is to study the EM field intensity 
transmitted through a slab of 2D PCs with disorder as a 
function of slab thickness at EM field wavelength taken 
from opaque band in transmission spectrum of perfect 2D 
PC. It is anticipated that the localization regime is if average 
transmitted intensity decreases exponentially with PC slab 
thickness increase. The 2D geometry precludes possible 
depolarization effect of EM waves which functions as 
effective absorption [11,12]. 

In the currently presented report we investigate by the 
Riccati equation method a layer-by-layer decay of the 
incident EM field energy density through 2D photonic 
crystal and a problem of stability of the opaque band of 2D 
inverse PCs with positional disorder. 

2. Riccati equation and two dimensional opaque 
band calculation 

2D PCs are periodic arrangements of parallel dielectric or 
air rods. For in-plane propagation, two types of EM modes 
can be defined according to whether the electric (TE 
polarization) or magnetic (TH polarization) fields is parallel 
to the rod axis. 
Let a plane EM wave with the wavevector 0k


 be incident 

from a background dielectric medium bac =1 at an angle 
  on an 2)1( 1  NL  thick slab of 2D PC 
(Figure 1) consisting of Nm ,...,2,1  layers of rods with  



2 
 

radius   and dielectric permittivity  , infinitely extended 
along the y  axis of the rectangular coordinate system 
xyz . The rods constitute a rectangular lattice with periods 

1  and 2 along the z and x  axes, respectively. A 
circumference of a rod in the xz  plane is given by the 
function )(xfz  . Following the transfer relations 
method [15], the slab is divided into a set of slices 
perpendicular to the z  axis and separated from each other 
by infinitesimal splits. The composition rule of T-matrices 
leads to a system of exact matrix equations, i.e. transfer 
relations for the matrix wave reflection and transmission 
coefficients of a set of slices and the matrix amplitudes of 
waves in splits between slices. The transfer relations give, 
in particular, a differential basic Riccati equation for the 
matrix wave reflection coefficient from a slab, the 
embedding parameter of these differential equations with 
given "initial" condition is taken along the z  axis. The 
slicing is, in essence, applied successively to layers of the 
rods, which are gratings, starting from the bottom layer (m 
= 1 in Figure 1). The wave field scattered by the first layer 

is transferred over an interlayer spacer with a corresponding 
phase shift to the next layer of the rods and so on. 

2.1. TE polarization 

In the case of TE polarization the Riccati equation is written 
in the matrix form as follows 

 

RzRaFzRaFRzaFzaF

RRi
dz
dR

)()()()( 

           (1) 

as Lz    and 0)( 0, xkR   as 

z . Here )( 0, xkR   is the matrix reflection 

coefficient of an auxiliary interface ),( zxf  truncated 
by a plane z = const, the indices 2,1,0,   relating 
to diffracted and incident spectral orders, respectively. 
Physically, );( 0, LkR x   means a partial wave 
reflection coefficient into the  th Bloch mode from the PC 
slab. Diagonal matrixes   and a  have elements 
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are the x  and the z  component of the scattered spectral 

order wave vector 
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0 is the wavelength in the background, 
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is   responsible   for   the   spectral   order’s, propagating or 
evanescent, mutual transformation due to the multiple 
scattering on the array of the rods. The integration in Eq.(2) 
is carried out over the structure unit cell; p  is a number of 
slices at the virtual layering of each array of the rods. In the 
case of symmetric function )()( xfxf  , Eq.(2) reads 

 









 zxzf 0
2

2sin1)( 


                    (3) 

where )(0 zx  stands for a root of the equation 

zxfxf  )()(  at  x0 . In the case of 

 
Figure 1: Schematic showing of xz  plane of splitting the 
2D PC slab into auxiliary slices and splits. The electric field 
vector 0E


 of a plane wave incident at angle   

parallel to the y  axis (TE polarization). The wave vector 

0k


 and the magnetic vector 0H


 of the wave lie in the xz  

plane of incidence. The vector 0H


 is replaced by the vector 

0E


 in the case of TH polarization. 

k


 are reflected (+) 

and transmitted (-) spectral modes, respectively, directed at 
angle x to the z  axis. 
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circular rods, the function )(0 zx  has the form )(0 zx  = 

    2/12
2

2 1  mz  as    21mz  
and the plane z  = const intersects the m th layer of the 
rods. Otherwise the matrix  zF  is equal to zero. 

The z  components, z , of the Poynting’s  vector  for  the  
EM field in the regions of wave reflection from, 

 Lzz   , and transmission through,   zz , 

the L  thick slab of 2D PC are given [15] in terms of the 
tensor coefficients of wave reflection 0,R  and transmission 

0,T , respectively. Averaging these z  components along 

the planes Lz    and z  results in  

 2
000 ;)( LkRkkLz xzzz     




 

and 

 2
00 ;)( LkTkz xzz     




         (4) 

where the sums are only taken over the propagating spectral 

orders with 0kk x 
 . Here 

k


 is the transmitted spectral 

order wave vector with components   xx kk 


 and 

)( 
zk


. These two energy fluxes should be 

identical in accordance with the Poynting theorem in the 
case of non-absorptive rods,  =0. 

2.2. TH polarization 

In the case of TH polarization of the incident wave the 
Riccati equation (1) has modified coefficient a  
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The z components z  averaged along the abovementioned 
z  planes read 
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Where  cos) /)(8/1( 2
0

bac
0 EC bac

z   is the 

z  component of the incident TH polarized wave 0E


. Here 

C  is the light velocity in vacuum.  
For numerical calculations, the matrix Riccati equations 

are reduced to 15×15 equations for a matrix reflection 
coefficients which describes mutual transformation of the 15 
first spectral orders. The reduced system is computed by 
Runge-Kutta routine. 

The EM wave field energy flux, )(  zz , transmitted 
through an L  thick slab of a 2D PC is evaluated in the case 
of non-absorptive rods,  =0, by solving the Riccati 
equation (1) or (5) with the aid of the Poynting theorem (4) 
or (7) in the case of TE or TH polarization, respectively. 

3. Layer-by-layer transmission through a stack of 
dielectric rod arrays 

Solid line in Figure 2 represents frequency transmission 
spectrum (normal incidence of TE polarized wave) through 
N  = 18 arrays of dielectric circular rods arranged in a 
square lattice. The parameters of the PC were taken from 
Ref. [16]: bac  = 1,   = (2.9)2, 2,1  = 4. Figure 2 shows 

that the transmission spectrum has two opaque bands  
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Figure 2: Calculated relative power of EM radiation 
transmitted through N  = 18 arrays of circular rods arranged 
in a square lattice versus the wavelength of the EM waves 
assuming wave normal incidence, bac =1,   = 8.41, and 
arbitrary units for the  , period 2,1  = 4, and radius   = 

0.6. The curve with open squares corresponds to the 
transparency frequency spectrum for a layer of thickness 

18L  of randomly arranged parallel circular rods with 

density 2n  and the scattering cross section )(S . 
Solid and open triangles and circles with numbers mark 
some specific wavelengths. 
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separated by a transparency window. We denote the 
wavelength intervals 8.2 ≤  ≤  12.4  and  3  ≤    ≤  6.5  as  the  
main and additional spectral gaps [10], respectively. 
Besides, Figure 2 shows (curve with open squares) the 
exponential power law  
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of the scaling theory [17] for wave transmission through a 
localized dense random medium slab of the same thickness 

 NL , with the localization threshold being c , 

the elastic mean free path nSe /1 , and the localization 

length  . Here 2n  is the number density of scatterers 
with the scattering cross section )(S . The spectral 

dependence of the parameters e ,  /0 N , and 

 /)( eca   were evaluated according to Ref.[18] 
with regard to the self-consistent theory of localization.  

Plotting the transmission against the penetrated number of 
the rod arrays, a linear relationship in Figure 3(a) for the 
wavelength   = 11.15 (open circles) reveals an exponential 
decay of the transmission with increasing PC slab thickness 
L . Exponential decay is preserved for any wavelength 
taken within the main gap of the spectrum in Fig.2. On the 
other hand, this is not the case with the wavelengths   = 
4.9 (solid circles in Figure 3(a)). Moreover, three curves in 
Figure 3(b) demonstrate different modulation periods of 
transmittance upon the number of rod arrays for the 
wavelengths corresponding to the transmission peaks within 
the additional gap (see   = 4.3 and 5 in Figure 2) and the 
low wavelength edge of the main gap (  = 8.15 in Figure 
2). 

4. Positional disorder and opaque band of two 
dimensional porous PC 

In this section we consider transmission spectra of 2D 
inverse PCs formed by the hexagonal set of circular 
cylindrical pores in non-absorbing silicon matrix (Figure 4). 
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Figure 3: Calculated relative power of EM radiation 
transmitted through the photonic structure described in 
Figure 2 versus the number of circular rod arrays for the 
wavelengths: (a)   = 4.9 (solid circles), 11.15 (open 
circles); (b) 4.3 (curve 1), 5 (curve 2), and 8.15 (curve 3). 
 

 
Figure 4: Schematic showing of xz  plane of a unit cell of 
2D hexagonal porous PC with period  . The shaded area 
corresponds to the matrix. Open areas correspond to the 
ordered (solid lines) and positionally disordered (dashed 
lines) cylindrical air pores. 
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The transmission spectra of 22 arrays of pores were 
computed by Eqs.(1) and (4) in the case of TE polarized 
wave incidence and by Eqs.(5) and (7) in the case of TH 
polarization. The integration in Eq.(2) was carried out over 
the area G  shown in Figure 4 as a shaded part of a unit cell.  
The spectra for the PC with a disordered unit cell were 
calculated for each realization of the pore positions with the 
subsequent averaging of spectra over realization. Spectral 
positions of the long- and short-wavelength edges of opaque 
band in each transmission spectrum were determined at a 
level of 0.1 of the z  component )(Lz  of the  Poynting’s  
vector for the EM field in the region of wave transmission 
(the thickness of PC slab L  was approximated by 5 unit 
cells in the z  axis direction). 

Coordinates of the pore centers in the unit cell were 
defined [19] by the radius vector ijr = )0(

ijr + )(s
ijr with the 

components ijzx ),( = )0(),( ijzx +
)(),( szx , where 

)0(),( ijzx  are the regular position of the pore centers 

( )0(
0,0x  = 

)0(
2,0 x = )0(

0,0z  = 0, 
)0(
1,1 x = 2/3 , )0(

1,1 x = -

2/3 , 
)0(
2,0 z =  , )0(

1,1 z = 2/ , )0(
1,1 z = 

2/ ), )(),( szx  is a random displacement of the pore 

centers in disordered cell 
)(sx = x)22/3(  , 

)(sz = z)2(  . The quantity zx,  was 

randomly distributed in the interval from -0.3 up to 0.3. 
We compare spectral positions of both edges of opaque 

bands in transmission spectra of silicon 2D PCs (   = 
11.56) calculated with the same PC period equal to   = 1.5 
μm   but different pore radii with the experimental results 
corresponding to free-standing bars of porous silicon (see 
Figures 3 and 5 in Ref.[20]; see, also Ref.[13]). Figure 5 
shows a good agreement between the calculated results and 
the experimental data [13].  

Three values of the pore radius (0.62, 0.65, and 0.7 μm), 
for which the calculations were carried out with random 
variation of the pore centre positions in the unit cell of PC, 
are depicted by arrows in Figure 5. The calculation results 
are presented in Figure 6. Note, the selected pore sizes are 
approximately equal to the half-period of the hexagonal 
lattice and comparable to the wavelengths taken within the 
opaque band of the spectrum of PC with this lattice. The 
wavelength means the wavelength in the silicon matrix. The 
specified conditions are optimal for the formation of the 
most pronounced PC opaque band [21]. 

Figure 6 shows that the opaque band narrows as the 
disorder in a pore position in a PC unit cell increases. In the 
case of TE polarization of incident radiation, the band 
spectral width in regular structure is 0.16, 0.33, and  0.54  μm  
at   a   pore   radius  of   0.62,   0.65,   and  0.7  μm, respectively. In 
the case of TH polarization, the opaque band is several times 

 
Figure 5: Long-wavelength and short-wavelength edges of 
an opaque band in the reflection spectrum of the TE (solid 
curve) and TH (dotted curve) waves incident normally on a 
silicon matrix with a hexagonal system of circular 
cylindrical pores as a function of a pore radius. A layer of 
PCs are formed by 22 arrays of pores with the hexagonal 
lattice period    =   1.5   μm. Symbols (+,○) represent the 
experimental data [13,20]. 
 

 
Figure 6: Reflection frequency band edges of the TE and 
TH polarized radiation from the photonic structure with a 
period of 1.5 μm and pore radius equal to (1) 0.62, (2) 0.65, 

and (3) 0.7 m. A random quantity zx,  is plotted on the 

abscissa axis as a measure of pore disordering in PC’s  unit 
cell. 
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wider   (2.22   μm).   The opaque band widths reduce by one 

half at the disorder degree of zx,  = 0.24 (   = 0.62 

μm); zx,  = 0.17 (TE) and 0.14 (TH) (   = 0.65   μm),  

and zx,  = 0.11 (  =  0.7  μm). 

5. Discussion and Conclusions 
Let us begin discussing our results with a set of dielectric 
rods. Square lattices of dielectric circular rods (see Figure 1) 
features two opaque bands in their transmission spectra in 
the case of TE polarized incident wave. The lowest (main)  
and high order Mie resonances and the Bragg-like multiple 
scattering of EM waves were determined [10] as 
mechanisms of formation and spectral position of these two, 
main and additional, opaque bands (see Figure 2). The 
lowest Mie resonance falls into the main band. At the same 
time, exponential decay of the transmission through an 
increasing number of rod arrays is calculated for any 
wavelength taken within this main band. However, we 
revealed a sufficiently abrupt (exponential-power) decay of 
the EM wave field versus the PC slab thickness for the 
wavelength falling in the additional opaque band with 
transmission spices (see Figure 3(a)). These results allowed 
one [10] to consider PCs composed of dielectric rods as a 
good zero approximation in studying wave transmission 
through a localizing 2D dense random medium slab because 
(a) the lowest Mie resonance defines the spectral position of 
the localization window [22] and (b) the band persisted even 
if a disorder is introduced in a regular set of dielectric rods 
[14]. 

As inverse PCs is concerned, we can conclude the 
following. First, complicated shape of an elementary 
scatterer practically precludes at least analytical description 
of resonant scattering process like Mie resonant scattering. 
Second, the opaque band as a whole is more stable to the 
disordering in the case of TE polarized incident waves. 
Third, the opaque band in the spectra of PCs formed by 
pores with a smaller size is more stable to the positional 
disordering of pores. At the same time, the smaller are the 
pores the spectrally narrower is the opaque band. Fourth, the 
opaque band is more sensitive to the positional disordering 
of pores in the case of TH polarization.  
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Abstract 
The power sources used in cutting arc torches are usually 
poorly stabilized and have a large ripple factor. The strong 
oscillatory components in the voltage and arc current 
produce in turn, large fluctuations in the plasma quantities. 
Experimental observations on the dynamics of the non-
equilibrium plasma inside the nozzle of a 30 A oxygen 
cutting torch are reported in this work. 

1. Introduction 
The plasma cutting process is characterized by a transferred 
electric arc that is established between a cathode, which is a 
part of the cutting torch, and a work–piece (the metal to be 
cut) acting as the anode [1]. In order to obtain a high–
quality cut, the plasma jet must be as collimated as possible 
(i.e., it must have high power density). To this end, the 
transferred arc is constricted by a metallic tube (a nozzle) 
with a small inner diameter (of the order of one millimeter). 
A vortex–type high-pressure flow is forced through the 
nozzle to provide arc stability and to protect its inner wall.  

Time fluctuations in thermal plasma direct–current (dc) 
devices are important for any technological application. A 
special effort has been made by several researchers (see for 
instance Ref. [2] to [4]) both from an experimental or a 
numerical points of view, to understand the dynamics of the 
plasma flow inside non–transferred arc torches (like 
spraying torches). In such torches, large plasma jet 
fluctuations arise either from ripple in the direct–current 
power supply, or random arc root movement at the anode, 
or combined effects of gas dynamic and electromagnetic 
instabilities causing cold gas entrainment. On the other 
hand, it is implicitly assumed in most of the experimental or 
numerical works in transferred arc torches (like cutting 
torches), that the plasma is steady [1]. However, the power 
sources used in such plasma torches are usually poorly 
stabilized and have a large ripple factor (with root–mean–
square –rms– deviations that vary between º 5 to 10 % of 
the mean voltage). This is due to the fact that the torch 
currents are of the order of 100 A, which difficult an 
effective filtering of the ripple. If a 3–phase transductor 

type of power supply is used, then the fundamental ripple 
frequency is 150 Hz and if 3–phase silicon controlled 
rectifier based power supply is used, then the ripple 
frequency is 300 Hz. The strong oscillatory components in 
the voltage and arc current should produce in turn, large 
fluctuations in the plasma quantities that vary at the ripple 
frequency.  

In this work, experimental observations on the plasma 
dynamics inside the nozzle of a cutting torch are reported. It 
is employed a technique previously developed in our 
laboratory consisting in using the nozzle as a large–sized 
Langmuir probe [5]. 

2. Experimental set–up  
The experiment was carried out using an oxygen high–
energy density cutting torch. It consisted of a cathode 
centered above an orifice in a converging-straight copper 
nozzle without liquid cooling. The cathode was made of 
copper (7 mm in diameter) with a hafnium tip (1.5 mm in 
diameter) inserted at the cathode center. A flow of oxygen 
gas cooled the cathode and the nozzle and was also 
employed as the plasma gas. The gas passed through a swirl 
ring to provide arc stability. The nozzle consisted in a 
converging-straight bore (with a bore radius RN = 0.5 mm 
and a length LN = 4.5 mm) in a copper holder surrounding 
the cathode (with a separation of 0.5 mm between the 
holder and the cathode surface). To avoid plasma 
contamination by metal vapors from the anode, a rotating 
steel disk was used as the anode, with its upper surface 
located at 6 mm from the nozzle exit. A well–stabilized arc 
column was obtained, with the arc root sliding on the disk 
lateral surface. It was found that this surface resulted 
completely not melted (thus, practically no metal vapors 
from the anode were present in the arc). More details on the 
experimental configuration can be found elsewhere [6]. A 
3–phase transductor power supply with a voltage ripple 
level of º 7 % and a fundamental frequency of 150 Hz was 
used to run the torch. The measured torch operating 
conditions were: arc current 30 A (rms), gas mass flow rate 
0.39 g s-1 and torch chamber pressure pch = 0.6 MPa. For the 
voltage measurements, the reference electrode was the 
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anode (grounded) and the cathode voltage resulted in – 145 
V (rms).  

As previously quoted, the nozzle was used as a large 
sized Langmuir probe. Note that the necessary condition for 
a comprehensive use of a Langmuir probe (that is: the 
plasma should not be perturbed sufficiently far away from 
the probe surface) is accomplished in this case, since the 
nozzle–probe behaves as a natural boundary to the arc. The 
nozzle biasing circuit is shown in Fig. 1. Different nozzle–
anode voltage values (VN) were obtained using a high–
impedance rheostat (2 kΩ of total resistance), connected 
between the cathode and the anode of the arc, while the 
nozzle current (iN) was calculated from the voltage drop 
through a small resistance R0. In practice, the nozzle was 
always biased close to the cathode voltage. Both the VN and 
iN waveforms were registered by using a two–channel 
digital oscilloscope (Tektronix TDS 1002 B) with a 
sampling rate of 500 MS/s and an analogical bandwidth of 
60 MHz.  

 

 
 

Figure 1: Schematic of the nozzle biasing circuit. 
 

Finally, a set of sweeping electrostatic probes [6] was 
used to determine the floating potential close to the nozzle 
exit (at 0.5 mm). The plasma potential value (Vp) at the 
nozzle exit was then obtained from the floating 
experimental value taking into account an electric field 
strength of ! 7 V/mm in the external part of the arc [7] and 
the voltage drop between the plasma and the floating 
potentials (which is proportional to the plasma electron 
temperature). In the case we are considering, we will show 
later that the electron temperature is relatively low (about 
5000–6000 K at the arc border) and hence such difference 
results of only about 5 V [8]. 

3. Results and discussion 
A typical ion current (iN) waveform for a rms nozzle voltage 
value close to the cathode one is shown in Fig. 2. The result 
of performing Fourier analysis on the ion current signal is 
also shown. The rms value of the oscillatory component 
reaches ! 52 % of the mean value with a fundamental 
frequency (f) of 150 Hz (i.e., the ripple frequency). A 
marked spike of short duration (of the order of 100 ms) 

which actually presents a complex fine structure associated 
with the non–destructive double–arcing phenomenon is 
clearly recognized in this figure [9]. 

From the floating potential measurement close to the 
nozzle exit, a plasma potential mean value of ≈ –20 V (with 
a rms deviation of 7 %) was obtained for the given arc 
operating conditions. 

 

 
 
Figure 2: Typical ion current waveform. The FFT analysis 
is also shown. 

 
In what follows, it will be presented a physical 

interpretation of the ion current signal taking into account 
the ripple component. This interpretation is based on the use 
of a physical model for the space-charge layer between the 
arc plasma and the nozzle wall. Since the temporal 
variations introduced by the ripple are very slow as 
compared with the characteristic times in the layer (electron 
plasma frequency, transit time of sound perturbations along 
the layer, etc.), a previously developed steady model [5,10] 

will be adopted, with the additional assumption that the 
plasma quantities follows instantaneously the arc current and 
arc voltage variations.  

At the vicinities of the nozzle wall the electron 
temperature (Te) is well decoupled from the gas temperature 
(close to the temperature of the nozzle wall Th º 1000 K). 
The composition of this non–equilibrium plasma was 
calculated by using the generalized Saha–equation [11] 
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plus the equation of state 
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(where n is the plasma density, nn is the neutral particle 
density, Qi and Qo are the statistical weights of oxygen ions 
and atoms, m is the electron mass, k is the Boltzmann’s 
constant, h is the Planck’s constant, EI is the ionization 
energy of the oxygen atoms, and p is the pressure). 
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The ion current collected by the nozzle was calculated 
by integrating the ion flux evaluated at the edge of the 
plasma–layer boundary 
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where ) sss vn
++

=$  (z is the coordinate directed along the 
nozzle wall). Due to the colisional regime of the layer [5,10] 
the ion entrance velocity v+s is lower than the Bohm velocity 
in a factor of ( )

2/1
Ds%%

+
 [12]. (Here l+ is the colisional ion 

mean free path and lDs is the electron Debye length at the 
layer entrance) 

The thickness of such a space–charge layer was 
approximated as [13]  

         10/12/15/34102.2 ""
&'! eTnVD                      (4) 

where all the physical variables are given in MKS units 
( pN VVV "(& ). Eq. (4) allows to determine D at the nozzle 
exit, since at this position pV  is known from the floating 
potential measurements.  

The formulation also includes the following 
assumptions: (i) a linear variation of the pressure (p) along 
the nozzle (where p(0) = pch and p(LN) = 0.1 MPa); (ii) at 
the adjacency of the nozzle wall Te only depends on the 
radial coordinate; and (iii) a constant value of the layer 
thickness along the nozzle. Assumptions (i) and (ii) have 
been shown to be valid in cutting torches (e.g., [14]). 
Concerning the assumption (iii), it has been shown to be 
valid in cutting torches operated at low gas flow rates [5]. 
With all these considerations, Eqs. (1), (2), and (3) 
constituted a closed system that allowed to obtain nn, n, and 
Te at the plasma–layer boundary for given values of p(z) and 
iN. In particular, the integral of Eq. (3) was approximated by 
a nine–term polynomial using the well–known Chebyshev 
formula. Finally, the D value was obtained from the 
decoupled Eq. (4) in terms of the previously obtained 
plasma quantities.  

 
Figure 3: The electron temperature and the plasma density 
calculated from the experimental results showed in Fig. 2. 

 

Fig. 3 shows the oscillations of Te and the plasma 
density n corresponding to the experimental results showed 
in Fig. 2. Note that the Te and n values during the spike 
development cannot be taken with confidence since the 
assumptions employed to perform the inversion could not be 
valid (especially Eq. (4), which assumes that the particle 
creation or destruction processes can be ignored) at these 
times. The observed electron temperature (mean value º 5 
400 K) shows a rms deviation º 5 % (≤ 300 K), which is of 
the order of the arc voltage ripple level. A considerable 
different situation occurs with n. In this case the rms 
deviation was º 75 %, much greater than that of Te. This is 
expected because in this scenario Eq. (1) approximately 
gives n ∂ Te

a (with a º 15).  

4. Conclusions 
The non–equilibrium plasma inside the nozzle is far from 
the steady state in time, in contrast to what is frequently 
assumed. The ripple of the power source was identified as 
the main oscillation source. Arc electric oscillations due to 
the power source ripple exert strong influence on the 
characteristics of the plasma inside the nozzle of a cutting 
torch. In particular, the most sensitive quantity is the plasma 
density which shows a rms deviation º 75 %, much greater 
than that of the electron temperature of the order of the arc 
voltage ripple level º 7 %. This is expected because the 
plasma density grows strongly with the electron temperature 
for relatively low values º 5000–6000 K. 
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Abstract
In the field of microrobotics, actuators based on smart ma-
terials are predominant because of very good precision, in-
tegration capabilities and high compactness. This paper
presents the main characteristics of Magnetic Shape Mem-
ory Alloys as new candidates for the design of micromecha-
tronic devices. The thermo-magneto-mechanical energy
conversion process is first presented followed by the ade-
quate modeling procedure required to design actuators. Fi-
nally, some actuators prototypes realized at the Femto-ST
institute are presented, including a push-pull bidirectional
actuator. Some results on the control and performances of
these devices conclude the paper.

1. Introduction
Electromagnetic devices have become promising con-
tenders in the area of ultra-high precision manufacturing,
manipulation and sensing. Most of these promising new
technologies uses active/adaptive materials as a base for
actuation principles because of compactness, integrations
and smart use capabilities [1, 2]. This paper reports recent
results obtained using a new type of smart material called
Magnetic Shape Memory Alloy (MSMA) which is an alloy
of Ni-Mn-Ga.

Currently, most of the high-precision devices use piezo-
electric materials such as PZT because of their high-
dynamic bandwidth and their nearly linear behaviour.
Piezoelectric materials are used to design microposition-
ing devices by using classical mode of working [3, 4] or
by using stick and slip mode of working [5, 6]. In the
field of magnetic active materials, the main applications
use magnetostrictive materials [7, 8] especially Terfenol-
D. This material is the most used because of the important
progress in its performances since its first use in 1950 by
the Naval Ordnance Laboratory in the USA and its high
magneto-mechanical coupling compared to the other mag-
netostrictive materials. Examples of actuators and position-
ing devices using magnetostrictive materials can be found
in [9, 10, 11].

Piezoelectric and magnetostrictive materials are the

most used adaptive materials for positioning application.
Nevertheless, alternative solutions exist and MSMAs are a
class of active materials which typically generate 6% strain
in response to externally applied magnetic fields [12]. In
contrast to conventional heat driven shape memory alloys
(SMAs), the magnetically driven MSMAs exhibit higher
operating frequency, making them attractive for actuation
applications. Most of the work on characterization and
modeling of MSMAs has been focused on quasistatic ac-
tuation, i.e., strain dependence on magnetic field. Very few
studies take into account the dynamical behaviour and even
fewer propose MSMA based actuator prototypes. The pur-
pose of this paper is to present a modeling procedure taking
into account the complex magneto-mechanical behaviors of
MSMA and the dynamical characteristics of actuators at the
same time, to design new micropositioning devices.

Among all the offer concerning magnetic active materi-
als, Magnetic Shape Memory Alloy is a relatively new can-
didate. It was first experimented in 1995/1996 at the MIT
for the Ni-Mn-Ga alloy [13] and at the University of Min-
nesota for the Fe-Pd alloy [14]. Since these first works, lots
of researchs have been conducted all around the world (see
[15, 16] for reviews) but very few concrete applications ex-
ist today due to the complex dynamic behaviour of MSMA
and due to the difficulties to improve its manufacturing pro-
cess. Currently, only single crystal samples present signifi-
cant magneto-mechanical coupling characteristics and even
if a lot of studies are conducted concerning thin films de-
position and polycrystal samples [17, 18], these types of
structures are presently less adequate for actuation applica-
tions because of a lower magneto-mechanical coupling.

MSMA can be seen as a mixture of a classical shape
memory alloy (SMA) and a magnetostrictive material. In
a way, its microscopic behaviour is similar to SMAs but
strain is not only due to a martensite/austenite phase trans-
formation but is also due to a martensite reorientation un-
der magnetic fields. In this second mode of working –
martensite rearrangement –, MSMA can be compared with
standard magnetostrictive materials but with a much more
important magneto-mechanical coupling (6 % of maximal
strain for Ni-Mn-Ga instead of 0.16 % for Terfenol-D).



This paper first explains the working principle of this
active material and gives some tools for static and dy-
namic behaviour modeling. Then, some design rules will
be presented to propose efficient actuators. These mod-
eling works will be used as guidelines to design a new
micro-positioning stage. It will be based on two antag-
onist MSMA-based actuators to perform a one-degree-of-
freedom linear axis stage with a full-range motion of the
order of millimeters and a micrometers precision. Mea-
surements conducted on the prototypewill be presented and
commented.

2. Basis on MSMA modeling and behaviour
2.1. MSMA Properties and Characteristics

As seen before, the working principle of MSMA is quite
similar to the working of SMA but its actuation can also
result from magnetic field application. This second mode
of working allows to increase significantly the dynami-
cal bandwidth of the device because it uses a magneto-
mechanical energy conversion process instead of a thermo-
mechanical. Since fifteen years, these materials knew some
improvements concerning mainly the working temperature
range and the maximum available strain. When actuated
by magnetic fields, a large strain (6 to 10 %) is obtained
with a response-time in the range of milliseconds (to com-
pare with tenth of seconds or even seconds for SMA).
The MSMA used in this paper is a non-stoechiometric Ni-
Mn-Ga monocrystal corresponding to the most currently
used MSMA materials. In this alloy, the martensite phase
appears in three different variants corresponding to the
three possible crystallographic directions in the sample (see
Fig. 1 (a)).

The martensitic reorientation principle is presented in
Fig. 1 (b): at high temperature, the MSMA sample is in
austenitic phase (A). After a cooling process, the austenite
phase is transformed into a martensite phase without any
favoured variants. Therefore the resulting sample contains
martensite variants into three equal portions (M1, M2 and
M3). If a mechanical stress is applied in a specific direction,
then the fraction of variant with its short axis in this direc-
tion grows. If this stress is high enough then the sample will
only contain this variant (for example M2 in Fig. 1 (b)). If
the stress decreases, the volume fraction of the M2 variant
also decrease but in an irreversible behaviour (large hystere-
sis). In a same way, if a magnetic field is applied, the vari-
ant with its easy magnetization axis in the field direction, is
favoured. For MSMA, the easy magnetization direction is
the same as the short axis of the M1 variant. In this case,
this variant fraction increases as shown in Fig. 1 (b) by the
application of a magnetic field perpendicular to the stress
field. The balance between magnetic field and mechanical
stress allows a control of the macroscopic strain. With a
pre-stress, one can therefore obtain an actuator driven by
the magnetic field only. Austenite phase can also be recov-
ered by heating.
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Figure 1: MSMA behaviour: (a) austenite phase and the
three martensite variants and (b) martensitic reorientation:
effects of mechanical stress, magnetic field and tempera-
ture.

Besides these interesting properties, the material also
has some important drawbacks. They are the brittleness
of the single-crystal, the high required magnetic field (400
kA/m), the large dependence of the material parameters on
temperature changes, a small blocking stress (2-3MPa) and
a large hysteretical thermo-magneto-mechanical behaviour.
More details about the structural properties of this material
can be found in [15].

2.2. Quasi-Static Modeling of MSMA

Two theories can be used to model the behaviour of
MSMA:

• The first one is based on microscopic properties and
physics of solid. The following papers are represen-
tative of the works done on MSMA materials with
this approach [19, 20, 21, 22].

• The second one is based on macroscopic properties
and thermodynamics. In [23, 24, 25], such mod-
els are proposed whereas in [26, 27, 28], a more
mechatronics-based approach is taken. They explic-
itly take into account the salient features (dynamics
of system) required to make actuators.

While the first theory is prefered by physicists, the second
one is prefered by engineers and is best-suited to design ac-
tuators and micropositioning applications. This paper will
focus mainly on actuator design and only few details will be
given concerning our modelling works (recent results could
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be found in [29]). To simplify the mathematical expres-
sions, only isothermal actuation in the xy plan is considered
in this paper with a control of position along the x axis. In
such a configuration, onlyM1 and M2 variants are relevant.

To model quasi-static behaviour of MSMA using the
thermodynamic approach, it is first necessary to propose an
expression for the internal energy U or a similar thermo-
dynamic potentiel using Legendre Transform (for exemple,
Gibbs free energy G or Helmholtz free energyF ). This po-
tential must take into account all physical phenomena that
are necessary to capture the experimental behaviour [30]
namely:

• chemical energy,

• thermal energy,

• mechanical energy,

• magnetic energy.

In the case of MSMA, an irreversible behaviour takes
place when phase rearrangement or transformation appears.
This one is associated with a dissipation function and a
Clausius-Duhem inequality is able to take into account the
irreversibility and the increase of the total entropy of the
system. In our work, thermodynamics of irreversible pro-
cesses with internal variables is used. These internal vari-
ables are quantities used as additionnal internal state vari-
ables. This additional knowledge from the micro-physical
material behaviour permits to compute explicitely the avail-
able work in the case of irreversible processes.

The complete thermodynamic expressions of MSMA
used by authors are fully described in [28] and the inter-
nal variables are linked to a micro/macro approach. The
Fig. 2 displays a Representative Elementary Volume of the
MSMA, i.e. a mean – macroscopic – representation of the
microscopic structure of this material. This one allows to
express different internal variables:

• zo: austenite volume fraction,

• zk: volume fraction of martensite variant k (k !
{1; n}), i.e. the martensite presents n different vari-
ants. Let

n

!
k=1

zk = (1 " zo) be the global fraction of
martensite,

• ! and (1 " !) the proportions of the Weiss domains
inside a variant representing the Representative Ele-
mentary Volume,

• " the rotation angle of the magnetization vector asso-
ciated to the two Weiss domains of variant M2. In-
deed, under the magnetic field #H , this magnetization
rotates in order to become parallel to the magnetic
field. As the field #H is parallel to #x, there is no rota-
tion of Weiss domains of variantM1.

M1 M2 
(1-z) (z) 

x 

y 
α

α−

θ

θ

 

Figure 2: Representative Elementary Volume when the
MSM sample is only composed of two martensite variants
M1 andM2 (z = z1 and 1 " z = z2).

In [28], we proposed the following expression for the
Gibbs free energy :
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where %, H and T are the stress, the applied magnetic field
and the temperature of the MSMA sample, respectively.
All other variables are material parameters and can be ex-
perimentally identified (see [31]). In this expression, the
magneto-thermo-mechanical coupling is expressed by the
choice of the internal variable z. The total strain ( can there-
fore be deduced as:

( = "
)($G)

)%
=

%

E
+ &z = (e + (dtw (2)

with (e the elastic strain and (dtw the strain resulting from
a rearrangement between M1 and M2 variants (& = 0.06 is
the maximal strain due to a complete martensitic rearrange-
ment). The magnetizationM can also be computed as:

µoM = "
)($G)

)H
(3)

= µoMS ((2! " 1)z + sin "(1 " z)) (4)

With this modelling procedure, a thermodynamical force*z

associated with the z fraction of martensite is also deduced
as:

*z = "
)$G

)z
= %& " K12(1 " 2z)

+ µoMS
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(2! " 1)H "
MS

2'a
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MS
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(5)

This term can be used explicitly in the Clausius-Duhem in-
equality to compute the dissipation dD, i.e. the irreversibil-
ity of the processes, associated with a phase rearrangement
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processes.
dD = *zdz # 0 (6)

This explicit expression can therefore be used to integrate
the available work

%

d̄W resulting from the energy conver-
sion process. This quasistatic modeling based on thermody-
namics of irreversible processes can be used to predict ac-
curatelly the stress/strain behaviour of MSMA samples as a
function of the applied magnetic field and applied external
stress. A comparison between simulation and experimental
results are plotted in Fig. 3 (see [28]).
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Figure 3: Strain vs stress plots for two different mag-
netic fields: model prediction (solid line) and experiments
(crosses or circles) [28].

2.3. Dynamic modeling of MSMA based actuators

At this point, it should be emphasized that an actuator is
not only a smart material but a more complex mechatron-
ics device which includes a smart material, a mechanical
structure, a power supply, a load, its associated control sys-
tem and a few other components. To model the dynamic
behaviour of such a device, the authors proposed in [31] to
associate thermodynamics of irreversible processes with an
Hamiltonian modeling. The irreversible behaviour associ-
ated with the MSMA non-linearity can be captured with in-
ternal variables and the behaviour of other components can
be capture with generalized coordinates q and generalized
momenta p. This association allows to extend the “classi-
cal” Hamiltonian formalism to the non-conservative case
(open and dissipative) with geometric or kinematic con-
straints. The Hamiltonian formalism uses an energy func-

tion – a thermodynamic potential – corresponding to the to-
tal energy of the system, the Hamiltonian functionH(q,p)
[32, 33].

For a conservative system – a thermodynamically close
and non-dissipative system –, we simply have: H(q,p) =
T (p)+V(q)with T and V the kinetic and potential/internal
energy of the system. But an open system as our actua-
tor means that it exchanges some energy with external en-
vironment. This is the case, for example, when the sys-
tem is controlled with an external generalized force fext de-
pending explicitly on the time t (we then speak about non-
autonomous systems). For our system, the external gener-
alized force is the current or the voltage – depending on
the type of control – supplied by the electronic power con-
verter. Furthermore, a dissipative system means that some
part of the inner energy is non-available after any motion of
the system as claimed by irreversibility and the Clausius-
Duhem inequality. This could be computed using dissipated
energy during any motion. Finally, system with constraints
means that there is some topologic constraints on the admis-
sible motion of this system. These geometric or kinematic
constraints can be taken into account in the dynamical equa-
tions using a Lagrange multiplier technique. To include all
these phenomena, we make use of an extented Hamiltonian
functionH! with these features:

• The external generalized forces fext(q, t) are taking
into account in the variation of H! by adding the in-
fluence of their virtual works +Wext = fext(q, t)·+q.

• Dissipations by static and viscous frictions are taking
into account by adding their dissipated energies vari-
ations +Qs(q) and +Qv(q̇). The dissipation by vis-
cous frictionQv(q̇) is computed with a Rayleigh dis-
sipation functionR(q̇) likeQv(q̇) =

% t2
t1

R(q̇) dt.

• The holonomic kinematic constraints c(q) = 0 are
taking into account with a Lagrange multipliers tech-
nique by adding the term , · +c(q) to the variation
+H!.

Finally, we have:

+H! = +H" fext · +q " +Qs " +Qv + , · +c (7)

The Hamilton principle using +H! gives the following
Hamilton equations:

&

'

'

(
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)qi
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)R

)q̇i
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)qi
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)ci

)qi

(8)

These equations were used to model the dynamic behaviour
of a simple actuator usingMSMA and described in [31] and
in the Fig. 4 (a). The comparison between theoretical and
experimental dynamical response for an open loop control
(voltage step) are reported in the Fig. 4 (b) and shows that
the predictions given by this modelling procedure are quite
accurate (see [31] for more details).

4



Mobile mechanical load

MSMA into air-gap

Magnetic core with coil

Non-ferromagnetic frame

Load displacement direction

Magnetic
field

direction

u(t)

I(t)

=20 mm

x

m 

(a)

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

0

0.2

0.4

0.6

0.8

1

Time(s)

C
ur

re
nt

 (A
)

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

0

20

40

60

80

100

Vo
lta

ge
 (V

)

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

0

200

400

600

800

time(s)

D
is

pl
ac

em
en

t (
µ

 m
)

Voltage

Current

(b)

Figure 4: (a) description of a simple MSMA actuator, (b)
dynamic behaviour of the system: voltage, current and dis-
placement vs time (simulation: dotted line and experimen-
tal results: solid line) [31].

3. MSMA as an active material for actuator
design

3.1. General design considerations

Very few prototypes of actuators using MSMA are reported
in the literature. The majority use the simple principle de-
scribed previously in Fig. 4 (a), [34, 35, 36] and some few
others use in addition the Inchworm or stick and slip prin-
ciples [37, 38]. The descriptions and models presented in
authors previous papers and summed up in the previous sec-
tions give a better understanding of MSMA behaviour. This
knowledge can therefore be used to design new actuators
and to improve the performances of these devices. One of
our latest version of actuators will be described in the fol-
lowing. Its characteristics and performances will be dis-
cussed.

3.2. Push-Pull Configuration

The study of the simple actuator described previously and
in [31] shows that some advantages and disavantages of
MSMA must be exploited to design competitive actuators
compared to actuators using other active materials. First,
it should be stressed that MSMA is not, at the moment,
competitive for applications where other active materials
are well-established. In particular for very high precision
positioning (better than one micrometer) or for very small
displacements (in the nanometer range), piezoelectric ma-

terials are far more competitive. In addition, if very low
bandwidth and high forces are required, thermal or classi-
cal SMA materials are better-suited. The field of applica-
tions for MSMA must be found as niches where its specific
characteristics can be exploited and its main drawbacks hid-
den. The following technical specifications were proposed
to design a second version of MSMA based micro-actuator:

• The actuator must be as fast as possible (fast dy-
namics). This property mainly depends on the cur-
rent establishment time, therefore, the coil design and
the power electronics have to be improved and opti-
mized.

• The mechanical structure must be designed to avoid
backslash (for precision considerations) and friction
(for efficiency considerations).

• Temperature of the device must be kept below 40 oC
to avoid austenitic transformation.

• A position sensor has to be included in the final de-
vice to allow a position feedback control. The overall
dimension must be kept as small as possible.

Several keynotes must be stressed for a good design
with MSMA. These active materials present a strong hys-
teretical behaviour that must be exploited as a consequence.
For example, this hysteresis should be used to keep a sta-
ble position without external supply. This allows a low en-
ergy consumption for embedded applications in space or in
microrobotic fields. Authors proposed in [39] to achieve
this by using a push-pull configuration as described in Fig-
ure 5. This configuration allows to replace efficiently the
mechanical pre-stress device of MSMA simpler actuators.
The working of this device follows these steps (see Fig-
ure 5):

• a linear simple MSMA actuator A is used to displace
the positionning stage in the +x direction: a mag-
netic field in the A airgap reorients martensite M1
of the A MSMA sample into martensite M2. This
pushes the positioning stage in +x direction,

• this motion stresses the linear simple actuator B and
transforms its M2 martensite into M1 martensite,

• if no field is applied, the static position of the stage is
kept thanks to the strong hysteresis of the stress/strain
characteristic of MSMA (nevertheless, external load
must be kept under a blocking stress, see Figure 3),

• the linear MSMA acturator B is used to displace the
positioning stage in the "x direction. The principle
is the same as for the actuator A except for the direc-
tion.

A new prototype is designed according to the previous
requirements. The coils are fully-optimized using both an-
alytical and finite elements methods. The actual coil struc-
ture creates a magnetic field of 1 T with a current of 2 A

5



Positioning  stage

Linear 
actuator B

Linear 
actuator A

Displacement
to the right

Step 1:
Stable position

to the left without
coil supply

Step 2:
Activation of active 
material by suppling

A coil

Step 3:
Stable position

to the right without
coil supply

Tunable 
mechanical stop

Figure 5: Description of the push-pull configuration of an
actuator using two antagonist MSMA samples.

for a size of 19 $ 25 $ 25 mm3. The power electronics
is designed to feed the two coils using Pulse Width Mod-
ulation (PWM) techniques and a displacement sensor is
now included in the final prototype. Electronics includes
a feedback control of the current, a PWM generator, a dis-
placement feedback control and a temperature control (us-
ing micro-thermocouples). Figure 6 shows the CAD model
of this device and a picture of the final prototype. The over-
all dimensions of this actuator are 110 $ 40 $ 30 mm3.

(a)

(b)

Figure 6: Push-pull actuator using two antagonist MSMA
samples: (a) CAD model, (b) picture of the final prototype.

Another drawback of MSMA is its very low efficiency.
It is also the case for SMA but it is amplified in this case
by the magnetic actuation because of the requirement of a
relatively high magnetic field density (around 1 T) inside
the MSMA sample to activate martensite reorientation. To
reach these levels, high current are required into the coils
and this leads to significant Joule effect losses. Due to heat
diffusion, these losses could increase the temperature inside
the MSMA and, as a consequence, cancel out the working
principle of this actuator because of a martensite/austenite
transformation above a temperature threshold.

To by-pass these problems, it is be possible to fed these
coils by current pulses.

3.3. Characteristics and performances

With this new device, some measurements were conducted
to extract the performances of this new MSMA-based actu-
ator. Theses performances are summarized in the sequel:

• Displacement range: a total displacement range of
approximately 1 mm is now possible. The range is
different at high and low velocities as it was proved in
[40]. These differences result mainly of different bal-
ances between energy transfer (available work) and
dissipation at low and high velocities. Some results
are reported in Fig. 7 for a low and a high speed mo-
tion. Without external load, the time constant of the
position control is in the order of 10 milliseconds.
The maximal blocking force is between 2 and 3 MPa.

• Efficiency and control by current pulses: as previ-
ously noticed, a control by current pulses is possi-
ble (see Fig. 8). This mode of working gives two
mains advantages. First, the actuator keeps a posi-
tion at rest without feeding: this limits the energy re-
quirements and gives the device a high efficiency in
static mode. Secondly, the actuator can be supplied
by current pulses to change a position: this allows a
high reduction of the mean value current and there-
fore a major decrease of the joule effect heating. The
maximum current in the coil can be easily increased
for a short time, without any austenitic transforma-
tion (only magnetic fields intensity significantly ac-
tivate martensite reorientation). As this field is pro-
portional (without saturation) to the current times the
turns number of the coil, we can increase the current
as well as the number of turns to increase this field. In
current pulse mode, heating phenomena are lowered
even if the current density is significantly increased
beyond the standard levels met in classical electro-
magnetic devices. From the design point of view, it
is also relevant to reduce the section of wires and to
increase the number of turns for the coils. This allows
to reduce the size of the device and to boost signifi-
cantly the magnetic fields, and therefore the overall
performances of the device.
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• Resolution and precision: the resolution was mea-
sured with a train of pulse (see Fig. 9), the maxi-
mal precision is about 1 micrometer and it seems,
at the moment, difficult to improve this accuracy.
This limit is mainly due to the complexity of the
dynamic thermo-magneto-mechanical behaviour and
the difficulty to achieve an accurate control (non-
linear and non-invariant system, manufacturing pro-
cess defect,...). Therefore, at this time, MSMA-based
actuator are hardly relevant for the high resolution
actuator when the precision must be far better than
micrometer. Nevertheless, for precision in the range
of micrometers, MSMA is a valid alternative to other
active materials.

Figure 7: Displacement measurements of theMSMA-based
actuator (low and high velocity modes of working).

Figure 8: Current pulses control of the MSMA-based actu-
ator.

3.4. Control strategies

To increase the precision and robustness, this actuator was
also feedback-controlled using position and current mea-
surements. The current sensor is a Hall-effect sensor (LTS
25 NP from the LEM company) and the integrated position
sensor is a low-cost photoelectric infrared reflexion sensor
(HOA 1404-002 from the Honeywell company). This lat-
ter has a measurement range of 2 mm with a precision of
a few micrometers depending on the analog signal process-
ing and on the quantization of the analog to digital converter
connected to the digital controller. Figure 10 represents the

Figure 9: Resolution of the MSMA-based actuator.

block-diagram of the feedback control with a “linear” cur-
rent control (without current pulse control). This feedback
control is enough to give a positioning precision of a few
micrometers.

Position
controler

Set
position

+
- PID

PWM
amplifier

MSMA
actuator

current
sensor

position
sensor

current position

Figure 10: Block-diagram of the feedback control of
MSMA-based actuator with a “linear” current control.

One of the main advantages of active materials is the
possibility to use them as actuator as well as sensor. This
seems also possible with MSMA materials as reported in
[41]. This paper uses the change of the inductance value at
low magnetic field as an indirect measurement of the stage
position. This indirect measurement was also noticeable on
our device and we are currently studying the self-sensing
potential to remove the integrated position sensor. Nev-
ertheless, perturbations due to the saturation of magnetic
cores at high current level and to the electromagnetic radia-
tion of the PWM power converter lead to an important sig-
nal processing treatments and to real-time problem of com-
putation. These estimation difficulties reduce significantly
the precision of the self-sensing indirect measurements in
the device. Nowadays, the precision of this actuator with
an integrated position sensor is far better than the precision
using a self-sensing estimation principle. It will certainly
be improved in the near future.

Some works are actually conducted by the authors
concerning the improvement of the non-linear control of
the device using port-Hamiltonian control techniques [42].
These advanced control strategies [43, 44, 45] are fully-
compatible with the thermodynamics/Hamiltonian model-
ing presented in this paper.
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4. Conclusion
In this paper, the working principle of Magnetic Shape
Memory Alloys was explained. An extented thermody-
namics/Hamiltonian formalism was presented to model the
complex non-linearmagneto-thermo-mechanicalbehaviour
of this relatively new active material. Based on this model,
an application of a push-pull actuator was proposed, de-
signed and experimented. Somemeasurements are reported
showing a precision of a few micrometers for a displace-
ment range of 1 mm with a time constant of about 10 mil-
liseconds with no load. The control of this actuator can be
achieved with a pulse current feedforward control or with
a current/position feedback control. Typical applications
of such kind of actuators are in the micro-robotic or spa-
tial fields with requirements between these of piezoelectric
active materials and these of SMA active materials. The
maximal strain of MSMA is one or two orders greater than
that of piezoelectric or magnetostrictive materials and the
response-time of MSMA is one or two orders smaller than
that of classical SMA. For larger motions, the displace-
ment range of this actuator can be amplified with compliant
mechanical structures as is the case for actuators based on
other active materials (see [46] for a amplified piezoelectric
structure and [47] for an amplified magnetostrictive actua-
tor).

Self-sensing potentials can also be pursued but cur-
rently technological improvements must be reached to re-
place efficiently integrated position sensor. Authors are ac-
tually focused on the control problem to improve the perfor-
mance of this device using port-Hamiltonian control tech-
niques. These ones are fully-suitable for the thermody-
namics/Hamiltonian modeling presented in this paper and
they can take into account the strong non-linear hysteretical
behaviour of these active materials. Nevertheless, the dy-
namic magneto-thermo-mechanical behaviour of this mate-
rial is so complex and so strongly non-linear that even to-
day, due to a major control difficulties, the diffusion of this
promising technology is dramatically reduced.
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Abstract 
We report measurements of the temperature dependence of 
the surface impedance in superconducting BaFe1.93Ni0.07As2 
crystals using the radiofrequency reflection technique in the 
5<T<30K temperature range. An LC resonant circuit with a 
phase sensitive detection was used at 92MHz. A 
measurement assembly with point contacts was used at 
30MHz. The recent discovery of iron based arsenide 
superconductors BaFe2-xNixAs2 has attracted much interest. 
For a Ni doping level of 7% the superconducting phase 
transition is found around 20K. The temperature 
dependence of the superconducting penetration depth was 
determined. 
 
 
 
 

1. Introduction 
The recent discovery of iron based arsenide 
superconductors BaFe2-xNixAs2 has attracted much interest 
[1-3]. 
The measurements of the surface impedance 

SSS iXRZ +=  
probe the complex conductivity [4-7]. The real part of the 
surface impedance is proportional to the loss of the radio 
frequency power and caused by the normal carriers. The 
imaginary part is determined by the response of the 
superconducting carriers and characterized the non 
dissipating energy stored in the superconducting surface 
layer λ which is the magnetic penetration depth. When the 
sample is superconducting magnetic field is fully shielded 
from the sample’s interior, the magnetic field is limited to 
the superconducting depth λ, which is approximately 1 µm. 
After the sample passes  from the superconducting to the 
normal sate, the magnetic field penetrates into the sample a 

much larger distance equal to the normal skin depth δ. For 
our samples,  this distance is of the order of 70 µm at  
100 MHz. 
The second probe for the superconducting carriers is the use 
of ultrasonic measurements. When a sound wave propagates 
through a metal the microscopic electric field due to the 
displacement of the ions can impart energy to electrons 
removing energy from the wave. In a superconductor well 
below the superconducting transition TC attenuation of 
sound waves are markedly lower than in a normal metal. 

2. EXPERIMENT 
We report measurements of the surface impedance in the 
(ab) plane of superconducting BaFe1.93Ni0.07As2 crystals. 

2.1. Experimental set up 

The crystals were grown using an Fe/Ni-As self flux 
method, details are given [3]. Typical crystals have 
dimensions of 7x5x0.2 mm3. The crystallographic c-axis is 
perpendicular to the plane of plate-like crystals along the 
smallest dimension. 
To determine change in the surface impedance, the sample 
is placed inside a coil which is part of resonant series LC 
(capacitor) circuit, resonant frequency of 92 MHz having a 
quality factor Q of 80. The sample is mounted on the end of 
sapphire plate with a small amount of silicon grease. RF 
magnetic field is applied parallel to the (ab) plane. In this 
geometry screening currents flow around the crystal in both 
a, b and c axes directions. The dimension along the c-axis is 
very small it results that the c-axis contribution is small in 
comparison to the contribution given by the (ab) plane. 
Measurements were done at 92 MHz by monitoring the 
reflected RF power at resonance. The reflected power is 
measured using a phase sensitive detector. A balanced 
mixer multiplies the reflected RF voltage vr with the 
forward RF voltage vi . After removing the ac components 
by a low pass filter, the dc component V0 is proportional to 



2 
 

the reflected RF voltage vr. V0 is expressed with the 
amplitudes and the phase shift between vR and vI. 

)cos(**0 θRI vvV =                           (1) 

The sample was mounted in a non resonant circuit with 
spring contact connectors at the end of a coaxial line. Two 
spring contacts were pressed to the surface of the sample.  
The sample circuit block was fixed at the end of a semi-
rigid coaxial cable in a liquid helium cryostat.  Temperature 
was controlled with a calibrated germanium resistance 
thermometer. 
Ultrasonic waves were generated and detected at 15 and 45 
MHz with LiNbO3 transducers bounded to the crystal. 
  

2.2. RESULTS 

The temperature dependences of the voltage V0 of the LC 
circuit with BaFe1.93Ni0.07As2 crystal and BaFe1.85Ni0.15As2 
crystal, are reported in Fig 1. Measurements without sample 
are also shown.     

 
 
Figure 1: Temperature dependence of the relative change 
dV0/V0, LC circuit measured at 92 MHz with 
BaFe1.93Ni0.07As2 crystal dimensions 7x5x0.2 mm3, 
superconducting phase transition TC = 17 K and  the empty 
coil. 
 
It is found that V0 drops precipitously as the temperature is 
lowered through TC in the BaFe1.93Ni0.07As2 crystal Fig1. 

A very sharp behaviour is observed at TC =13K for the 
BaFe1.85Ni0.15As2 crystal Fig 2. The effects observed with 
this second crystal are one order of magnitude smaller. 

In reflection measurements reflected RF voltage vR depends 
on the transmission line impedance Z and the characteristic 
line impedance Z0, Z0=50Ω . 
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Figure 2: Temperature dependence of the relative change  
dV0/V0 , LC circuit measured with BaFe1.85Ni0.15As2 crystal  
dimensions 7x5x0.2 mm3, superconducting phase transition 
TC = 13 K and  the empty coil 
 
ZL is the impedance of the resonant LC circuit or the non 
resonant circuit, β is the electric wave vector  and l is the 
coaxial line length. In our case an angle βl of 3.3π was 
estimated.  
 
For the non resonant circuit we have plotted in Fig3 the 
reflected voltage normalized to its value just above Tc which 
is equivalent to the impedance normalized at its value in the 
normal state. This approximation is justified by the fact that 
small changes of ZL induce a linear variation of the reflected 
voltage in equation (2). We plotted in Fig3 the normalized 
voltage V0 to its value at Tc for the resonant circuit. The 
effect of the empty coil has been subtracted. The normalized 
reflected voltage is proportional to the superconducting 
penetration depth [6]: 
 
   

N
N
R

R

v
v

δ
λ

≈                (3) 

δN   being the  skin depth in the normal sate. 
The experimental data obtained with the non resonant circuit 
at 30 MHz and resonant circuit at 92 MHz with the 
BaFe1.93Ni0.07As2 crystal follow the temperature dependence 
given by the two fluid model [4] 
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The most striking feature of the data is the drastic change of 
the electric impedance concomitant with the sharp decrease 
of the ultrasonic attenuation at 15 and 45 MHz around Tc. 
This confirms that BaFe1.93Ni0.07As2 crystal follows an 
unconventional superconducting behaviour. According to 
the BCS theory, ultrasonic attenuation drops after the 
carriers condensate below Tc, the exponential temperature 
decrease below Tc is related to the superconducting energy 
gap [9].  



3 
 

 

 
Fig 3 BaFe1.93Ni0.07As2 crystal .Temperature dependence of 
the normalized impedance Z/Zn, non resonant circuit at 30 
MHz, resonant circuit at 92MHz. The solid lines (Fit) are 
calculated with equation (4) with Tc= 17.5K, and 
Tc=18K.Temperature dependence of the ultrasonic 
attenuation at 15 and 45 MHz. 

A penetration depth  at 0K   λ(0) ∼ 7µm is estimated with 
equation (3). This value is larger than the value expected for 
this material [5]. Surface roughness should lead to an 
exaggerate λ value via an underestimate of the effective 
sample area. The standard equivalent circuit model, ideal 
transformer, for the coupled system of coil and sample leads 
to the complex impedance: 
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Where R1 and L1 are the resistance and the inductance of the 
empty coil. M is the mutual inductance between coil and 
sample, k is the effective filling factor.  

21
2 LkLM =  

R2  and L2 are the resistance and inductance related to the 
sample. This model works well for the normal conductors 
but  for superconductors it is difficult to extract the intrinsic 
surface resistance and reactance of the sample. 
  Behavior of V0 around the superconducting transition of the 
BaFe1.85Ni0.15As2 crystal can be related to the sharp drop in 
inductance at Tc and a peak in RF losses just above Tc. Such 
a peak in RF losses can be attributed to weakly connected 
loops consisting of weak-link Josephson junctions created at 
the contacts between the microcrystals [7]. 
 
 
  
 
 

 

3. Conclusions 
 
We have reported measurements of the temperature 
dependence of the penetration depth in the iron based 
superconductors BaFe1.93Ni0.07As2 in the radio frequency 
range. Smaller RF effects were observed for the high Ni 
concentration x=0.15. The mechanism of superconductivity 
in the iron based superconductors is not well understood. It 
has been proposed that superconductivity depends on spin 
and orbitals fluctuations [8]. This can explain the 
unconventional behavior of the ultrasonic attenuation 
observed in the  BaFe2-xNixAs2 samples [4]. 
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Abstract 
A hybrid electromagnetic suspension platform using four 
actuators is built for ball and plate demonstration.  Position 
and tracking control by applying an improved Fuzzy Logic 
Control is implemented in the proposed system.  The hybrid 
electromagnetic suspension (EMS) actuator is designed with 
a permanent magnet and an electromagnetic (EM) coil with 
iron core.  Their interaction between permanent magnet and 
PWM current controlled EM constructs the 2D motion 
performance of plate to a ball.  In this paper, the 
mathematical model of the ball and plate system is derived 
through the Euler-Lagrange equation.  An improved Fuzzy 
Logic Control (FLC) law is developed following a human 
experience-based on the traditional FLC law and a directed 
control law.  This enhanced FLC law can significantly 
reduce overshoot and settling time than traditional FLC.  
The control circuit is designed and fabricated on a 
microprocessor as the control kernel using a commercial 
touch panel for position feedback.  A microprocessor closed 
loop circuit outputs PWM signal through the enhanced 
Fuzzy logic control and settles the plate to the required 
performance.  In this paper, the position and tracking control 
of a ball on the plate is tested through four hybrid EMS 
actuators.  System performance is demonstrated with 
excellent results.  
 
Keywords: Hybrid Electromagnetic Suspension (EMS) 
Actuator, Ball and Plate System, Fuzzy Logic Control, 
Sensor Feedback. 
 

1. Introduction 

New advanced and well-developed system technologies 
dominate world industry into a modern trend.  Mechanical 
equipment is still relatively fundamental to most industries 
but requires higher precision and better performance.  The 
traditional precision machines are cooperated with other 
mechanisms to reach the anticipated system performance 
quality.  Several practical problems confronted with 
machine, such as friction, vibration, noise, heat, and etc.  To 
overcome the above mentioned problems, the system can be 
improved by its machining precision, or applying lubricant 
to reduce friction, and introducing control force to less 
vibration.  The magnetic suspension (MS) technology is a 
feasible solution to improve the traditional mechanical 
system defeats in studies.  The MS system prevents the 
mechanical system from heat damage resulting from contact, 

friction, vibration and extends the machine lifecycle, to 
release mechanism size problem, but improve its precision 
substantially. 

In MS application, hybrid electromagnetic suspension 
(EMS) actuators are designed using permanent magnetic and 
electromagnetic coil to achieve operation flexibility 
(Chinese Patent I-228574, 20050301). Some detail design 
feature is accomplished to construct actuators in applications. 

The ball and plate system is a nonlinear dynamic 
problem typically.  The ball and plate system is commonly 
created for control system modeling [1, 2, 3], design, 
implementation, and verification [4, 5] as a training tool for 
science and engineering practices in many applications.  
Constructing from EMS actuators into a ball and plate 
system, Lin and Ker used Back-stepping Controller to 
control the ball position successfully [6].  It is an 
unprecedented literature about applying the MS system in 
balance and stable control in the ball and plate system.  
However there were some defeats found in further studies.  
By some design improvement and applying different control 
strategy, this paper presents some important results of the 
ball and plate control using the improved MS actuator with 
modified modeling and system formulation. 

 

2. Ball and Plate System 

In the ball and plate system, Newton’s Second Law can 
be used for derivation.  In order to avoid an incomplete 
consideration of force, the Euler-Lagrange method is 
actually used to derive the dynamic behavior of the ball and 
plate system.  Euler-Lagrange is processing by calculating 
energy, and can effectively deal with more complex 
conditions.  After finishing system modeling, the stability 
verification can be simulated by using MATLAB/Simulink. 

2.1. Ball and plate system modeling 

The mathematical model of proposed system as 
illustrated in Figure1.  To derive the motion equation for the 
proposed system, assuming the ball rolling on the plate 
without slippage, spin and friction [7].  Assume the plate is 
geometrically symmetry. 

The proposed system state variables are defined by the 
acceleration of gravity as g , the plate length as 2d , 

choosing the plate angle from X-axis and Y-axis as !  and 
" , respectively, the ball position as ( , )b bx y , the radius of 

ball as br , the mass of plate as M , moment of inertia of 
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plate in the X-axis and Y-axis are both PI
 
because of 

symmetry, the mass and moment of inertia of the ball as m   
and bI , respectively. 

XMF  is the magnetic force of X-axis, 

and  
YMF  is the magnetic force of Y-axis. 

By applying the Euler-Lagrange’s equation, the 
mathematical model for the proposed system is given by: 
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where bT  is kinetic energy of ball and pT  is kinetic energy 

of plate. 

 
Figure 1: Mathematical model of proposed ball and plate 
system. 
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Finally, the Euler-Lagrange’s equations of ball and plate 
system are 
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2.2. Simulation 

A normal simulated interface of the ball and plate 
system is established using MATLAB/Simulink.  From this 
software, the complicated state space equation like as Eq. 
(13) can easily be simulated with different kind of initial 
conditions.  The simulation result about position tracking 
from an initial position to a target position can be achieved 
smoothly.  It verifies the X and Y trajectory diagram being 
controllable and reliable. 
 

3. System Architecture 

3.1. The Proposed System Architecture 

An EMS actuator ball and plate system is constructed 
for study. It is divided into five parts as shown in Figure 2.  
Microcontroller MSP-430 CPU is used as a control kernel.  
The ball and plate structure includes a steel ball, a touch 
panel as a position sensor, a plate pedestal and four MS 
actuators.  The ball diameter is 25.4 mm and its surface 
resistance is nearly zero; the MCU gets ball position from 
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touch panel sensor through UART1 interface.  The function 
of the plate pedestal is to support the steel ball and the touch 
panel sensor.  The magnetic force can move the plate 
pedestal and adjust its angle to change the ball position.  
Two power supplies are used to offer actuator drive and 
microprocessor controller to separate ground to avoid 
interference from analog circuit to digital circuit.  The 
balancing control procedure is reading the signal of ball 
position from the touch panel sensor.  Next step, the 
microcontroller calculates the control signal strength using 
the control law.  The control signal sends to the drive circuit 
by Pulse Width Modulation (PWM); then, the control 
current conveys to MS actuator from drive circuit.  The 
process is repeating until the ball reaches at the target 
position.  At the same time, MCU transmits the ball position 
to terminal through UART0 for recording.  Figure 3 is the 
basic block diagram of control loop.  

 

 
Figure 2: The proposed system architecture. 
 

Figure 3: The basic block diagram of control loop. 
 

 

3.2. MCU MSP430F169 

MSP430F169 is a TI MSP430 family product [Texas 
Instruments products, on web: http://ti.com/ available in 
August 2009] for signal processing.  It is adopted to build 
control function among sensors to main computer.  The 
MSP430F169 series are microcontroller configurations with 
a fast 12-bit ADC, two built-in 16-bit timers, two USART, 
and 48 I/O pins.  The ADC12 module is a high-performance 
12-bit analog-to-digital converter. 

3.3. Actuator (Photo coupler and MOSFET) 

In the ball and plate system, when the MCU receives 
the ball position, then transmits four PWM signals to control 
magnetic suspension actuators.  However, the current carried 
by PWM signals which come from the MCU are too small to 
drive the actuators.  Therefore, the small PWM signal comes 
from the MCU will be magnify through MOSFET (IRFZ44) 
via photo coupler (PC923). 

The maximum voltage and current of IRFZ44 are 60V 
and 55A, respectively.  The photo coupler PC923 can isolate 
two different voltage, and the maximum isolated voltage can 
be 15~30V.  Figure 7 is the circuit of actuator. 

3.4. Magnetic Suspension Actuator 

The main function of MS actuator is to perform as a 
filter to generate reverse force to absorb external vibration 
force.  The general actuator used spring and damping to 
suppress the vibration.  Here, permanent magnets substitute 
for the damping device.  Permanent magnet is the principle 
of magnetic fields interacting on repulsive or attractive force 
between N or S polarities.  Then, the magnetic suspension 
system design adopts two different design types from 
attractive force and repulsive force in system structures.  
Most studies verified that the repulsion-type magnetic 
suspension is a naturally unstable system as a result it is very 
difficult to control.  To overcome the repulsive interaction, 
Fig.8 shows the magnetic suspension actuator structure 
(Chinese Patent I-228574) [6], including the pedestal, the 
holding tube, the motion support, the iron core, the 
permanent magnet and coils.  The design details are shown 
in Table 1 with system parameters in consideration. 

Considering an EMS actuator, assume the EM coil has 
n  turns in a unit length to make the total coil of nh  turns in 
the solenoid around the iron core. The magnetic force can be 
derived as: 

2

2
0

1

2
c

mag gap

i
F N A

x
µ

 
=  

 
  (14) 

where 0µ  is the permeability of free space, 
gapA  is the 

cross-section area of the face of air gap, N nh= . 

3.5. Touch Panel 

The touchkit provides controllers to communicate with 
host devices with RS232, USB, PS2, and I2C interface.  In 
this paper, the MCU use RS232 to connect with touch panel 
through UART1.  After connecting with touch panel, the 
touchkit controllers report touched/untouched point with the 
packet format list.  Each point packet has 5 bytes in length 
and contains the resolution of the touch point, 11 bits of 1st 
axis coordination data and 11 bits of 2nd axis coordination 
data.  Figure 4 is the point packet transformation.  The 
numbers shown on the left received from the touch panel 
will transfer to the X and Y position of the ball on the right. 
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Figure 4: The point packet transformation. 
 

4. Application of Control Law in the Ball and 
Plate System 

After L. A. Zadeh created the fuzzy set theory in 1965 , 
the fuzzy set theory has been widely used in systems 
engineering, signal process, control engineering and other 
fields.  Fuzzy logic control law let the control law express a 
set of qualitative conditional statements and inaccurate 
decision rules, and quantify it by fuzzy mathematics.   

4.1. Method of position tracking 

Figure 5 is the sketch of position tracking.  As ball 
starts to roll, these four MS actuators will drive the ball to 
roll into the balance boundary [9].  Figure 6 shows the 
flowchart of position tracking.  First of all, the UART1_RX 
of MSP430 waits for receiving the data of ball’s position 
from the touch panel.  When the data are received 
cumulatively to 5 bytes, MCU calculates the ball position 
error and error differential using Eqs.(15)-(16).   

( ) ( ) ( )e k r k y k= $   (15) 

( ) ( ) ( 1)e k e k e k= $ $   (16) 

After calculating, the controller will proceed to 
forecasted fuzzy control.  Subsequently, the crisp_x and 
crisp_y are output.  Because the four MS actuators must 
drive at the same time, the MCU needs to determine which 
MS actuator needs drive.  As a result, the crisp_x and 
crisp_y will be parameters to decide which rule will be used 
to drive the four MS actuators. 

The partitions and the shapes of the membership 
function for ball position error, error differential and control 
input are shown in Figure 7.  Method of circular trajectory 
tracking 

Figure 8 is the circular trajectory tracking.  For ball 
starts to roll, these four MS actuators will drive the ball to 
roll along the circular trajectory.  Figure 9 shows the 
flowchart of circular trajectory tracking.  First of all, the 
UART1_RX of MSP430 waits for receiving the first data of 
ball’s  position from the touch panel.  When the first data are 
received cumulatively to 5 bytes, MCU calculates and finds 
out the nearest position from the 12 locations on the circular 
trajectory shown on the Figure 8.  Each location is separated 
from 30 degree.  To find out the nearest location means to 
find out the initial tracking degree 0& . 

 

 
Figure 5: Sketch of position tracking. 
 

 
Figure 6: Control flowcharts of position tracking. 
 

 
Figure 7: Membership functions. 

 
After finding the initial tracking degree 0& , MCU 

calculates the ball position error and error differential using 
Eqs.(17)-(21) 

0 2
12

i
& '= (   (17) 

where i is the nearest position of the 12 locations.  

0

2
( ) ( cos( )) ( ), 1, 2, 3,......x x

n
e k O R x k n

T

'
&= + + $ =   (18) 

0

2
( ) ( sin( )) ( ), 1, 2, 3,......y y

n
e k O R y k n

T

'
&= + + $ =   (19) 

where ( , )x yO O  is the center of circle, R  is the radius and 

T  is the sampling times of one period 
( ) ( ) ( 1)x x xe k e k e k= $ $   (20) 

( ) ( ) ( 1)y y ye k e k e k= $ $   (21) 

After calculating, the controller will proceed to forecasted 
fuzzy control.  Subsequently, the crisp_x and crisp_y are 
output.  Because the four MS actuators must drive at the 
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same time, the MCU needs to determine which MS actuator 
needs drive.  As a result, the crisp_x and crisp_y will be 
parameters to decide which rule will be used to drive the 
four MS actuators. 
 

 
Figure 8: Sketch of circular trajectory tracking. 
 

The partitions and the shapes of the membership 
function for ball position error, error differential and control 
input can be observed.  
 

 
Figure 9: Control flowcharts of circular trajectory tracking. 

 

4.2. Rule table 

In this ball and plate controlling system, the rule table 
[10] is completed by the operator’s experience and 
anticipation.  It simulates the human ability of decision-
making is the kernel of the fuzzy controller.  The control 
force is decided by the input variables e  and e  

Traditionally, for common fuzzy logic rule when the 
current state is far from the set point, the system will be 
given a large control force to stable the beam.  However, 
when the current state is near to the sliding surface, the 
system will oscillate around the set point.  Therefore, the 
system must be coordinated with rule table or forecast table 
as Table 1. 

In Table 2, the forecast table predicts the next step and 
let the control force occur in advance to improve the 
stability control system.  In this way, it can stop before the 
state reaches to the equilibrium position, so that the speed of 
the ball will drop zero and the overshoot will be also 
decreased.   

Table 1 Forecast of fuzzy-rules. 

 PB PM PS ZE NS NM NB 

PB NB NB NB NB NB NM NS 

PM NB NM NM NM NM NS ZE 

PS NB NS NM NS ZE ZE PS 

ZE NM NM NS ZE PS PM PM 

NS NS ZE ZE PS PM PS PB 

NM ZE PS PM PM PM PM PB 

NB PS PM PB PB PB PB PB 

 

5. Implementation and Test 

After unit function tests, the overall system is 
integrated for verification tests, as shown in Figure 2. 

 

5.1. Sampling Period and Accuracy in the Ball and Plate 
System 

The process times was read out from the digital 
oscilloscope.  The operation frequency is roughly about 
25~30Hz, depend on the velocity of ball.  When the ball 
speed become fast, the touchkit controller will output ball 
position slowly.  The accuracy of the ball position is 
calculated from its speed and the output frequency of 
touchkit.  As the speed of ball faster, the accuracy of the ball 
position is worse. 

5.2. Position tracking tests 

The forecasted fuzzy logic controller is chosen to 
evaluate the performance of the ball and plate in nonlinear 
control system applications, two kinds of set points are 
carried out in different initial conditions to check the system 
equilibrium and stable capability.  The first set point is (0, 0), 
and the balance zone sets on ±1cm from set point.  When the 
ball rolls into the balance zone, the MCU will stop control.  
The test results meet the desired performance with settling 
time from 3~6 seconds. 

 
Figure 10: 2D ball position from (14, 13.5) to (-7, -7). 
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The second set point is (-7, -7), and the balance zone sets 
on ±1cm from set point.  When the ball rolls into the balance 
zone, the MCU will stop control.  The test results also show 
very good agreement with the desired performance as 
typical characteristics in Figure 10 and Figure 11, with 
settling time from 3~7 seconds.  

 
Figure 11: t-X plot and t-Y plot from (14, 13.5) to (-7, -7) 
 

5.3. Trajectory tracking tests 

The forecasted fuzzy logic controller is chosen to 
evaluate the performance of the ball and plate in nonlinear 
control system applications, several tests are carried out in 
different initial conditions to check the system trajectory 
tracking capability.  The trajectory is designed as a circle 
with center of circle O (0, 0), and radius 5R = .  The test 
results appear very excellent performance with the circular 
tracking and trajectory following as shown with a typical 
case in Figure 12 and Figure 13.   

6. Conclusion 

This paper presents the dynamic model derivative of 
ball and plate system for control practice.  After using Euler-
Lagrange method, this nonlinear problem can be represented 
as a state space equation.  Besides, the MATLAB/Simulink 
is used to verify this dynamic model and simulate the system 
control performance. 

System hardware and software including MS actuator, 
drive circuit, touch panel sensor, microcontroller and control 
law, are accomplished in mechatronics of hybrid EMS 
actuator with a new version. 

In order to test the performance of the position and 
trajectory tracking, four EMS actuators are built into the ball 
and plate system.  The ball and plate system controls the ball 
to stop at any position on the plate.  From above results, the 
settling time, percentage overshoot and steady state error of 
improved FLC are better than traditional FLC.  Furthermore, 
the controller controls the ball into the balance zone 

successfully.  On the other hand, this paper also presents the 
circular trajectory tracking and the algorithm about how to 
approach the nearest location in order to start tracking.  

 
Figure 12: 2D plot of ball position from (0, 0) to circular 
trajectory of O(0, 0) and R=5. 

 
Figure 13: t-X plot and t-Y plot from (0, 0) to circular 
trajectory of O(0, 0) and R=5. 

Acknowledgement: This work is supported from National 
Science Council under contract: NSC99-2218-E006-239.  
 

References 

[1] Moreno-Armendariz, M. A., Perez-Olvera, C. A., 
Rodriguez, F. and Rubio, E., “Indirect hierarchical FCMAC 
control for the ball and plate system,” Neurocomputing, Vol. 
73, No. 13-15, 2454–2463, 2010. 
[2] Casagrande, D., Astolfi, A. and Parisini, T., “Switching-
Driving Lyapunov Function and the Stabilization of the 



 

7 
 

Ball-and-Plate System,” IEEE Transactions on Automatic 
Control, Vol. 54, No. 8, 1881–1886, 2009. 
[3] Sinaga, E. F., Manurung, E. B., Chee, V. A. and Djajadi, 
A. “Building and controlling a ball and plate system,” in 
Proceedings of the 2nd International Conference on 
Advances in Communication, Network, and Computing, 
Bangalore, India, March 2011, 600–608. 
[4] Yuan, D. and Zhang, Z., “Modelling and control 
scheme of the ball-plate trajectory-tracking pneumatic 
system with a touch screen and a rotary cylinder,” IET 
Control Theory and Applications, Vol. 4, No. 4, 573–589, 
2010. 
[5] Dong, X. C., Zhang, Z. and Chen, C. “Applying genetic 
algorithm to on-line updated PID neural network controllers 
for ball and plate system,” in Proceedings of the 4th 
International Conference on Innovative Computing, 
Information and Control, Kaohsiung City, Taiwan, 
December 2009, 751–755. 
[6] Lin, Chin E. and Ker, C. C., “Control implementation of 
a magnetic actuating ball and plate system,” International 
Journal of Applied Electromagnetics and Mechanics, Vol. 
27, No. 1-2, 133–151, 2008. 
[7] Cendra, H., Etchechoury, M. and Ferraro, SJ., 
“Impulsive control of a symmetric ball rolling without 
sliding or spinning,” Journal of Geometric Mechanics, Vol. 
2, No. 4, 321–342, 2010. 
[8] Lin, Chin E. and Jou, H. L., “Force model identification 
for magnetic suspension systems via magnetic-field 
measurement,” IEEE Transactions on Instrumentation and 
Measurement, Vol. 42, No. 3, 767–771, 1993. 
[9] Bai, M., Tian, Y. T. and Su, J. T., “Position control of 
ball and plate system based on ANFIS,” Dynamics of 
Continuous Discrete and Impulsive System-Series B-
Applications & Algorithms, Vol. 13, 165–168, 2006. 
[10] Rad, A. B. and Chan, P. T. and Lo, W. L., “An online 
learning fuzzy controller,” IEEE Transactions on Industrial 
Electronics, Vol. 50, No. 5, 1016–1021, 2003. 



ADVANCED ELECTROMAGNETICS SYMPOSIUM - AES 2012 - 16 - 19 APRIL 2012, PARIS - FRANCE 

Investigation of Ionized Fields Due to Bipolar  
DC Transmission Lines 

M. Aissou, AK. Laifaoui, H. Aitsaid. 
                    Laboratory of Electrical Engineering  

University of Bejaia 
Bejaia, Algeria 

                                  aissoumas@yahoo.fr  
 

 

H. Nouri2, Y. Zebboudj1  
1Laboratory of Electrical Engineering  

University of Bejaia 
2Department of Electrical Engineering,  

 University of M’sila.  
 

Abstract— This paper is aimed at the analysis of bipolar 
corona associated with the ionized field around high voltage 
bipolar direct current (HVDC) transmission line conductor. 
The  finite  element  method  (FEM)  is  used  to  solve  the  Poisson’s  
equation and a modified method of characteristics is used to 
satisfy the current continuity condition. The two methods are 
repeated iteratively to get a self consistent solution of the 
describing equations. The effectiveness of this approach is 
tested by comparing the computed results with previously 
experimental and calculated values. The agreement with 
experimental results is found to be satisfactory. 

I. INTRODUCTION  
Analysis of bipolar ionized field in different     

geometric configurations, such as high-voltage direct 
current (HVDC) transmission, electrostatic precipitators, 
and spray chargers receives the attention of many 
investigators in the last few decades. The prospects for the 
widespread use of HVDC transmission underlie the great 
interest in the evaluation of corona power loss on bipolar 
transmission lines. In electrostatic precipitators, the major 
difficulty   is   the   “back   corona”   which   results   in   a   bipolar  
ionized field that seriously affects the precipitator operation. 
In addition, bipolar spray charging, as opposed to 
monopolar charging, was implemented to eliminate corona 
discharges active at the leaf tips of the sprayed crops [1]. 

II. DESCRIPTION OF THE PROBLEM 

A.  Mathematical Formulation 
The equations that constitute the mathematical 

description of the ionized field in air are: 
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Equation (1)-(5)  are  respectively  the  Poisson’s  equation,  the  
continuity condition of J , the total current density  vector

J , the positive and negative current density vectors
J and 

the continuity condition of J .
K  and 

K  are the 
mobilities of positive and negative ions,

   and  are the 
positive and negative space charge density values. iR is the 

ion recombination coefficient in air, and eq is the electron 
charge 

 

B. Simplifying Assumption 
In reality it is extremely difficult to find an exact 

solution to these equations due to their nonlinear nature. All 
attempts for solving these differential equations were based 
on some simplifying assumptions the most common ones 
are [1-5]:  
 

 The space is full of charges of both polarities. The 
thickness of the ionization region around the inner 
electrode is so small to be disregarded with respect 
to the interelectrode spacing. 

 The entire electrode spacing is characterized 
mainly by the transport of ions at the passive 
electrode. 

 The space charge affects only the magnitude and 
not the direction of the electric field, which is 
known as the first Deutsh’s  assumption [6]. 

 Diffusion of ion is neglected. 
 The surface field of the coronating conductors 

remains constant at the onset values critE  and 

critE  irrespective of the corona intensity. This is 
known   as   Kaptzov’s   assumption   and   before   as  
Peek’s  assumption. 

 

III. PROPOSED METHOD OF ANALYSIS 
The bipolar configuration investigated consists of two 

conductors stressed by voltage v and v , each with a 
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radius R located at a height H above the ground and 
separated by a distance D. Figure1 

 
 
 
 
 
 
 
 
 

 
Figure I . Bipolar transmission line configuration 
 
The details of each step of the proposed method are 
explained in the hereafter. 

A.  Field Mapping 
The FET is applied to determine the potential and field 

values and to map the field lines equipotential contours. 
Initially, the space-charge density values are not known and, 
therefore, they are assigned zero. The electrostatic grid is 
generated by mapping the space-charge-free-field around 
the bipolar transmission line conductors. Under the applied 
voltage V ,   the   conductor’s   surface   charges   are   simulated  
by line charges q , located at the centers of the conductors 
and their images with respect to the ground plane. 

As the transmission line conductors are assumed 
infinitely long, the investigated configuration is considered 
to be a two dimensional problem in the X – Y plane. 
Symmetry about the Y axis equal corona onset voltages, 
which represents one half of the area of interest for the 
analysis. The field lines emanate from N nodes selected on 
the circumference of the conductor Figure II.    

 
 

 
 

 
 

 

 

 
Figure II. Regions were the field lines and equipotential are mapped     

The point of intersection between the thj field line and thi
equipotential contour represents the node (i, j) of the grid. 
 

B. The Space Charge Density 
The space charge density values at the grid nodes are 

estimated using a modified MOC applied to the flux tubes 
surrounding the field lines. This is achieved by satisfying the 
positive and negative current continuity conditions along the 
axis of the flux tubes. Therefore (6) and (7) are 
simultaneously integrated by the Euler modified method to 
give the first estimate of the space-charge density values at 
the nodes along the axis of the flux tubes in the bipolar 
ionized region. 
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     Where  is the length measured along the axis of the 
flux-tube starting from the conductor surface and E is the 
electric field at the node (i, j). 
 

C. Finite Element  Solution  of    Poisson’s  Equation 
Poisson’s   equation   is   solved   by   minimizing   energy  

functional with respect to each nodal potential value, were 
the potential within each element is approximated as a 
linear function of coordinates, namely: 

 

     ttsspp
ee wwww    

        With p, s and t represent the nodes of the element e and 
w is the corresponding shape function. 
This minimization leads to a set of simultaneous equations 
for values of  at nodes. The array of nodal potentials is 

denoted by )(m .   
 

D. Correction of  The space Charge Density  
If the maximum mismatch between the two last 

estimate of the potential at the thji ),( node, m
ji ,  and 1

,
m
ji  

is less than a prespecified error 1 , stop, make a new guess 
for 0 . 
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C. Estimation of Discrete Space Charge at Grid Nodes 

The distributed space-charges are represented by 
discrete line charge extending parallel to the coronating 
conductor and located at the grid nodes. Hence, the charge 
permit length at node (i, j) is 

  jijijiji VQ ,,,,     

Where 
jiV ,
is the volume surrounding the node (i,j) per unit 

length.  
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E. Grid Updating 
In the next grid generation, the traced field lines and 

equipotential contours are not only due to the applied 
voltage, but also due to the space-charges estimated at the 
grid nodes in step (5).Also the recent space-charge density 
values around the periphery of the coronating conductor.

ji,  are used as initial values when integrating (6) and (7). 
Steps are repeated until the maximum mismatch in the nodal 
space-charge density values between two successive grid 
generations is than a prespecified error 2 .  

IV. EXPERIMENTAL SETUP AND PROCEDURE 
To investigate the effectiveness of the present method 

of analysis, an experimental setup was built at the Research 
Laboratory, University of Bejaia, Algeria. It consists of two 
wires-plane system, each with a radius R = 0.2mm, two 
ground planes 150x800 2mm  and electrode plate 200x800

2mm in dimensions, was made of stainless steel, 1mm in 
thickness. To maintain the stainless steel plate horizontally, 
it was fixed to a wooden plate of the same size Figure III. In 
order to measure the current density distribution underneath 
the transmission line conductors, the aluminium probe (S) is 
incorporated at a same surface level and in centre of the 
electrode plate. The circular probe of radius rs so that the 
probe (S) lies flash with the surface of on electrode to form 
an annular gap of width se rrg  . The probe is ground 
through the Pico-ammeter to measure the corona current 
received by this probe.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
S: circular probe                         V: voltmeter 
B: electrode plane                      G: low voltage source  
C: ground plates. 
 
Figure III. View of the experimental setup  
 

V. RESULTS AND DISCUSSION 
The bipolar transmission line configurations were tested 

in the laboratory. Smooth conductors  1 with radii
mmR 2,0 , were tested of mmH 50 above the ground 

plane and spacing of mmD 120 . The recombination 
coefficient iR was taken as 2x 1210

s
m3  , the positive and 

negative ion mobilities are according to the applied voltage. 
A sample of the finite element grid that covers the area of 
interest around the positive and the negative conductors, for 
this configuration is shown in Figure IV. 
Fig V shows a comparison of characteristic lines with and 
without the calculated space charge distribution. It is clear 
that space charge has a very significant effect in 
concentrating the characteristic lines under the conductor to 
a larger extent than in the space charge free solution. For 
one of the bipolar transmission line configuration tested in 
the laboratory, the measured and calculated ground plane 
current-density and electric field profiles are shown in 
figure (VI-VII). It is clear that the agreement between the 
measured and calculated 

Figure IV. Generated grid for a bipolar transmission line  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure V. Field lines with (solid lines) and (dashed lines) the presence 
               of the space charges density.    
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Figure VI.  Current density profiles at the ground plane. 
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Figure VII. Electric field profiles at the ground plane. 
 

VI. CONCLUSION 

        A computational algorithm was presented for the 
calculation of corona discharge, electric field, and current 
density profiles associated with bipolar HVDC transmission 
lines. The algorithm is based on the FEM and the MOC 
where   the   former   solves   Poisson’s   equation and the latter 
solves the current continuity equation. A new iterative 
finite-element method is developed for the analysis of the 
bipolar   ionized   fields   without   resort   to   Deutsch’s  
assumption. 
 
        To investigate the effectiveness of the proposed 
method of analysis, a laboratory model was built. The 
agreement between the measured and theoretical findings is 
satisfactory.   
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Abstract
In this contribution we present an analytical approach for
the calculation of terahertz frequency noise spectrum in
n+nn+ structure based on In0.53Ga0.47As material by us-
ing the analytical model of Heterostructure Barrier Varactor
(HBV) proposed in Ref. [1]. The model enables to inter-
pret the different resonances appearing in the current and
voltage spectral densities. In particular, we discuss the ef-
fect of geometrical parameters such as the total length of
device and the free carriers concentration on the noise res-
onance. The results can be usuful to optimizing the device
parameters for the generation of high frequency resonances
noise.

1. Introduction
The noise analysis in n+nn+ diodes, in the space-
inhomogeneous and hot-carriers conditions resolution, has
recently attracted much attention. At low frequencies, the
noise spectra properties in n+nn+ diodes is calculated by
an analytical approach proposed in Ref. [2] and by a Monte
Carlo simulator presented in Ref. [3]. In the terahertz fre-
quency some basic questions concerning the discussion of
the noise spectrum in n+nn+ structure have not yet ex-
plained. For this reason we propose an analytical model
for the high-frequency noise calculation in n+nn+ diodes
for InAlAs material. The model is an extension of the ana-
lytical approach of Heterostructure Barrier diodes proposed
in article [1], it provides an accurate description of the res-
onances appearing in the high frequency region. Moreover,
our analytical model takes into account the fluctuations of
the free carriers, the returning carriers and the plasma res-
onance at n+n homojunctions for the spectral current den-
sity calculation. Under these considerations the conduction
current may be neglected and we consider the drift-current
fluctuations in our calculation. The results of current noise
describe, on the one hand, the contribution of the n+ and n
regions by the position dependence of noise spectra and, on
the other hand, the noise on various device parameters by
the discussion of the total length and free carriers concen-
tration. The discussion of the appearance of the resonances
noise is useful to optimize the geometrical parameter of de-
vice for the extraction of the high-order harmonics. To ex-
tract the high-frequency signal, the diode is embedded into

Figure 1: Schematic view of the n+nn+ diodes with: l1 and
l3 the lengths of the n+ regions, l2 the length of n regions.

a parallel output resonant circuit when a large-amplitude
microwave voltage is applied.

The effectiveness of this model, for the calculation of
fluctuations spectrum, has been verified for the nanometric
structures such as Schottky barrier diodes (SBD) in article
[4] and Heterostructure Barrier diodes (HBV) in article [1].

2. Analytical Model

We are interested in the first step to the evolution of
the spectral current density in inhomogeneous n+nn+
In0.53Ga0.47As structure. For this case we consider the
fluctuations of the drift current !j in terahertz frequency
region and the thermal current fluctuations in gigahertz fre-
quency. Then, in the second step, the spectrum of volt-
age fluctuations is calculated between the terminals of the
n+nn+ diode embedded into an external RLC resonant cir-
cuit. For the spectrum noise calculation, we consider an
n+nn+ diode similar to the Heterostructure Barrier Varac-
tor n+n!barrier!nn+ structure with absence of depletion
region (ld = 0) studied in Ref [1].

The n+nn+ structure shown in figure 1, where li is the
length of the i-regions (i =1, 2, 3), N1, N3 the dopings
of the first and second n+ regions respectively and N2 the
doping of the n region.



2.1. Low frequency current noise model in n+nn+

diodes

In the low frequency the noise dominant is the thermal
noise, science the n+nn+ structure presents an Ohmic cur-
rent voltage (I-V) characteristic. The evaluation of the
thermal current fluctuations corresponding to the Lorenzian
form as:

SRi
(") =

4kT

Ri

1

1 + ("#)2
(1)

where Ri is the resistance of i!region, # is average time
between two collisions defined as # = µnm!

e
and µn is the

mobility. The resistance of i-region can be written as:

Ri = $i
li
Ai

(2)

where $i is the electrical resistivity and Ai is the cross sec-
tion of i!region. The electrical resistivity calculated at
moderate temperature (300 K) and is given by:

$i =
1

eNiµn
(3)

According to the equation (1), the spectral density exhibits
it’s high value corresponding to the analytical form 4kT

Ri

when " " 0.

2.2. High frequency current noise model in n+nn+

diodes

The low frequency current noise calculation has been re-
cently performed by the high frequency analytical model
proposed in this contribution. It should be note that the cur-
rent fluctuations model in terahertz frequency region (f #
1 THz) takes into account only the fluctuations of free car-
riers when the drift component of the current is considered.

The analytical expressions, which describe the current
noise characteristics of n+nn+ diodes, are derived to the
analytical model of Heterostructure barrier varactor [1].
Moreover, for the high frequency region, the current noise
behavior to a n+nn+ diode is evaluated at room tempera-
ture under a constant voltage applied between its terminals.
In accordance with Ref. [1] the current spectral density can
be represented as:
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ff (4)

where Si
ff = 4kT 1

Am!

!i

Nili
is the spectral density of the

thermal Langevin force normalized to the free carrier num-
ber in i!region, m! is the effective masse of materials, %i

the momentum relaxation, L =
%3

i=1 li is the total length
of diode and the bi,j elements of the inverse matrix devel-
oped in [1] and expressed as: a11 = !"2 + i"%1 + "2

1(1!
r1), a32 = a12 = !r2"2

2 , a22 = !"2 + i"%2 +"2
2(1!r2),

a31 = a21 = !r1"2
1 , a23 = a13 = !r3"2

3 , a33 =
!"2 + i"%1 + "2

3(1 ! r3), ri = li
L
are the relative lengths

and "2
i = (e2/&&0m!)Ni is the plasma frequency of the
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Figure 2: The series connection of the n+nn+ diode with a
RLC parallel resonant circuit.

i!regions. The equation (4) presents the model of current
noise spectrum in high frequency, it’s available in the tera-
hertz frequency region (f #1 THz) but it can not be applied
in the low frequency region less then 1 THz.

The total spectral current density at low and high fre-
quency in n+nn+ structure is calculated by coupling the
equations (4) and (1):

Sii(") = SRi
(") + Sjj(") (5)

The equation (5) describes the full spectrum of current fluc-
tuations and includes both the low (SRi

) and the high fre-
quencies (Sjj) noise components.

2.3. Voltage noise spectrum at n+nn+ terminals

Here we shall consider the n+nn+ diode embedded into a
particular parallel resonant circuit when a microwave volt-
ages U(t) = U0 + U1sin("0t) is applied to the whole cir-
cuit. The corresponding equivalent scheme is presented in
Fig. 2.

The diode is simplified to the resistanceRd(Ud), the ca-
pacitance Cv(Ud) which depend on the voltage drop Ud be-
tween the diode terminals and the drift-current fluctuations
described by the spectral density Sjj("). The resonant cir-
cuit is characterized by the inductance L, the capacitance
Cl and the noiseless resistance R. The voltage fluctuations
drop between the diode terminals, !Ud, is obtained by the
analytical model detailed in article [5]. The first iteration of
spectrum voltage fluctuations obtains as:

S1
UdUd

(") = |Z(")|2
&

Sjj(") + Sv
jj(")

'

(6)

where Z(") is the linear impedance of the diode + circuit
and Sv

jj is the spectrum of extra current fluctuations given
as:

Sv
jj(") = ("C0

v )2
±"
#

n#=0

|'n|
2 |Z(" ! "n)|2 Sjj(" ! "n)

(7)
The terms of equation (7) is detailed in articles [5] and [6],
where C0

v is the constant component capacity of diode and
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Figure 3: Spectra density of current fluctuations in
In0.53Ga0.47As n+nn+ diode calculated at frequencies f <
4 THz. With l1 =0.3 µm, l2 =1 µm, l3 =0.3 µm,
N1,3 = N+ =5$1018 cm$3 and N2 = N$ =1017 cm$3.

Figure 4: Spectra density of current fluctuations of
In0.53Ga0.47As n+nn+ diode calculated at high terahertz
frequency 0< f < 25 THz in the same conditions as figure
3.

'n is the relative contribution of the varying part of the
n+nn+ diode capacitance at the frequency of the nth har-
monic of the pumping voltage "n =n"0.

3. Results and discussion
The spectral current density of In0.53Ga0.47As n+nn+
structure is calculated for the low terahertz frequency re-
gion (f %4 THz) in figure 3 and for the high terahertz fre-
quency region (f %20 THz) in figure 4. The mobility and
thermal collision time values for In0.53Ga0.47As material
are defined in the doctorate these [7].

In figure 3, we remark the appearance of a resonance
peak at 2 THz compared to the results of figure 4 where
the importance noise peak appears near 20 THz witch can
produce the high order harmonics. This means that the
In0.53Ga0.47As is useful material for the generation of the
high terahertz frequency by n+nn+ structures. Moreover,
we can increase the limited value for the extraction of har-
monics in In0.53Ga0.47As n+nn+ structure by the discus-
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Figure 5: Spectra density of current fluctuations in
In0.53Ga0.47As n+nn+ structure as a function of length of
device. Curve 1: L =1.6 µm, Curve 2: L =1.1 µm and
Curve 3: the total length L =0.7 µm.
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Figure 6: Spectra density of current fluctuations in a
In0.53Ga0.47As n+nn+ structure as a function of free car-
rier concentration of n region.

sion of the lengths effect on the current spectral density (see
figure 5).

In figure 5, we remark that the frequency position of the
resonance peak increases when the total length decreases.
Therefore the resonance frequency position increases sig-
nificantly. According to the results of figure 5, the length
value witch gives the higher frequency resonance noise is
0.7 µm.

The figure 6 presents the effect of carriers concentration
on the current spectral density. We observe that the current
spectral density value increases when the free carrier con-
centration increases from 1015 cm$3 to 1017 cm$3 (see fig-
ure 6). The 1017 cm$3 value of free carrier concentration
can produces the high resonance noise.

The dependence of voltage noise spectrum to the length
of device is calculated in figure 7 by using Eq. (6) when the
length values are 1.6 µm, 1.1 µm and 0.7 µm. The figure
7 includes the extra part of the spectrum of displacement-
current fluctuations (second term of equation (6)) when
the resonant of circuit condition (n+nn+ structure + cir-
cuit RLC) is tuned to the frequency of the third harmon-
ics "res=3"0 of the pumping signal at frequency %0=200
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Figure 8: Spectral density of voltage fluctuations between
the In0.53Ga0.47As n+nn+ structure as a function of free
carrier concentration of n region. With R = 9.5 $
10$10 !m2, L = 1.02$10$23 Hm2, Cl=2.7$10$4 Fm$2,
R0

d = 3.7 $ 10$5 !m2, C0
v=2.2$10$3 Fm$2.

GHz and the amplitude is U0=0.45 V. The first resonance
peak generated by the n+nn+ structure is at 1 THz for dif-
ferent length values. Moreover, we observe the presence
of an additional resonance peak at 2 THz and 4 THz corre-
sponding to 1.1 µm and 0.7 µm respectively associated to
the decreasing of the total length.

The figure 8 shows the appearance of voltage reso-
nances noise for different free carrier concentration. We
observe that the voltage spectrum increases when the free
carrier concentration increases and leads to the appearance
of an additional resonance peaks at 1.5 THz and 2 THz for
the concentration 1017 cm$3 (see figure 8).

By using this analytical model we can extract n har-
monics generated between the resonances peaks appearing
at the frequencies 1 THz and 4 THz in figure 7. The results
of figure 9 calculated in accordance with Eq. (6) and by
changing the parameters of the resonant circuit compared
to the condition of figure 7 (changing the resistance R, in-
ductance L and the capacitance C values). We remark the
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Figure 9: Spectral density of voltage fluctuations between
the In0.53Ga0.47As n+nn+ terminals calculated for 1.6 µm
and 0.7 µm (dashed and solid lines, respectively). With
R = 10$8 !m2, L = 1.02 $ 10$23 Hm2, Cl=0.8$10$3

Fm$2, R0
d=3.7 $10$5 !m2, C0

v=2.2$10$3 Fm$2.

appearance of resonances peaks in frequencies "res ± n"0

when the most important resonance noise is at the frequen-
cies 1 THz and at 4 THz for the total length 0.7 µm.

4. Conclusions
The analytical model proposed in this contribution de-
scribes the high frequency part of noise spectral densities
in n+nn+ structure of In0.53Ga0.47As material.
The evaluation of the current noise of In0.53Ga0.47As
n+nn+ structure produce a resonance noise appears in high
terahertz frequency near 17 THz due to the high mobility of
free carriers. The results of the current noise can be useful
to calculate the voltage noise when the n+nn+ diode is em-
bedded into an external resonant circuit for the extraction of
the high-order harmonics. The resonance peaks of the volt-
age noise spectrum appear in freqiencies "res ± n"0 from
1 THz to 4 THz for the device parameters L =0.7 µm and
N2 =1017 cm$3.
The discussion of the total length and free carrier concen-
tration dependence on spectrum densities is useful for opti-
mizing the device parameters for the extraction of the high-
order harmonics and for the generation of the terahertz fre-
quency.
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Abstract 
Nonlinear transmission lines (NLTL) that consist of coplanar 
waveguide periodically loaded with resonant tunnel diode (RTD) 
are capable of shaping signal waveforms during transmission.  
Such system is the basis of very interesting microwave signal 
generation circuits and it has a lot of applications in electronics. 
Pspice is used to model analog to digital converter by generating 
short electrical pulses on a nonlinear transmission line. Nonlinear 
transmission line realized as electrical lattice with N electrical cells 
coupled by inductor and resistor in series. Each cell consists of a 
resonant tunnel diode in parallel with both resistor and capacitor. 
Attenuation represented by the resistor is cancelled by nonlinear 
effect. This cancellation produces the desired effect.  

1. Introduction 
The high speed performance of most digital system is 
limited by distributed transmission line effects of packaging 
and interconnects, and not by switching speed of 
semiconductor devices. In many cases, the quest of higher 
performance is centering on layout and topological 
considerations. System performance can be improved by 
studying transmission line effects [1]. 
The nonlinear transmission line (NLTL) has three 
fundamental and quantifiable characteristics just as any 
nonideal transmission line. These are nonlinearity, 
dispersion, and dissipation. Along with some other 
characteristics (e.g. impedance, length, etc.), they define a 
transmission  line’s  behavior  with  arbitrary  simulation.  What  
distinguishes one class of line from another is the degree to 
which these characteristics occur and interact.  Resonant 
tunneling diodes have demonstrated maximum frequency of 
oscillation as high as 1.2 THz. Having the highest frequency 
among   active   devices,   RTD’s   have   been   employed   in  
oscillator, mixer, and switching applications [2-4]. 
NLTLs consisting of coplanar waveguide (CPW) 
periodically loaded with resonant tunneling diodes (RTD) 
provide nonlinearity due to the N-shaped of current-voltage 
characteristic of the RTD, dispersion due to the periodicity, 
and dissipation due to the finite conductivity of the CPW 
conductor and parallel resistance of the diodes [5].  
These NLTL is capable of generating picosecond electrical 
pulses [6]. An important related application is pulse 
sharpening for the more traditional non-return-to-zero 
(NRZ) data transmission in digital circuits by improving the 

rise and fall times of the pulses.  Improving the transitions 
by shrinking the rise and fall times of pulses can be useful 
in other applications, such as high speed sampling and 
timing systems [7]. 
It has shown by previous studies that pulse reshaping is 
closely related to the N-shaped current-voltage 
characteristic of RTD [8]. Essimbi and Jӓger [9] have 
performed a study of generating short electrical pulses using 
a schottky transmission line periodically loaded with RTD. 
They have been able to break down single wide pulse into 
multiple pulses.  
The focus of this work is on the properties of microwave 
transmission lines periodically loaded by RTD. Section 2 
presents the model of NLTL. Section 3 is dedicated to 
Pspice simulation results and their significance. conclusion 
is followed in section 4. 

2. Model Description 
The equivalent circuit of the nonlinear transmission line 
(NLTL) used in our simulation is represented in Fig. 1.  The 
equivalent circuit consists of N repeated cells of resonant 
tunneling diode (RTD) in parallel with capacitor (c) and 
parallel resistor (Rp). Each cell connected in series with 
inductor (L) and resistor (R). Using Kirchhoff laws we can 
write the equations which govern the processes of the 
nonlinear waves in this equivalent circuit. 
 

                         1
n n

n n n
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dV V
c I I J
dt R                     (1) 

                          1 ,n
n n n

dI
L V V RI
dt                          (2) 

 
where Vn and In are respectively the voltage at the nth node 
and current entering the nth node, and Jn is the current 
through the RTD defined by 
 
                             1 2( )( ),n n n nJ BV V U V U                (3) 
where U1 and U2 are constants, and B is the factor which is 
determined by the slope at V=0. Equation (3) shows that the 
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RTD current-voltage characteristic obeys the cubic relation. 
The RTD current-voltage characteristic curve expressed by 
equation (3) for different values of U1 and U2 are plotted in 
Fig. (2. a) shows the RTD characteristic curve at U1 = 0.1 V 
and U2 = 0.2 V. In this case, the area S1 that is above the 
zero current line equal the area S2 under the zero current 
line.While Fig. (2. b) displays the characteristic curve at U1 
= 0.1 V and U2 = 0.3 V. Considering S1 < S2. The RTD 
characteristic curve at U1 = 0.2 V and U2 = 0.3 V is plotted 
in Fig. (2.c) where S1 > S2. 
 

3. Circuit Parameters and numerical results 
The experimental electric circuit is composed of N=80 
elements, where the values of the parameters are as follows: 
R=0.25 Ω,  c =53.1 fF, l=37.3 pH, and Rp=10 KΩ.  The  input  
resistor RI =50  Ω  is  introduced  at  the  input  port  of  the  circuit  
to an input voltage and the output is set free. Equation (1) 
and (2) are solved numerically using Pspice simulation 
program. 
The input voltage is defined to be a sinusoidal signal with 
amplitude 0.5 V and frequency 2GHz. The output at n=30, 
40, and 50 for U1=0.1V and U2=0.2V, S1=S2, is shown in  
 
Fig. 3. The output signal has a kink and antikink structure 
with constant pulse width.  Repeating the measurement with 
U1=0.1V and U2=0.3V where S1< S2, we get Fig. 4. In this 
case, we notice that the pulse suffers from dispersion where 
the pulse width widens as it propagates. However, when 
U1=0.2V and U2=0.3V where S1> S2, the pulse will 
propagate while its width decrease as exhibited in Fig. 5. 
 

4. Conclusion 
 
Nonlinear transmission lines (NLTL) modeled as N 
electrical cells consist of RTD in parallel with capacitor and 
resistor coupled by inductor and resistor in series are capable 
of shaping signal waveform during transmission.  Such 
system is the basis of very interesting microwave signal 
generation circuits and it has a lot of digital applications. 
Pspice is used to model analog to digital converter by 
generating short electrical pulses on a nonlinear transmission 
line.  
 

 
 

 
 
 
 
 
 
 
 
 

 
 
Attenuation represented by the resistor is cancelled by 
nonlinear effect. This cancellation produces kink and 
antiknik pulses which has a fast rise time is an indication of 
the usefulness of the system in converting analog to digital 
signal.  
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Figure 1. Equivalent circuit of RTD-NLTL 
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Figure 2. The characteristic curve of the RTD for a) U1=0.1 V and 
U2=0.2 V; b) U1=0.1 V and U2=0.3 V; c) U1=0.2 V and U2=0.3 V. 
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Figure 3. Pulse profile versus normalized time at n=30, 40, 50, 
U1=0.1 and U2=0.2. 
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Figure 4. Pulse profile versus normalized time at n=30, 40, 50, 
U1=0.1 and U2=0.3. 
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Figure 5. Pulse profile versus normalized time at n=30, 40, 50, 
U1=0.2 and U2=0.3. 
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Abstract 
A novel active feedback antenna for WiMAX applications 
is presented. By using an interdigital coupling strip in the 
active feedback antenna two new resonances can be 
achieved. Also the proposed interdigital radiating patch has 
a major advantage in providing tighter capacitive coupling 
to the line in comparison to known radiating patch. In order 
to generate DC isolation in the RF path, we use a pair of 
gap distances in the microstrip loop. Simulated and 
experimental results obtained for this antenna show that the 
proposed Active Integrated Antenna (AIA) has a good 
return loss and radiation behavior within the WiMAX 
frequency range 

1. Introduction 
In the last few years, there have been rapid developments in 
worldwide interoperability for microwave access (WiMAX) 
applications. The 2.5/3.5/5.5 GHz (2.500–2690/3400–
369/5250 5850 MHz) bands are demanded in practical 
WiMAX applications,. During the last years, there are 
various antenna designs, which enable antennas with low 
profile, lightweight, flush mounted, and WiMAX devices. 
These antennas include the planar inverted-F antennas 
(PIFAs) [1], printed dipole antenna [2], the chip antennas 
[3], and the planar monopole antennas [4]. However, up to 
now, a printed antenna that has T-shaped notch 
configuration has not been reported. 
   In WiMAX communication systems, one of key issues is 
the design of a compact active antenna while providing 
wideband characteristic over the whole operating band. It is 
a well-known fact that active feedback presents really 
appealing physical features, such as simple structure, small 
size, and low cost. Because of all these interesting 
characteristics, active feedback are extremely attractive to be 
used in WiMAX applications, and growing research activity 
is being focused on them [5-8]. 
   In this study, based on Electromagnetic Coupling (EC), an 
interdigital coupling strip in the microstrip transmission line 
is used to perturbs two resonance frequencies at 3.5 GHz 
(WiMAX) and 4.2 GHz (C-band). The proposed interdigital 
radiating patch is shown in Figure 1 (a). This structure has a 
major advantage in providing tighter capacitive coupling to 
the line in comparison to known radiating patch [9]. In the 

proposed configuration a pair of gap distances are playing an 
important role in the radiating characteristics of this antenna, 
because it can adjust the electromagnetic coupling effects 
between the interdigital radiating patch and the microstrip 
transmission line [7].  

2. Antenna Design and Configuration 
The proposed passive antenna fed by a 50-Ω   feed   line is 
shown in Figure 1, which is printed on a FR4 substrate of 
thickness 0.8 mm, and permittivity 4.4. The numerical and 
experimental results of the input impedance and radiation 
characteristics are presented and discussed. The Ansoft 
simulation software high-frequency structure simulator 
(HFSS) [10] is used to optimize the design and agreement 
between the simulation and measurement is obtained. 

 
Figure 1: The proposed antenna by using an interdigital 
coupling strip. 

 
Figure 2: Measured return loss and insertion loss 
characteristics for the passive microstrip antenna. 
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Figure 2 shows the measured return loss and insertion loss 
characteristics of the proposed antenna as shown in Figure 1. 
The fabricated antenna has the frequency band of 3.27 to 
over 4.38 GHz with two resonance frequencies around 3.53 
and 4.23 GHz. 

3. Active Integrated Antenna Design 
The presented active feedback antenna is shown in Fig. 3, 
which is printed on an FR4 substrate of thickness 1.6 mm, 
permittivity 4.4, and loss tangent 0.018. The proposed 
active feedback antenna structure consists of an interdigital 
coupling strip for radiating element, a microstrip loop, and a 
amplifier with DC bias circuit and matching circuit for 
active part. The width of the 50-Ω  microstrip  line  is  fixed  at  
3.2 mm, as shown in Figure 1. The matching circuit to the 
left and right of the device controls the degree of feedback. 
On the other side of the substrate, a conducting ground 
plane is placed. In addition, to satisfy the oscillation-phase 
requirement, the microstrip loop is fixed to a suitable 
electrical length, taking the measured phases of the 
amplifier and passive antenna into consideration [8]. The 
proposed antenna is connected to a 50-Ω  SMA   connector  
for signal transmission. 

 
Figure 3: Configuration of the proposed active integrated 
antenna with GaAs MESFET. 
 
   The simulated radiation patterns including the co-
polarization and cross-polarization for the E-plane (y-z 
plane) and H-plane (x-z plane) at the resonance frequencies 
are shown in Figure 2 (b). The simulated radiation patterns 
are calculated by using the gap-source technique with the 
commercial EM simulator HFSS, considering the complete 
active feedback antenna, which has same layout, except with 
an active transistor [3]. The received cross-polarizations in 
the E-plane and H-plane of the AIA are approximately 17 

and 14 dB lower than the maximum co-polarized radiation, 
respectively. As seen in Figure 3, the radiation pattern in the 
H-plane is asymmetrical due to the asymmetrical presence 
of the distributed oscillator-feedback circuitry. The obtained 
gain by the amplifier is of 11.2dB. The designed feedback-
antenna oscillator has stable oscillation and a clear spectrum 
at the frequency of 3.54 GHz, which is only a 0.2% 
deviation from the design frequency.  

 
Figure 4: simulated radiation patterns of the proposed 
antenna. 

4. Conclusions 
As presented above, the AIA is an interesting subject for 
WiMAX applications. In this paper, an active integrated 
antenna using a interdigital coupling strip antenna, are 
presented. In the proposed structure, based on 
Electromagnetic Coupling (EC), an interdigital coupling 
strip in the microstrip transmission line is used to perturbs 
two resonance frequencies at 3.5 GHz (WiMAX) and 4.2 
GHz (C-band). The amplifier design based on the AIA 
concept has been shown to provide an efficient and 
successful method for designing high efficiency and 
compact systems.  The obtained gain by the amplifier is of 
11.2dB. The designed feedback-antenna oscillator has stable 
oscillation and a clear spectrum at the frequency of 3.54 
GHz, which is only a 0.2% deviation from the design 
frequency.  
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Abstract 
This paper presents the design of a millimeter-wave 
Marchand balun realized in 0.13 µm GaAs pHEMT 
technology. The balun uses two Lange couplers as quarter-
wavelength λ/4   line   elements   with   short- and open-circuit 
terminations. The theoretical principle is based on coupling 
and reflections of RF signals that occur within the device in 
order to achieve a wide operational bandwidth. Although 
the design of this kind of architecture usually involves full-
wave electromagnetic (EM) simulations, the proposed balun 
was designed with the help of components models made 
available by the foundry process. The realized balun shows 
return loss below – 6dB, insertion loss better than 6 dB, as 
well as amplitude and phase mismatch not exceeding 0.4 dB 
and 7°, respectively. Measurements results compared to 
simulations highlight the accuracy limits of the components 
models. 

1. Introduction 
Baluns are three port networks that can be considered as 3 
dB power dividers with two outputs 180° out of phase. 
These components are used in circuits such as balanced 
mixers [1] – [7], frequency doublers [8] and triplers [9] in 
order to perform single-ended to differential conversion of 
the signal. The performance of these circuits is heavily 
impacted by the baluns quality. In integrated circuits 
technology, there are basically two categories of baluns: 
lumped elements and distributed baluns. Lumped elements 
baluns [10],[11] usually consist of high/low-pass filters 
combinations. These structures are not usable at millimeter-
wave frequencies since inductors and capacitors have low 
resonant frequency. On the other hand, distributed baluns 
cannot be used in practice below approximately 20 GHz 
since they are made of quarter-wavelength λ/4  elements  that  
occupy much chip area. However, at millimeter-wave 
frequencies they become very attractive due to their 
compactness and wideband characteristics. Indeed,  
distributed baluns have operational bandwidths that can 
exceed an octave. The various distributed architectures 
reported so far are Marchand-type baluns [12] that primarily 
differ in the quarter-wavelength   λ/4   line   that   is   used   to  
realize the desired coupling. Spiral transformers [3],[4],[7], 
broadside coupled lines [5],[6] and Lange couplers [1],[2] 
are commonly used in distributed baluns. In the presented 

Marchand balun, Lange couplers have been chosen because 
components models were made available in the design kit of 
the OMMIC D01PH foundry process (0.13 µm GaAs 
pHEMT technology). The aim of this work is to assess the 
validity of the components models of the design kit as 
frequency increases towards millimeter-waves.  
 
In the following, we present the theoretical analysis of the 
Marchand balun, the design procedure and a comparison 
between measurement and simulation results. 

2. Analysis and Design of the Marchand balun 
Fig. 1 presents the diagram of the Marchand balun as well 
as an individual Lange coupler with ports naming 
convention shown. The balun consists of the combination of 
two quarter-wavelength λ/4  Lange  couplers  whose  coupled  
ports are connected to a via-hole that acts as short-circuit 
(S/C) while direct ports are tied together. The input port of 
the upper Lange coupler is the balun input (port 1) whereas 
the input port of the lower one is left unconnected as open-
circuit (O/C). The 180° out of phase outputs (ports 2 and 3) 
are taken from each of the isolated ports of the Lange 
couplers.  

 
 
 

Figure 1: Diagram of the Marchand balun and 
individual Lange coupler with ports naming convention 
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If we assume ideal couplers, i.e. lossless, with infinite 
directivity, coupling coefficient C and transmission 
coefficient 2C1jT  , the corresponding scattering 
matrix [S] coupler of an individual coupler is given by 
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The [S] parameters of the balun are derived from coupling 
and transmission properties of the couplers as well as 
reflection from short- and open-circuit terminations. As an 
example, the successive steps to derive the total 
transmission coefficient from port 1 to port 2, namely S21 
are illustrated in Fig. 2. In Fig. 2 a), the most 
straightforward path for an incident signal between input 
port 1 and output port 2 is depicted. The resulting S21 is –
CT with negative sign due to short-circuit (S/C) 180° phase 
shift. Fig. 2 b) shows a little more complicated situation 
since the signal is transmitted from the upper Lange coupler 
to the lower one, then transmitted to the open-circuit (O/C) 
termination where total reflection occurs, transmitted back 
to the upper coupler and finally coupled to the output. Thus, 
the resulting S21 is T3C. Fig. 2 c) is identical to Fig. 2b) 
until the signal is coupled to the (S/C) after being reflected 
by the (O/C) instead of being transmitted back to the upper 
coupler. The (S/C) introduces 180° phase shift, then the 
signal is coupled back to the (O/C), totally reflected, 
transmitted to the upper coupler and coupled to the output. 
In this case, S21 is equal to T3C×(– C2). From the situation 
depicted in Fig. 2 c), the signal repeatedly goes back and 
forth between the (O/C) and (S/C) et is finally coupled to 
the output, so the successive contributions to total S21 are 
T3C×(– C2)×(– C2), then T3C×(– C2)×(– C2)×(– C2) and so 
on. The total transmission coefficient from port 1 to port 2 
is the sum of all of these terms and can be written as 
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A similar analysis allows the derivation of the other [S] 
parameters. It can be shown that the scattering matrix 
[S]balun is as follows: 
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Figure 2: Procedure followed for total transmission 
coefficient (S21) derivation 

From (4), it is clear that S21 = – S31 which means that the 
two outputs have equal power and are 180° out of phase. 
Also, the [S] parameters of the balun depend only on the 
coupling coefficient C. Fig. 3 shows the magnitude of S11 
and S21 (or S31) as a function of C. For optimal coupling 
coefficient value of 0.577 or – 4.8 dB, the magnitude of S11 
is null and S21 has a peak value of 0.707 or – 3 dB. This 
result shows that the Lange couplers have to be under-
coupled for optimal performance of the balun. Furthermore, 
for operation centered at 30 GHz, λ/4   =   696   µm   with  
dielectric   constant   εr=12.9 for GaAs substrate. These 
guidelines allow to set initial dimensions W, S and L for the 
Lange couplers, where W is an individual finger width, S is 
the  spacing  between  the  fingers  and  L  =  λ/4  is  the  length  of  
the couplers. 
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Table 1: Performance comparison with previously reported baluns of various types 

Ref. [2] [4] [5] [6] [7] This 
Work 

Technology 0.25 µm 
GaAs  

0.15 µm 
GaAs  

0.18 µm 
CMOS 

0.18 µm 
CMOS 

0.18 µm 
CMOS 

0.13 µm 
GaAs  

Balun Type  Lange  Transformers Asymmetric 
Broadside  

Symmetric 
Broadside  Transformers  Lange  

RF freq. (GHz) 20 – 40  25 – 52  20 – 67 28 – 67 17 – 36 21 – 35 

Bandwidth (%) 67  70  108 82 72 50 

Return Loss (dB) – – < –10 < –10 < –10 < –10 

Insertion Loss (dB) < 6 < 10 < 8 < 6 < 7 < 6 
Amplitude/Phase 

Mismatch (dB/deg.)  0.5 / 10  1 / 12  1 / 8  0.9 / 4  1 / 10 0.5 / 6 

Size (mm2 ) 1.12* 0.08 0.06 0.07 0.07 0.22 
 

 
* including RF testing pads. Effective chip size is approximately the same as for the presented balun, i.e. 0.2 mm2  
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Figure 3: Magnitude of S11 and S21 function of 
coupling coefficient C 

 
 

Figure 4: Millimeter-wave Gilbert-cell mixer integrating 
two Marchand baluns at LO and RF ports 

The design of the Marchand balun was performed with the 
Advanced Design System (ADS) software from Agilent 
Technologies. After simulation and optimization realized 

with the help of components models (Lange couplers, via-
holes and transmission lines), we find W = 5 µm, S = 14 
µm and L = 690 µm. Fig. 4 is an example of application 
of the balun that we designed. It shows a millimeter-wave 
Gilbert-cell mixer [1] in which the balun is used to 
provide single-ended to differential conversion of RF and 
LO signals. 

3. Measurements Results 
The balun was fabricated and characterized by on-wafer 
measurements between 10 GHz and 50 GHz. Input return 
loss S11 and insertion loss (S21 and S31) are plotted in 
Fig. 5 while amplitude mismatch (S21 – S31) and phase 
mismatch (offset from 180° ideal value) between port 2 
and port 3 are depicted in Fig. 6. S11 is better than -6 dB 
and both S21 and S31 are above -6 dB over an octave 
bandwidth between 20 GHz and 40 GHz. From Fig. 6, 
measured amplitude and phase mismatch do not exceed 
0.4 dB and 7°, respectively. Despite the lack of full-wave 
electromagnetic (EM) simulations, the realized balun 
exhibit good performance.  

10 15 20 25 30 35 40 45 50
-35

-30

-25

-20

-15

-10

-5

0

Frequency (GHz)

S1
1,

 S
21

 &
 S

31
 (d

B)

 

 

S11 (meas)
S11 (sim)
S21 (meas)
S21 (sim)
S31 (meas)
S31 (sim)

 
Figure 5: Input return loss (S11) and insertion loss (S21, 
S31) 
 
 

LO Balun 

Gilbert-Cell 

RF Balun 

IF+ 

IF–  

RF 

LO 



4 
 

Measurements results are consistent with simulations 
based on components models when considering mismatch 
between the two outputs. However, losses are clearly 
underestimated in simulations for frequencies above 25 
GHz, making evidence of the limits of the components 
models. 
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Figure 6: Amplitude (dB) and phase (deg.) mismatch 
 
Table 1 shown on top of the previous page presents 
performance comparison of the presented balun with other 
reported millimeter-wave baluns of various types. Devices 
using broadside coupled lines [5],[6] show higher 
potential for wideband applications (bandwidth over 100 
%). This is due to the use of sophisticated 3D structures in 
which a larger number of parameters can be optimized to 
obtain the desired results. On the other hand, baluns made 
of Lange couplers are only able to operate in narrower 
bandwidth. The 67 % bandwidth in [2] is probably 
overestimated since no return loss measurement was 
published. It is our guess that the actual bandwidth is 
closer to 50 – 60 %, which is of same order than the balun 
presented in this paper. As for spiral transformers baluns 
[4],[7], they show bandwidth values around 70 – 75 %. 
Broadside coupled lines- and transformers-based baluns 
occupy intrinsically less chip area because of spiral shape 
of transformers and coupled lines made of superimposed 
metal layers for broadside coupling. These architectures 
are designed using extensive full-wave electromagnetic 
(EM) simulations since no models are available for these 
components. This results in rather good consistency 
between measured and simulated results, especially for 
losses estimation.   

4. Conclusions 
This work has presented the design of a millimeter-wave 
Marchand balun based on components models 
simulations. Measurements show good agreement with 
simulations except for losses that are not completely taken 
into account by the components models at high 
frequencies. Additional efforts are required to extend the 
frequency range of operation in order to reach a full 
octave bandwidth. 
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Abstract 
In this paper, two novel low-pass filters using Defected 
Ground Structure (DGS) slot with a pair of protruded T-
shaped strips inside the slot are presented. The resonant 
frequency of the slot can be easily controlled by changing 
the protruded T-shaped strips dimensions, without changing 
the area taken by the structure. Using this DGS slot, two 
quasi-elliptic low-pass filters were designed, fabricated and 
tested. The experimental results show good agreement with 
simulation results and demonstrate that excellent stop-band 
performance could be obtained through the proposed low-
pass filter. The filters have a cut-off frequency of about 2.4 
GHz. 

1. Introduction 
Conventionally the microwave low-pass filter (LPF) is 
implemented either by all shunt stubs or by series connected 
high-low stepped-impedance microstrip line sections. 
However, generally these are not easily available in 
microwave band caused by the high impedance microstrip 
line and the spurious pass-bands. To remove these 
disadvantages, Defected Ground Structures (DGS) for 
microstrip lines have been presented in recent years. They 
have been presented in a number of different shapes for 
filter applications [1-5]. This technique is suitable for 
periodic structures, and for both low-pass and band-pass 
filters, e.g., [6]–[8]. The DGS applied to a microstrip line 
causes a resonant character of the structure transmission 
with a resonant frequency controllable by changing the 
shape and size of the slot. 
   This paper introduces a DGS with folded T-shaped arms. 
The resonant frequency of the structure with this slot can be 
controlled by adjusting the distance between the T-shaped 
arms without changing the area occupied by the slot or the 
aperture. Two quasi-elliptic low-pass filters based on this 
slot were designed and fabricated on a RO4003c substrate 
with 1.524 mm in thickness and with a relative dielectric 
constant of 3.38. The resonant behavior of the DGS used 
here introduces transmission zeroes to the filter response and 
consequently improves its stop-band performance.    

2. Low-Pass Filter with DGS 

   The basic configuration a fifth-order low-pass filter (LPF) 
with apertures under the high-impedance transmission lines 
is shown in Figure 1 (a). In general, the cut-off frequency of 
the microwave low-pass filter (LPF) can be adjusted by 
setting proper values of the lumped elements of the filter [9]. 
In addition, the transmission line lengths of the filter 
elements, assumed to be much shorter than the wavelength, 
can be calculated from where, indices and correspond to 
stubs with capacitive and inductive character, respectively. 
Therefore, the length of microstrip line can be reduced and 
the line width can be increased, which avoid the high 
impedance in conventional filters. To realize the desired 
capacitive and inductive values of the filter elements by the 
stubs of the high/low impedance transmission lines, the 
characteristic impedance and effective dielectric constant of 
these transmission lines have to be determined. The low-
pass filter in Figure 1 (a) was designed on a RO4003c 
substrate with 1.524 mm in thickness and with a relative 
dielectric constant of 3.38.  
   Defected Ground Structure (DGS) evolved from Photonic 
Band Gap (PBG) is realized by etching defected pattern and 
slot in the ground plane. The etched defect in ground plane 
disturbs the shield current distribution in the ground plane. 
This disturbance can increase the effective capacitance and 
inductance of a transmission line respectively. Thus, an LC 
equivalent circuit can represent the proposed unit DGS 
circuit [1-3]. The proposed DGS slot is shown in Figure 1 
(b). The slot is etched in the ground metallization under the 
microstrip line. This slot has a major advantage in providing 
tighter capacitive coupling to the line in comparison to 
known microstrip DGS. Moreover, the resonant frequency 
of the structure can be controlled by changing the distance 
between the folded T-shaped arms. The resonant frequency 
of the slot can be modified by changing the overall slot size 
which shifts the cut-off frequency of the filter down. To shift 
the frequency up instead of frequency back, it is necessary to 
reduce the inductance of the narrow stripline that is located 
over the slot. This can easily be done by increasing the 
width of the strip [10]-[11].  
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(a) 

 
(b) 

Figure 1. (a) Top and bottom layouts of a fifth-order low-
pass filter with apertures under the high-impedance 
transmission lines, (b) Bottom side layout of the DGS with 
folded T-shaped arms. 
 
The optimal dimensions of the designed microstrip filters 
are as follows: mmWsub 30 , mmLsub 40 , 

mmWP 2.31  , mmLP 61  , mmWP 42  ,  mmLP 22  , 
mmWP 83  ,  mmLP 143  , mmWP 44  ,  mmLP 14  , 

mmLg 10 ,  mmWg 61  , mmWg 82  ,  mmWg 43  , 

mmWT 2 , mmLT 2 , mmWT 61  and mmLT 21  . 

3. Low-Pass Filter with Additional Transmission 
Zeros 

The microstrip low-pass filter, Fig. 1 (a), was designed on 
both substrate sides by opening apertures in the ground 
metallization under the high-impedance transmission line. 
Replacing some of the apertures by the proposed folded T-
shaped arms structure introduces transmission zeroes. The 
number of transmission zeroes is equal to the number of 
apertures with folded T-shaped arms. One transmission zero 
is introduced into the filter response by replacing the 

central aperture by the proposed folded T-shaped arms 
structure. This slot, however, shifts the cut-off frequency of 
the filter down. To shift the cut-off frequency back, it is 
necessary to reduce the inductance of the narrow stripline 
that is located over the slot [10]. For the input/output 
connections 50-Ohm microstrip lines are used. The 
simulated results are obtained using the Ansoft simulation 
software high-frequency structure simulator (HFSS) [12]. 

 
(a) 

 
(b) 

Figure 2. (a) Top and bottom layouts of a fifth-order low-
pass filter with one DGS slot with folded T-shaped arms, (b) 
Return and insertion loss of a fifth-order low-pass filter with 
one transmission zero. 
 
   Figure 2 (a) shows the top and bottom layouts of the 
designed filter with central aperture replaced by the 
proposed folded T-shaped arms structure, and Figure 2 (b) 
shows the measured and simulated return and insertion loss 
of the filter. As shown in Figure 2 (b), a transmission zero, 
which improves behavior of the filter stop band, is observed 
at 6.42 GHz.  
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(a) 

 
(b) 

 
Figure 3. (a) Top and bottom layouts of a fifth-order low-
pass filter with two DGS slots with folded T-shaped arms, 
(b) Return and insertion loss of a fifth-order low-pass filter 
with two transmission zeroes.   
 
In order to improve the stop-band behavior of filter 
responses two rectangular slots with T-shaped arms inserted 
in the positions of the two apertures, as shown in Fig. 3 (1). 
The proposed filter with optimal design was built and tested 
in the Antenna Measurement Laboratory at Iran 
Telecommunication Research Center (ITRC). Figure 3 (b) 
shows the simulated and measured insertion and return loss 
of the filter. As shown in Figure 3 (b), two transmission 
zeros are introduced to the filter response at about 5.28 and 
8.72 GHz. Consequently a wide stop-band was achieved. 
Additionally, the proposed DGS lowpass filter also has 
characteristics of wider and deeper stopband than those of 
conventional lowpass filters. 

4. Conclusions 

In this paper, two compact quasi-elliptic low-pass filters by 
using novel DGS slot with folded T-shaped arms are 
designed and fabricated. The main advantages of the 
proposed DGS are its compact size and the fact that the 
parallel resonant frequency can be controlled without 
changing the overall slot area of the DGS. The transmission 
zeros introduced to the filter responses improves their stop-
band behavior. Simulation results using 3-D HFSS shows 
good consistency with experimental results. It is also of 
potential to be used in microwave and millimeter wave ICs. 
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Abstract 
A study of the adiabatic chirp for antireflection/high 
reflection coated index-coupled distributed feedback laser 
(AR/HR IC-DFB) is presented theoretically and confirmed 
experimentally. The variation of HR facet phase can lead to 
either blue or unexpectedly to red adiabatic chirp which 
affects the high-speed transmission performance. This 
represents an important criterion for laser selection in mid-
range transmission applications. 

1. Introduction 
AR/HR IC-DFB lasers are good candidates for 

telecommunication applications due to their high AR facet 
efficiency and their good single-mode yield. However, their 
modulation performances are often reduced by the shift of 
their emission wavelength during direct current modulation.  
The resulting increase of the laser linewidth accounts for a 
few GHz [1] with a negative impact on the transmission 
quality. Due to gain compression, it is known that 
conventional Fabry-Perot (FP) semiconductor laser suffers 
from blue chirp. We demonstrate in this paper that in the 
case of an IC-DFB laser, the adiabatic chirp can be 
surprisingly turned to red in some cases. We study the 
occurrence of such phenomena with respect to the facet 
phase (relative position of the HR facet cleavage plane with 
respect to the grating) and show the strong impact of this 
parameter on the transmission penalty.   

2. Theory and numerical results 

2.1. Model 
It is known that the power distribution inside the IC-

DFB laser shifts from uniform at threshold to non uniform at 
higher output power, leading to intra-cavity Spatial Hole 
Burning (SHB) [2]. The resulting spatial index variation n(z) 
locally affects the grating which becomes slightly non-
uniform. This reacts on the cavity resonant wavelength and 

leads to a lasing wavelength shift while the power is 
increased. The effects of these non-linearities on the AR/HR 
IC-DFB behavior have been modeled using a transfer matrix 
method (TMM) [3, 4]. The aim is to calculate the DFB laser 
performance at threshold and to predict its static behaviour 
above-threshold. The method is applicable to any laser 
design.  

To tackle the distribution non-uniformity of carrier and 
photon density, the DFB laser structure is split into N   
cascaded sections consisting of many grating periods in 
which all physical parameters, like the injection current, the 
material gain the photon density, the carrier density and the 
refractive index are assumed to be homogeneous. The laser 
is modelled by assimilating the Bragg grating to a 
rectangular network. The transfer matrix for one corrugation 
period is defined by:  
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where n1 and n2 are the refractive indices, and k1 and k2 are 
the complex propagation constants in the two refractive 
index regions. The real part of the propagation constant is 
determined by the net gain, which is non-uniform along the 
device for the case of index-coupled DFB laser. The 
imaginary part depends on refractive index, which affects 
the frequency shift of the laser. The transfer matrix 
throughout the Bragg grating in sections is calculated from 
the m power of the transfer matrix for one corrugation 
period. To describe completely a DFB laser with cleaved 
facets, the transfer matrix can be written as:  
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where mi is the number of period in the ith section, 1R and 

2R  are the reflectivity matrix at the left and right side, 1  
and 2  are the partial propagation matrix corresponding to 
incomplete corrugation period at left and right facets:  
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 The nonlinear field gain can be well approximated by a 

logarithmic formula including the gain compression effect 
in the vicinity of the emission frequency:  
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In this approximation, g0, e, dqw, Brad, J0, ε, N and P are 

respectively the empirical gain coefficient, the electron 
charge, the thickness of one quantum well, the radiative 
recombination coefficient, the transparency current density, 
the gain compression coefficient, the carrier density and the 
photon density. At threshold, the net gain must offset the 
losses:  

Ldzg DFBtot )2(. int                               (7) 
 

In equation (4) αDFB represents the cavity loss, L the 
cavity length and αint is the internal losses which depend on 
the carrier density N including losses caused by the 
diffraction on technological inhomogeneities, light 
propagation and absorption losses in InP layers and 
differential losses in wells. For TMM, the oscillation 
condition at threshold is computed by using:  
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where λ is the lasing wavelength. Assuming that n1 and 
n2 are uniform along the cavity, a prediction-correction 
method has been used to calculate the lasing mode 
represented by (th, th). In fact, the initial guesses (αi, λi) of 
solutions correspond to Fabry-Perot modes. After 
calculating the value of 11M  for (αi, λi), (αi+dα, λi) and (αi, 

λi+dλ), we compute the relative variations allowing the 
correction of the values of α and λ. This procedure is 
iteratively repeated until a relative variation less than 10-9 is 
reached. Above threshold, the photon density distribution is 
calculated using elementary transmission matrices while 
that of the carrier density is computed using the steady-state 
carrier rate equation: 
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where I, V, Anrad, Caug and vg are respectively the injected 
current, the cavity volume, the non-radiative recombination 
coefficient, the Auger recombination coefficient and the 
group velocity of light. The resulting index variation is 
given by:  
 

 th
th NzN

dN
dnnzn  )()(                                  (10) 

 
where nth is the refractive index at threshold, Γ is the 
confinement factor, Nth is the carrier density at threshold and  
dn / dN is the slope of the refractive index with respect to the 
carrier density. The above-threshold resolution method was 
described in reference [4]. Indeed, for uniform-injected 
current, an iterative procedure is adopted. It consists on the 
resolution of the oscillation condition (8) using the new 
photon and carrier density distribution calculated by the 
equations system (7) and (9) based on the previous index 
distribution at lower injected current. The new obtained 
solution (α, λ) leads to another distribution of photon and 
carrier. Therefore, we re-solve (8). All steps are repeated 
until reaching an unchanged (α, λ).  

2.2. HR facet phase effect 
A very important point specific to DFB lasers is the 

effect of n(z) induced by N(z) on the grating. As a result, 
their threshold conditions and lasing wavelengths are 
modified continuously after lasing causing adiabatic chirp. 
This phenomenon is strongly related to SHB due to the 
electron-photon coupling inside the cavity. The SHB is 
strongly dependent on the HR facet phase, which drives the 
interference between the grating and the HR facet.  

 
The HR facet phase effect on SHB leads to a 

modification of the threshold condition and so of the lasing 
mode, which causes different chirp behavior. As depicted in 
figure 1, the normalized threshold cavity loss αL versus the 
normalized detuning coefficient δL defined as the 
normalized deviation of the lasing wavelength from Bragg 
wavelength has a parabolic distribution with respect to the 
HR facet phase:  
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 nB 2                                         (12) 
 

Where <n> is the mean value of the longitudinal 
distribution of the effective index, λB is the Bragg 
wavelength and Λ is the corrugation period length. 

 
The minimum threshold cavity loss is obtained at Bragg 

wavelength (δL=0) for φHR= π. In that case, the lasing 
wavelength is located within the laser stop-band. Lasers 
emit at short wavelengths (δL>0) for φHR between 0 and π 
and at long wavelength otherwise (Fig.1.(b) and 1.(c)). 
When φHR approaches 0 and 2π, the laser is not single-mode 
anymore. These two families of lasers exhibit different 
adiabatic chirp behaviors as shown on figure 2. The 
effective refractive index distribution inside the laser is 
presented in figure 3 for several injected currents with fixed 
HR facet phase in order to highlight the SHB effect on 
adiabatic chirp. One can see that the index distribution n(z) 
is flat at threshold and becomes non-uniform while the 
power is increased.  
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 Figure 1: (a) Calculated threshold cavity loss variation versus 
the normalized detuning coefficient for an AR(0.1%)/HR 300-
μm-long IC-DFB laser for several cases of  HR facet phase φHR 
from 0 to 2π, κL = 1.6 (b) Laser spectrum for φHR = π/2 (c) 
Laser spectrum for φHR = 3π/2   
 

 

 
 Figure 2: Calculated frequency shift coefficient versus power 
for an AR (0.1%)/HR 300-μm-long IC-DFB laser for several 
cases of HR facet phase, κL = 1.6 

 
 

 
 
 Figure 3: Longitudinal distribution of the effective index for 
an AR (0.1%)/HR 300-μm-long IC-DFB laser for several 
injected current values, φHR= 0.4π, κL = 1.6, AR facet 
localized at z=0 

 
At low output power, n(z) presents significant 

variations, leading  to  a strong derivative of the frequency 
with respect to current, as seen in figure 2. At high output 
power, the non-uniform index distribution gets stabilized 
and does not affect the Bragg resonance anymore. The 
frequency shift converges independently of HR facet phase 
to the same positive value (i.e. blue shift) as that of a FP 
laser (figure 3) at high output power because of the carrier 
density increase needed to compensate for gain compression 
(figure 2). In the SHB predominance region (figure 2), the 
chirp is strongly power dependent, and can be either 
positive or negative according to the value of the HR facet 
phase. The lasing wavelength shifts towards the blue for 
φHR between 0 and π (δL>0) and towards red for φHR 
between π and 2π (δL<0). Hence, the lasing wavelength 
detuning plays a critical role in predicting the chirp 
behavior and in distinguishing the red and blue chirp. 

 
The HR facet phase value defines the cleavage plane 

position. The cleavage plane is positioned at the low index 
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area of the Bragg grating for φHR between 0 and π and at the 
high index area for φHR between π and 2π (figure 4.(a) and 
(b)). 
 

 
 Figure 4: Cleavage plane position with depending on  
HR facet phase (a)  0 <φHR ≤ π   , (b) π <φHR ≤ 2π , (c) 
Optical field in the laser cavity unfolded around the HR 
facet for  φHR = π. 

 
Figure 4.(c)  shows the Bragg grating with its facet mirror 
image for φHR = π. In that specific case, the laser behaves 
similarly as a λB/2 cavity surrounded by two perfectly tuned 
Bragg grating. In this optimal configuration the lasing 
wavelength is equal to λB and the photon density P(z) is 
strongly localized at the HR facet. For other facet phases, 
the situation is more complex.  

 

 
Figure 5: Longitudinal distribution of photon density for an AR 
(0.1%)/HR 300-μm-long IC-DFB laser for φHR=   0.4π   (red  
chirp)  and  φHR=  1.4π  (blue  chirp), κL = 1.6 and P= 1.5 mW AR 
facet localized at z=0 

 
Figure 6: Longitudinal distribution of the effective index for an 
AR (0.1%)/HR 300-μm-long IC-DFB laser for φHR=  0.4π  (red  
chirp)  and  φHR=  1.4π  (blue  chirp), κL = 1.6 and P=1.5 mW AR 
facet localized at z=0. 

 
Figure 5 illustrates two photon density distributions 
associated to two values of φHR. As can be seen, the photon 
density distribution is indeed strongly dependent on φHR. 
This results in different profiles for the intracavity index 
variation. Figure 6 shows in black line the index value at 
threshold. dν/dI is negative (red chirp) when the average 
difference between the effective index along z and the value 
at  threshold is positive since in that case, the Bragg 
wavelength increases (red case).  In the opposite case (blue 
line), the Bragg wavelength decreases, and the Bragg 
frequency shifts towards the blue. 

3. Experimental results 
The frequency shifts coefficients (dν/dI) measured on 

IC-DFB laser through small-signal modulation in figure 7 
clearly confirm the theoretical predictions. The modulation 
frequency is larger than 30 MHz in order to avoid thermal 
effects and is chosen to be far smaller than the laser 
resonance frequency. The experimental setup is described in 
reference [5]. The measurement is done with a Mach-
Zehnder interferometer allowing the recording of the 
amplitude and the phase of the chirp.  

 
Lasers with red and blue chirp lead to different 

transmission penalties in 300 km standard-dispersion fiber 
for Non-Return-to-Zero (NRZ) 2.5 Gb/s signals with 
respect to Back-to-Back measurement (Figure.7).  

 
Adiabatic chirp is related to the steady state wavelength 

difference between high and low modulated levels 
producing a frequency shift proportional to the 
instantaneous optical output power:  
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Figure 7: Measured frequency shift coefficient versus power 
for an AR (0.1%)/HR 300-μm-long IC-DFB laser, κL = 1.6. 

Penalty values at 10-9 Bit Error Rate (BER) are given for a 300 
km transmission at 2.5 Gb/s 

 

 
  
Figure 8: Measured chirp and amplitude time profile for large 
signal modulation between 0 and 10 mW for lasers with blue 
chirp (a) and red chirp (b) , Calculated amplitude time profile 
after 200 km transmission long for lasers with blue chirp (c) 
and red chirp (d)  

 
Figure 8.(a) and 8.(b) show that lasers with red chirp 

(Δν ~   0)   and   blue   chirp   ((Δν > 0) have not the same 
amplitude time profile after 200 km transmission long at 2,5 
Gb/s as shown in figure 8.(c) and 8.(d). The penalty at 10-9 
BER appears to be lower when the adiabatic chirp 
approaches   Binder   and   Kohn’s   condition   [6] given by 
Δν=m.(B/2) where m is the intensity modulation depth and 
B is the signal bit rate. The green curve (blue chirp) in 
figure 7 appears to be the one, which better fits this 
requirement compared to other corresponding to red chirp. 

4. Conclusion 
We have presented, theoretically and experimentally, 

the  HR   facet  phase’s   impact   on  chirp  behavior  of   IC-DFB 
lasers. The red and blue chirp was observed for lasers with 

negative and positive detuning coefficients respectively. We 
have demonstrated the importance of this effect on 
transmission using BER measurements showing high 
transmission performance for lasers with blue chirp which 
flexibly   access   to   Binder   and   Kohn’s   condition.   These  
results are of first importance for mid-range transmission 
applications. 
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Abstract
The features of properties of the field-effect Hall sensor 
(FEHS) in which the capabilities of the conventional Hall 
element and field-effect transistor are integrated with the 
metal-insulator-semiconductor-insulator-metal (MISIM) 
control system are considered. The FEHS exhibits very high 
electrical characteristics and the functionability under hard 
radiation and temperature conditions. In this case, the 
MISIM system makes it possible to control the FEHS 
characteristics, and to use circuit solutions providing the 
development of original devices based on FEHS.

1. Introduction
Some time ago, we have proposed the field-effect Hall 
sensor (FEHS) combining the properties of the conventional 
Hall sensor and the field-effect transistor with an embedded 
channel and a two-gate control system such as the metal-
insulator-semiconductor-insulator-metal (MISIM) [1,2]. 
FEHSs are fabricated based on the "silicon-on-insulator" 
(SOI) technology, which allows the use of the silicon 
substrate and insulating layer embedded therein as one of the 
field-effect control systems. The other control system 
consists of a metal gate on the insulator film on the outer 
surface of the thin silicon layer separated from the substrate 
by a buried insulator (Fig. 1).

Figure 1: SOI FEHS design: (left) top view: (1,2) 
current electrodes, (3,4) Hall electrodes, (5) top gate 
electrode; (right) cross section: (6) active layer (n-Si), 
(7) ohmic contacts (n+-Si), (8) SiO2, (9) substrate (n-Si), 
(10) Al film, (11) top gate, (12) bottom gate.

2. Properties of the field-effect Hall sensor
It is known that the "silicon-on-insulator" technology was 
proposed, first of all, as a method for increasing the 
radiation resistance of microelectronic devices to pulsed 
ionizing radiations and to broaden the range of their 
operating temperatures [3]. Physically, these advantages of 
SOI devices are caused by the small thickness of the cut 
silicon layer and buried insulator preventing the transfer of 
carriers generated by radiation or/and temperature in the 
silicon substrate to the silicon device layer. Since the FEHS 
is a SOI device, the stability to pulsed irradiation and 
functionability at temperatures exceeding the operating 
temperature of silicon Hall sensors by 200-250°C are also 
inherent to it [1,4]. Moreover, the choice of the sign and 
potential of control gates during irradiation makes it possible 
to increase the FEHS stability to stationary ionizing 
irradiation (Fig. 2), 

Figure 2: Experimental dependences of the Hall emf on 
the gamma irradiation dose at various electrical 
conditions of the FEHS during irradiation: (1) all FEHS 
electrodes are short-circuited, voltage is absent; (2) 
voltage is applied to power supply electrodes and control 
gates, the FEHS channel is completely closed and is 
opened only for measurement time.

and the feature of the formation of radiation defects in the 
thin silicon layer of the SOI structure causes the device 
stability to neutron irradiation [5-7]. Furthermore, due to the 
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n+-n-n+ structure of the conducting channel, the FEHS 
functions at low temperatures as well, including the liquid-
helium temperature [8].
Figure 3 shows the typical current-voltage, gate-drain, and 
hall-gate characteristics of FEHSs. All these characteristics 
(what is especially important, including the hall-gate one) 
are transistor-type ones, and particular curves depend on the 
sign and value of gate potentials and on that whether the 
potential is applied to one of gates or to both gates 
simultaneously.

Figure 3a: Typical (a) current-voltage, (b) gate-drain, 
and (c) hall-gate characteristics of the FEHS. (a) Gate 
voltages Vg = (1) 3, (2) 5, and (3) 9 V; (b,c) supply 
voltages Vs = (1) 3, (2) 5, and (3) 9 V.

Figure 3b: Typical (a) current-voltage, (b) gate-drain, 
and (c) hall-gate characteristics of the FEHS. (a) Gate 
voltages Vg = (1) 3, (2) 5, and (3) 9 V; (b,c) supply 
voltages Vs = (1) 3, (2) 5, and (3) 9 V.

We also note that various FEHS characteristics, e.g., the 
temperature coefficient of magnetic sensitivity can be 
controlled by varying the gate potential (Fig. 4).
As is known [9], the Hall emf is inversely proportional to 
the thickness of the silicon region where electric current 
flows. The FEHS channel thickness was 0.15-0.2 µm which 
is at least ten times smaller than in ordinary Si Hall sensors. 
Therefore, the FEHS threshold sensitivity is significantly 
higher than that of silicon analogues and is ~0.5 mV/mT at 

the channel width of 0.5 mm. Due to the small channel 
thickness, the typical FEHS operating current is 0.2 … 0.4 
mA which is much lower than that of Si analogues. Such an 
operating current causes a very high specific magnetic 
sensitivity of the FEHS, which can exceed 10000 V/AÂ7� LQ�
comparison with 102 … 103 V/AÂT characteristic of
conventional semiconductor Hall sensors [9].

Figure 3c: Typical (a) current-voltage, (b) gate-drain, 
and (c) hall-gate characteristics of the FEHS. (a) Gate 
voltages Vg = (1) 3, (2) 5, and (3) 9 V; (b,c) supply 
voltages Vs = (1) 3, (2) 5, and (3) 9 V.

Figure 4: Coefficient of the temperature dependence of 
the FEHS magnetic sensitivity.

It is important that the MISIM system allows modulation of 
the channel current, hence, Hall signal measurement at the 
modulation frequency. As an example, Fig. 5 shows the 
measurement scheme of magnetic fields, in which 
synchronous detection of the net signal [10] is used. Figure 6 
shows the frequency dependence of the FEHS intrinsic 
noise. We can see that the FEHS noise decreases 
approximately by 1.5 orders of magnitude at a frequency of 
~10 kHz. This makes it possible to increase the signal-to-
noise ratio with increasing modulation frequency. In this 
case, an appreciably lower threshold magnetic induction is 
detected using the FEHS than the Earth’s magnetic field. An 
additional advantage of the use of field gates for current 
modulation is suppression of switching interferences 
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inherent to commonly used circuits in which the Hall signal 
is subjected to synchronous detection [11].

Figure 5: Block diagram of magnetic field measurements 
based on synchronous detection of the SOI FEHS signal. 
(1,2) Current electrodes, (3,4) Hall electrodes, (5,6) top and 
bottom gate electrodes. 

Figure 6: Frequency dependence of intrinsic noises of 
the SOI FEHS.

3. Field-effect control system of the FEHS as a 
feedback element

The MISIM field-effect control system provides the circuit 
possibility of organizing the feedback using the magnetically 
induced signal. This makes it possible to alternatively 
perform both magnetic induction measurements and to 
propose new sensor devices.
In general, in magnetometric devices using the Hall senor, 
the output signal is presented as voltage or current [9]. The 
FEHS allows easy transform of the magnetic induction 
effect to measurements of the measuring device frequency 
[12]. In this case, the FEHS represents an element 
incorporated in a self-excited oscillator whose output signal 

varies in proportion to the magnetic field induction, which 
results in a change in the generation frequency (Fig. 7). 
The difference of this induction-frequency converter from 
conventional ones [13] consists in the FEHS nature in which 
capacitances of both MIS systems can be varied by 
potentials applied to gates and (or) by supply voltage. 
Therefore, the operation frequency range of the induction-
frequency converter based on the FEHS can be widely 
enough varied independently of magnetic influence. Figs. 8-
10 illustrate the properties of the induction-frequency 
converter based on the FEHS.
Another example of the use of the feedback through the 
MISIM FEHS system is the device capable of stabilizing the 
FEHS channel current (Fig. 11, Table 1) [14]. It is based on 
that the Hall signal (magnetically induced or caused by 
residual voltage) in the FEHS varies with current, and the 
gate potential is varied via the feedback circuit so that to 
restore a required channel current. The table demonstrates 
the efficiency of such a stabilizer by the example of 
microcurrents. By varying the load resistance RL in the 
stabilized current circuit, a situation was created in the 
experiment, which should lead to a similar change in the 
current flowing through the circuit. Since the Hall signal 
depends on the product of the channel current and the 
magnetic field induction [9], the high degree of stabilization 
in the experiment with microcurrents was provided using a 
permanent magnet with induction B = 1 mT, placed on the 
FEHS housing cover. 

Figure 7: Primary magnetic field induction-frequency 
converter based on the SOI FEHS: (1,2) current 
electrodes, (3,4) Hall electrodes, (5,6) top and bottom 
gate electrodes.
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Figure 8: Dependence of the autogeneration frequency 
of the induction-frequency converter on the SOI FEHS 
supply voltage. The corresponding dependences are 
measured at the SOI FEHS top gate voltage of 8 V and 
bottom gate voltages of (1) 6, (2) 8, and (3) 10 V.

Figure 9: Dependence of the autogeneration frequency 
of the induction-frequency converter on the SOI FEHS 
top gate voltage at the bottom gate voltages of (1) 6, (2) 
8, and (3) 10 V. 

Figure 10: Dependence of the autogeneration frequency 
of the induction-frequency converter on the external 
magnetic field strength. The corresponding dependences 
are measured at the SOI FEHS supply voltage of 8 V, 
top gate voltage of 8 V, and bottom gate voltages of (1) 
6, (2) 8, and (3) 10 V.

Figure 11: Stabilization circuit of the electric current 
flowing in the SOI FEHS channel. (1,2) current 
electrodes, (3,4) Hall electrodes, (5,6) top and bottom 
gate electrodes.

Table 1: Dependence of the stabilized current on 
the load resistance

Stabilized current, µA /RDG�UHVLVWDQFH��ȍ�

100 15000

101 7500

102 0,5

4. Conclusions
The FEHS has the properties of the ordinary Hall element 
and field-effect transistor with MISIM control system. The 
use of the "silicon-on-insulator" technology results in that 
the capability of the FEHS as a magnetic field detector and 
its functionability under hard radiation and temperature 
conditions significantly exceeds not only the capability of 
silicon analogues, but also, in many cases, properties of Hall 
elements based on semiconductor compounds such as GaAs 
and InSb. The MISIM field-effect system provides 
additional possibilities of improving the FEHS 
characteristics (e.g., improving the threshold magnetic 
sensitivity by orders of magnitude) and controlling its 
characteristics (e.g., the temperature coefficient of magnetic 
sensitivity). The MISIM design of the FEHS makes it 
possible to propose new circuit solutions for processing the 
magnetically induced signal. The attraction of such solutions 
was demonstrated by the examples of FEHS applications in 
magnetic induction-frequency converters and in non-contact 
electric current stabilizers.
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Abstract

Current transformers (CT) are commonly used in instru-
mentation to measure AC electric currents. This work
presents a simple procedure to model ferromagnetic hys-
teresis in order to simulate nearly all effects in quasi-static
systems for a non-saturated CT operating in steady state.
The main goal is to provide a simple model based on an
actual magnetic core to analyze CT behavior during design
stages. It relies on core magnetic characterization, whose
results are used to set the values of input parameters such as
permeability and core losses. A simulation algorithm that
allows the calculation of most CT electrical quantities is
also presented. Reliable estimation of amplitude and phase
errors can be obtained for a wide range of operating points.
Experimental results show that the proposed approach re-
presents adequately CT behavior by using a measured an-
hysteretic curve to determine the magnetic permeability and
a resistance to model core losses.

1. Introduction

Current transformers (CT’s) are devices used to change
current levels and to provide galvanic insulation between
two distinct interconnected electric circuits. This paper fo-
cus on CT’s used in low-frequency current sensing appli-
cations. To correctly simulate CT behavior, it is impera-
tive to appropriately consider the core magnetic properties.
Reference [1] utilizes the Preisach model to describe hys-
teresis, while in [2] the authors consider the Jiles-Atherton
model for the same purpose. These approaches normally
deal with the CT behavior during transients. It is important
to simulate CT operation in this condition because equip-
ments such as electronic relays and circuit breakers may
not operate correctly due to a failure in the current measure-
ment caused by CT saturation [3]. Equally relevant is the
CT performance under normal operation conditions (i.e. in
steady state and with a non-saturated magnetic core). How-
ever, there are few papers in the literature dealing with the
optimization of CT performance in these situations. The
CT behavior under normal operation conditions is very im-
portant in design stages to determine if the chosen design
parameters lead to a CT that fits the application measure-
ment precision requirements.

For industry applications, reliable and easy to imple-
ment simulation algorithms are usually preferred. This pa-
per proposes a simpler model for consideration of the ferro-
magnetic hysteresis that is particularly well suited for CT

operation under normal conditions. So that all the project
requirements are accomplished, CT designs may take se-
veral iterations. The use of the proposed model during the
initial stages tends to avoid several trial and error iterations
to reach an optimized solution, potentially reducing project
costs. Different configurations (core materials, number of
turns, cross section area, and so on) can be simulated during
design phase to find the solution that best fits the require-
ments for a specific application.

This work is basically divided in three parts: (i) descrip-
tion of the CT calculation algorithm, (ii) utilization of the
proposed ferromagnetic hysteresis model to accurately si-
mulate CT behavior and (iii) final model validation through
experimental results. As stated before, the ferromagnetic
hysteresis model depends on the magnetic characterization
of the core material. This means that, prior to simula-
tion, input parameters such as permeability model and core
losses constants shall be obtained experimentally for each
magnetic material utilized in CT cores. A simple way to
obtain these parameters will also be presented.

2. Current Transformer Electric Model

In order to develop the CT calculation algorithm (presented
in section 4), it is required to find analytical equations that
describe the CT electromagnetic behavior. The model uti-
lized in this paper is based on concentrated electric parame-
ters. This approach is well known in the literature and the
main contribution of this work is in the simple methodology
to estimate the parameter’s values. The equivalent electric
circuit used in the simulation is based on the procedure des-
cribed in [4].

Fig. 1 shows a simplified CT electromagnetic circuit
used as a base for the model development, where v

x

, i
x

, r
x

,
e
x

, N
x

, �
mx

and �
Llx

are, respectively, voltage, current,
wire resistance, induced voltage, number of turns, magnetic
flux and leakage magnetic flux. The index x can assume
values “1” and “2”, representing primary side or secondary
side, respectively. R

burden

is the CT load connected at the
secondary side, R

i

, R
e

and R
med

are the internal, exter-
nal and medium radius, respectively, which define the CT
toroidal geometry and h is the core height.

The model development starts from Maxwell’s equa-
tions. The main equations are Ampere’s Law (1), which re-
lates the primary current with the magnetic field, and Fara-
day’s Law (2), which relates the magnetic flux with the in-
duced electric voltage in the core.
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Figure 1: Simplified electromagnetic circuit of a CT.

I

L

�!
H1 ·

�!
dl = N1i1, (1)

e2 = �d(N2�)

dt
, (2)

where
�!
H1 is the instantaneous total magnetic field delivered

to the electromagnetic system and � is the effective flux in
the core.

The voltage equations in each winding are written as
follows:

v1 = r1i1 +
d�

m1

dt
, (3)

v2 = �r2i2 +
d�

m2

dt
, (4)

where �
mx

are the linkage fluxes in the core, defined as:

�
m1 = N1� = N1[�m1 + �

Ll1 � �
m2], (5)

�
m2 = N2� = N2[�m1 � �

Ll2 � �
m2], (6)

Voltage equations are re-written in terms of the induc-
tances. One may notice that the inductance has been con-
sidered constant in the time derivative. As will be shown
in section 4, its value is updated at each time step during
the simulation and, under this condition, this is a valid ap-
proach. Thus, both linear and non-linear analysis may be
performed with this algorithm. The primary quantities are
also referred to the secondary using the ideal transformer
equations to make it easier to analyze the CT behavior.
Primed variables (0) indicate primary quantities referred to
the secondary side.

v10 = r10i10+ L
m2

di10
dt

+ L
Ll10

di10
dt

� L
m2

di2
dt

(7)

v2 = �r2i2 � L
m2

di2
dt

� L
Ll2

di2
dt

+ L
m2

di10
dt

(8)

Equations (7) and (8) may be represented as an equiva-
lent electric circuit as shown in Fig. 2. In this figure, the

Lm2

i1'
icore

r1' r2LLl1' LLl2

v2

i2

emag

iLm2

v1' RBurden

Figure 2: Equivalent electric circuit of a CT without con-
sidering losses.

variable e
mag

is the same as e2 because all electrical quan-
tities are referred to the secondary side.

The differential equation system defined by (7) and (8)
are written in matrix form as (9) and the solution is given
by (10).

Y = Ax+ M

dx

dt
, (9)

dx

dt
= M

�1(Y � Ax), (10)

where Y =


v10
v2

�
, A =


r10 0
0 �r2

�
,

x =


i10
i2

�
, M =


L
m2 + L

Ll10 �L
m2

L
m2 �(L

m2 + L
Ll2)

�
.

Inductance L
m2 is associated to the core magnetization

and its value is related to the instantaneous core permeabi-
lity. In this paper, it is calculated using:

L
m2 =

N2
2

< , (11)

where < is the reluctance of the magnetic circuit, which is
a function of physical parameters and core permeability. In
an actual core, this quantity is non-linear and a core ferro-
magnetic hysteresis model provides ways to take this into
account.

Experimental core characterization provides data for
the permeability model used to calculate inductance L

m2.
Three different permeability models have been tested (see
section 6). Leakage inductances L

Ll10 and L
Ll2 are ty-

pically negligible quantities for CTs with high permeabi-
lity cores operating under quasi-static systems. As other
assumptions in the model would potentially generate higher
errors than the precise leakage inductances determination, a
very small value for L

Ll10 and L
Ll2 has been assigned just

to guarantee the calculation of the inverse matrix M

�1 (see
equation (10)) without significantly influencing the results.
If necessary, these leakage inductances can be estimated
either experimentally or through analytic calculations.

3. A comprehensive ferromagnetic hysteresis

model

The model presented so far considers nearly all parameters
of a practical CT for quasi-static systems, except the core

2



losses. To obtain more precise and reliable results, it is cru-
cial to take into account these parameters in the model. Fig.
3 shows how the CT core has been modeled for the simula-
tion.

Lm2

icore

Rloss

iRlossiLm2

emag

CT CORE
i1' i2

Figure 3: Core equivalent electric circuit.

A non-linear inductance (L
m2) represents the core

BH magnetization characteristic while a parallel resistance
(R

loss

) take the magnetic losses into consideration. The re-
sulting equivalent electric circuit used in simulation is re-
presented in Fig. 4.

v1'
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emag
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Figure 4: CT equivalent electric circuit considering losses.

The correct solution of the resulting differential equa-
tion system (10) requires an accurate electric parameter’s
determination. As the system is solved iteratively, the pa-
rameters shall be determined in each step so that better re-
sults can be achieved. To do this, it is necessary to find an
analytical equation for permeability and core losses in func-
tion of induction (refer to section 5 for further information
on this topic). The permeability is used to determine mag-
netic field and consequently the induced current over the
inductive component. Three kinds of permeability models
have been tested: (i) linear (µ

r

Cte), (ii) obtained by the
magnetization curve (µ

r

MagIni) and (iii) by using an an-
hysteretic curve (µ

r

ah) [5]. For the resistance, the state of
the art about magnetic losses theory separates the core total
loss as a sum of three parts: hysteresis, induced current and
excess losses. In this work, the representation of the losses
in terms of the total loss or in terms of the three components
is equivalent, because the resistance used to model the core

loss is connected in parallel with the inductance of the core.
To guarantee reliable simulation results, it is imperative to
measure only the total loss. Based in Steinmetz empirical
equation, (12) is satisfactorily used to represent the total
loss in function of maximum induction for each operating
point in the following way:

P = k
loss

m f B�

loss

m

(12)

where P is the loss (W ), m, f and B
m

are respectively
the core mass (kg), operation frequency (Hz) and the ma-
ximum induction (T ) and k

loss

and �
loss

are constants ob-
tained experimentally (see section 5). To calculate the equi-
valent loss resistance, the following equation is used:

R
loss

=
e2
mag

P
=

e2
mag

k
loss

m f B�

loss

m

[⌦] (13)

The electric quantity e
mag

represents the internally in-
duced voltage in the CT core (see figure 4). It is calcu-
lated by solving the aforementioned differential equation
system. All other electric circuit parameters are obtained
directly from the physical prototype. An algorithm to solve
the differential equations has been developed and then all
the electric and magnetic quantities are calculated during
the iterative process.

4. Simulation algorithm

At this point, a ferromagnetic hysteresis model has been in-
corporated to a current transformer analytical model. This
section presents a simulation algorithm that has been used
to simulate CT behavior using the development presented
in sections 2 and 3.

The simulation starts generating the current i10, which
is the excitation for the CT, a known value. The calculation
of voltage v10 is done based in (10) as follows:

v10 =
1

M�1
11

[
di10
dt

+M�1
11 r10i10 �M�1

12 (v2 + r2i2)], (14)

where M�1
11 and M�1

12 are the coefficients of the first line
of the inverse 2⇥ 2 matrix M

�1. The coefficients of matrix
M, particulary L

m2, shall be updated at each time step with
the values from previous iteration using (11).

The induced voltage e
mag

is obtained directly from the
circuit of Fig. 4.

e
mag

= v10 � r10i10 � L
Ll10

di10
dt

, (15)

The magnetic induction is calculated using (2) and (15).

B =
1

N2S

Z
e
mag

dt (16)

where S is the core effective cross-section area.
The effective magnetic field in the core H

core

is ob-
tained from the relationship between magnetic reluctivity ⌫
and induction:
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H
core

= ⌫B (17)

The current over the inductive element in the core is
given by:

i
Lm2 =

H
core

l
m

N2
(18)

The loss resistance can then be calculated by using (13)
and the currents flowing through it is given by:

i
Rloss

=
e
mag

R
loss

(19)

Current i2 and voltage v2 can finally be calculated:

i2 = i10 � i
Lm2 � i

Rloss

, (20)

v2 = i2Rburden

, (21)

Equations (14) to (21) define a current transformer
model that considers nearly all non-linearities of a practi-
cal current transformer for quasi-static systems. Next sec-
tion shows how the permeability and loss models can be
obtained from experimental results.

5. A simple procedure to obtain permeability

and loss constants

As stated before, the ferromagnetic hysteresis model des-
cribed in section 3 relies on the experimental core charac-
terization to determine the permeability relationship with
magnetic induction and the constants used to calculate equi-
valent resistance R

loss

. These data can be obtained using
information provided by the manufacturer or by measu-
ring the core loss through standardized methods [6]. In
this work, it was used the equipment MPG 100D from
Brockhaus Messtechnik [7] to characterize the core. This
equipment provides all data necessary to determine the si-
mulation parameters.

5.1. Permeability models

The permeability dependence on the induction will be con-
sidered using three different models: constant (µ

r

Cte); ob-
tained from initial magnetization curve (µ

r

MagIni) and
obtained from the anhysteretic curve (µ

r

ah). The constant
permeability model µ

r

Cte is obtained by simply measuring
permeability at frequency and induction values correspon-
ding to the operating point that is desired to simulate the
CT. For the sample utilized in this validation, the measured
value was µ

r

Cte = 16823 (relative permeability) for a ma-
ximum induction of 1 T at 60Hz. The permeability model
µ
r

MagIni is obtained by measuring the initial magnetiza-
tion curve for several induction and magnetic field values.
A trend equation in the form y = Ax⌘ is calculated when a
graph of permeability versus induction is plotted as shown
in Fig. 5. Constants A and ⌘ are determined using curve
fitting and the trend equation is used as the relationship bet-
ween permeability and induction in the algorithm.
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Figure 5: Permeability model obtained from initial magne-
tization curve.

To obtain the permeability model µ
r

ah, it is necessary
to find the anhysteretic curve of the material [5]. This is a
theoretical curve and it corresponds to the magnetization
without energy consumption, an ideal phenomenon that
does not exists in practice. There are some ways to obtain
this curve experimentally, but the procedure is complicated
and demand special equipments. To keep the hysteresis
model and its parameter determination as simple as possi-
ble, the anhysteretic curve has been approximated from the
BH loop, measured at 10 Hz, by calculating its medium
curve as shown in Fig. 6. This measurement frequency
has been chosen to minimize the core loss influence on the
anhysteretic curve determination. The following equations
have been used:

B
ah

= f(H
ah

), (22)

B
ah

=
B1 +B2

2
, (23)

H
ah

=
H1 +H2

2
, (24)
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Figure 6: Simplified method to calculate the anhysteretic
curve.
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After obtaining the B
ah

= f(H
ah

) curve, it is ne-
cessary to find the reluctivity (⌫) versus induction (B) re-
lationship to be inserted as an analytical equation in the
model. The polinomial trend equation used in the simula-
tion presented in the next section is shown in Fig. 7, which
was measured at 10Hz and at B = 1.05 T . It has been as-
sumed that this procedure to obtain such a curve does to not
affect significantly the model accuracy and this assumption
has been confirmed based on the validation results. If diffe-
rent operating points (induction levels) than the one used to
calculate this curve are supposed to be simulated, it may be
necessary to determine the anhysteretic curve for the new
induction level to have more precise and reliable results.
This is necessary because the anhysteretic curve obtained
by this method is an approximation of the real curve. The
experimentally derived analytical equation parameters may
slightly change for distinct induction level provoking addi-
tional errors in the simulation results.

ν(B) = 130,57B6 - 136,47B5 - 105,68B4 + 248,39B3  
- 143,09B2 + 41,729B + 0,1855 
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Figure 7: Polinomial trend equation for µ
r

ah model.

The inductance L
m2 is calculated using (11) according

to the chosen permeability model.

5.2. Loss constants

The parameters k
loss

and �
loss

of equation (12) shall be ob-
tained from the measured total core loss. A curve of total
loss versus induction at constant frequency shall be plotted.
Then, a trend curve is calculated in the form P = k Bexp.
Based in this trend curve, the constants k

loss

and �
loss

are
determined. This procedure is similar to the one indicated
in section 5.1 to calculate the µ

r

MagIni trend equation.
With this information, it is possible to calculate the resis-
tance representing the loss through equation (13).

The remaining input parameters necessary to simula-
tion depend on the physical construction of the CT. With all
input data defined, it is possible to present the simulation
results.

6. Validation of the proposed model with

experimental data and simulation

The simulation results will be compared with experimen-
tal data obtained from a prototype that has a grain-oriented
silicon-iron alloy as the core magnetic material. Table 1
summarize the most important prototype physical charac-
teristics.

Table 1: Prototype physical characteristics.

Parameter Value

mass 262.35 g
mean magnetic length 172.37mm

Effective Area 195.29mm2

i1 70.254 A
N1 1
N2 500
N

aux

100
r1 0.2 ⌦
r2 1.6 ⌦

R
burden

202.8 ⌦

The winding designated by N
aux

is an auxiliary one
used to measure indirectly the magnetic flux in the core
through the induced voltage while it is in operation. A pic-
ture of the prototype used in the validation is shown in Fig.
8.

Figure 8: Prototype utilized in the validation.

The operating point used to validate the model was set
at an induction level of B = 1.0 T and at a system fre-
quency of 60 Hz. It corresponds to the magnetic induction
obtained within the current transformer when it is excited
with the current level indicated in table 1. Fifty electric cy-
cles were simulated to guarantee that the CT had reached
the steady state condition and the simulation waveforms
were synchronized with the experimental results. To better
evaluate the algorithm performance, some variations of the
input parameters will be presented. The three permeabi-
lity models will be considered with and without inserting

5



losses in the simulation. Fig. 9 shows a comparison bet-
ween the simulation results without considering losses and
the measured waveform for the secondary current, i2. The
difference between the experimental result and simulation
is not clear in this figure. Fig. 10 shows a zoom of the
region selected in Fig. 9 to better evaluate the curves.
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Figure 9: Secondary current without considering losses in
the model.
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Figure 10: Closer view in secondary current without con-
sidering losses in the model.

Fig. 11 shows the simulation result considering losses
for the secondary current, i2, in the same zoomed region as
shown in Fig. 9. As Fig. 10 and Fig. 11 are in the same
scale, it is possible to see that the insertion of losses in the
simulation increases the accuracy. When the permeability
model obtained from anhysteretic curve is used, the results
are closer to the measured waveform.

The theoretical current flowing through the core, i
core

,
defined in the electric equivalent circuit of Fig. 4, is also
shown for comparison. This current was obtained from the
magnetic field measured in the sample, as they are propor-
tional. Fig. 12 shows a simulation of i

core

without con-
sidering losses, i.e. the core is represented only by the in-
ductance L

m2 (see Fig. 2). Fig. 13 considers the complete
equivalent circuit of Fig. 4, with losses included. From Fig.
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Figure 11: Closer view in secondary current with loss con-
sideration in the model.

13, it is possible to conclude that the permeability model
obtained from the anhysteretic curve is the best choice to
represent the practical case. Also, the loss insertion highly
improved simulation accuracy.
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Figure 12: Comparison between the three permeability
models and the experimental result for the total current
flowing through the core (i

core

) without considering losses.

Other two magnetic quantities, induction and field, are
also analyzed. Fig. 14 and Fig. 15 show a comparison
between simulated and measured BH loops. Fig. 14 does
not include losses in the simulation. As can be seen in this
figure, the simulated BH loops are just a line for the three
permeability model and they do not represent correctly the
measured loop. On the other hand, the results shown in Fig.
15 include losses in the model. Again, it can be noticed
that the permeability model best representing the practical
case is that obtained from the anhysteretic curve with loss
inclusion.

7. Discussion

The validation results presented in previous section have
shown that the procedure described to simulated CT beha-
vior under normal operational conditions is effective. In
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Figure 13: Comparison between the three permeability
models and the experimental result for the total current
flowing through the core (i

core

) considering losses.
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Figure 14: Comparison between the three permeability
models and the experimental result for the BH loop in the
core without considering losses.
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Figure 15: Comparison between the three permeability
models and the experimental result for the BH loop in the
core with losses considered.

order to compare different approaches that can normally be
used to model the non-linear behavior of the magnetic ma-

terial utilized in the core, three permeability models have
been tested. The model based on the anhysteretic curve
has produced very accurate results. Additionally, the re-
sults have shown that the loss insertion in model is crucial
to obtain reliable results.

The results regarding the secondary current have been
shown in Fig. 10 and Fig. 11. As the utilized prototype
has a high permeability magnetic material, the core current
(i
core

) derived from the magnetic field has a small magni-
tude. This has lead to a small difference between the ex-
perimental and simulated curves for the secondary current
(i2) even if all distinct simulations are considered. From
these curves, it is hard to conclude about the model accu-
racy, even though it also confirms that hysteresis model is
more precise. On the other hand, it is possible to notice
from figures 12, 13, 14 and 15 that the permeability model
and the losses consideration in the model are hugely sig-
nificant to model the ferromagnetic hysteresis in CT core
correctly.

Even if high permeability cores are generally utilized
in precision current sensors, it is crucial for the CT de-
signers to analyze all effects that may introduce amplitude
and phase erros in the measurement. The relatively sim-
ple procedure described in this paper offers support for en-
gineers to better understand CT electromagnetic behavior
under different physical configurations.

8. Conclusions

This paper has presented an intuitive way to consider nearly
all aspects on CT operation in the cited conditions by using
a simple procedure to model ferromagnetic hysteresis. It
has been presented a simulation algorithm as a tool to ana-
lyze the electromagnetic behavior of current transformers
during design stage. Several variations of project parame-
ters, such as different magnetic materials, number of turns,
core size, burden resistance, and so on can be simulated to
obtain an optimized solution for any specific application.
The model is based in the CT electric equivalent circuit and
the equations are derived from the electromagnetic theory.
To make it simpler to implement in industry, the input para-
meters are based on experimental data that can be obtained
either from the manufacturer datasheet or by standardized
magnetic material characterization techniques. Accurate
calculations of core quantities are crucial to precisely es-
timate amplitude and phase errors in the CT. Six different
simulations have been presented considering three models
to represent the magnetic permeability and the influence of
the losses in the calculation. The results have been com-
pared with experimental data obtained from a real CT. It
has been found that the input parameter variation best re-
presenting CT performance considers the permeability ob-
tained from the anhysteretic curve and the loss inclusion in
the model.

Acknowledgement

7



The authors gratefully acknowledge N. Sadowski, M. V.

F. da Luz and P. A. da Silva Jr. for their contribution in this
work.

References

[1] Rezaei-Zare, A.; Iravani, R.; Sanaye-Pasand, M.;
Mohseni, H.; Farhangi, S.; , “An Accurate Current
Transformer Model Based on Preisach Theory for the
Analysis of Electromagnetic Transients,” Power De-

livery, IEEE Transactions on, vol.23, no.1, pp.233-
242, Jan. 2008

[2] Annakkage, U.D.; McLaren, P.G.; Dirks, E.; Jayas-
inghe, R.P.; Parker, A.D.; , “A current transformer
model based on the Jiles-Atherton theory of ferromag-
netic hysteresis,” Power Delivery, IEEE Transactions

on , vol.15, no.1, pp.57-61, Jan 2000

[3] Guerra, F. C. F., “Current Transformer Model,” Power

Delivery, IEEE Transactions on, Vol. 22, No. 1, 187-
194, Jan. 2007.

[4] Krause, P. C. Wasynczuk, O., Sudhoff, S. D., Analysis

of Electric Machinery and Drive Systems, IEEE Press,
New Jersey, 2002.

[5] Pearson, J.; Squire, P. T.; Atkinson, D. Which anhys-

teretic magnetization curve?, IEEE Transactions on
Magnetics, v. 33, n. 5, p. 3970-3972, 1997.

[6] IEC 404-2. Magnetic Materials. 3rd. edition, 1996.

[7] Brockhaus Messtechnik. Electrical Steel Tester (MPG
100D) Available at: http://www.brockhaus.com.

8



 ADVANCED ELECTROMAGNETICS SYMPOSIUM, AES 2012, 16 – 19 APRIL 2012, PARIS - FRANCE 

  

Thermal Reduction in Portable Systems Using DVS Technique 
 

Diary R. SULAIMAN 
 

Electrical Engineering Department, Engineering College, Salahaddin University-Hawler 
Erbil, IRAQ 

E-mail: diariy@gmail.com 
 
 

Abstract 
With the continuous increases in switching frequency and 
power density, the low power and high performance VLSI 
systems have become the most significant consideration in 
the design of mobile and portable systems. Minimization of 
energy consumption in the battery powered portable 
applications is always a challenging task in the scaled down 
CMOS technologies. Power and thermal management 
challenges are highly related. Higher power consumption 
results in higher temperature, which enhances many 
physical failure mechanisms. Modern processors employ 
thermal management mechanisms that reduce power 
consumption when the temperature exceeds a threshold 
value. In this paper, the dynamic thermal management 
(DTM) technique has been presented to monitor the 
operation temperature of the chip at runtime, and regulate 
on-chip temperature for high-performance portable 
microprocessors. Simulation is used to confirm both of the 
theoretical background in a successful manner. 

1. Introduction 
The increasing popularity of mobile applications, like 
cellular phones, and personal digital assistance (PDA), 
forces system designers into the low power domain to 
extend the operational time, this make temperature to be an 
important design constraint for portable microprocessors. 
This can be done by lowering the clock frequency for a 
fixed duration whenever the thermal sensors indicate that 
the thermal limit is exceeded. 
A digital CMOS microprocessor and integrated circuit (IC) 
operates charging and discharging capacitors, which 
producing dissipation of power. The main CMOS IC 
dissipated power is the dynamic power, Equation (1) shows 
that, reducing supply voltage (Vdd) will reduce dynamic 
power PD in a quadratic manner. 
                          )

2
1( 2

CLKddLD fVCP                               (1) 

Where PD is  the  dynamic  power,  α  is  the  probability  of  the  
transition in the clock period, CL is the load switching 
capacitance, and fCLK is the clock frequency. Dynamic 
voltage scaling (DVS) is a technique of power and thermal 
reduction in microprocessors including portable systems by 
scaling down both the supply voltage and operating 
frequency during idle periods of execution. The maximum 

execution time of the task is equal to its deadline. 
Therefore, E/4 is the minimum possible energy 
consumption of the task under timing constraint. Any 
further decrease in Vdd would violate the task deadline. In 
order to provide required system performance, Vdd should 
be scaled as low as possible to minimize energy 
consumption. Processors with DVS normally adapt 
effectively with its workload variations by adjusting the Vdd 
and the desired fCLK. Figure (1) shows the actual execution 
time of a task when the voltage is scaled down (Dynamic 
Voltage Scaling – DVS). The maximum execution time of 
the task is equal to its deadline.  
 
 
 
 
 

 
 
 
 
 
 
 
Figure 1: Real time task with and without DVS 
 
The normalized power, frequency and supply voltage are 
plotted in Figure (2). 
 
 
 
 
 
 
 
 

 
 
 
 
 
Figure 2: The normalized power, frequency and supply 
voltage 
 
The processor is currently operating with a mid-range 
voltage level; sensor data indicate that, the temperature is 
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within an acceptable range and that the performance is less 
than the goal. The controller directs the voltage regulator to 
step up the supply voltage and monitors the temperature rise 
and performance counters, and continues to raise the 
frequency and voltage until achieving the desired 
performance target. If software application behavior causes 
a thermal spike, the manager takes immediate action to 
coordinate a response between the voltage, frequency, and 
the temperature. The controller can adapt to the system and 
push the operating conditions to the acceptable limits. 
The energy-temperature efficient design for portable 
processor is required to maximize the useful lifetime of the 
battery source, which is accomplished by adjusting both the 
supply and clock frequency depending on the workload 
variation and thermal monitoring and control, which was 
studied throughout this paper. 

2. Dynamic Voltage Scaling (DVS) 
It is known that, for any computer system, the processor 
core consumes a large amount of energy and is about 20-
58% according to the applications, this is shown in Figure 
(3): 
 
 
 
 
 
 

 
 
Figure 3: Power consumption rates of a computer system 
 
Dynamic voltage frequency scaling (DVS) is a technique to 
reduce power and energy consumption of processors and 
computer systems, by lowering the supply voltage and 
operating frequency at runtime. Figure (4) shows the time 
line plot of device technology with respect to power 
dissipation, it is clear that the power dissipation is 
increasing, so the DVS technique becomes effective for the 
current and future processor technologies. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4: The device technology with respect to power 
dissipation 
 
There are three key components for synchronizing a 
processor with a DVS technique [17]:  
 A processor that can operate over a range of voltages. 

 A regulation loop that can generate the required voltage 
for specific frequencies. 

 An operating system that can vary the processor speed, 
it predict and set the desired clock frequency to be used 
by the regulation loop to adjust the processor clock 
frequency with the corresponding voltage level. 

Figure (5) shows the block diagram of DVS control circuit 
applied to a microprocessor. The regulation loop that can 
generate the minimum voltage required for the desired 
speed, the voltage controlled oscillation (VCO), and the 
control loop are the main and essential components of DVS 
system. Operating systems that can intelligently vary the 
processor speed with a microprocessor can operate over a 
wide voltage range are also another required components 
for implementing such systems. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4: The DVS controller Block diagram 

3. Dynamic Thermal Management 
Microprocessors with variable workloads require initialize 
some electrical circuits to control both the supply voltage 
and operating frequency (DVS), and then controlling the 
thermal management system. Increasing the operating 
voltage will increase the thermal energy within the 
processor and it is proportional to the required clock 
frequency. Figure (5) shows the block diagram of CPU 
closed loop for both of power and thermal management. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5: The block diagram of CPU Power & thermal 
management  
 
 

To keep the temperature below the maximum, the power-
thermal controller mechanism is required in modern 
processors to reduce the energy consumption, this is 

Year 
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achieved by adjusting the supply voltage and operating 
frequency whenever temperature reaches maximum, which 
is known as thermal management technique, during the off 
or idle period of time, dynamic energy consumption is 
greatly reduced. In order to estimate working temperature 
through thermal sensors for portable systems, two thermal 
sensors in association with its thermal monitor are required; 
the software can be used to provide the CPU temperature to 
the operating system. The sensor is working as a thermal 
comparator to determine the processor temperature. The 
temperature controller circuit determines when to initialize 
thermal management system. For practical designs, the 
controller will detect the best choice between measured 
values. 

4. Simulation Results 
The optimal frequency for executing a program is the 
frequency that satisfies both power and temperature limits 
based on the supply voltage and the processor clock speed 
control companion with the voltage-frequency lookup table, 
and according to the processor workload prediction & 
temperature monitoring. The temperature of the processor 
depends on the CPU activity or workload variation. Figure 
(6) shows the variation of the temperature over time with 
the average workload of a machine. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6: The Variation of the processor temperature vs. 
workload 
 
High performance portable processors have high CPU 
utilization, and are typically designed to meet a safe design 
of temperature to maintain the processor below its 
maximum operating temperature within a minimum power 
dissipation range. 
The general block diagram of CPU Power & thermal 
management was shown in Figure (5) and it consists of 
controller, voltage-frequency modulator, workload predictor 
and temperature sensors. To Obtain a real temperature 
readings directly from the processor, temperature sensors 
would be ideal. These sensors are based on analog CMOS 
circuit designs, and placed in one of the hot spots of the 
processor chip (register File). The thermal sensor TC1047A 
is the preferred sensor in this study. It develop an output 
voltage proportional to temperature with a nominal 

temperature coefficient of 6.25mV/°C and 10mV/°C 
respectively. Both temperature to voltage converters can 
sense a -40°C to +125°C temperature range while operating 
from a single 2.5V supply. The devices feature an offset 
without the need for a negative supply voltage. The 
extremely low operating current minimizes self-heating and 
maximizes battery life. High accuracy, low operating 
current and small packages make this sensor ideal for a 
variety of applications such as high speed processors, 
cellular phones, consumer electronics, printers, industrial 
control appliances, and office equipments. 
Different SPEC CPU2000 benchmarks are used (gzip, vpr, 
gcc, mcf, crafty, parser, eon, perlbmk, gap , votex, bzip2, 
twolf) to ensure the circuit operation and obtain the 
expected and desired results. The used benchmarks are run 
for separate instances; these benchmarks are able to 
distinguish the way a hardware device temperature is 
increasing with workload and the way its temperature 
decrease when the workload is finished. The simulation 
results of thermal and Power reduction (%) is shown in 
Figure (7). 
 

 
 
Figure 7: The simulation results of thermal and Power 
reduction (%) 
 

The simulation results show that, the processor 
temperature reduction is high as 8.93%, and power savings 
is high as 9.62 % for the used benchmarks. Therefore, the 
thermal management technique, which is presented 
throughout this paper, can significantly improve processor 
temperature and power efficiency especially for portable 
microprocessors.  

5. Conclusions 
Processor speeds double approximately every eighteen 
months, while improving microprocessor's power and 
temperature have been the primary consideration in digital 
VLSI design, thermal reduction technique has emerged as 
an effective way to achieve minimizing in energy 
consumption as well as low temperature designs. In this 
study, the DVS technique was tested with different 
simulation benchmarks, the simulation results show strict 
limitation of both power and temperature. This study has a 
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potential saving of thermal reduction (8.93%) and power 
dissipation reduction of (9.62%) for the used benchmarks. 
Therefore, the DVS technique confirms superiority on 
power dissipation reduction as well as temperature 
reduction mechanisms, and it shows the greatest promise in 
processor’s  thermal-energy optimization effectively. 
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Abstract 

This paper presents the conception, fabrication and 
characterization of integrated inductors containing magnetic 
layers. We require different steps of micro-technologies: 
preparation of glass and ferrite substrates, RF sputtering, 
photolithography, etching and finally electroplating 
techniques for copper and gold films. The geometrical 
magnitudes are determined by using HFSS simulator 
software. The measurements performed at low and high 
frequencies (up to 1 GHz) permit to verify the correlation 
between experiment and simulation results. The inductance 
of the manufactured spiral inductor is about 200 nH and it is 
constant from low frequency up to 0.9 GHz. 

1. Introduction 

Considerable research has been recently devoted to the 
miniaturization of electronic components for the fabrication 
of high consumption portable devices (cellular phones, 
computers, cameras, avionics, motoring…) [1-3]. For 
example, in a typical amplifier MMIC (Monolithic 
Microwave Integrated Circuits), up to 80 % of the area is 
occupied by chip inductors [4-6]. Thus, to reach this 
purpose, we have to conceive outstanding miniaturized 
components capable to work at higher and higher 
frequencies. The integrated inductors have been widely 
used in RF circuits such as voltage controlled oscillators 
[7], low-noise amplifiers [8], power amplifiers and 
matching circuits, etc… 
For this reason, our laboratory is committed to the 
development of high frequency passive components in order 
to reduce their size and to increase their performance by 
using appropriate magnetic materials. A massive Yttrium 
Iron Garnet: Y3Fe5O12 (YIG) is used as magnetic material 
and copper as conductive layer. Our purpose is to 
manufacture integrated inductors based on thick magnetic 
layers for power converters applications. To conceive these 
inductors, a High Frequency Structure Simulation software 
(HFSS) has been used. The micro-manufacturing steps 
(Micro-machining, RF sputtering, photolithography …) will 
be described. And finally a comparison between the 

simulation and measurement results as a function of 
frequency and thickness of the magnetic core will be 
presented. 

2. Design of the spiral inductor 

We have used HFSS software for the conception and the 
simulation of the integrated spiral inductor. Figure 1 shows 
the design used for the simulation. The simulated structure 
consists of a glass substrate of thickness Esub, a magnetic 
thick layer of thickness EYIG, and a spiral copper film of 
thickness e forming a coil of N turns encountered by its 
ground shielding. The cross section of this simulated 
inductor is presented in the figure 2. Figure 3 shows the 
pattern of the square spiral coil with its ground shielding. 
After studying different spiral shape of the coil (square, 
circular and octagonal) and different number of turns, the 
design of figure 3 has given the better results.  

 

Figure 1: The spiral inductor structure with its 
magnetic core 

 

 

 

 

 

Figure 2: Cross section of the spiral inductor structure. 
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Figure 3: Pattern of the copper spiral coil with its 
ground shielding. 

The geometrical magnitudes with their symbols are defined 
as follows: 

• W is the width of the spiral coil ribbon, 
• D is the distance between two successive turns, 
• D1 is the distance between the central terminal and the 

first turn, 
• Px is the width of the external terminal, 
• Py is the length of the external terminal and the width 

of the ground shielding horizontal side, 
• Pcx is the side of the central end of the spiral coil, 
• Pcy is the width of the ground shielding vertical side, 
• V is the distance between the two parts of the ground 

shielding, 
• Lt is the side of the ground shielding, 
• A is the distance between the external turn and the 

ground shielding horizontal side, 
• S is the area occupied by the spiral coil (without the 

ground shielding). 
The values of all these geometrical magnitudes and those of 
figure 2 are summarized in the table 1. 

 
Table 1. Values of the geometrical parameters of the 
spiral inductor structure 

Symbol Size (µm) 
W 125 
D 60 

D1 400 
Px 500 
Py 1000 
Pcx 200 
Pcy 200 
V 1200 
Lt 6270 
A 500 
S 3000x3000 
N 7 
e 10 

EYIG 0-1000 
Esub 1000 

 

3. Technological steps of the spiral inductor 
fabrication 

The spiral inductor has been manufactured with the 
following technological steps (figure 4):  

a)  Preparation of the glass-ferrite substrate: The YIG 
wafer of 1 mm thickness is sawed at the same size of 
the glass substrate; it is then stuck on it to have the 
desired thickness. This plate is grinded by micro-
machining and it is then polished to obtain the required 
roughness measured by a profilometer.    

b)  Copper deposition: A film of copper (5 µm thick) is 
deposited by RF sputtering technique on the whole 
YIG surface. 

c)  Deposition of a photo-resistive resin on the copper 
film by spin coating. 

d)  Insolation of the photoresist by using a mask having 
the same pattern of figure 3. 

e)  Revelation of the exposed resin area. 
f) Wet etching of the copper film. 
g)  Dissolution of the residual photoresist. 

These micro-technological steps are followed by the 
deposition of a gold thin film (less than 1 µm) by electro-
deposition on the obtained copper coil to protect it from the 
oxidation. Finally a bonding to connect the central end of 
the spiral layer to the second external terminal is performed. 
This bonding is made of a gold wire having a diameter 
equals to 18 µm or 25 µm. The photograph of the final 
manufactured inductor is showed in figure 5.  
 

 

Figure 4: Manufacturing steps of the spiral inductor 
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4. Experimental and simulation results 

We present, firstly, the simulation results concerning the 
influence of the magnetic material on the inductance value 
of the spiral inductor prototype for different thicknesses. 
Secondly, a comparison between simulation and 
experimental frequency behaviors of the inductance L and 
the series resistance R of the inductor will be presented.  

4.1. Influence of the magnetic material thickness 

The purpose of this section is to study the influence of the 
magnetic core on the inductance value of the integrated 
inductor. For this reason, we have done several simulations 
by varying the thickness of the magnetic material (EYIG) 
from 0 (inductor without magnetic material) to 400 µm. At 
100 MHz, the simulated inductance, obtained without 
magnetic material (Lair) is about 100 nH. Figure 6 shows the 
evolution of the inductance with the thickness of the 
magnetic core. We can see easily the fast rise of the 
inductance in the thickness range from 0 to 100 µm. For 
EYIG equals to 100 µm, the inductance L becomes 
practically1.7 times Lair. But from this thickness, L varies 
slowly to reach 1.85 times Lair for EYIG equals to 400 µm 
and 1.95 (approximately twice Lair) for 1000 µm.   
The variation of the inductance with the thickness of the 
YIG layer can be explained by the distribution of the field 
lines around the spiral coil. This distribution is usually more 
concentrated near the coil and it will be more concentrated 
in the presence of a magnetic material in the vicinity of this 
structure and the field lines that are far from the coil will be 
less concentrated. This is why the value of inductance is not 
proportional to the thickness of the YIG wafer; it is not also 
proportional to its magnetic permeability. But for higher 
permeability, the inductance value may be doubled for a 
smaller thickness. The proximity effects could be also the 
mechanism responsible for lowering the quality factor [9, 
10]. To reach values more than twice Lair, we think 
introduce, in perspective, two magnetic wafers. 
 

 

Figure 6: Variation of the inductance as a function of the 
magnetic material thickness. 

4.2. Frequency characterization of the spiral inductor 

The aim of this second section is to study the behavior of 
the inductor as a function of frequency. The measurements 
are performed using the vector network analyzer ZVA 67 
for the frequency range from 10 MHz up to 1.2 GHz. We 
have used the simulator ANSYS HFSS v.13 in order to 
compare the experimental results with the simulation one. 
In both cases, the thickness of the YIG wafer is EYIG = 
500µm. For the simulation, we have chosen the following 
parameters for the YIG wafer: µr = 40 for the relative 
permeability and !r = 15 for the relative permittivity 
(manufacturer’s values). In the measurement as in 
simulation, we have used the results as S parameters (Sij). 
These parameters are then transformed into admittance 
parameters (Yij). The most suitable model is that of the 
figure 7. In this model, Cfb is the coupling capacitance 
between the windings. By using this LRC model and the 
admittance parameters, we can extract the different 
elements of this model as follows [11]: 
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L0 is the inductance value at low frequency (initial 
inductance) and f0 is the resonance frequency, obtained by 
plotting the imaginary part of Y12. It corresponds to the 
frequency at which the curve of Im(Y12) passes through 
zero. 
 

 

Figure 5: Photograph of the manufactured spiral 
inductor with its YIG core. 
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Figure 7: Series model of the integrated inductor with 
the coupling capacitance between windings. 

4.2.1. Frequency behavior of the inductance 

Figure 8 illustrates the simulated and the measured 
inductance as a function of frequency for EYIG = 500µm. 
The curve corresponding to the experimental values shows 
that the inductance decreases with the increase of the 
frequency. This decrease is expected because in reality, the 
permeability of magnetic material decreases when the 
frequency increases. But the simulated inductance remains 
practically constant versus frequency up to 0.9 GHz. 
Because during the simulation, the value of the relative 
permeability is fixed to µr = 40 for all frequencies from 10 
MHz up to 1.2 GHz.  The gap between the two curves may 
be due to the calibration of the network analyzer, or to the 
fixed value of the magnetic permeability (µr = 40) during 
the simulation which is may be less than the real value. One 
can observe also, for the 2 curves, the sharp drop of the 
inductance at about 1 GHz. This frequency corresponds to 
the resonance of the structure. 

 
Figure 8:  Evolution of the inductance versus frequency 

4.2.2. Frequency behavior of the resistance 

To study the evolution of the series resistance R as a 
function of frequency, we have used HFSS software for the 
simulation, the LCR-meter HP 4284A working from 20 Hz 
to 1 MHz for low frequency measurements and the vector 
network analyzer ZVA 67 (10 MHz - 67 GHz) for  high 
frequency. 
The low frequency characterization was performed at 3 
frequencies (100 kHz, 500 kHz and 1 MHz). Table 2 shows 
the experimental results obtained for the series resistance of 
the manufactured prototype with a magnetic wafer of 

thickness EYIG = 500µm. The simulation results correspond 
to the inductor of same dimensions. 
 
Table 2: Resistance the spiral inductor as a function of 
frequency 

Frequency  Simulation  Measure  
100 kHz 1.67 Ω 1.97 Ω 
500 kHz 1.67 Ω 2.3 Ω 
1 MHz 1.67 Ω 2.4 Ω 

 

 
At low frequency the simulated resistance of the spiral 
inductor is constant as showed in table 2. This resistance is 
independent of the frequency and of the magnetic core. It 
equals to the resistance of the copper spiral coil of figures 3 
or 5. The calculated DC value of this resistance is RDC = 
1.66 Ω, practically the same by comparing it with the 
simulated one (1.67 Ω). However, the measured resistance 
is higher than the simulated one. This could be explained by 
the fact that the thickness e and the width W of the copper 
ribbon are given constant for the simulation, but in reality 
these 2 magnitudes are not uniform because of the 
irregularity of the wet etching time. We can also say that the 
large experimental values of the resistance may be due to 
the oxidation of the copper ribbon surface.  
The same manufactured inductor has been characterized at 
high frequency. In this range the coupling capacitance Cfb 
does not have any influence and the series resistance can be 
defined by the following equation:

      
 

 
)!Im(Y)!Re(Y

)Re(Y
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12

+
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The curves in Figure 9 illustrate the evolution of the 
simulated and measured series resistance of the integrated 
inductor as a function of frequency. 
 

 
Figure 9: Resistance of the spiral inductor versus 
frequency 
 

At 10 MHz, the resistance (3 Ω) measured by the vector 
network analyzer is very close to that measured by the 
LCR-meter at 1 MHz. At these frequencies the skin and 
proximity effects are negligible. However, from 100 MHz, 
we notice that the measured resistance begins to increase 
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rapidly due to the skin and the proximity effects [12-13]. 
These effects become important at high frequency. For 
example at 400 MHz, the resistance is multiplied by a factor 
of 21 by comparison with the measured value at 10 MHz. 
However, there is a slow increasing of the simulated 
resistance up to 400 MHz (R equals to 1.9 Ω at 10MHz and 
8.6Ω at 400MHz that corresponds to a ratio less than 5). But 
from 500 MHz, we observe a fast increase of the simulated 
resistance. The presence of the magnetic material, which 
helps to concentrate the field lines, permits to increase the 
magnetic field and consequently the inductance of the spiral 
inductor. However, the presence of thick magnetic core 
increase both magnetic filed and the proximity effects. 
When the thickness of the magnetic layer increases; the 
effects of induced currents in the copper spiral coil is 
greater. These effects cause the increase of the series 
resistance and consequently the decrease of quality factor. 

5. Conclusions 

To design of the integrated inductor with magnetic core we 
have used HFSS simulator. By changing the shape, the 
geometrical parameters and the number of turns, we have 
chosen the best configuration (square spiral inductor). To 
manufacture this inductor we have used different technique 
(micro-machining, RF sputtering, photolithography, 
electroplating, bonding …). And to perform morphological 
and electromagnetic characterizations, we have used 
preferment equipment and software. We have found that the 
inductance increases by adding a magnetic layer to the 
spiral inductor; it could be doubled by increasing the 
thickness of the ferrite plate but this increase is limited by 
the proximity effects and the eddy currents at high 
frequency. The experimental results concerning the 
frequency dependence of the inductance and the series 
resistance of the manufactured integrated inductor are 
confirmed by HFSS simulations. In perspective, we will try 
to fabricate inductors with two magnetic layers to increase 
the performance of these components. The main purpose is 
to fabricate miniature integrated inductors for DC-DC 
converters.  
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Abstract 
This paper presents the design and the fabrication of a planar 
integrated transformer with magnetic core. Yttrium Iron 
Garnet (YIG) was chosen for its high frequency behavior 
that permits the applications of this material in the 
microwaves and the magneto-optical domains. The choice of 
the transformer structure and the fabrication of the primary 
and secondary circuits are presented. HFSS software is used 
for the conception and the simulation of primary and 
secondary circuits that are both identical spiral inductors. To 
perform the pattern of these inductors we have used the 
photolithography technique. We have also introduced the use 
of negative photoresist SU-8 for the fabrication of an air 
bridge to connect the central end of the spiral coil to the 
external terminal. 

1. Introduction 
The use of magnetic cores to increase the performances of 
spiral inductors is being an active area of research in the 
development of the integrated circuits. In addition, these 
studies focus to increase the inductance L and the quality 
factor Q and also to reduce the size and the cost of 
manufacturing [1]. Our work is based on previous studies of 
inductors with magnetic core, to design and manufacture 
planar integrated transformers with new designs and 
techniques of fabrication. The face-to-face integrated 
transformer has been designed by using High Frequency 
Structure Simulation (HFSS) taking into account the 
coupling capacitances and magnetizing inductance. The 
frequency behavior of this structure was studied at low and 
high frequencies using a LCR-meter and a Vector network 
analyzer. To manufacture the designed integrated 
transformer, various techniques have been performed: 
micro-machining, RF magnetron sputtering, gold electro- 
deposition, photolithography in a clean room and finally, 
we have implemented an air bridge to connect the central 
end of the spiral inductors to the external terminal instead of 
the classical bonding. 

2. Structure of the magnetic transformer 
Many papers are devoted to integrated transformers with and 
without magnetic core for applications in the field of high 
frequencies [2] [3] [4]. Applications concern both signal 

transformers or low power transformers for power 
electronics applications such as DC-DC converters [5] [6]. 
Most part of studies are related to transformers on silicon 
wafers without any magnetic core, operating frequencies 
range from some MHz until some GHz. Transformers with 
magnetic core provide many advantages depite the increase 
of the manufacturing complexity. Both coupling factor and 
primary inductance can be increased by using a magnetic 
core. Moreover specific structures behave like an 
electromagnetic shielding and contribute to strongly 
decrease the electromagnetic radiations. 
 
Several works concern the structure of coils, various 
approaches are commonly used to perform windings: 
interleaved windings, stacked winding arrangement, center 
tapped  interleaved  transformers  …. [7] [8]. 

Figure 1.a illustrates an interleaved transformer, this 
structure presents moderate coupling factor (k~ 0.7) with a 
reduced self-inductance.  
Figure 1.b shows the stacked transformer. In contrast to the 
interleaved transformer, the use of multi-layer metal and the 
presence of both vertical and lateral magnetic coupling, 
provide a high self-inductance and a coupling factor k~0.9). 

 

                  
 

    Figure 1.a            Figure 1.b 

    Figure 1: Interleaved and stacked transformer 
 
This paper presents a face-to-face integrated transformer 
structure composed of two identical planar inductors with 
magnetic material (YIG) separated by an insulating layer 
(Figure 2). The right hand design of Figure 2 is obtained 
using the HFSS simulator software. This structure would 
promote inductance value, coupling factor and reduce chip 
area occupied by the transformer.   
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Figure 2: Face-to-face transformer structure. 

2.1. Modeling and HFSS Simulation of the transformer 
HFSS simulator is a 3-D electromagnetic solver marketed 
by Ansoft [9], it simulates the electromagnetic behavior of 
the structure basing on the modeling finite-element method. 
The face-to-face transformer model used in our simulation 
is presented in figure 3. 

 
Figure 3: High frequency transformer model. 
 
The different parameters or this face-to-face transformer 
model are: 
 L1, L2 and LF represent the leakage inductances of 

primary, secondary windings and the magnetizing 
inductance respectively. 

 r1 and r2 are the series resistances of the primary and 
secondary windings respectively. 

 C1 and C2 represent the coupling capacitances of the 
primary and secondary coils. C12 is the coupling 
capacitance between the primary and secondary 
windings. 
 

Figure 4 shows the frequency behavior of the simulated 
magnetizing inductance. In this figure, we observe that the 
magnetizing inductance is almost constant up to several 
hundreds MHz (180 MHz). Beyond this frequency, there is a 
decrease in the inductance when the frequency increases. 
One can see that the inductance is practically constant versus 
frequency up to 200 MHz, this explains the good behavior of 
the integrated face-to-face transformer structure. 
 

 
 
Figure 4: Frequency behavior of the magnetizing 
inductance. 

 

2.2. Primary or secondary circuit fabrication 

Figure 5 shows the different steps of fabrication of the 
spiral inductor with air bridge connection, the magnetic core 
used in our fabrication is a commercial YIG (Yttrium Iron 
Garnet). For adherence reasons, the surface of YIG is 
prepared, for the copper film deposition, by polishing. The 
dimensions of the YIG wafer are (25mm×50mm×0,5mm).  

a) The copper film of 5 µm thickness deposited  by RF 
magnetron sputtering on the YIG substrate, this 
deposition technique have the advantage that the 
deposited film has the same composition of the target 
bulk material, also it has the advantage of Molecular 
Beam Epitaxy (MBE) because of its speed. Only pure 
copper film is deposited. 

b) A 100 nm SPR 505A photoresist (PR) layer is then 
spun on the deposited Cu film. 

(c) The PR layer is photo-patterned with UV insolation; 
(d) The chemical etching is performed with ferric 

chloride to obtain the square spiral inductor of 7 turns, 
3270 µm side, 125 µm line width, and 60 µm line 
spacing (figure 6). 

(e) A very thin layer of gold is deposited by electroplating 
on the conducting spiral coil. 

(f) For the air bridge fabrication, a thick layer of negative 
photoresist SU-8 is spun. 

(g) To uncover the two contacts that will be connected by 
the air bridge, the SU-8 is photo-patterned and backed 
to be solidified [10]. 

(h) A second copper film is sputtered on the obtained 
pattern. 

(i) Deposition of PR and finally. 
(j) UV insolation to obtain the air bridge. 

The gold layer was electroplated to prevent Cu from the 
oxidation during the backing of the SU-8 layer. 
 



3 
 

 
Figure 5: The different steps for primary or secondary  
Integrated inductor fabrication. 

Figure 6 below shows the photography of the manufactured 
primary or secondary inductor with the YIG wafer; 
deposited on alumina substrate (Al2O3). Copper bridges of 
125µm and 500µm were performed. 
 

 
 
Figure 6: Photography of the manufactured primary and 
secondary inductors. 

3. Conclusions 
A primary circuit for planar integrated magnetic transformer 
has been designed by using HFSS simulator and then 
manufactured. To fabricate this spiral inductor we have 
applied a strict protocol (in a clean room) to obtain good 
adhesion of copper and gold films and to have the desired 
pattern of the spiral coil with its ground shielding. Instead of 
the classical bonding to connect the central end of the spiral 
coil to the external terminal, we have performed an air 
bridge by using the photolithography technique. the 
electromagnetic characterizations was performed using a 
precision LCR-meter HP 4284A for low frequency up to 1 
MHz and a vector network analyzer ZVA 69 for high 
frequency up to 1 GHz. The simulated magnetizing 
inductance is practically constant as a function of frequency 

up to 200 MHz; this explains the good behavior of the 
integrated face-to-face transformer structure. In perspective 
we will try to fabricate the secondary circuit of the magnetic 
transformer and to assemble the two parts of the 
transformer. At the first time the characterization will be 
performed at room temperature after that a characterization 
at high temperature (200°C) will be performed.      
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Abstract
Monitoring the aging of electric cables used in nuclear
power plants is a crucial issue for nuclear industrials, whose
objective is to extend the lifetime of their plant while en-
suring its security. For cost and efficiency reasons, reflec-
tometry, which is a non-destructive method, is well-adapted
to this problem. Unfortunately, it may be not sensitive
enough to small changes of the cable. To overcome this dif-
ficulty this article proposes to use time-frequency tools (the
Wigner Ville transform and a normalized time-frequency
cross-correlation function) in addition to time domain re-
flectometry. This method has been applied on two RG-
59B coaxial cables (one new and the other one aged) cables
commonly used in nuclear power plants.

1. Introduction
The safety and the extension of lifetime of nuclear power
plants (NPPs) are two major issue nuclear industrials
are faced with. This puts the focus on monitoring their
condition. As kilometers of cables run across NPPs,
they are among the crucial elements to watch over. The
challenge here is to predict when a cable has to be changed
before it is too much worn out and damaged, in order to
limit risks. This is one purpose of the Advance project, a
FP7 European program. Indeed important defects, such as
open or short circuits (hard faults), can put the safety of the
plant at stake (one may imagine the tragic consequences
that a fire caused by a short-circuit may have). Thus this is
crucial to prevent them from occurring.

Among all the existing methods for monitoring cables,
many are destructive (e.g.: Elongation at Brake, cf.[1]) or
not able to predict their remaining lifetime (e.g.: Partial
Discharge). Because it is not efficient enough, far too
long and problematic in an environment where the time
to exposure has to be reduced to its bare minimum, visual
inspection is difficult too. For all these reasons, reflec-
tometry, which is a non-destructive method, appears to be
well suited to study cable aging in NPPs. It is based on
the injection of a signal e(t) into the wire network and the
analysis of the reflected signal r(t) measured at the injection

point. Several reflectometry methods exist depending on
the studied domain and the type of signal used. In time
domain reflectometry (TDR) [2], [3], [4], a step or a pulse
is injected, whereas in frequency domain reflectometry
(FDR) [5] a set of stepped-frequency sine waves is used. In
the following, the chosen method is TDR.

Studying cable aging involves to be able to detect minor
modifications. This is the same challenge as detecting soft
faults (incipient defects), which translate into reflected
signals of very low amplitudes. Indeed only slight changes
due to aging will affect the reflectograms obtained by
TDR. To detect them, TDR can’t be used alone, as it is
highlighted in [6]. Another tool is needed. In this article,
we propose to apply a time-frequency transform, called
the Wigner Ville transform (WVt), on TDR results and
compute a normalized time-frequency cross-correlation
function (TFC). This is part of a method called Joint Time-
Frequency Domain Reflectometry (JTFDR) proposed by
[7]. This has shown promising results for soft faults (cf.
[8]). However the WVt is a quadratic transform. Then
unwanted cross-terms can affect the results. To overcome
this problem the Pseudo Wigner Ville transform (PWVt)
can be used instead of the WVt (cf.[9]). JTFDR has
already been used by [10] to study local aging of cables
used in NPPs. This is comparable to detecting soft faults.
Nevertheless the aging process may affect the entire length
of the cable. So the efficiency of such a method has to be
tested for global aging too and a tool to decide if a cable
has to be replaced or not has to be defined.

This is the purpose of this study, where two RG-59B
coaxial cables, usually used in NPPs are compared. One
is in mint condition whereas the other was thermally aged.
TDR measurements have been made on both. Two kinds
of injected signals have been used, in order to study the
impact of the width of the injected signals. Then the TFC is
applied on these results. The reflectometry measurements
are exposed in part II. In part III, the signal processing
step is explained and applied to the considered example.
A method to determine if a cable is aged or not is finally
proposed.



2. TDR MEASUREMENTS
2.1. The device under test (DUT)

For this study, two RG-59B coaxial cables, commonly used
in NPPs, are considered. Their characteristic impedance is
Z

c

= 75⌦. One is in mint condition and will be called the
unused cable whereas the other has been uniformly heated
over its length, during 500 hours at 162°C. The heating was
made in a heat chamber. This simulates a fast and brutal ag-
ing, which uniformly affects the cable over its length. The
aged cable will be called the used cable.

2.2. Experimental setup

TDR measurements were made on both cables. The experi-
mental setup is pictured in Fig.1. A vector network analyzer
(VNA Agilent E5071c 9kHz-4.5GHz) was used to inject a
Gaussian pulse into the device under test and measure the
result. This wave propagates all along the line and is re-
flected at the end of the line, which is left open-ended at
its far-end, and travels back to the injection point. This re-
flected wave is then measured in the frequency domain and
transposed in the time domain thanks to an IFFT (Inverse
Fast Fourier Transform), in order to obtain a reflectogram.
Two Gaussian pulses of different width at half-height (1ns
and 5ns) are tested. In the following, e1 refers to the pulse
of 1ns width and e5 to the one of 5ns width.

Figure 1: Experimental Setup (VNA : Vector Network An-
alyzer)

2.3. TDR results

Fig. 2 displays the reflectograms obtained with e1 and Fig. 3
the ones obtained with e5.

On each reflectogram two reflected pulses are visible.
The first one at t1 = 9ns is due to a mismatch between the
injection setup and the cable under test. The second one
at around t2 = 100ns corresponds to the pulse reflected at
the end of the line, which was left open-ended. For both
injections, the differences between the reflectogram of the
healthy and the aged cables are quite small. The most evi-
dential one is a slight time-shift (�t = 1.13ns if e1 is used
and �t = 1.12ns if e2 is used) of the pulse reflected at
the end of the line. Thus the aging of the cable leads to
an increase in its propagating velocity, which lets us think

Figure 2: Reflectograms obtained after injecting a Gaussian
pulse of 1ns width at half-height

Figure 3: Reflectograms obtained after injecting a Gaussian
pulse of 5ns width at half-height
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that the dielectric coating has been impacted by the pro-
cess. Besides, a greater number of tiny differences between
the cables are revealed when a thiner probe signal is used.
These variations can be due to the small imperfections of
the cable or the measurement noise.
However to make the differences between the healthy and
the aged cables more probant another tool is needed. For
doing so, a Time-Frequency Cross-correlation (TFC) is ap-
plied on TDR results.

3. Signal Processing Step
The goal of this signal processing step is to make the small
differences between the two cables more relevant.
It is based on the use of the Wigner Ville transform (WVt)
and a normalized Time-Frequency Cross-correlation func-
tion (TFC). This tool was first introduced by [7] and used,
as part of the JTFDR process, to amplify the reflected pulses
on soft faults (cf.[8]). Indeed it has been designed to en-
hance signals of very low amplitudes. It has also been used
to study a local aging of cables present in NPPs (the ca-
ble was locally heated at different temperatures, cf.[10]) but
never to study a global aging of cables.

3.1. Theoretical background

The WVt of a signal x(t) is defined in (1), where !

is the pulsation (rad.s�1). This time-frequency trans-
form belongs to the Cohen class. Equation (2) gives the
WVt of a delayed Gaussian pulse r(t) = ( ↵
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The WVt can perfectly locate linear frequency chirps
but suffers from a severe drawback when applied to multi-
component signals, such as the ones measured in TDR. Due
to its quadratic nature, unwanted crossterms emerge be-
tween the real components. These terms pollute the result.
To mitigate this problem, [9] proposes to use the Pseudo
Wigner Ville transform (PWVt) instead of the WVt. The
PWVt, defined in (3) is a windowed version of the WVt,
where w(t) is the chosen window.
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Let’s denote s(t) the injected signal and r(t) the re-
flected one measured at the last step. In order to make

the components of weak magnitudes more relevant, a nor-
malized time-frequency cross-correlation (TFC) C

sr

(t) be-
tween PW

s

(t,! ) and PW

r

(t,! ) is computed (cf.eq. (4)),
where T

s

is the time duration of the reference signal s(t).
As the injected signal is a Gaussian pulse, a Gaussian win-
dow of same width has been chosen for w(t) . The peaks
of the TFC are used to detect points of discontinuities in
the cables. E

r

(t) and E

s

are normalization terms. Thanks
to the dependency of E

r

(t) to time t, the weakest compo-
nents of r(t) appear with the same range of magnitude as
the larger ones.
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3.2. TFC results

Fig. 4 and Fig. 5 show the results obtained when a Gaussian
pulse of 5ns and 1ns width are injected in the cables under
test (cf.Fig. 3 and Fig. 2) and the PWVt is used to compute
the TFC.

Figure 4: TFC obtained with the PWVt, when the injected
signal is a Gaussian pulse of 5ns width at half-height

On both results we can remark a notable difference be-
tween the healthy and the aged cables. Indeed like on TDR
results, we can observe a small time-shift of the peaks of
the aged cable. Besides, the amplitudes of these peaks dif-
fer between the aged and the healthy cable, especially when
a pulse of 1ns width at half-heigt is injected. Thus a greater
number of variations can be seen when a thiner injected
pulse is used. Finally as no local defect seems to really
emerge, we deduce that the aging process has affected the
cable on its entire length.
The last step is now to determine an automatic criteria

3



Figure 5: TFC obtained with the PWVt, when the injected
signal is a Gaussian pulse of 1ns width at half-height

telling if a cable is aged or not. This is the purpose of the
next paragraph.

3.3. The correlation coefficients: a tool to distinguish a
healthy cable from an aged one

Thanks to the TFC the small changes due to the aging pro-
cess have been amplified. However a criteria has now to be
chosen in order to determine if a cable is aged or not. In
statistics, the correlation coefficients between two results
are commonly used to assess if they are alike. This the tool
chosen in this study to decide if a cable is aged or not. As a
consequence, a reference to which TFC results can be com-
pared is required. For this study, the results obtained with
the cable considered as healthy are taken as references. Ta-
ble 1 gives the results obtained, for both kinds of injection,
when the TFC is computed with the WVt and the PWVt.

Table 1: Correlation Coefficient.

Width of the
injected pulse

Correlation
coefficient
obtained with
the WVt

Correlation
coefficient
obtained with
the PWVt

1ns 0.57 0.65
5ns 0.96 0.94

Generally, two results are considered as dissimilar when
their correlation coefficient is lower than 0.98. Considering
this threshold, we may conclude that, whatever the kind of
time-frequency transform used (the PWVt or the WVt), our
tested cable is aged. Then the coefficients obtained with an
injected signal of 1ns width are significantly lower than the
one obtained with a pulse of 5ns width. As a conclusion,
using a thiner injected signal makes it easier to determine
if a cable has been aged or not. Indeed a better temporal
resolution can be achieved. However this also means an
increase in the frequency bandwidth, which leads to more
attenuation due to the frequency losses in the cable.

4. Conclusions
Monitoring the state of nuclear power plants is a crucial and
topical issue. As transmission lines are critical components
that have to be watched over, the impact of aging on cables
has to be studied and a way to determine if a cable is aged
or not has to be found. Indeed thanks to this tool a cable
could be replaced before it becomes a threat to the safety of
the plant.
To tackle this challenge, we propose to perform Time Do-
main Reflectometry (TDR) measurements on these cables.
This has the advantage of being a non destructive method.
As aging is a slow process, a time-frequency tool called
TFC (Time-Frequency Cross-correlation) is then applied on
these reflectograms in order to bring out the slight changes.
To simulate aging, a cable was uniformly heated over its
length. According to our results, this aging has a global im-
pact on the line and one of the most affected factors is its
propagating velocity. This means that dielectric coating of
the cables has been damaged. Moreover, a greater number
of variations due to aging can be observed when a thinner
injected pulse is used for TDR measurements.
Besides, in order to determine if a cable is aged or not, we
propose a 3-steps process:

1. Perform TDR measurements on the cables.

2. Compute the time-frequency cross-correlation (TFC)
of these reflectograms.

3. Compute the correlation coefficients between these
TFC results and a reference. If the coefficients are
lower than a certain threshold, the cable is considered
as aged.

This method performs well on the studied example. How-
ever this study has to be deepened in order to see if this is
able to discriminate different level of aging. This is the ob-
ject of current and future work made within the framework
of Advance project, a FP7 European program.
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Abstract 
In this paper a simple analysis and measurement in eddy 
current NDE are presented. A Hall probe is associated to a 
double Printed Circuit Board PCB. The configurations 
examined involve the coil in air and the coil above 
aluminum plates, either with or without cracks of various 
depths. The agreement between experimental and theoretical 
results is very good, showing that a very simple model 
accurately describes the electromagnetic fields. 
 
Keywords: Hall Effect probe, eddy current testing, 
simplified analytical analysis of eddy currents, magnetic 
field measurement, rectangular double coil. 

1. Introduction 
The early apparatus for Electromagnetic Non Destructive 
Evaluation (E-NDE or E-NDT) consisted of a circular probe 
coil whose impedance was measured all over the surface of 
the metal sheets to be examined. Variations of impedance 
indicated the presence of flaws [1 to 6]. This method is still 
very popular, but many efforts are under development to 
increase its sensitivity. One suggestion has been to replace 
the impedance value by the resulting magnetic field as the 
basic signal. 
 
Since the SQUID is a very attractive sensor of magnetic 
field intensity, it has been attempted to introduce it in the 
vicinity of the probe coil [7 to 13]. But, since it is subject to 
saturation, investigators replaced the circular coil by a 
double D. In an excellent paper, Poulakis and Theodoulidis 
[14] have simplified the equipment by using a double 
rectangular printed circuit board coil and a SQUID. They 
have presented such a system, and given a series expansion 
analysis which is reported in [15].  
 
In what follows, we present an experimental set up including 
a double rectangular coil where the SQUID is replaced by a 
Hall probe which is less sensitive, but may be installed very 
close to the area to be examined. And we give a simplified 
analytical model which is simpler than the above quoted 
one, without loss of accuracy. 

2. Analysis of the coil field 
The set up is described in figure 1. In figure 1.a, a double 
rectangular coil printed circuit is shown. In figure 1.b, we 
show a conducting plate of thickness  , and the printed 
circuit above it; a Hall probe is attached as shown. 
 

 
                              (A) 
 

 
(B) 

Figure 1: (A) Top view of the rectangular double printed 
coil; (B) Side view of this coil above an aluminum plate.  
 
We first analyze the electromagnetic field created, in free 
space, by a current of 1.7 flowing in the double D coil. 
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This may be done by integrating the Biot and Savart formula 
(figure 2.a) 

 
                            = 


⋀


                                         (1) 

 
at a point , where  is varied along the two rectangles. As 
for , for the purpose of this paper, it will be varied in the 
plane normal to figure 2.b and including  . We considered 
that, if (! ≥ 2), it is enough to evaluate the field as if $ was 
infinite (in [16], the authors make an analogous remark, but 
adopt ! ≥ 4). 
 
Therefore, the calculation of the coil field is reduced to a 
fourfold application of the Biot and Savart law for infinitely 
long conductors [17 to 19]. 
 

 
(A) 

 

 
(B) 

Figure 2: (A) Differential element for application of Biot 
and Savart law; (B) location of the Hall effect probe. 
 
Those approximations have been carefully checked. In 
figure 3, the value of the normal component of the double 
rectangular coil field, is described for three values 
( 2, 8, 22(( ) of the vertical distance from the double 
rectangular plane (current intensity being 1.72). There is 
no significant difference between experimental and 
theoretical values. 

3. Analysis of the currents induced in flawless 
plate and of the resulting )* field 

Assume now that the plate in figure 1.b has a resistivity 
equal to 5.82 ∗ 10./	Ω.(  (Aluminum 23  at 20°5 ); its 

dimensions in the directions 6,  , 7  are 110, 100, and 
5((. The current in the double rectangular coil is 1.72 
(as above) and its frequency is 18087. The corresponding 
skin depth is 9.1((, much larger than the plate thickness. 
 

 
Figure 3: Magnetic field evaluation and measurement for the 
excitation coil in air for different values of altitude z. 
 
Clearly, this means that the magnetic field of the currents 
induced in the plate is totally negligible in comparison to the 
exciting field. Therefore, the plate can be viewed as shown 
in figure 4.  

 
Figure 4: Model for the evaluation of emf and currents 
induced inside the sane conducting plate. 
 
The vector potential is parallel to Ox; its origin may be 
chosen arbitrarily; if we take this origin inside the plate, just 
below the geometrical center of the double rectangular coil, 
the emf’s shown in figure 4 will be clearly defined as in 
figure 5, where the plate is divided into  ×<  small 
elements; each one has a resistance =>?  which is easy to 
evaluate; the potential difference between the two sides of 
the plate will be called @ ; an emf A>? = − CDE

F  is created 
along element (H, I), >? being the potential vector created by 
the double rectangular coil along this element. 	
 
 

 
(A) 
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(B) 

Figure 5: (A) Division of a sane plate into elements; (B) 
electrical model of one element. 
 
The sum of the currents in the individual conductors must be 
zero; therefore, if the current in element (H, I) is L>? , we have 
 ∗ < + 1 equations:  

                     A>? − =>? ∗ L>? = @                           (2) 
                      ∑ L>? = 0>,?                                        (3)   

which determine @ and the L>?’s. 
 
In figure 6, the result of this analysis is shown for three 
positions of the double rectangular coil (which is 1(( 
above the plate). Note that, in the present application,	A>?  
does not significantly depends on I. 

 

 
(A) 

 
(A) 

 

 
(B) 

 
(B) 

 
 

 
(C) 

 

 
(C) 

Figure 6: Induced currents for three positions of the exciting 
coil ((A), (B), and (C). Note that the currents do not depend 
on zO. 
 
The corresponding component of P  at the center of the 
double rectangular coil is given in figure 7.  

 
Figure 7: Computed values of BR for a sane plate for y = 0. 
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4. Analysis of plate with a calibrated flaw 
Consider now two plates similar to the above one, but with a 
calibrated crack (figure 8). The width of the crack is 
U = 1(( , and the depths are VWXℎ = 0.5  and 1(( 
respectively. The induced currents are described as 
explained in figure 8.a and 8.b.  

 
(A) 

 
(B) 

 
Figure 8: Same view as in figure 5, but there is a calibrated 
crack. 

 
The distribution of the output signal (P field) is shown in 
figure 9. 

 
           (A) 

 

 
       (B) 

Figure 9: Same as figure 7, but with a crack width equal to 
1mm; (a) depth = 0.5mm; (b) depth = 1mm. 

5. Experimental results 
The double rectangular coil shown in figure 1.a was laid 
upon a glass epoxy substrate with 0.5((  thickness. The 
copper layer thickness is 35μ( ; its width is 1(( . The 
permissible rms value of the current is 1.72  and its 
frequency is 18087; the total resistance is 1Ω.  
 
The Hall effect probe has been made by “ITRAN, France”. 
Its surface is a few (( , its volume is 0.001((` . The 
white magnetic field noise is10Wa/√87 . A synchronous 
detection is used, in order to distinguish the very small 
signal created by the eddy currents from the much larger 
excitation field. Its sensitivity is 5(@/μa  [20]. Its 
sensitivity is much smaller than the SQUID sensitivity, but it 
can operate very near the center of the double rectangular 
coil (the active part of a SQUID must be distant of more 
than 1( of the same point).  
 
At the center of the sane plate, the theoretical and 
experimental values are given in figure 10. 
 

 
Figure 10. Comparison of theory and measurement in the 
center of a sane plate. 

 
When there is a calibrated crack at the center of the plate, 
the predicted field P  is described in figure 11 (A) for a 
width U = 1((  and for four different depths (VWXℎ =
0.5, 1, 2 and 3((). The corresponding measured values are 
described in figure 11 (B). 
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             (B) 

Figure 11: Comparison of theory (A) and measurement (B) 
in the case of a crack in the center, for four different values 
of the crack depth. 
 

6. Conclusion 
In this paper, we describe the development of a simple, but 
accurate, theoretical treatment of eddy current analysis of 
planar samples with and without flaws. We have carefully 
tested the computation technique by eddy current scanning 
experiments using a Hall probe. The agreement between 
experimental and theoretical results is very good, showing 
that our novel model-based calculations describe well the 
signals obtained when using a double rectangular excitation 
coil and a Hall Effect probe. 
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Abstract 

 
The paper has two different objectives. The first one is to 
show that Ampere’s double layer method, which is equivalent 
to one of the Maxwell equations, leads to the integration of a 
simple closed form expression, thus avoiding the need to solve 
complicated partial differential equations. The second aim is 
to study the case of a zero volume defect in a NDE problem by 
a perturbation method and the introduction of a double layer. 
The combination of these two techniques leads to a very fast 
solution of the problem. A practical example including an 
experimental check is given. 
 
Keywords: Ampere’s double layer, eddy currents, magnetic field 
evaluation, NDE, zero volume crack. 
 

1. Introduction 
 
Maxwell’s equations forms are the basis of all studies in the 
field of electromagnetic non-destructive evaluation (NDE) [1 
to 12]. Ampere’s theorem has been established through this 
definition of magnetic masses and of “double layers” which 
allow the computation of the field of a given current loop 
through closed form expressions, not through partial 
differential equations [13 to 22], thus simplifying the solution 
process. 
The object of the present paper is to apply that property in the 
case of a particular problem of non destructive evaluation. We 
shall limit ourselves to this example. 

2. Presentation of an example 
 
Non Destructive Evaluation (NDE) can be considered as a 
method which allows to detect a flaw (here: a crack) in a 
metallic conducting plate. More specifically, if we create an 
alternating magnetic field in a metallic object, this leads to the 
creation of eddy currents, which in turn create a magnetic 
reaction field. Conducting this experiment first with a flawless 
reference object, then with another object, seemingly identical 
to the first one, differences between the reaction fields may 
reveal internal differences, essentially flaws. 

 
In the present paper, we consider a flawless aluminum plate 
whose dimensions are (100	 × 110	 × 5	), and  
 

 
resistivity  = 5.82 ∗ 10Ω. (AG3 alloy at 20°C). We 
create a uniform alternating field  = cos	()  
 
(amplitude	 = 6.74 ∗ 10#$, frequency	% = 180&') (see  
figure 1.a), and we evaluate the field of the eddy currents. 

 
The question to be answered is: what would be the difference 
if we consider another plate of same dimensions and 
resistivity, but with a crack as shown in figure 1.b? 

 

 
(a) 

 

 
(b) 

Figure 1: Description of a flawless plate (a) and a defective 
one (b). 

 
3. Method analysis 

 
3.1. Flawless plate 
The first step is to analyze the case of the flawless plate, and 
this is rather simple. Indeed, in the present case, the standard 
penetration depth in the plate at 180&' is	9.11, which 
means that skin effect is negligible, so the induced currents are 
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just proportional to the time derivative of the vector potential 
of the exciting field (see appendix 1). 
 

3.2. First approach to the analysis of a defective plate: 
Introduction of a perturbation method 
The second step is to determine the currents in the defective 
plate. Two possibilities exist. Indeed, we may either directly 
evaluate the currents, or directly evaluate the difference 
between the currents in the flawless and in the defective 
plates. In both cases, we shall have the choice between using a 
double Fourier series expansion or a finite element (or finite 
difference) method. We have chosen to evaluate directly the 
perturbation introduced by the crack in the induced currents. 
And we shall see that any finite difference or finite element 
method leads directly to the characterization of Ampere’s 
layer and to an evaluation of the crack effect. 

 
If the current density in the flawless plate is shown in figures 
2.a and 2.b, one can consider that the existence of the crack 
)** is equivalent to a fictitious source of currents (see figure 
2.c) whose values are the opposite of the values of the currents 
existing at the same place in the flawless plate [23 and 24]. 
This method belongs to the set of so called “perturbation 
methods”, as the well known methods of Thevenin or Babinet. 
 

 
                                       (a) 

 

 
(b) 

 

 
                                          (c) 
Figure 2: Description of the eddy currents in the abcd plane, 
in the case of a flawless plate (a) and (b). Fictitious source of 
current equivalent to the crack (c). 

3.3. Introduction of a numerical determination of the 
perturbation currents 

The currents densities described in figure 2.b are governed by 
the equations: 

 
       ./0/.2 3 ./4/.'  0 (5678  0)                                   (1) 
      ./0/.' 9 ./4.2/ 0 (:;<=8  0)                                   (2) 
 
Both being satisfied if there exists a function > (called: current 
function) such that: 
 

       ?		/0  9.>/.'
/4  .>/.2

@                                                               (3)	
	

with  
 
       .A>/.2A 3 .A>/.'A  0.                                             (4) 
 
The boundary conditions are specified in figure 2.c, with 
.>/.2  0 (symmetry with respect to ' (i.e. /4 ≡ 0)) and 
also > is a parabolic function of ' between )* and * for 
2  0. 

 
Also > ≡ 0 along the two limits '  C:/2. These data and 
conditions suffice to determine the values of >2, ' all over 
the plane by use of any numerical method (series 
development, finite elements or finite differences methods).  

 
When >2, ' is known by any of these well known numerical 
methods, the lines  
>2, '  :E are the current lines, as shown in figure 3.  
 

 
Figure 3: Currents lines generated by the fictitious source. 
 
The combination of the current lines of the unperturbed plate 
(cf. figure 2.a) and of the fictitious source (cf. figure 3) yields 
the resultant current lines in the defective plate (figure 4). 
 

 
Figure 4: Currents in the defective plate, deduced from 
figures (2b) and (3). 
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It seems that, from this point, it is easy to evaluate the field 
created by the induced currents. In fact, this is not so, because 
of the complicated shape of the current lines. This is why 
recourse to Ampere’s double layer of magnetic masses has 
been made [25]. 
 

3.4. Introduction of Ampere’s magnetic masses 

The basis of Ampere’s magnetic field theory is that a small 
current loop whose intensity is F, is equivalent to two 
magnetic masses C5, separated by a distance G, in such a 
way that G5  F5H, F being the loop current, 5H the loop 
surface, G the distance between the two masses (see figure 
5.a). It is customary to call I  G. J5/5HK the “power” of 
the double layer. Therefore the “power” of the double layer is 
equal to the loop current. The scalar magnetic potential 
created by a magnetic mass 5 at distance < being 5/4L<, 
the scalar magnetic potential created by the magnetic dipole 
(figure 5.b), or by the current loop is equal to: 

 
    M  G. J5/4LK. JN6OP/<AK  JF5H/4LK. JN6OP/<AK.       (5) 

 
The radial magnetic field is: 

 
   Q  9G. J5/2LK. JN6OP/<RK  9JF5H/4LK. JN6OP/<RK, (6)  

 
and the tangential magnetic field it is: 

 
  S  G. J5/4LK. J:TNP/<AK  JF5H/4LK. J:TNP/<AK.       (7)  

 
Therefore, the magnetic field of the eddy current is extremely 
easy to evaluate by the repetition of a closed form formula. 

 
 

 
(a) 

 

 
(b) 

Figure 5: Definition of Ampere’s equivalent magnetic 
masses. 
 
Now, consider a current loop U, as sketched in figure 6.a. 
We do not modify the system by adding additional lines 

carrying simultaneously two opposite currents 3F and 9F. 
This system of currents is equivalent to the set of small current 
loops depicted in figure 6.b and 6.c, with all the currents in the 
loops being equal to F. Thus, outside the double layer, the 
magnetic field is the same as the field of the double layer of 
magnetic masses if its density is equal to CF/G. Ampere has 
experimentally demonstrated that relationship, which is 
equivalent to the expression F  <T&, introduced by 
Maxwell, who called it “Ampere’s theorem” as a token of 
admiration to his predecessor (see appendix 3). 
 

 
(a) 

 

 
(b) 

 
(c) 

Figure 6: Set of small current loops equivalent to a large one. 
 
3.5. Relationship between V and the loop currents 

In the present case, an important remark is that function >, 
defined above, is precisely proportional to the magnetic mass 
density because the following relation holds (see figure 7)  
 
W 8. 5=  ∑ /Y 9 /Y 3 /A 9 /A 3 /R 9 /R 3 /#  /# Z

[
Z
[

                  >−>)=> with >)=0.                                  (8) 
 

 
Figure 7: Equivalence of function > and small loop currents. 

U 

U 

U 
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3.6. Field created by the currents described in figure 3 
We can now come back to figures 1 and 3. Figure 3 shows the 
lines of currents in any plane parallel to \]:5 of figure 1.b. 
Therefore, the current loops in figure 3 represent, in fact, small 
solenoids parallel to the crack (figure 8.a). Each one has to be 
divided into elementary loops parallel to plane \]:5. Each 
loop is equivalent to two layers of opposite signs, so that every 
layer is cancelled by the next one, except the two extreme 
ones (see figure 8.b).  

 
 

 
(a) 

 

 
(b) 

Figure 8: Reduction of the currents to two layers of magnetic 
masses at faces \]:5	and \*]*:*5*. 
 
Therefore, the field of the currents is equivalent to the field of 
magnetic masses laying on the two planes \]:5 and \*]*:*5*. 
At each point, magnetic mass density and > are equal:  

 
                    F  >                                                       (9) 

 
The field of magnetic masses, being Newtonian, is rather easy 
to evaluate as explained above. 
 

3.7. Experimental check 

The theoretical formulation given above has been checked 
experimentally, with the data given in the introduction. The 
depth of the crack was 5E^ℎ  )**  2. The ' 
component of the magnetic field of both the flawless plate and 
the cracked one are zero at the center of the plate ( = 0). For 
the case  = 45, the magnetic field is represented by 
figure 9. The difference of experimental (see appendix 2) and 
theoretical values is very small (2%), as shown in figure 9. 

 
                (A) 

 

 
                 (B) 

Figure9: Theoretical (a) and experimental (b) values of 4 in 
the case of the flawless plate (A), and of the defective (B) one 
for  = 45. 

4. Conclusion 
In this paper, we have examined the expression of the 
magnetic field of induced currents under two different forms. 
The first is Maxwell’s formulation which is a partial 
differential equation which has to be solved. The second one is 
Ampere’s expression which consists of closed form 
differential elements which just have to be added up. The 
latter formulation considerably simplifies the computation 
process and reduces the computing time.  
 
We have also pointed out that the magnetic masses are easily 
defined by a current function > whose spatial derivatives are 
the current densities. 
 
We have also given an example of a zero volume crack which 
can be easily represented by an equivalent fictitious sources of 
currents, following the well known Thevenin’s or Babinet’s 
principle. 

 
The results have been carefully checked with our experimental 
set up. Good agreement between theory and experiment has 
been found. 
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APPENDIX 1: INDUCED CURRENTS IN THE 
FLAWLESS PLATE  

 
For figure 1.a and figure 1.b, we choose a direct reference 
frame Oxyz with Ox parallel to the induced field and Oz 
denoting the vertical direction. Thus the potential vector, 
created by the excitation field inside the plate, at point 
M	Mf, Mg, is directed in the Oy direction and  its value is:  

 
A	Mf, Mg = B ∗ Mg	. 

 
Since the skin depth of aluminum at 180&' is twice as large 
as the plate thickness, the corresponding current density is: 

 
jfMf, Mg = Y

k
lmno,np

lq = r
k BsMgsinωt, 

 
which means that the current lines are parallel to Oy [26 to 
30]. 
 

 
Figure APPENDIX 1: Determination of the induced eddy 
currents density jf. 

 
 

APPENDIX 2: SHORT DESCRIPTION OF THE 
EXPERIMENTAL SET UP 

 
The excitation field is created by a Helmholtz coil pair &, with 
a cross section of 12	 × 15	 each, an external diameter 
of 240 and with a spacing of 120. The aluminum 
plate I is mounted on a horizontal stage, thus allowing 
movement along the  and 2 directions. The vertical 
component of the induction field is measured by a sensor H 
which, in the present case, is a Hall effect micro-sensor [31], 
associated with a lock-in amplifier which allows a 
synchronous detection. 

 

 
Figure APPENDIX 2: Instrumental set-up. 

APPENDIX 3: EQUIVALENCE BETWEEN THE 
AMPERE’S AND MAXWELL’S STATEMENTS 

 
Consider a current loop F, equivalent to a double layer made of 
positive and negative charges. The absolute value of the 
charge density is x

xy = z
{. Consider a closed circuit divided in 

)|  and  )| , where the distance between ) and  may become 
infinitesimally small (figure Appendix 3). According to 
Poisson’s theorem, 

 
∮ &5= =~ W &5= +Z

[ W &5= = 0[
Z . 

 
Now, & = x

xy  is oriented form ) to , and W &5= = − x
xy G[

Z , 

so that W &5= = − W &5= = + x
xy G[

Z
Z

[ = F, which is 

Maxwell’s expression ∮ &5= =~ F, if the distance between ) 
and  is becoming infinitesimally small. 
 

 
Figure APPENDIX 3: Equivalence between Ampere’s and 
Maxwell’s expressions of the Ampere’s theorem. 
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Abstract
This paper focuses on the derivation of enhanced
transmission-line models allowing to describe, in time and
frequency domain, a realistic interconnect with the inclu-
sion of external uncertainties, like process variations or
routing and layout uncertainties. The proposed method,
that is based on the expansion of the well-known telegraph
equations in terms of orthogonal polynomials, turns out to
be accurate and more efficient than alternative solutions
like Monte Carlo method in determining the transmission-
line response sensitivity to parameters variability. More-
over, an implementation into standard circuit analysis tools
such as SPICE is possible. Two application examples based
on PCB structures of common use in commercial packages
conclude the paper.

1. Introduction
Nowadays, the numerical simulation of interconnect struc-
tures is a fundamental step in the design phase due to the
urging necessity to perform right-the-first-time designs. In
this regard, several tools are available, although they are
usually deterministic and this represents a strong limitation
whenever manufacturing tolerances or uncertainties on de-
sign parameters cannot be neglected. In this framework,
the stochastic analysis is a tool that is extremely useful in
the early design phase for the prediction of the system per-
formance and for setting realistic design margins. Relevant
examples are provided by the process-induced variability
or routing decisions that unavoidably impact on the perfor-
mance of PCB lines.

The typical resource allowing to collect quantitative in-
formation on the statistical behavior of the circuit response
is based on the application of the brute-force Monte Carlo
(MC) method, or possible complementary methods based
on the optimal selection of the subset of model parameters
in the whole design space. Such methods, however, are
computationally expensive, and this fact prevents us from
their application to the analysis of complex realistic struc-
tures.

Recently, an effective solution that overcomes the pre-
vious limitation has been proposed. This methodology is
based on the polynomial chaos (PC) theory and on the rep-
resentation of the stochastic solution of a dynamical circuit
in terms of orthogonal polynomials [1]. PC technique en-

joys applications in several domains of Physics; we limit
ourselves to mention that the authors of this contribution
proposed an extension of PC theory to distributed structures
described by transmission-line equations [2]. Furthermore,
a SPICE implementation of this methodology and its ex-
tension to lumped circuit elements has been recently pro-
vided [3].

This paper extends the PC theory to the stochastic sim-
ulation of a realistic interconnected structure consisting of a
cascade connection of distributed multiconductor intercon-
nects and lumped multiport circuits. Both frequency- and
time-domain results are presented, being the latter obtained
through either harmonic superposition or SPICE simula-
tion. In addition, an extension in the formulation allowing
to account for variability in the interconnect length will be
presented. The feasibility and strength of the proposed ap-
proach are then further validated by means of the stochastic
simulation of two realistic structures, for which the effects
of uncertainties in the system parameters are predicted and
analyzed.

2. Polynomial Chaos Primer
This Section provides a brief overview of the PC method.
The idea underlying this technique is the spectral expansion
of a stochastic function (intended as a given function of a
random variable) in terms of a truncated series of orthogo-
nal polynomials. Within this framework, any function H ,
carrying the effects of variability, can be approximated by
means of the following truncated series [4]

H(. . . , !) =
P!

k=0

Hk(. . .) · "k(!), (1)

where {"k} are suitable orthogonal polynomials expressed
in terms of the random variable !. The above expression is
defined by the class of the orthogonal bases, by the number
of terms P + 1 (limited to the range from 2 to 20 for prac-
tical applications, depending also on the number of random
variables considered) and by the expansion coefficients Hk.
The choice of the orthogonal basis relies on the distribution
of the random variables. Uncertainties arising from fabri-
cation tolerances turn out to be properly characterized in
terms of Gaussian variability. Hence, the most appropri-
ate orthogonal functions for the expansion (1) are the Her-
mite polynomials, the first three being "0 = 1, "1 = !
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Figure 1: Test structure used to demonstrate the proposed approach.

and "2 = !2 ! 1, where ! is the standard normal random
variable with zero mean and unit variance. It is relevant to
remark that any random parameter in the system, e.g., the
substrate permittivity #r, can be related to ! as follows

#r = #̄r + $!!, (2)

where #̄r and $! are the mean value and standard deviation,
respectively. The orthogonality property of Hermite poly-
nomials is expressed by

< "k,"j >=< "k,"k > %kj , (3)

where %kj is the Kronecker delta and < ·, · > denotes the
inner product in the Hilbert space of the variable ! with
Gaussian weighting function, i.e.,

< "k,"j >=
1"
2&

" !

"!
"k(!)"j(!)exp(!!2/2)d!. (4)

When the variability is more properly characterized in
terms of uniform distribution, Legendre polynomials "0 =
1, "1 = !, "2 = 3

2!
2 ! 1

2 , etc., can be used. In this case,
! in uniform in the range [!1, 1] and the inner product is
defined as

< "k,"j >=
1

2

" 1

"1
"k(!)"j(!)d!. (5)

With the above definitions, the expansion coefficients
Hk of (1) are computed via the projection of H onto the or-
thogonal components "k. It is worth noting that relation (1),
which is a known nonlinear function of the random variable
!, can be used to predict the probability density function
(PDF) of H(!) via numerical simulation or analytical for-
mulae [5].

The basic results of PC theory outlined above can be
extended to the case of multiple independent random vari-
ables. However, for the sake of brevity, the formal devel-
opment (consisting in the application of orthogonality rela-
tions to build higher dimensional polynomials as the prod-
uct combination of polynomials in one variable) is omitted
here and readers are referred to [2].

w tkdw

!r h

Figure 2: Microstrip cross-section for the interconnects in
Fig. 1.

3. Stochastic Simulation of Interconnected
Structures

This Section summarizes the proposed procedure for the
stochastic simulation of a complex interconnected structure
like the one shown in Fig. 1. The depicted scheme pro-
vides an exemplification of a typical high-speed data link
composed by two transmitters (represented by the Thévenin
sources on the left) driving a distributed – possibly mul-
ticonductor – interconnect terminated by digital receivers
(here assumed linear and simply described by their ZL1,2

input impedances). The interconnect is supposed to be
composed by two identical sections linked by a connector
represented by a simple LC equivalent.

The proposed strategy is the following: (i) generate ex-
tended stochastic models for the different parts composing
the cascaded structure. The extended models are obtained
by expanding the characteristics of the different circuit el-
ements involved in the scheme of Fig. 1 according to (1);
(ii) simulate the entire structure in the frequency domain
by suitably concatenating these models. If a time-domain
calculation is desired, in principle this can be accomplished
through harmonic superposition.

3.1. Stochastic Model for Distributed Lines

For the sake of simplicity, the discussion is based on a loss-
less three-conductor line, as the coupled microstrip struc-
ture shown in Fig. 2, in presence of a single random pa-
rameter. Futhermore, Gaussian variability is assumed. The
wave propagation on the distributed parts of the structure
is governed by the telegraphers equation in the Laplace do-

2



main [6]

d

dz

#
V(z, s)
I(z, s)

$
= !s

#
0 L
C 0

$ #
V(z, s)
I(z, s)

$
. (6)

In the above equation, s is the Laplace variable,
V = [V1(z, s), V2(z, s)]T and I= [I1(z, s), I2(z, s)]T are
vectors collecting the voltage and current variables along
the multiconductor line (z coordinate) and C and L are the
p.u.l. capacitance and inductance matrices, depending on
the geometrical and material properties of the structure.

The solution of a transmission-line equation like (6)
is given by the combination of its chain parameter matrix
(CPM), that writes

TTL(L, s) = expm

%
!s

#
0 L
C 0

$
L
&
, (7)

where expm denotes the matrix exponential, with the
boundary conditions defined by the port electrical relations
of the terminal elements defining the source and the load.
The CPM relates voltages and currents at the two extremi-
ties of the block, i.e.,
#
V(L, s)
I(L, s)

$
=

#
TTL,11(L, s)TTL,12(L, s)
TTL,21(L, s)TTL,22(L, s)

$#
V(0, s)
I(0, s)

$
. (8)

In Fig. 1, z = 0 corresponds to the sections indicated
with either a or c, whereas z = L corresponds to the section
b or d. By defining for notation convenience Xa,b(s) =
[Va,b(s), Ia,b(s)]T , (8) can be rewritten as

Xb(s) = TTL(L, s)Xa(s) (9)

and a similar relation holds between sections c and d.
When the problem becomes stochastic, in order to ac-

count for the uncertainties affecting the guiding structure,
we must consider the p.u.l. parameters as random quanti-
ties, with entries depending on the random variable !. In
turn, (6) becomes a stochastic differential equation, leading
to randomly-varying voltages and currents along the line.
Therefore, they also depend on !.

The expansion (1) of the p.u.l parameters and of the un-
known voltage and current variables in terms of Hermite
polynomials, yields a modified version of (6), whose sec-
ond row becomes

d
dz (I0(z, s)"0(!) + I1(z, s)"1(!) + I2(z, s)"2(!)) =

!s(C0"0(!) +C1"1(!) +C2"2(!))(V0(z, s)"0(!)+

+V1(z, s)"1(!) +V2(z, s)"2(!)),
(10)

where a second-order expansion (i.e., P = 2) is assumed;
the expansion coefficients of electrical variables and of
p.u.l. parameters are readily identifiable in the above equa-
tion.

Projection of (10) and of the companion relation arising
from the first row of (6) on the first three Hermite polyno-
mials leads to the following augmented system, where the

random variable ! does not appear explicitly, due to the in-
tegral projection form given in (4):

d

dz

#
Ṽ(z, s)
Ĩ(z, s)

$
= !s

#
0 L̃
C̃ 0

$ #
Ṽ(z, s)
Ĩ(z, s)

$
. (11)

In the previous equation, vectors Ṽ = [V0,V1,V2]T

and Ĩ= [I0, I1, I2]T collect the different coefficients of the
polynomial chaos expansion of the voltage and current vari-
ables. The new p.u.l. matrix C̃ turns out to be

C̃ =

'

()
C0 C1 2C2

C1 (C0 + 2C2) 2C1

C2 C1 (C0 + 4C2)

*

+, (12)

and a similar relation holds for matrix L̃.
It is worth noting that (11) is analogous to (6) and plays

the role of the set of equations of a multiconductor trans-
mission line with a number of conductors that is (P + 1)
times larger than those of the original line. It should be
also remarked that the increment of the equation number
is not detrimental for the method, since for small values of
P (as typically occurs in practice), the additional overhead
in handling the augmented equations is much less than the
time required to run a large number of MC simulations.

As far as the solution of the stochastic problem is con-
cerned, the augmented equation (11) is used in place of (6),
as well as the corresponding CPM, that becomes

T̃TL(L, s) = expm

%
!s

#
0 L̃
C̃ 0

$
L
&
. (13)

The augmented CPM relates the coefficients of
the voltage and current variables (i.e., X̃a,b(s) =
[Ṽa,b(s), Ĩa,b(s)]T ) at the line extremities.

Readers are referred to [2] for additional details on the
formulation for multiple random variables. Moreover, ex-
tension of the procedure to the general case of lossy trans-
mission lines is straightforward, and amounts to including
the resistance and conductance matrices in (6) and the cor-
responding augmented matrices – resulting from their ex-
pansion – in (11) and (13).

3.2. Stochastic Model for Lumped Blocks

Again, the discussion is referred to Fig. 1. The multiport
equation for the LC block writes

Xc(s) = TC(s)Xb(s), (14)

where Xc(s) = [Vc(s), Ic(s)]T and

TC(s) =

#
TC,11(s) TC,12(s)
TC,21(s) TC,22(s)

$

=

'

(()

1 0 !sL 0
0 1 0 !sL

!sC 0 1 + s2LC 0
0 !sC 0 1 + s2LC

*

++, .

(15)
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When we intend to include the variability of the connec-
tor parameters, we must consider the LC elements as ran-
dom quantities and expand the circuit equations in terms of
Hermite orthogonal polynomials, as already done for the
case of distributed interconnects. By introducing a new
random variable ', possibly different from the variable !
that affects the distributed part, the second-order expansion
of (14) yields

Xc,0"0(') +Xc,1"1(') +Xc,2"2(') =

(TC,0"0(') +TC,1"1(') +TC,2"2('))(Xb,0"0(')

+Xb,1"1(') +Xb,2"2(')).
(16)

Again, projection onto the first three Hermite polynomi-
als leads to the following deterministic augmented system

X̃c(s) = T̃C(s)X̃b(s), (17)

where X̃c(s) = [Ṽc(s), Ĩc(s)]T collects the coefficients of
the PC expansion of the voltage and current variables at
section c. The four blocks of T̃C turn out to be

T̃C,ij =

'

)
TC,ij,0 TC,ij,1 2TC,ij,2

TC,ij,1 (TC,ij,0 + 2TC,ij,2) 2TC,ij,1

TC,ij,2 TC,ij,1 (TC,ij,0 + 4TC,ij,2)

*

,,

(18)
with i, j = 1, 2. Also in this case, the augmented equations
belong to the same class as the initial ones, and the system
matrices have the same structure as in (12). The extension
to multiple random variables is in principle obtainable as
for the case of distributed structures.

3.3. Incorporation of the Boundary Conditions

The simulation of a structure like the one of Fig. 1 amounts
to combining the port electrical relations of the two termi-
nal elements defining sources (transmitters) and loads (re-
ceivers) with the overall CPM, resulting from the cascaded
connection of the two transmission-line sections and the
lumped network. According to the properties of the CPM,
the overall matrix is given by the product of the matrices of
the individual blocks. For the stochastic case, this leads to:

T̃ = T̃TLT̃CT̃TL. (19)

It should be noted that in general the generation of each
extended model in (19) must be carried out including all
the random variables in the problem (! and ', in this case),
whether they affect all blocks or only a part of them, in
order to have a consistent representation of all blocks for
the concatenation.

When dealing with augmented models, also the port re-
lations – although here no variability is assumed on the ter-
minations – must be written in an extended form, in order to
allow their combination across sections a and d, similarly
to what is done in (19) for the continuity across sections b
and c. This will represent the last step in the development
of the presented methodology.

For the example of Fig. 1, the port equations at the ter-
minations become

-
Va(s, !,' ) = VS(s)! ZS(s)Ia(s, !,' )

Vd(s, !,' ) = ZL(s)Id(s, !,' ),
(20)

with VS(s) = [E1(s), E2(s)]T and ZS,L =
diag([ZS1,L1, ZS2,L2]). These deterministic terms
can be considered as a zero-order expansion, thus pro-
portional to "0. Expansion of (20) and the subsequent
projection onto Hermite polynomials leads to

-
Ṽa(s) = ṼS(s)! Z̃S(s)Ĩa(s)

Ṽd(s) = Z̃L(s)Ĩd(s),
(21)

where in this specific case ṼS(s) = [VS(s), 0 . . . 0]T ,
while Z̃S(s) and Z̃L(s) are diagonal, due to the absence
of variability on the termination networks. If needed, the
above equations can be suitably modified to account for
variability in the characteristics of the source and load ele-
ments.

The solution of the stochastic system is achieved via
the standard procedure used for combining the boundary
conditions with the equations given by the CPM [6]. As an
example, the source and load currents can be computed as

.
Ĩa = A"1b
Ĩd = T̃21ṼS + (T̃22 ! T̃21Z̃S)Ĩa,

(22)

where
.

A = T̃11Z̃S + Z̃LT̃22 ! T̃12 ! Z̃LT̃21Z̃S

b = (T̃11 ! Z̃LT̃21)ṼS ,
(23)

whereas the voltages are obtained from (21).

3.4. Frequency-Domain Stochastic Analysis

Once the unknown voltages and currents are computed,
the quantitative information on the spreading of circuit re-
sponses can be readily obtained from the analytical ex-
pression of the unknowns. As an example, the frequency-
domain solution of the terminal voltage Vd2, arising
from (21) and (22) with a single random variable ! and
P = 2, is

Vd2(j(,! ) = Vd2,0(j() + Vd2,1(j()!+

+ Vd2,2(j()(!2 ! 1),
(24)

where the first numerical index denotes the conductor and
the second one denotes the expansion term. The above
relation can be used for instance to compute the PDF of
|Vd2(j(,! )|.

4. Time-Domain Stochastic Analysis
Several techniques can be adopted to apply PC modeling
also to time-domain simulation, depending on the wave-
form and circuit characteristics.
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4.1. Harmonic Superposition

The time-domain response can be readily obtained from the
frequency-domain solution by considering a periodic input
source and expressing it in terms of a truncated Fourier se-
ries

e(t) # c0 +
N!

n=1

cne
j2"fnt + c#ne

"j2"fnt, (25)

where c0 is the signal average over one period and cn
is the complex Fourier coefficient for the n-th harmonic
at frequency fn. Being the system of Fig. 1 linear, its
time-domain behaviour is in principle obtainable by the su-
perposition of the analyses carried out for all signal har-
monics. For the individual solution at frequency fn, the
voltage sources of Fig. 1, appearing also in (20), are re-
placed by their n-th harmonic components, i.e., E1,2(sn) =
E1,2(j2&fn) = cn,1,2. The time-domain expression of the
output voltage vd2(t,! ) is then obtained as a linear super-
position of harmonics:

vd2(t,! ) = v0 +
/N

n=1

0
Vd2(j2&fn, !)ej2"fnt+

V #
d2(j2&fn, !)e

"j2"fnt
1
,

(26)

where v0 is the DC term, obtained from a DC calculation,
and the output coefficients Vd2(j2&fn, !) are computed ac-
cording to (24). The linearity of Fourier decomposition as-
sures that the PC structure is preserved also for the time-
domain expression of the output:

vd2(t,! ) = v0 + vd2,0(t) + vd2,1(t)! + vd2,2(t)(!2 ! 1),
(27)

where

vd2,j(t) =
N!

n=1

Vd2,j(j2&fn)e
j2"fnt+V #

d2,j(j2&fn)e
"j2"fnt

(28)
with j = 0, 1, 2.

4.2. SPICE Implementation

An alternative solution, suitable for lossless lines with
non-periodic inputs, is the implementation of the aug-
mented transmission-line equations (11) into standard anal-
ysis tools such as SPICE [3]. This can be easily achieved by
means of the generalized Branin’s equivalent for multincon-
ductor transmission lines [6], that is suitable for handling
also non-symmetric p.u.l. matrices, as typically occurs in
the generated augmented systems (cf. (12)). Of course, the
created model is also suited to carry out frequency-domain
simulations.

Besides new p.u.l. parameters, also new boundary con-
ditions (i.e., line terminations) must be defined in order to
solve (11). As shown in Sec. 3.3, when considering lin-
ear lumped terminations in the form of Thévenin or Norton
equivalents and when no variability is attributed to them
(as considered in this contribution), this simply amounts to
replicating the original termination impedances on the ad-
ditional conductors. On the other hand, no replication is

z z +!z

Lii!z

Ljj!z

!Cij!z

N
!

k=1

Cjk!z

N
!

k=1

Cik!z

Lij!z

i

j

...

...

!z = lim
N!"

L

N

Figure 3: Per-unit-length equivalent circuit for multicon-
ductor transmission lines.

required for independent sources. Readers are referred to
[3] for the derivation of SPICE stochastic models for linear
lumped elements.

5. Uncertainty in the Interconnect Length
The advocated stochastic models can take into considera-
tion any variation in the p.u.l. parameters, i.e., in the in-
terconnect cross-section. Nonetheless, they can be adapted
to account also for uncertainties in the interconnect length,
whose inclusion is of paramount importance when the rout-
ing decisions are not a priori known [7].

Figure 3 shows the p.u.l. equivalent circuit describing
telegraph equations, whose solution is bound to the compu-
tation of the chain-parameter matrix (7). From both Fig. 3
and (7), it is clear that in principle nothing changes if L, C
and L are replaced by L$ = L · L, C$ = C · L and L$ = 1
m, respectively. Yet, thanks to this definition, variations of
the length L can be associated to L$ and C$, that act as the
p.u.l. parameters of an equivalent line of length 1 m.

As an example, if the random interconnect length can
be expressed by means of the following series

L = L0"0(!) + L1"1(!) + . . . , (29)

it is possible to study the equivalent line whose random
p.u.l. parameters are given by

L$ = (LL0)"0(!) + (LL1)"1(!) + . . .

C$ = (CL0)"0(!) + (CL1)"1(!) + . . .
(30)

which are analogous to (1). Therefore, the same procedure
described in Section 3 can be used.

In the general case, i.e., when the p.u.l. parameters are
random themselves and also expressed according to (1), the
following relations can be used to determine the expansion
coefficients of the equivalent p.u.l. parameters L$ and C$:

[. . . ,L$
k, . . .]

T = L̃[. . . ,Lk · I, . . .]T

[. . . ,C$
k, . . .]

T = C̃[. . . ,Lk · I, . . .]T ,
(31)
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where I denotes the identity matrix, while L̃ and C̃ are the
augmented parameters associated to the original line.

6. Applications and numerical results
In this section, the proposed technique is applied to the
analysis of two different PCB structures. Both frequency-
domain and time-domain simulations are presented, carried
out by means of both MATLAB and SPICE.

6.1. Structure #1

In this section, the proposed technique is applied to the
analysis of the structure of Fig. 1, where the transmission
lines are 5-cm long and have the cross-section of Fig. 2
with the following nominal parameters: w = 100µm,
d = 80µm, h = 60µm, tk = 35µm, #r = 3.7. The
values of the connector parameters are L = 3 nH and
C = 0.4 pF. The line is excited by ideal linear drivers (one
active and one off), whose equivalent series impedances
are ZS1 = ZS2 = 25! and ZL1 = ZL2 = sCL, being
CL = 10 pF.

The randomness is provided by the substrate parame-
ters, i.e., h and #r, that are considered to be the same for
both the transmission lines, as well as by the lumped ca-
pacitance C. These parameters are considered as three in-
dependent Gaussian random variables with a relative stan-
dard deviation of 10%. The total number of terms P + 1
(corresponding also to the magnification of the size with
respect to the original system) is given by

P + 1 =
(p+ n)!

p!n!
, (32)

where n is the number of random variables and p is the
order of accuracy, that represents the maximum degree of
the polynomials used for the expansion.

The approximate relations given in [8] were used to
numerically compute the PC expansion of the p.u.l. pa-
rameters of the coupled microstrips, whereas the expansion
of the CPM for the lumped block is analytically obtained
from (15).

In the first example the structure is analyzed in fre-
quency domain. Figure 4 shows the transfer functions be-
tween the voltage source and the two right-end termina-
tions. The black thick lines represent the response of the
structure for the nominal values of its parameters, while the
thinner black lines indicate the limits of the ±3$ bound ($
being the standard deviation) determined from the results
of the proposed technique. Finally, a qualitative set of 100
MC simulations is plotted using gray lines. Clearly, the pa-
rameter variations lead to a spread in the transfer function,
that is well predicted by the estimated 3$ limits.

Often the knowledge of the standard deviation repre-
sents a limited information, since the quantitative infor-
mation about how the values are distributed is missing.
Nonetheless, from the analytical PC model we can also
obtain the probability density function of the system re-
sponses. Figure 5 compares the PDFs of |Vd2/E1| com-
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Figure 4: Magnitudes of |Vd1(j()/E1(j()| and
|Vd2(j()/E1(j()| for the variability of substrate pa-
rameters and connector capacitance. Solid black thick line:
deterministic response; solid black thin line: ±3$ limits
of the third-order PC expansion; gray lines: a sample of
responses obtained by means of the MC method (limited to
100 curves, for graph readability).
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Figure 5: Probability density function of
|Vd2(j()/E1(j()| computed at different frequencies.
The distributions marked MC refer to 40,000 MC simu-
lations, whereas those marked PC refer to the response
obtained via a third-order PC expansion.

puted at three different frequencies by means of the PC
technique with those generated after 40,000 MC simula-
tions. The frequencies correspond to the dashed vertical
lines shown in Fig. 4.

The good agreement between the actual and the pre-
dicted PDFs and, in particular, the accuracy in reproducing
the tails and the large variability of non-Gaussian shapes of
the reference distributions, confirm the potential of the pro-
posed method. For this example, it is also clear that a PC
expansion with order 3 (i.e., P + 1 = 20) is already accu-
rate enough to capture the dominant statistical information
of the system response.

Figure 6 shows the results for a time-domain analysis
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terministic response; solid black thin line: ±3$ limits of
the third-order PC expansion; gray lines: a sample of re-
sponses obtained by means of the MC method (limited to
100 curves, for graph readability).
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Figure 7: Probability density function of vd2(t) computed
at different time points. The distributions marked MC refer
to 40,000 MC simulations, whereas those marked PC refer
to the response obtained via a third-order PC expansion.

on the same structure. In this case the time-domain voltage
source e1(t) is a trapezoidal wave with an amplitude of 1 V,
rise and fall times of 100 ps, duty cycle 50% and total pe-
riod of 5 ns. Harmonic superposition with N = 30 harmon-
ics is considered for the calculations. Figure 7 shows the
PDFs computed at three time points, analogously to what
was done for the frequency-domain analysis. Again, a PC
expansion with 20 terms is accurate enough.

Finally, Tab. 1 collects the main figures regarding the
efficiency of PC method. The reported times are referred
to the quantitative stochastic simulation of the structure of
Fig. 1, which is performed within MATLAB both in time
and frequency domain. For fairness, the table includes also
the overhead introduced by PC due to the building of the
augmented matrices. Nevertheless, the speed-up observed
is over two orders of magnitude.

Table 1: CPU time required by the stochastic simulation
of the structure of Fig. 1 by means of the MC and of the
proposed PC-based method.

Method Order Simulation time Speed-up

Time domain
MC – 2 h 15 min –
PC 3 11.9 s 680$
PC 4 24.9 325$

Frequency domain
MC – 14 min –
PC 3 5.9 s 140$
PC 4 7.5 110$

d

d

d

d

L

Figure 8: Interconnect geometry for the proposed applica-
tion #2.

6.2. Structure #2

Layout and routing uncertainties may significantly affect
signal integrity in interconnects at the package and board
level as well [7]. Let us consider the geometry in Fig. 8,
that represents the wiring between two components on the
same substrate. The cross-section of this microstrip inter-
connect is shown in Fig. 9. Several sources of uncertainty
may be present. First, routing decisions as well as the dis-
placement between the two components impact on the in-
terconnect length. For high-speed applications, the general
trend is to minimize the path in order to avoid degrada-
tions. Therefore, a variation in the range 5 ± 0.5 cm is a
reasonable assumption. In the example of Fig. 8, a second
source of uncertainty is provided by the pad pitch for the
two components, that in fact defines the trace separation. In
this application, it is supposed to vary in the range 2.5 ± 1
mm. Finally, a fine control of the substrate properties is
sometimes prohibitive, depending on the process technol-
ogy. For instance, variations of the permittivity in the range
4.5± 0.25 are likely to be expected. These three sources of
variation represent an example of the most influential that
can be expected in a problem like the one sketched in Fig.
8. All the remaining parameters are considered to assume
fixed values, i.e., w = 1 mm, h = 0.2 mm and tk = 0.03
mm.

In order to validate the flexibility of the proposed ap-
proach, a SPICE polynomial chaos model for the intercon-
nect in Fig. 8 is created that accounts for the aforemen-
tioned variations, which are all considered as uniform. As
such, Legendre polynomials represent the optimal choice
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Figure 9: Microstrip cross-section for the interconnect in
Fig. 8.
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Figure 10: Mean value (top panel) and standard deviation
(bottom panel) of the voltage transmitted at the far end of
the middle trace, computed with both MC and PC.

for the basis {"k}. First, a transient simulation is per-
formed. The center trace is driven at the near-end side with
a current source in shunt connection with a 50-ohm resis-
tance. The source waveform is a Gaussian pulse of peak
amplitude of 0.1 A, occurring at about t = 320 ps, and 3
dB width of about 60 ps. All the other terminations are RC
loads with a 50-ohm resistance and a capacitance of 10 pF.
Figure 10 shows the mean value and the standard deviation
for the signal propagated at the far-end side vFE(t), com-
puted with HSPICE both from the PC model and by means
of 10,000 simulations carried out with the available MC
feature. Figure 11 shows the PDF of the far-end crosstalk
vFEXT (t) computed at t = 650 ps instead. Of the two
PC curves, the one marked (ii) is computed by increasing
the expansion order from 2 to 3 w.r.t. the one marked (i),
thus showing that the number of terms can be effectively
increased to achieve a better accuracy.

A frequency sweep is also performed for the struc-
ture under consideration. In this case, the transient current
source is replaced by a phasor with amplitude 1 A and phase
zero. All the other parameters are left unchanged. The in-
terconnect system is simulated up to 5 GHz. Mean value
and ±3$ estimations are reported in Fig. 12 for the far-end
crosstalk. A set of MC responses is included as well, thus
confirming that the 3$ bound provides a valuable informa-
tion about the spread of the response. Figure 13 shows a
PDF of the signal propagated on the driven trace instead.

Finally, Tab. 2 collects the computational times and the
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Figure 11: PDF of far-end crosstalk at t = 650 ps, com-
puted with both MC and PC. In the latter case, two models
with different accuracy were used.
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Figure 12: Far-end crosstalk. Solid black lines: mean value
(thicker one) and ±3$ limits (thinner ones) computed with
MC; crosses and circles: mean value and ±3$ limits ob-
tained from the PC model; gray lines: a sample of responses
obtained by means of MC method (limited to 100 curves for
graph readability).
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Figure 13: PDF of the far-end transmission (on the middle
trace) at f = 2.5 GHz, computed with both MC and PC.

memory required by the simulations. From these results it
is clear that PC allows to obtain the same information as
MC, with comparable accuracy but a great efficiency im-
provement.
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7. Conclusions
This paper addresses the uncertainty-aware analysis for the
design of realistic board-level interconnections. The pro-
posed approach is based on the expansion of the governing
equations onto a basis of orthogonal polynomials. The re-
sult is a modified model that inherently takes possible ran-
dom variations of the interconnect parameters into account.
Nonetheless, the generated stochastic models can be im-
plemented and solved into standard circuit analysis tools
such as SPICE. The method offers comparable accuracy
and improved efficiency with respect to alternate methods
like Monte Carlo simulations. Two realistic application ex-
amples involving high-speed PCB links are used to demon-
strate the feasibility and strength of the approach.

Table 2: CPU time and memory required by the HSPICE
simulations by means of the MC feature or the proposed
PC-based method.
Method Simulation time Memory usage Speed-up

Time domain
MC 16 min 8554 kb –

PC (i) 5 s 1947 kb 190$
PC (ii) 50 s 8155 kb 19$

Frequency domain
MC 10 min 48 s 163 kb –
PC 3 s 8146 kb 210$
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Abstract

This communication deals with the a priori estimation of
the statistical uncertainty budget in a reverberation cham-
ber. Under the assumption of an ideal random field, given a
sample of N independent measurements, the theoretical per-
formance of a stirring process is defined from the starting
point of the acquisition identically and independent mea-
surement data . However, in a real reverberation chamber,
there is no proof for independence of individual measure-
ments although we may check for correlation within data.
A direct method may consist in quantifying the empiri-
cal uncertainty of the statistical first moment. According
to the central limit theorem, this follows a gaussian prob-
ability density function. In fact, given an appropriate esti-
mation of the standard deviation of the estimation of the
moment of the parent distribution, thus uncertainty budget
may be evaluated. This paper discusses some experiment
results that deals with either frequency stirring or mechani-
cal stirring procedures. These measurements tends to prove
that frequency stirring is an easier way to provide as many
independent measurements as anticipated from correlation
analysis between consecutive realizations (frequency steps)
. However, mechanical stirring may not operate with the
same efficiency.

1. Introduction

Reverberation chambers are nowadays used for many
applications ranging from EMC measurements (immunity
testing) to Radio Frequencies applications. A reverbera-
tion chamber operates as an oversized electromagnetic cav-
ity where some modifications of the boundary ce onditions
and/or excitation are able to drastically modify the field dis-
tribution in a quasi-random way [1][2] . Finally, a reverber-
ation chamber measurement is based on the post-processing
of a set of currents, voltages measured in one or differ-
ent places in the working volume of the chamber. Post-
processing techniques consist in providing a statistic of this
sample which is mainly obtained through a selected stir-
ring procedure. The stirring process must be good enough
to provide a stochastic sequence of measured values. Thus,
in principle, if one gets a sample of size N

iid

made up of
statistically independent measurements the theoretical un-
certainty budget may be determined. As far as the first mo-
ment estimation is concerned, it follows the central limit
theorem [3]. As predicted from the plane wave spectrum
theory, the underlying probability density functions (pdfs),

at least in a well-oversized cavity, is either gaussian or that
of a combination of normal (Gaussian) independent vari-
ables depending on the physical parameter under investiga-
tion. Numerous experimental results confirm this prediction
of the plane wave spectrum theory. For example, a rectan-
gular projection of the electric field follows a Rayleigh dis-
tribution. Therefore, the estimation of the first moment of
this projection would be given by :

b
E ⇠ p

Norm

(µ,
�p
N

iid

) (1)

where µ and � are, respectively, the moment and the
standard deviation of the underlying Rayleigh distribution ,
in this case related to each other as � ⇡ 0, 52µ and p

Norm

is the pdf of a Gaussian distribution.
Therefore, in a well oversized reverberation chamber

the statistical uncertainty budget would be only dependent
on the size sample, N

iid

. This sample may be obtained
through any stirring process (mechanical stirrer, frequency
hopping or receiver/transmitter stirring) or a combination of
these. The common method for choosing an adequate stir-
ring process is to check that measurements are uncorrelated.
In practice, given a reasonable estimation of the correlation
among individual measurements, one checks that correla-
tion is not detected [4]. However, even a very residual cor-
relation has been proved to break the rule given by (1) [5].
Last but not least, in case we could claim that correlation
observed through a given correlation operator does not ex-
ist, it is only a necessary condition for independence, but it
does not prove independence. In the case of a mechanical
stirrer, we may suspect that a correlation operator would
not be sensitive to some types of correlation that may ap-
pear between non adjacent positions of the stirrer [6]. The
limited density of propagating modes may support this hy-
pothesis. This paper discusses two correlation models and
then introduces a discussion about some experimental re-
sults aiming at determining the uncertainty budget of the
ensemble average estimation.

2. Correlation models and effective sample

size

Analysis of the correlation between individual realiza-
tions of a given sample is not by far en easy process. The
relationship between correlation and the various physical
parameters of a reverberation chamber is not well known.
Various hypothesis may be considered. The stirring process



suggests that there are at least two types of correlations. A
well known factor for correlation is due to an unsufficient
modification of the boundary conditions of the electromag-
netic field between consecutive stirrer positions, frequen-
cies of operation, or movement of a transmitter/receiver
in the RC. Correlation for these various stirring processes
may be studied through a model of correlation that supp-
poses that equal changes induce equal correlations. It’s ob-
viously a rough approximation that may be not always con-
sistent for example with any mechanical stirrer geometry
and shape. Once the consecutive correlation between real-
izations is made negligible, the question of correlation is
bound to the fact that the random properties of the RC are
related to the number of modes involved in the stirring pro-
cess. Then, a set of realizations yield to partially correlated
data. This suggests a simple hypothesis of a residual and
maybe uniform or average correlation.

The following subsections provide a quick analysis of
these two correlation models, i.e., the uniform residual cor-
relation and the persistent correlation between consecutive
realizations. Note that these models do not exclude each
other.

2.1. Variance of the average estimation of independent

data

We start with X = (X1, X2,..., Xn�1, XN

) a sample
of size N individual measurements in a reverberation cham-
ber. In the following development, one is interested to esti-
mate the variance of µ̂ w hich is the estimation of the first
moment. The variance of this estimator is indeed an indica-
tion of the statistical uncertainty budget in the reverberation
chamber according to (1 ).

The variance of this set of data is given by :

var(
NX

i=1

X

i

) =
NX

i=1

var(X
i

) + 2
NX

i1<jN

cov(X
i

, X

j

)

(2)
If data are supposed independent, they are therefore un-

correlated. Thus, the variance of the estimation of the first
moment, µ̂ is given by :

var(µ̂) = var(
1

N

NX

i=1

X

i

) =
1

N

2
N�

2 =
�

2

N

(3)

where �

2is the variance of the random variable X. This
is the best performance one might expect from a set of N
measurements is a reverberation chamber.

2.2. Variance of the average estimation. Uniformly cor-

related data

In case of uniformly correlated data, we define the au-
tocorrelation function ⇢

u

as :

⇢

u

=
cov(X

i,

X

j

)

�

2
8i, j i 6= j (4)

In that case, the variance of the estimation of the first
moment becomes :

var(µ̂) =
�

2

N

(1 + (N � 1)⇢
u

) (5)

Thus, for a large value of N, i.e. N � 1
⇢u

, one gets :

var(µ̂) ! �

2
%

u

(6)

Even a low residual correlation causes a limit in the re-
duction of the uncertainty budget of the estimation of µ̂.
This result was mentionned in a recent communication [5]
as a possible cause of unexpected uncertainties in reverber-
ation chamber measurements depending on the stirring pro-
cess under investigation.

2.3. Variance of the average estimation. Persistent cor-

relation between consecutive realizations

This correlation model applies only if the sample is col-
lected and ordered in such a way that the consecutive real-
izations are performed with small changes in the boundary
conditions in the reverberation chamber. Its means the col-
lection consists of a set of consecutive mechanical stirrer
positions or consecutive frequencies (electronic stirring).
This may applied to detect the maximum performance of
the stirring process and provides an indication of the mini-
mum change of angle or frequency that has to be made, at a
given central frequency of operation of the chamber. It sug-
gests also that the correlation between consecutive data is
somewhat uniform within the sample.

Suppose that the correlation is reduced to the first order
autoregression model below :

X

i

= ⇢

c

X

i�1 + ✏

t

(7)

In this expression ⇢

c

is the correlation coefficient be-
tween two consecutive data and ✏

t

is an independant and
identically distributed random variable called the innova-
tion . This innovation follows the following stationarity
condition and therefore, var(X

i

) = �

2 still holds.

var(✏
t

) = (1� ⇢

2
c

)�2 (8)

From equation (7)The covariance cov(X
i

, X

i�1) is
given by :

cov(X
i,

X

i�1) = cov(⇢
c

X

i�1 + ✏

t

, X

i�1) = %

c

�

2 (9)

Moreover, the first order autoregression model also
yield to the following relation between data at a distance
p from each other :

cov(X
i,

X

i�p

) = %

p

c

�

2 (10)

From equation (2) and given the relationships (9) and
(10) we obtain :

var(
nX

i=1

X

i

) = N�

2 + 2N�

2
N�1X

p=1

%

p

c

(11)
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If we suppose % ⌧ 1 we find :

var(µ̂) =
�

2

N

(1 + ⇢

c

)

(1� ⇢

c

)
(12)

We can eventually define an effective sample size such
as :

N

ESS

= N

1� ⇢

c

1 + ⇢

c

(13)

This relationship of the effective sample size in equa-
tion (13) was previously established on the only basis of the
properties of the autoregression model hypothesis and was
also proposed for the second order autoregression model for
higher values of correlation [4].

3. Statistical uncertainty evaluation from

measurements.

From the previous developments a main question arises.
Is it possible to check for the effective sample size of the
sample that was measured given a stirring process ? As al-
ready mentionned, a measurement in a reverberation cham-
ber is the result of an estimation, that of the first moment
for example. And this estimation behaves as in equation (1).
Given of sufficient number of M samples of size N

iid

(ei-
ther its real size in the optimum case or its equivalent size)
the estimation of the standard deviation �̂

µ

among the M
estimation of µ̂ should result to a value close to �

/

p
Niid.

Therefore, we would find :

N̂

iid

=
�

2

(�̂
µ

)2
(14)

In principle, it’s therefore possible to get an empirical
estimation of the effective sample size from a sufficienlty
accurate estimation of standard deviation of the moment
estimation (ensemble average). It requires however that the
number M of samples reach at least a hundreed to get a
rough estimation and more than a thousand to get an esti-
mation of N̂

iid

within a few percents. An observation of the
cdf obtained from a hundreed estimation of µ̂ enables to get
a picture of the result as well.

The following experiments aim at providing some ex-
amples of results obtained for two types of stirring meth-
ods. The first experiment investigates the efficiency of the
frequency strirring method while the second experiment in-
vestigates the efficiency of the mechanical stirring method.

Both experiments were carried out within the IETR re-
verberation chamber (8.7 m x 3.7m x 2.9 m) at a central
frequency of operation of 700 MHz, well above the lowest
usable frequency of the chamber. A exponential distribution
for the magnitude for the measured power at the terminal of
a receiving antenna.

3.1. Measurements in frequency stirring mode

3.1.1. Principle

The frequency stirring procedure is applied over a 20
MHz bandwidth, using N equally spaced frequencies of op-
eration. Therefore, we would like to check that the set of N

realizations (or its equivalent sample size N

ESS

given for
example by equation (13) ) forming a sample of these mea-
surements at these different frequencies of excitation cor-
responds to i.i.d.realizations. An individual measurement
consists of the power received at the terminal of a receiving
log-periodic antenna. The power received at an antenna fol-
lows a exponential distribution function for which � = µ.

To get a sufficient amount of samples we make use of
M=100 hundreed positions of the stirrer and P=15 receiving
antenna positions to estimate �̂

µ

such as :

�̂

µ

=
1

P

PX

p=1

�̂

µ,p

(15)

with,

�̂

µ,p

=
1

M

MX

m=1

0

B@

vuut
µ

2
p,m,

�
 

1

M

MX

m=1

µ

p,m

!2
1

CA (16)

and

µ

p,m

=
1

N

NX

n=1

X

p,m,n

(17)

�̂

µ,p

corresponds to a standard deviation estimated for
the antenna position p. This standard deviation is calculated
within a sample of M data (stirrer positions) : µ

p,m

. Each
of these µ

p,m

represents the ensemble average at the an-
tenna position p and stirrer position m of a set of measure-
ments X

p,m,1, ..., Xp,m,n

, ..., X

p,m,N

at N equally spaced
frequencies within the 20 MHz bandwidth.

3.1.2. Example of results and analysis

As an exemple, we choose first of all N = 100 stir-
ring frequencies. The step frequency between two measure-
ments is therefore about 200 kHz. A preliminary analysis
of the realizations suggested that the persistent correlation
between consecutive realizations is inexistent (i.e. ⇢

c

is as-
sumed to be null). The effective sample size within this fre-
quency band was also estimated to be 100.

We focus first on an arbitraty position of the antenna,
say p = 1. Fig. 1 shows the cumulative distribution func-
tion of the ensemble averages performed for the M=100
different stirrer positions for this antenna position. The nor-
malized standard deviation to the mean of this sample is
calculated to be 0.1088. Applying equation (14) for an ex-
ponential distribution leads to estimate N

iid

= 84. Fig.1
compares the theoretical distributions for N

iid

= 84 and
N

iid

= 100 with the experimental distribution. We see a
slight departure from the N=100 curve in this case.

Looking at another arbitrary position 2 of the antenna,
we get a different picture from Fig.2

The corresponding estimation of N
iid

corresponds to 67
and the departure from N=100 is now much sensitive.

These variations may have two different causes at least.
First of all, from an antenna position to another, the random

3



FIGURE 1 – Distribution of the ensemble average sample
over M=100 stirrer positions for a frequency stirring per-
formed over N=100 frequencies as observed for antenna
position p=1.

FIGURE 2 – Distribution of the ensemble average sample in
the same conditions as in Fig.1 for antenna position p=2.

Antenna position 1 2 3 4 5 6 7 8

Niid from �̂µ,p 84 67 96 108 78 89 89 89
Antenna position 9 10 11 12 13 14 15 �̂µ

Niid from �̂µ,p 74 80 82 82 81 99 79 84

TABLE 1 – Estimation of the size Niid from the estimation
of the standard deviation of the ensembe average for the
different positions of the receiving antenna. N=100 stirring
frequencies

Antenna position 1 2 3 4 5 6 7 8

Niid from �̂µ,p 95 90 107 114 100 100 127 109
Antenna position 9 10 11 12 13 14 15 �̂µ

Niid from �̂µ,p 88 89 97 100 115 122 102 104

TABLE 2 – Estimation of the size Niid from the estimation
of the standard deviation of the ensembe average for the
different positions of the receiving antenna. N=200 stirring
frequencies

nature of the electromagnetic field may be slightly differ-
ent. However, such a factor may not contribute at all, if we
consider that electronic stiring provides a very large amount
of natural modes within the chamber. Another factor to be
considered is the quality of the standard deviation estima-
tion. Tab. 1 gathers the results of all the 15 antenna posi-
tions. The average over the 15 positions �̂

µ

yields to the
final estimation of N

iid

= 84.

According to this final estimation, it seems that the sam-
ple of 100 stirring frequencies thus gives a slightly reduced
sample size. Therefore, the sequence of equally spaced fre-
quencies may not offer the optimum choice. Indeed, the ef-
fective sample size was estimated with a much larger sam-
ple of N=400 frequencies within the same 20 MHz fre-
quency band, using a second order autoregressive model.

In order to check this hypothesis, we choose to double
the number of frequencies, N=200. In this situation corre-
lation between consecutive frequencies occurs. The same
procedure is then applied and results are reported in Tab.
2. The ensemble of different estimated size for the sample,
from an antenna position to another still varies to some ex-
tent since the estimation of variance suffers from the still
limited size of the samples. However, values are signifi-
cantly higher than in the case of N=100 stirring frequencies.
And the average over the 15 positions �̂

µ

yields to the final
estimation of N

iid

= 104. This is now close to the effec-
tive sample size as determined from the model of persistent
correlation between consecutive frequencies. Further anal-
ysis shows that the numbers of table 2 are not significantly
modified when choosing higher values for N. As far as fre-
quency stirring operation is concerned, it can be concluded
that the effective sample size as determined from this cor-
relation model is consistent enough with measurements.
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N’1
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N’6

N’7

N’8

Rotation of the
mode-stirrer

Number of 
independent
stirrer locations
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covered by the
stirrer

FIGURE 3 – Subdivision of the stirrer in 8 sectors and cor-
responding independent N 0

i

realizations estimated from ex-
periments

3.2. Mechanical stirring mode

As far as mechanical stirring is concerned the same set
of data is used. Frequencies and stirrer positions play each
other role. N is now the number of stirrer positions, and the
purpose of the analysis is to check that the stirrer provides
an effective sample size as close as possible to the one cal-
culated from equation (13). The estimation of the effective
sample size was N

ESS

= 130 .
Here we call N the number of independent samples

given by the central limit theorem, among the N = 400 loca-
tions of the mode-stirrer. We have estimated using autore-
gressive models that, at 700 MHz, there are 130 uncorre-
lated positions of the mode stirrer over 360.

Estimation of �̂
µ

requires a different approach, the stan-
dard deviation of the estimated average over the stirrer po-
sitions has to be performed on the antenna positions first.
Then the normalized average standard deviation is averaged
over all frequencies.

After these operations, we find that the equivalent size
of the sample equals 80. Therefore, N

iid

= 80 equiva-
lent independent realizations instead of the expected size
N

ESS

= 130 corresponds to a significant shift of the stan-
dard deviation to mean ratio. Therefore, for mechanical stir-
ring, having uncorrelated consecutive realizations may not
necessarily imply that these realizations are strictly inde-
pendent.

In order to deepen this assumption, we propose to make
the same analysis, but dividing the complete rotation of the
mode stirrer into several angular subsections as shown in
Fig. 3.

The procedure is then repeated independently for each
of these 8 sectors. Tab. 3 provides the estimation of the
equivalent sample size for each one. Two conclusions may
be established. First of all, the hypothesis of a somewhat
uniform spreading of the independant positions over the en-
tire rotation of the stirrer seems to be a reasonable assump-
tion. This conclusion holds only for this specific stirrer and
may also be expected since the chamber is well overmoded.

However, the most important observation to be made, is
that the sum of each sector of the stirrer provides a higher
total (114), than the effective sample size provided by anal-
ysis of the full rotation of the stirrer (80). This result in-

Sector of the stirrer Estimation of the sample size
1 14
2 14
3 15
4 14
5 13
6 15
7 16
8 13

Total 114

TABLE 3 – Size of the equivalent iid sample for each each
of 8 sections of the stirrer

dicates that a residual correlation may exist among stirrer
positions. If such a residual correlation follows a uniform
correlation model, equation (6) states that the effective sam-
ple size reaches a floor value. Analysing 1/8th revolution of
the stirrer provides a far less number of independent real-
izations not yet hidden by the residual correlation. These
results seem therefore to be well in line with some recent
works [5].

A further simple analysis may confort this idea. Sup-
posing that the effective sample size for the complete stir-
rer position is the one provided by a residual correlation
according to equation (6) . Let’s recall that our estimation
for this effective sample size was N

ESS

= 130. This sam-
ple size may be considered as a set of measurement with-
out consecutive correlation. We may therefore estimate this
residual correlation from the difference between the theo-
retical sample size N

th

= 130 and the estimated sample
size N

est

= 80 using equation (5) :

N

est

=
N

th

1 + (N
th

� 1)%
u

(18)

This yields to ⇢

u

= 0.005. Giving a 1/8th sector of the
stirrer rotation, the new theoretical value for N

th

is 130/8.
Applying a second time equation (18), the new estimated
N

est

for one sector of the stirrer becomes 15. This value is
found to be coherent with the results of Table3 .

4. Conclusions

The statistical uncertainty budget must be controled in
day to day operation of reverberation chambers. The mo-
ment estimation is a key parameter for a lot of ensemble
average based measurements such as EMI measurements or
antenna measurements (efficiency, total radiated power...).
Starting from a presupposed maximum available uncorre-
lated data, one may look for the maximum performance in
terms of statistical uncertainty.

This communication presented some possible ways of
assessing this performance from a set of many measure-
ments. The empirical uncertainty thus observed is analysed
with respect to the theoretical sample size as determined
from correlation analysis between individual realizations.
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The above results seem to acknowledge that perfor-
mances of a mechanical stirring and of a frequency stirring
in a reverberation chamber may appear as different. In par-
ticular, the mechanical stirrer may be not efficient enough to
provide as many as independent measurements as expected
from an estimation of the effective sample size, if it is cal-
culated from the observation of correlation between con-
secutive realizations. On the contrary, the performance of a
frequency stirring is in line with what is expected from the
determination of the effective sample size calculated in the
same conditions. A possible explanation of this result is ob-
viously the completely different mode of operation of the
chamber. Frequency stirring operation is able to generate
numerous propagation modes in a well overmoded cham-
ber and modifies drastically the fields in the chamber. There
will be unlikely a stationnary wave not affected by this stir-
ring process. The mechanical stirrer is may be not able to
do so, due to possible symetries in his shape and/or the lim-
ited number of modes that are sufficiently involved by the
stirrer.
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Abstract
This paper deals with the advanced integration of uncer-
tainties in electromagnetic interferences (EMI) and elec-
tromagnetic compatibility (EMC) problems. In this con-
text, the Monte Carlo formalism may provide a reliable
reference to proceed to statistical assessments. After all,
other less expensive and efficient techniques have been
implemented more recently (the unscented transform and
stochastic collocation methods for instance) and will be il-
lustrated through uncertain EMC problems. Finally, we will
present how the use of sensitivity analysis techniques may
offer an efficient complement to rough statistical or stochas-
tic studies.

1. Introduction
A large set of electromagnetic (EM) problems are currently
treated with a very high level of accuracy from numeri-
cal and/or experimental devices. Their deterministic design
may reveal quite convenient if input data are precisely con-
trolled. Due to the disturbed EM environment where most
of the radio systems evolves, the electromagnetic compat-
ibility (EMC) issues are rarely entirely known: from the
number of parameters impinging both the sources, victims
and/or coupling paths, the deterministic design of the prob-
lem appears utopian. In this context, a crucial point relies
on our ability to estimate the impact of different Random
Variables (RV) on given outputs.

1.1. Stochastic context

The Monte Carlo (MC) formalism remains one of the most
spread statistical technique to handle with stochastic treat-
ments. As explained in [1], the MC method needs few re-
quirements on the chosen random output. In an integration
approach, this technique is well suited for singular (irreg-
ular) kernels and it is not compulsory to access analytic
information on their statistical form. The “classical” MC
reveals independent of the problem dimension and can be
used for many stochastic issues involving a high numbers
of RV. Nevertheless, as pointed out in [2], the main disad-
vantage of MC remains its slow convergence rate. Thus,
it may appear computationally prohibitive (even for high-

dimensional problems) but is still interesting to access a
“reference” result. Finally, the difficulty remains to set the
threshold defining the MC convergence level.

Different stochastic techniques have been successfully
computed since 2002 in order to give a more realistic view
of EM simulations including uncertainties. We may for
instance cite the unscented transform (UT) [3, 4, 5] or
the “Lagrange” stochastic collocation (SC) [6, 7, 8, 9, 10]
methods, the kriging technique [11], the polynomial chaos
expansion [12, 13, 14], and the experimental design [15].
Far from appearing as an exhaustive review of stochas-
tic and statistical methods in electromagnetism, the pre-
vious quoted techniques were mainly applied to numer-
ical simulations including various EM domains: shield-
ing effectiveness [3, 4, 5, 9], scattering and propagation
[6, 9], susceptibility [9, 10, 11, 15] and/or (bio-)EMC/EMI
[7, 8, 12, 13, 14] problems.

1.2. Aims and motivations

From domains as environmental modeling, mechanics,
safety and reliability, the sensitivity analysis (SA) methods
are widely spread from twenty years. We may commonly
define the SA for a given physical model as a method used
to determine how various values of an independent variable
will impact a particular dependent variable under a given
set of assumptions. This is typically a deterministic view
regarding a mathematical expression as a function of “in-
puts” that produce “outputs”; deterministic means that the
same set of “input” variables gives always the same “out-
put” values. For a considered “output” quantity, the goal is
to determine the contributions from “input” and their inter-
actions with the model.

Various objectives are expected from SA: modelling
complex and combined phenomena, calibrating “input” pa-
rameters, simplifying a model (decreasing the number of
variables), organizing the “input” parameters both from
qualitative and quantitative points of view. Obviously, this
treatment may lead to a better understanding of the studied
system, to simplify it and to check its reliability.

Different techniques are available, and we may men-
tion, without exhaustiveness the screening techniques (to
access to the most influential inputs among a large number



from coarse sorting), and the variance based sensitivity in-
dices (measures of importance). Thus, both qualitative and
quantitative treatments are allowed chosing one of the pre-
vious techniques. Another way to present SA methods may
be to consider if the sensitivity needs require a local or a
global analysis. This is equivalent to consider respectively
the linearity hypothesis between “inputs” or to study the in-
teractions between parameters. In the following, we will
focus on global analysis.

2. Theoretical principles
This section is dedicated to the theoretical details of the
stochastic and SA methods used in this work.

2.1. Notations and approaches

In our models, a stochastic parameter Z will be given from
a RV û as follows:

Z = Z
0 + û, (1)

whereZ0 is called the initial value (mean) and û is char-
acterized by a given statistical distribution law (zero-mean
with a certain variance). In the following, the random value
Z may represent different kind of parameters: geometrical
details, material values , and/or source characteristics.

In this paper, we will consider a model for which an
“output”F is a deterministic function of k “inputs” denoted
by u1, u2, . . .uk. We may sum up the k “inputs” in a row
vector u

u = (u1, u2, . . . , uk) , (2)

and write F (u) the global effect of k “inputs” a priori
considered as RV for a computational (analytical and/or nu-
merical) model F .

The aim of this study is to focus on two efficient meth-
ods: the UT [3] and the SC [9] techniques. These two
previous approaches rely on the same philosophy with the
simplicity of MC but faster convergence rates. Their main
advantage remains their high precision.

A sensitivity analysis technique widely spread in mod-
els of large dimension is the screening design proposed in
[16]. It deals efficiently with models containing a lot of
input factors and may lead to quick qualitative assessment
since the number of model evaluations is linear in the num-
ber of model factors. Obviously other techniques may be
used with different degrees of accuracy and efficiency to
rank RV by influence.

2.2. Stochastic methods fundations

In the following, we will detail theoretical principles con-
sidering 1-RV formalism. We may extend it to multi-RV
cases without any loss of generality.

2.2.1. UT basis

As explained in [3], the use of the UT method is similar to
the MC technique. The main difference relies on the num-
ber of realizations needed to obtain the statistical moments
of a given output. Thus, instead of several thousands of
repetitions, only a few selected ones are necessary.

Some conditions are required to compute UT for a sin-
gle RV: we may know both the moments of the RV û and
the nonlinear mapping of the random output (I(û)). Its nth
order moment may be expressed as follows

E{I(û)n} =

!
I(u)npdf(u)du, (3)

where pdf (u) is the probability density function of the RV
û. A discrete equivalent of the relation (3) is used for the
integration

!
I(u)npdf(u)du !

"

i

!iI(Si)
n
, (4)

whereSi are the so-called sigma points (for the integration).
If the nonlinear mapping I(û) is well behaved, it could be
expressed from Taylor polynomial series (gj coefficients)
as

!
I(u)npdf(u)du =

!"

j=0

gj

!
u
j
pdf(u)du. (5)

From the discrete sum (4), each integration term of (5)
may be expressed from k+1 (k = 0, 1, 2, . . . ) equations as

!
u
k
pdf(u)du !

"

i

!iS
k
i = E

#
û
k
$
. (6)

The nonlinear system depicted in (6) allows the computa-
tion of the sigma points Si and weights !i from the mo-
ments of the RV û. As detailed in [3], the minimum number
of Si points for a given order of the UT technique may be
derived using the Gauss quadrature schemes. Indeed, con-
sidering (6), the solution is not unique and different sets of
(Si,!i) may be obtained as illustrated in the following.

2.2.2. SC foundations

The idea of the technique is to choose a polynomial approx-
imation of a given output I depending on a random param-
eter Z (1). In a first time, the function S " I(Z0;S) is
expanded in Lagrangian basis functions of order n

I(Z0;S) !
n"

i=0

Ii(Z
0)Li(S), (7)

with Li(S) =
n%

j=0
j !=i

S"Sj

Si"Sj
. One of the most interesting prop-

erties of the Lagrangian basis relies on its reducing char-
acteristic: Li(Sj) = "ij (Kronecker ") and we may write
Ii(Z0) = I(Z0;Si). Then, the integration computation is

2



based upon the Gauss quadrature with identical points Si

than the ones previously needed by the SC method

!

D

pdf(u)f(u)du !

n"

i=0

!if(Si), (8)

where pdf is the probability density function introduced in
the previous section. Similarly to the UT case, the real num-
bers !i are called integration weights. From (7), we may
detail I with its polynomial approximation

E
#
I(Z0;S)

$
=

n"

i=0

Ii(Z
0)

!

D

Li(s)pdf(s)ds (9)

From (9), we may straightforward compute weights follow-
ing

!i =

!

D

Li(s)pdf(s)ds. (10)

We will detail in the following the statistical moments com-
putation enabled by the pair (Si;!i).

2.2.3. Computing the sigma points/weights and the statis-
tical moments

Although the UT and SC appear very similar considering
the computation of their respective sigma points/weights,
they differ from their basis. From the different solutions
proposed for the one-variable case, the minimum num-
ber of pairs (Si,!i), for a given order n, is straightfor-
ward available by the Gauss quadrature scheme (identical
to the SC case). Therefore, the expression of the integra-
tion points/weights is similar for the UT [3] and SC [8],
and the results will be identical.

The collocation technique gives the collocation points
(Si) and weights (!i) necessary to compute, for instance,
the 1st and 2nd-order statistical moments of the random pa-
rameter Z (1).

Table 1: UT/SC computation of statistical moments (1st
and 2nd) for the 1-RV case.
Stat. moment Computation

Mean mean(Z) =
n&

i=0
!iZi

Variance var(Z) =
n&

i=0
!iZ

2
i # [mean(Z)]2

From previous notations (E(Z) for instance), in order to
simplify the discussion, the $Z% and #2

Z symbols will stand
respectively for the mean and variance of the Z output.

The formalism detailled in Tab. 1 is common to the
UT and SC methods for single RV. The computation of the
sigma points and weights (multi-RV) may be found respec-
tively in [5, 8]. In the following, we will present the numeri-
cal differences existing between the UT and SCmultivariate
results.

2.3. Sensitivity analysis

In early 90’s, an approach was proposed by Morris [16]
to discriminate the “inputs” of a given modelling (for in-
stance a determined computational relation F ). This work
aimed to determine which “inputs” had important effects
on a given “output”. This model is widely used since it is
easy to compute and may reveal particularly efficient with
models containing hundreds of “inputs”. Thus, among the
numerous methods available to conduct SA, we use in this
paper the method introduced by Morris [16] (see [17, 18]
for a review of SA techniques).

The main idea from [16] was, among a large variety
of “inputs”, to reasonably compute which may be consid-
ered negligible, additive and linear, non-linear and/or in in-
teractions with other “inputs”. With this objective, a “dis-
cretized” approach was originally proposed by Morris. In-
deed, the factorial sampling plan proposed in [16] is com-
posed of individual randomizations named “one factor-at-a-
time”. The elementary influence of the ith “input” is com-
puted for a discrete number of values called “level” (given
by the ith factor varying range). Let u be a given RV vec-
tor containing k random “inputs” as depicted in the relation
(2). We may set a varying range depicted by their minima
and maxima values for each RV respectively umin

1 , umax
1 ,

. . . , umin
k

, umax
k

defining the definition domain !. Orig-
inally, the sensitivity approach requires to sample p levels
for each ith RV through a given "i parameter. From [16],
the k “inputs” were given over [0; 1] range. In this work,
we propose an elementary influence criterion ci, for a given
u value, with " a predetermined multiple of "i

ci (u) =
F (u1 . . . ui"1, ui + ", ui+1 . . . uk)# F (u)

"
& $i,

(11)
where $i is a given normalization coefficient depend-

ing on the [umin
i ;umax

i ] range. In the following, Di will
stand for the finite distribution of elementary influence cri-
terion ci (i = 1, . . . , k) obtained from randomly sampling
a number n of different u vectors.

Obvisouly, the choice of "i may influence the quan-
titative results proposed by [16]. Indeed, the number of
discrete “levels” p + 1 given directly represents the sam-
pling sharpness ("i = u

max
i "u

min
i

p
). The principle used in

[19] requires to uniformly sample the k-dimensional paral-
lelepiped standing for the u potential values from !. Given
a number n of starting points, we may define n u-vectors
following the simple rule “one-factor-at-time”. This means
moving from u = u1, u2, . . . , uk to u + "ei, where ei is
a zero vector with a unit as its ith component. We may
ensure that the “translated” point u + "ei is still in the def-
inition domain. From an iterative process, we may obtain
the discreteDi distribution from the relation (11).

As explained in [19], each RV is evaluated regarding
two distinct measures: µi and #i, being respectively the
estimated mean and standard deviation ofDi. From a prac-
tical point of view, it should be better to compute a measure
enabling to integrate the potential non-monotonic model

3



behaviour by defining a rougher criterion. Thus, let µ#

i

stands for the mean of the distribution Ei of the absolute
values of ci parameter. µ#

i will be more restrictive than
µ since Di may contain elements contrary signed. They
may vanished from the influence estimate and lead to erro-
neously considered corresponding parameters as negligible.
Thus, we may write

µi =
1

n

n"

i=1

ci, (12)

µ
#

i =
1

n

n"

i=1

|ci| , (13)

#i =

'(() 1

n

n"

i=1

(ci # µi)
2
. (14)

Practically, the “Morris” screening design enables to
rank RV from a quantitative point of view. It aims to repre-
sent the random parameters from a {µi (or µ#

i ) / #i} repre-
sentation. A high value of “µi” reprents an “input” with a
high overall impact. A high value of “#i” stands for a pa-
rameter highly involved in interaction with other factors. In
the following, we will detail results from the µ#

i criterion.
Obviously, different parameters from this screening design
technique may impact the reliability and efficiency of treat-
ments. Thus, the sampling sharpness may be a crucial point
since the grid used to quantify RV elementary effects may
be too coarse. In most cases, the discretization grid is set to
p = 100 or 1000 levels. In order to improve the reliability
of results, the relations (12; 13) are evaluated several times
in order to produce a cloud ofN points. From a computing
efficiency point of view, the “Morris technique” requires
n & (k + 1) & N calls to the computational relation F in
order to entirely compute results.

The Morris analysis may be presented throughout an
analytical test function f depending on u = (u1, . . . , u11)

f(u) = u1u2 +
5

u3 (u11 + 0.5) + cos(u4) + 0.1

+4u3
5 + 4u6 # u7 + u8 exp(u9) + 0.2u10,

(15)

with ui, i = 1 . . . 11 ' [0; 1]. In this case, the initial
“Morris” parameters are set following: n = 10, p = 1000
and N = 100. Thus, the whole process requires 12, 000
calls to analytical function f from the relation (15).

As expected comparing relation (15) and Fig. 1, the
u6, u7 and u10 parameters appear as linear ones and may
be set apart. Contrary to other values, ui (i = 3, 4, 5) ones
may not be neglected (inner interactions inside model). Ob-
viously, their characterization only offer a qualitative ap-
proach and it is necessary to proceed to a precise and effec-
tive quantitative computation to obtain influence orders.

Figure 1: RV ranking from screening design.

Figure 2: Transmission line illuminated by a plane wave
[11].

3. The stochastic EMC issue
3.1. Setup and initial parameters

In this work, the case of a transmission line illuminated
by a plane wave with multiple random parameters is used
from [11]: attenuation constant %, diameter d, frequency f ,
length L, height h above an infinite ground plane. The ex-
citation source is a plane wave linearly polarized (Fig. 2).
An analytical formulation can be obtained for the current I
at load ZL = 1k! (Z0 is set to 50!), and we may write

I = I(L, h, d, ZL, E0,% , Z0, f, &p, &e,'p) + Ip, (16)

with Ip a randomly distributed disturbing current
adding to the formula proposed in [11].

The purpose of adding in (16) the current Ip is to input
a linear RV into the global model. Even if the problem ap-
pears relatively simple, the complexity, here, comes from
the number of RV and there is no use facing straightfor-
ward this issue considering MC. Obviously, some sparse
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Table 2: Initial sets of parameters for the stochastic study.
Value L(m) h(mm) d(mm) ZL(!) E0(V/m) !

Min 1.2 8 0.6 996 996 0.
Max 4.5 32 1.4 1004 1004 0.01

Value Z0(!) f (MHz) "p(rad) "e(rad) #p(rad) Ip(A)
Min 46 1 "0.3 "0.3 "0.3 0.15
Max 54 50 +0.3 +0.3 +0.3 0.25

grid techniques [12, 20] may improve considerably the ef-
ficiency of stochastic techniques but this may reveal quite
restricted if, independently, each RV needs not less than 4
or 5 collocation points. The aim of this study is to propose
a two-steps work. First, based upon a qualitative analysis,
our aim is to rank the RV from their relative effect and to
reduce their total number by setting the least influential pa-
rameters to deterministic values. Then, the use of stochas-
tic techniques fits well with a quantitative analysis of the
parameters sensitivity.

3.2. Stochastic techniques accuracy and efficiency

Since the Taylor polynomial expansion is still usable for
two random variables, the UT technique may be used to
achieve multivariate stochastic problem. Moreover, as il-
lustrated in [8], the single-variable SC method may be gen-
eralized to multi-RV problems. As explained previously, by
choosing sigma points from the Gauss quadrature, the UT
and SC techniques might appear quite similar with identi-
cal integration points and weights. Based upon their dis-
tinct foundations, for multivariate case, the different two
RV (Si,!i) sets jointly with the different moments compu-
tation involve variations around the numerical results.

In this section, we have arbitrarily chosen the line length
L and the source frequency f to achieve a stochastic pro-
cessing of the EMC problem (Fig. 2). The L and f pa-
rameters will be both given by two independent RV (re-
spectively û1 and û2) following a zero-mean normal distri-
bution respectively with variances #2

û1
= 2.083.10"4 and

#2
û2

= 2.083.1010. From the expression (1), the two ran-
dom parameters may be written

L = L
0 + û1 (17)

f = f
0 + û2,

with L0 and f0 the length and frequency means. The
Fig. 3 shows how straightforward the current variance may
be obtained for a large set of points. The previous ran-
dom variations are applied to each element of the set (L0

i

' DL = [1.2m; 4.5m]; f0
j ' Df = [1MHz; 50MHz]).

The SC convergence and the sensitivity of the model are
first showed in Fig. 3. The results depicted in Fig. 3 show
the convergence of the SC method (from the I variance).
Considering the SC accuracy for 32 and 52 points (respec-
tively SC3 and SC5), the two data sets almost overlap.

In Fig. 4, the results fromUT fit verywell with the “con-
verged” data from SC. Thus, Fig. 4(a) shows the agreement
for $I% between SC3 and the approximation from the UT
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Figure 3: Variance(I) from SC3 and SC5.
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(2nd order) involving 5 + 1 points (UT5). A great agree-
ment appears also from Fig. 4(b) considering the slight dif-
ferences existing between a same UT accuracy (2nd order)
involving 5 + 1 or 8 + 1 points (respectively UT5 or UT8).
The UT5 and UT8 differences rely on the non-uniqueness
of the solution as detailled in [5].

The accuracy of each stochastic formalism (UT/SC) is
defined from MC simulations reference. First, it is neces-
sary to determine a reference set of $I% values: empirically,
the MC convergence appears for 105 realizations. Then, in
order to compute the error due to stochastic treatments, a
criterion is defined standing for this relative error

erri,j = 100&

***uSC/UT/MC

i,j
# u

MCref

i,j

***
***uMCref

i,j

***
, (18)

considering erri,j stands for the relative error for each
pair (Li, fj) ' DL & Df . The reference MC values are
given for 106 simulations and are depicted previsouly by
u
MCref

i,j
. u

SC/UT/MC

i,j
represents the elementary (i, j)-

value obtained respectively from SC, UT and MC (105 re-
alizations).

The Fig. 5 shows the relative error given for the set of
points (Lk, fk) (k = 1, . . . , Np with Np the total number
of length/frequency points). The MC convergence may be
considered for 105 simulations since the error level remains
almost everywhere lower than 0.04% from 106 MC real-
izations. Obviously, the UT/SC time and memory saves ap-

5



0
2

4
6 0

2
4

6

x 107

0

0.02

0.04

0.06

0.08

 

f, HzL, m

 

Er
ro

r f
ro

m
 M

C
, %

MC − 100,000 realizations
UT − 8+1 points − 2nd order
SC − (2+1)2 points − n=2

Figure 5: Mean(I) error from reference MC data (106 sim-
ulations) for MC (105 realizations), UT8 and SC3.

pear clearly from previous example since the stochastic for-
malisms need less than 10 realizations compared to the MC
technique which requires about 100,000 simulations. In
comparison with those MC simulations, the UT/SC curves
fit very well and sometimes better precisions are obtained.
This perfectly justifies viewing UT/SC as a smart way to
proceed to MC. Moreover, for a comparative number of
simulations (SC3/UT8 need exactly 9 realizations), the SC
method reveals more accurrate than the UT model. Of
course, it is possible to improve the UT efficiency by a good
choice of the sigma points and weights (and reducing this
example to only 6 simulations). The precision levels re-
main comparable betwen UT and SC but some subdomains
show a better accuracy (more than 30 times). The major ad-
vantage of SC techniques (high level of accuracy) is clearly
illustrated in the Fig. 5.

Furthermore, it would be possible to improve the SC
efficiency using techniques from [21] to reduce the number
of SC realizations needed, it could be particularly interest-
ing for multivariate stochastic problems involving 4, 5, . . .
RV where the SC tensor products lead to some numerical
limitations [13]. A numerical problem (and especially a
stochastic EMC one) with several RV may appear complex
to solve due to the large number of variables. Neverthe-
less, a solution may be to reduce the number of variables to
a minimum regarding their relative influence. Based upon
[3], the comparison of results (mean, variance, . . . ) from
one RV simulation with those involving a set of RV pro-
vides information on the significant parameters and a view
of the model sensitivity.

3.3. Preliminary sensitivity analysis

In this part, we will put the focus on the use of the SC
method in order to lead preliminary sensitivity analysis.
From previous definition of the multi-RV issue, we may
wonder if the straightforward computing of first statistical
moments provides information about the relative sensitivity
of RV. Thus, arbitrarily choosing L and f parameters, the
Fig. 6 shows that $I% including RV1 and/or RV2 as random
parameters may not allow to distinguish the most influen-
tial parameter from the previous 2RV-set. Indeed, very few
differences appear between stochastic treatments involving
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independently RV1, RV2 and combining L and f parame-
ters.

Obviously, similarly to [3], the variance computing
from Tab. 1 may providemore reliable results to distinguish
properly the most influential parameters. Indeed, regarding
the Fig. 7, differences exist between the three characteris-
tic random treatments involving respectively RV1, RV2 and
RV1+RV2. Obviously, it is possible to better quantify the
influence of each parameter from “relative” error criteria
considering the 2-RV problem as a reference. However one
issue remains particularly constraining since this work is
based upon a rough hypothesis assuming the most relevant
parameters are well known. That is the reason why, we will
detail, in the following paragraph, how the “classical” SA
Morris method may offer a reliable and efficient solution.

3.4. Most influential subset of RV from SA

From previous theoretical aspects and relation (19), the
“Morris” influence criterion Ci may be derived from var-
ious expressions since the $i normalization coefficient has
not been defined yet. In the following, we will put the focus
on $i equivalent to the ith range length

$i = u
max
i # u

min
i , (19)

where [umin
i ;umax

i ] stands for the range of ith RV.
Considering the relation (16), a screening design model

[16] enables us to arrange the set of parameters (Fig. 8)
by influence. The model parameters are set to p = 100

6



Figure 8: RV ranging from screening design.

sampling levels, n = 100 starting points (i.e. 100 u-
vectors) and N = 100 pairs (µi,#i) in influence clouds
(i = 1, . . . , k; k = 12 RV). Thus, the impact of the f and L
parameters appear quite similar (relatively most influential
ones) and some dependency exists between them (physi-
cally understandable). Their effect should not be neglected,
contrary to most parameters which appear negligible. As
expected from (16), the linear “coupling” current Ip may
behave linearly to other variables and we may set it apart.

From the Fig. 8, we may conclude that our numerical
problem with several random parameters may be character-
ized by a smaller subset of 2 RV: stimulation frequency f
and line length L.

The SA technique required n& (k+1)&N = 130, 000
calls to the analytical formula (16). The global stochastic
collocation cost may be evaluated ensuring the convergence
of the method (SC3 and SC5), and 50 = (32+3(2)+(52+
5 ( 2) calls were necessary. Those 130, 050 realizations
may be compared to the 106 MC simulations needed con-
sidering the two previous RV f and L. A straightforward
SC approach would have reavealed useless since 312+ 512
calls to the relation (16) would be far less efficient than
MC approach. Moreover, the sensitivity study proposed en-
ables lightening the post-treatments since the most influen-
tial variables are highlighted as explained in the following.

The SA technique is based upon the initial problem de-
fined. Thus, a different definition of initial RV ranges of
variation leads to a distinct issue and involves different re-
sults. In this context, we may wonder the quantitative in-
fluence effects due to moving initial values from Tab. 2 to
Tab. 3.

Table 3: A different set of initial ranges for RV (Fig. 9).
Value L(m) h(mm) d(mm) ZL(!) E0(V/m) !

Min 2.0 8 0.6 900 996 0.
Max 4.0 32 1.4 1100 1004 0.01

Value Z0(!) f (MHz) "p(rad) "e(rad) #p(rad) Ip(A)
Min 46 890 0.0 0.0 0.0 0.2
Max 54 910 1.5 1.5 1.5 0.8

As depicted in Fig. 9, a distinct set of initial param-
eters ranges will lead to different conlusions from screen-
ing design (most influential parameters: incidence direction

Figure 9: RV ranging from screening design based upon
Tab. 3.

trough &p and 'p angles, and length L). Thus, the definition
domain of the u random vector appears as a crucial point.

3.5. Quantitative impact of RV

This part illustrates the SC ability to achieve a reliable sen-
sitivity analysis in a random EMC problem. Among all the
variables depicted in Fig. 2, we will focus on the line length
and frequency excitation. Relying on previous SA, the L
and f RV need to be included in the stochastic model (other
variables may be set to determinsitic mean values). We may
rely on the stochastic techniques (SC and/or UT) to lead a
entire sensitivity analysis to quantify the impact of one pa-
rameter to another.

An influence criterion was defined in [3] to character-
ize the sensibility of one RV. Based upon the SC results, a
similar parameter is

InZi
= # log

+****1#
var (I(Zi))

var (I(Z1, Z2, . . . , Zk))

****

,
, (20)

with var (I(Zi)) and var (I(Z1, Z2, . . . , Zk)) the vari-
ances of the current I given respectively from one RV Zi

(i = 1, . . . , k) and k RV. As depicted previously, the two
random outputs are given considering two RV, respectively
RV 1 for L and RV 2 for f .

The influence of each parameter is shown in Fig. 10 and
Fig. 11. As expected, the relative behaviour of each param-
eter appears similar since the two parameters are dependent
on a physical point of view. The computation of the in-
fluence from (20) lays emphasis on the dominant effect of
length at low frequency (influence levels greater than 1dB).
In comparison with f -influence (Fig. 11), the maximum
levels are greater regarding L-effect (In < 1.4dB for the
frequency).

In order to better understand the relative effect of each
parameter, we may define a relative influence criterion from
previous InZ1 and InZ2 parameters (respectively for L-
RV 1 and f -RV 2) following

ĨnZi
=

InZi

k&
j=1

InZj

. (21)

7



1
2

3
4

5

0
1

2
3

4
5

x 107

0

1

2

3

4

 

L, m

Influence RV1 (L)

f, Hz
 

In
flu

en
ce

, d
B

0.5

1

1.5

2

2.5

3

Figure 10: Influence of L parameter (RV1).

1
2

3
4

5

0
1

2
3

4
5

x 107

0

0.5

1

1.5

 

L, m

Influence RV2 (f)

f, Hz
 

In
flu

en
ce

, d
B

0.2

0.4

0.6

0.8

1

1.2

Figure 11: Influence of f parameter (RV2).

1

1.5

2

2.5

3

3.5

4

4.5

0
1

2
3

4
5

x 107

0

0.2

0.4

0.6

0.8

1

 

L, m

f, Hz

 

R
el

at
iv

e 
in

flu
en

ce
, n

o 
di

m

Relative inf. RV1
Relative inf. RV2

Figure 12: Relative influence of L/f parameter from one to
another.

The Fig. 12 gives an overview of the relative influence
of parameters L and f following the relation (21). As ex-
pected, the physical dependence between the two random
parameters involves a well-balanced distribution between
L and f . Indeed, based upon the given domain sampling,
a quick counting distinguishing major effects of length or
frequency shows an influence rate respectively of 55.64%
and 44.36% for L and f . Obviously, this last remark might
have been expected from Fig. 8 since the two parameters
representation (interaction clouds) were closed. Neverthe-
less, no quantitative information might be extracted since
the “Morris” SA only provides “qualitative” results. The
major interest of the previous analysis relies on the ability
given to precisely extract influence rates for large working
domains.

4. Conclusion and prospects
In this contribution, a sensitivity analysis technique jointly
with stochastic methodswere presented to solve EMC prob-
lems. The use of unscented transform (UT) and stochastic
collocation (SC) have been fully justified from their high
simplicity and accuracy. Uncertainties involving source
parameters (frequency) and geometry of a transmission
line (length) have been defined considering various ran-
dom variables (RV) UT/SC efficiency and precision were
detailled regarding this stochastic EMC issue in multi-RV
case. Since the UT and SC methods are similar to well cho-
sen MC simulations, their efficiency appears to be an im-
portant advantage compared with Monte Carlo (MC): mini-
mizing computing time more than 20,000 times. Moreover,
one of their main advantages relies on their non-intrusive
characteristic: similarly to MC, the techniques only need
to achieve numerical measurements for particular input pa-
rameter values (without causing deep alteration in electro-
magnetic codes). Unfortunately, the efficiency may drasti-
cally decrease when the number of RV increases. That’s the
reason why we proposed a sensitivity analysis (SA) method
to determine what are the most important variables. Based
upon SA results, only significant parameterswere studied to
quantitatively compute their influence domains. This may
be particullarly interesting to optimize EMI/EMC tests and
to improve EMC equipments design. The whole process
may perfectly apply oneself to other electromagnetic simu-
lation/experimental tools.
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ceptibilité des cartes électroniques par les plans
d’expériences numériques, Proc. Int. Symp. On EMC,
Paris, France, May 2008.

[16] M.D.Morris, Factorial sampling plans for preliminary
computational experiments, Technometrics, Vol. 33,
No. 2, pp. 161–174, 1991.

[17] A. Saltelli, M. Ratto, S. Tarantola, F. Campolongo,
Sensitivity analysis practices. Strategies for model-
based inference, Reliability Engineering and System
Safety, vol. 91, pp. 1109-1125, 2006.

[18] B. Iooss, Revue sur l’analyse de sensibilité globale de
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Abstract 
Using the knowledge gained from the wave chaos theory, 
we present a simple modification of the shape of a 
reverberation chamber (RC) consisting in inserting a 
metallic hemisphere on a cavity wall. The presented 
simulation results show a significant improvement of the 
field statistical properties, and this without resorting to a 
mode stirrer.  

1. Introduction 
The reverberation chambers, widely used for 
electromagnetic compatibility studies or antenna 
characterisation [1], are resonant cavities, usually of 
rectangular shape and equipped with a stirrer in motion 
having a complex shape. They are used beyond a minimum 
frequency from which the fields are statistically isotropic 
and uniform on a stirrer rotation [2]. As it appears that these 
statistical requirements correspond to the properties of most 
modes of a chaotic cavity [3], we propose the use of a 
chaotic cavity as a reverberation chamber cavity. Indeed, in 
a chaotic cavity, generic modes (also called ergodic modes, 
see e.g. [4]) display Gaussian statistics for each component. 
This statistical behavior can be met at relatively low 
frequency, thereby leading  to statistically isotropic fields 
and random polarizations even for an unstirred cavity field. 
Thus, the statistical behavior of each individual ergodic 
mode might constitute the keystone of an effective reduction 
of the lowest usable frequency (LUF) in chaotic RCs [5].  

 The application of the wave chaos theory to 
electromagnetic systems comes from the analogy between 
the Schrödinger’s and Helmholtz’s equations in the case of a 
flat cavity [3]. The Schrödinger equation being scalar, the 
small cavity height allows the problem reduction to a 2D 
system with a single field component, so that most studies of 
chaotic electromagnetic cavities were carried out in 2D [6]. 
However, a few studies of 3D cavities showed similar 
properties [7]. 
 Drawing inspiration from a 2D chaotic cavity, we 
studied a parallelepipedic cavity provided with a metal half-
sphere on one wall (fig.1). Its dimensions are: W = 0.785m 
along (Ox), L = 0.985m along (Oy) and H = 0.995m along 
(Oz). The hemisphere centred at (31W/42, 3L/4, H) has a 
radius of R = 0.15m. To evaluate how well the cavity is 
operating, the distributions of the six field components are 
examined and compared to those obtained with the cavity 
without hemisphere.  
  

 

 
 

Figure 1: Cavity with hemisphere and 3D grid for field 
values extraction. 

 
The simulations are performed using HFSS 

software, by searching for eigenmodes. The first 232 modes 
of the empty parallelelipedic cavity as well as the first 232 
modes of the cavity loaded by a hemisphere are studied here. 
Their resonant frequencies vary between 214MHz and 
1GHz. To study the field distributions, the values of the 
three electric field components are recorded for each mode 
at 1001 points within the cavity volume. These points are 
taken on a 3D grid included in the cavity (Fig. 1). The 
distance between two adjacent lines as well as between the 
3D grid and the cavity walls is of 50mm. The fields 
associated to each eigenmode are normalized so that the 
mean of the square electric field amplitude on the grid points 
is unitary. 

Using simulation results, we first of all focus on the 
distribution of each field component and determine if a 
Gaussian law is followed. We then examine the isotropy of 
the fields associated to the cavity resonances while 
considering the difference between the standard deviations 
of each component. Besides, the invariance of the field 
statistical properties through a rotation of the orthonormal 
basis is used as a test of the field isotropy.  

2. Field distribution 
We first examine the distribution of the three field 

components for each eigenmode. The orthonormal basis is 
defined according to the cavity edges as reported in Fig. 1. 
In a well-operating reverberation chamber, as for the ergodic 
modes of a chaotic cavity, a normal distribution is expected 
for each field component. 

W=785mm L=985mm 

H=985mm 
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 We focus, as an example, on the mode at 995MHz, 
but similar results are obtained with other modes. The 
mapping of electric field (Fig.2) indicates that the 
disturbance associated with the hemisphere is global, as the 
distribution is no longer regular as in the empty cavity 
(Fig.3). From the 1001 values of the electric field 
components, we plot the associated histograms as well as 
the closest normal distributions (for Ex in Figs.2-3). 
Visually there is a good agreement between theoretical and 
empirical laws after the insertion of the hemisphere. The 
Kolmogorov-Smirnov (KS) at 95% confidence is used to 
determine whether the two laws are close enough. The 
answer is 0 if they match and 1 otherwise. In the presented 
case of Fig. 2, the answer is 0, whereas it is 1 in Fig. 3. 

 
Besides the normal distribution of its components, 

the field is also required to be isotropic in a well-operating 
reverberation chamber. We recall that an ergodic field is 
also isotropic. The field isotropy will be studied in more 
details in the second part of this paper, but we will first of 
all eliminate the null components because of the strong 
degradation of the field isotropy they imply. Whereas the 
field components that vanish are analytically known for the 
empty cavity, they have to be determined numerically in the 
modified cavity. As the field values issued from simulations 
are never strictly null, a criterion is necessary to decide if a 
component can be considered or not as null. The criterion of 
Eq. 1 to consider a field component Ei as null has been 
determined by examining the empty cavity simulation 
results, where the null components are analytically known: 

( )
}{ 0.06

)Eµ(,)Eµ(),Eµ(max
Eµ

zyx

i ≤  (1) 

where µ(x) indicates the mean value of x. 
This special treatment of the null field components is 
particularly important, as it appears from the simulations of 
the parallelelipedic cavity, that the KS test answer is 0 for 
the numerical noise associated to these null components. 
The latter would indeed appear as being Gaussian 
distributed if they were not eliminated before applying the 
KS test. To avoid this problem and show the presence of 
these modes degrading the field isotropy, the response of 
the KS test has been modified by associating the value -1 to 
null components.  

 
The nullity and KS tests were performed with the 

first 232 eigenmodes of both cavities. The results obtained 
for the Ex components of the eigenmodes are given in Fig. 4 
for the empty cavity and in Fig. 5 in the presence of the 
hemisphere. The increase of the number of zero-answers 
due to the hemisphere insertion clearly appears. Moreover, 
the Gaussian character of the field improves with increasing 
frequency in the modified cavity whereas it seems almost 
completely absent in the empty cavity. The same tests 
performed on Ey and Ez components of the modes confirm 
these remarks. 

The results obtained for the three electric field 
components are summarized in Table I. It can firstly be 
noticed that, whereas each field component is null for about 

28.4% of the modes within the empty cavity, it almost never 
occurs within the modified cavity. The normal law is widely 
followed by the field components in the presence of the 
hemisphere, with a success ratio of the KS test above 72%, 
whereas the test response is predominantly 1 without the 
hemisphere.  
 

 

       
Figure 2: Electric field amplitude and associated distribution 

of Ex component at 995MHz (230th mode) for the cavity 
with an hemisphere 

 

   
 

Figure 3: Electric field amplitude and associated distribution 
of Ex component at 993MHz (230th mode) for the empty 

cavity.  
 

 
Mode order 

Figure 4: KS test for Ex components of the empty cavity 
modes. 

 

 
Mode order 

Figure 5: KS test for Ex components of the modes obtained 
with a hemisphere. 
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Table 1: Results (%) of the KS test performed on the 

distribution of the three field components for the 232 resonant 
modes of the empty and modified cavities. 

 
 Null (-1) KS_95%= 1 KS_95% = 0 

Ex 23.71 69.4 6.9 

Ey 25.43 48.71 25.86 
Empty 
cavity 

Ez 30.6 38.79 30.6 
Ex 2.59 23.28 74.14 
Ey 1.72 20.26 78.02 

With 
½ 

sphere Ez 2.59 24.57 72.84  
 
As for an ergodic mode the three field components are 
normally distributed, we now define a global homogeneity 
indicator of the three field properties. It takes the value of -1 
if at least one component is null, 0 if each component is 
non-null and follows a normal distribution, and 1 if no 
component is null and at least one of the components does 
not follow a normal distribution 
 

 
Mode order 

Figure 6: Global homogeneity test of all modes, empty 
cavity 

 

 
Mode order 

Figure 7: Global homogeneity test of all modes, cavity with 
½ sphere 

 
In the empty cavity, many components are either null or do 
not follow a normal distribution (Fig.6). In the cavity with a 
hemisphere null components get extremely rare with 
increasing frequency; many of them follow a normal 
distribution (Fig. 7). Table 2 summarizes the results of this 
global test for all the modes in both cavities. It clearly 
indicates that the insertion of the hemisphere drastically 
decreases the number of modes having a null component 
and increases the number of modes with three normally 
distributed components. 
 

Table 2: Results (%) of the global homogeneity test 
performed on the modes 

Modes 0 1 -1 
Empty cavity 0.42 58.9 40.68 

c. with ½ sphere 50 43.97 6.03 
 
If the field is isotropic then it presents the same distribution 
regardless of the chosen orthonormal coordinate system. To 
verify this property, we modify the first chosen coordinate 
system of Fig. 1 by performing a rotation of θr=30° about 
the Ox axis, of ϕr=20° about the Oy axis and of ψr=60° 
about the Oz axis. The already presented tests are then 
applied, for each eigenmode of both cavities, to the three 
components related to this new basis. The results obtained 
for the global homogeneity indicator of the modified cavity 
are presented in Fig. 8. 

 

 
Mode order 

Figure 8: Global homogeneity test for the modified cavity, 
after basis rotation. 

 

The coordinate system rotation eliminates the null 
components; similarly, the analytical field expressions in the 
empty cavity indicate that no null component remains in this 
case. The variation of the number of zero answers from  
50% in the initial coordinate system to 63.8% after basis 
rotation indicates that some modes associated to a zero 
answer are not ergodic as their field distributions are 
sensitive to the chosen projection basis. 

 

The modes whose three components are non-null 
and normally distributed in both coordinate systems, as 
expected for Gaussian ergodic modes, are presented in Fig. 
9. For each mode, if the global homogeneity test takes the 
value 0 in both coordinate systems, then 0 is indicated, else 
1 is associated to this mode. The zero answer is obtained for 
38.8% of the modes. As already noticed, the field statistical 
properties improve with increasing frequency. From the 
130th mode, the zero value appears for 73.5% of the modes. 
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Figure 9: Global homogeneity test for the modified cavity, 
in both bases. 

 
To further investigate the field isotropy, the standard 
deviations of the three field components will now be 
examined. 
 

3. Standard deviation and field isotropy 
The field isotropy implies an equality of the standard 
deviations of each field component. Therefore, we examine 
here the standard deviations of the three electric field 
components for each eigenmode, and use the difference 
between them as an indicator of the field istropy. The 
orthonormal basis as defined in Fig. 1 is chosen. 
The standard deviations are calculated from the components 
values at the 1001 points of the cavities. Their frequential 
variations are given in Figs. 10-11. 
 

 
 

Figure 10: Standard deviation of Ex, Ey and Ez for the empty 
cavity. 

 

 
 

Figure 11: Standard deviation of Ex, Ey and Ez for the cavity 
with an hemisphere.  

 
We notice a decrease of the standard deviations excursion 
with increasing frequency in the case of the  cavity with a 
hemisphere, whereas no noticeable evolution appears in the 
empty cavity. In the latter case, a large number of very small 
standard deviations are obtained, that correspond to the 
vanishing of the related field components. These very small 
values are fewer with the hemisphere. The corresponding 
null components, very detrimental to the field isotropy, have 
already be pointed out in Section 2. 

The value of 0.577 indicated in Fig. 11 corresponds to an 
ideal mode whose three components have a zero mean and 
identical standard deviations. It is expected in a chaotic 
cavity that the standard deviations fluctuate around this 
value. Between 700MHz (corresponding to the 76th mode) 
and 1GHz, the mean values of the standard variations are of 
0.54 for Ex, 0.53 for Ey and 0.52 for Ez. 

Thus, in the ideal case of an istropic field, the standard 
deviations of the three electric field components are equal. 
To evaluate the istropy of the modes, we propose the 
indicator Δσ defined in Eq. 2. Its value, comprised between 
0 and 1, decreases when the three standard deviations 
become similar. Δσ is equal to 1 when one field component 
vanishes whereas, in the ideal isotropic case, it is vanishing. 
 

( ) ( )
( ) ( )zyxzyx

zyxzyx

σσσσσσ

σσσσσσ
σ

,,min,,max
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+

−
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Figure 12: Δσ versus frequency for the empty cavity  

 

 
Figure 13: Δσ versus frequency for the modified cavity  

 

Figure 12 indicates that in the empty parallelelipedic cavity, 
the variation domain of Δσ remains globally similar while 
the frequency increases. On the other hand, Δσ globally 
decreases with the frequency in the modified cavity (Fig. 
13). The difference between the parameters of both cavities 
clearly appears after 700MHz: whereas the mean value of 
Δσ between 700MHz and 1GHz is of 0.7985 for the empty 
cavity, it is of 0.5964 in the modified cavity. This is an 
indication of the improvement of the field isotropy due to 
the insertion of the hemisphere.  
 

4. Conclusion 
Drawing inspiration from studies developped in the field of 
wave chaos, a simple modification of the parallelipedic 
cavity has been proposed with the aim of obtaining 
homogeneous and isotropic fields. Through simulation 
results, it has been shown that the ratio of field components 
following a normal distribution drastically increases after 
this geometric modification, and that this ratio grows with 
increasing frequency. The field isotropy has also been 
discussed from three different points of view. First the 
modes presenting null components, which are very 
detrimental to the field isotropy, have been counted, and the 
reduction of their number in the modified cavity geometry 
is clearly demonstrated. Then, the invariance of the field 
statistical properties with respect to the orthonormal basis 

has been tested. Finally, the analysis of the standard 
deviations of the three components and, for each mode, of 
their dispersion, confirms the same trend. 
According to the presented results, the very simple cavity 
modification we propose permits a considerable 
improvement of the field statistical properties. The 
adaptation of this geometrical modification to reverberation 
chambers could be performed in two ways. The first one 
consists of inserting a metallic hemisphere within classical 
reverberation chambers equipped with a stirrer. In the 
second approach, the hemisphere is considered as a mode-
stirrer and moves on the cavity wall. In both approaches, it 
is expected that the spectral overlap of homogeneous and 
isotropic modes will lead to better statistical field properties 
than when the modes do not individually meet the required 
statistical properties. It would result in the improvement of 
the reverberation chambers operation and very likely in the 
decrease of their LUF. 
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Abstract 
In the context of wave propagation in urban environment, 
the importance of the random variation of different facade 
parameters (ex. material permittivity, architectural details 
dimensions and distribution) on the reflected electric field 
from the building has been studied. Two approaches for a 
multivariate sensitivity analysis are proposed. Taylor series 
expansion is used to introduce the variance decomposition. 
The sensitivity indices are obtained in different diffraction 
zones of the building. A Monte Carlo simulation is used to 
verify the validity of the perturbation approach in all zones 
and to calculate different statistical moments. Correlation 
coefficients are introduced and highlight the influential 
facade parameters. 

1. Introduction 
Wireless communications, particularly mobile networks, 
experienced a great expansion recently worldwide. These 
networks are very dense in urban areas and the 
electromagnetic field distribution is highly dependent on city 
structures. It is essential to have predictive tools to assess as 
accurately as possible the distribution of electromagnetic 
fields in order to enable optimized implementation of base 
stations. Prediction of electromagnetic fields levels in a 
complex environment is meaningful when presented with an 
acceptable amount of uncertainty. Although statistical 
models for the radio wave propagation in urban environment 
have been used since a long time [1]−[3], wave propagation 
site-specific simulators do not usually accept variable 
parameters for building architectural details and seldom 
report extra information concerning the uncertainty of the 
results. While sources of uncertainty on the scattered field 
are abundant in urban environment, in this study they are 
restricted to those arising from building faces. Some of these 
architectural parameters are: permittivity of concrete and 
glass, type of glazing, dimensions and distribution of 
windows. In a previous study [4], we have investigated the 
influence of some building parameters on the scattered field 
and we have quantified the importance of each parameter in 
a single-variate analysis. In this paper, we propose a 

multivariate sensitivity analysis and uncertainty propagation 
using the perturbation method and the Monte Carlo 
simulation.  

2. Building properties 
The sources of uncertainty in the reflection/scattering 
mechanism in urban environment are numerous. If we 
restrict the study to those related to the building facades, 
several parameters related to the architecture of buildings 
can be identified. The random variation of these parameters 
can influence the scattered field and thus create an 
uncertainty on the calculated field. Some of these 
architectural parameters are: permittivity of concrete and 
glass, type of windows (thickness of glass, number of slabs), 
dimensions and distribution of windows. The influence of 
these variables may vary according to different conditions 
such as wave polarization, incident angle and observation 
distance. 
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Figure 1. Generic concrete-glass building facade 
presented for the mean values of geometrical 
parameters 

In this study, we have chosen 8 random variables among all 
possible architectural variations. These parameters are 



 
 

defined for the generic 12m×12m concrete-glass building 
illustrated in Figure 1. In order to cover all possible values 
for different input parameters, no special hypothesis has 
been taken for the statistical distribution and all parameters 
are supposed to have a uniform variation over the authorized 
interval. The parameters are : 

• Concrete relative permittivity: UεC = [5, 9]  
• Glass relative permittivity:  UεG = [2, 5] 
• Width of windows: UW = [0.5, 2] 
• Height of windows: UH = [0.5, 2] 
• Horizontal distance of windows from the vertical edge 

of building: UD1 = [0.2, 1] 
• Vertical distance of windows from the horizontal edge 

of building: UD2 = [0.2, 1] 
• Horizontal distance between windows in each bloc: 

UD3 = [0, 1] 
• Vertical distance between windows in each bloc: 

UD4 = [0, 1] 

The facade is illuminated by a TE polarized plane wave in 
normal (θi=0°) incidence and the reflected electric field is 
calculated in specular direction and in different diffraction 
zones of the building facade. The calculation method, 
presented in [5] allows a fast and accurate calculation of the 
reflected field from building facades in different diffraction 
zones. In this method, a wave illuminating the surface of an 
object can be replaced, with respect to the induction 
theorem, by electric and magnetic equivalent currents at the 
interface between the air and the object. The total radiation 
of these fictive currents gives the reflected field from the 
object. In order to calculate the radiation of surface currents, 
we use the Green’s functions associated with the interface 
between two semi-infinite media which have the advantage 
of being without singularities.  

The choice of different observation distances is made 
according to the definition of standard diffraction zones of a 
radiating object. Figure 2 summarizes some of the most 
important existing definitions [6]−[9] where D represents the 
largest dimension of the building and λ the free-space 
wavelength. 
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Figure 2. Standard radiation zones from a radiating 
object of size D 

In order to show the nature of field variations in different 
regions, the building facade of Figure 1 is illuminated by a 
TE polarized plane wave in normal incidence. The 
amplitude of the reflected electric field is presented in 
Figure 3 as a function of the distance from the building and 
along the z axis. The mean values of the parameters are 

chosen for facade geometrical properties and the working 
frequency is fixed to 900 MHz. As shown in this figure, the 
amplitude of the electric field goes through a very 
fluctuating zone until attaining its maximum value before 
the end of the Rayleigh zone. The amplitude decreases 
monotonously with the distance after this 
peak.

0 54 216 864 1000
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Observation distance r (m)
|E

r| (
V

/m
)

Rayleigh
Far-!eld

VNF

 
Figure 3. Evolution of the amplitude of the reflected 
electric field as a function of the observation distance 

3. Statistical studies 
The influence of each random variable on the total reflected 
electric field is highlighted using two different approaches. 
As a first approach we use the perturbation method which 
gives a quick insight to the sensitivity of the output variable 
to each input variable. The results are obtained assuming 
that the Taylor series expansion of the output expression is 
valid around the mean value of each parameter. In order to 
verify the validity of the first approach and knowing that a 
sample simulation time using the Green's functions method 
is reasonably short, we propose a Monte Carlo simulation 
with a small number of samples. 

3.1. Perturbation method 

The perturbation method is based on the Taylor series 
expansion of the response function around the mean value of 
the input parameters. The input is represented as a random 
vector X = [X1, X2, ... , XM ] and the output is a function of 
the input random vector Y = f(X). The approximation 
remains valid if the variations of the input parameters (Xi) 
around their mean values are small. The mean and the 
variance of the response can be estimated as follows [10].  

The Taylor series expansion of f(X)  around the mean value 
of the input parameters is given by: 
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Taking the expectation from both sides of (1): 
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By definition [ ] 0)( =− iiXE µ , so the first order 
approximation of the mean value is: 

[ ] )()( XfXfE µ≈  (3) 

The first order approximation of the variance is thus: 
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If the input parameters are independent, the response 
variance becomes: 
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The variance is thus decomposed into the contribution of 
each single input parameter. Finally the importance factors 
or the sensitivity indices can be defined as follows: 
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The sensitivity index Si quantifies the uncertainty brought to 
the total variance Var[f(X)] by the i-th input variable. The 
sensitivity indices naturally sum up to unity.  

For the building facade in Figure 1 and the input variables 
defined in Section 2, the sensitivity indices as well as the 
estimated output mean and standard deviation are calculated 

for a normally incident TE polarized plane wave at a few 
observation distances in specular direction along z axis and 
are presented in Table 1. We note that the building 
discretization size is chosen to be 5 mm. The same 
calculations have been conducted with a 3 mm precision and 
the results are almost identical. We observe for all zones, 
starting from the Rayleigh zone, that the concrete relative 
permittivity is the most important parameter. This parameter 
is followed by either the dimensions (width and height) of 
windows in the Rayleigh zone or both the dimension and the 
relative permittivity of glass in far zones of the building. The 
influence of the distribution of windows is almost negligible. 
We need to emphasize on the fact that results obtained for r 
= 20 m do not satisfy the physical expectations; the near-
field of the building cannot be independent from the relative 
permittivity of concrete. It seems that the Taylor 
decomposition of the response, in its current form, is not a 
valid approach for this particular observation zone. The 
Monte Carlo simulations presented in the next sub-section 
will clarify this hypothesis. 

3.2. Monte Carlo simulation 

Monte Carlo simulation is the basic approach to estimate the 
whole probability density function fY(y) provided that the 
sample set is large enough. The mean, the variance and other 
statistical moments can thus be extracted from the 
simulation results. The sensitivity analysis in this case is 
achieved by using the correlation between the output and 
each input parameter. The Pearson's correlation coefficient 
characterizes the importance of input parameters on the 
output response subject to a linear relation between them 
while the Spearman's correlation coefficient measures the 
importance assuming a monotonous relationship between 
the input and the output. The empirical Pearson's correlation 
coefficient is given by: 
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where x and σ̂ are the empirical mean and standard 
deviation of each sample set. 

Table 1. Sensitivity indices of the input parameters for θi = θr = 0° in different diffraction zones of the building 
(discretization = 5mm)  

 Very near-field 
 

r = 20 m 

Rayleigh 
 

r = 100 m 

End of Rayleigh  
 

r = 216 m 

Fresnel 
 

r = 400 m 

Start of far-field 
 

r= 864 m 

Far-field 
 

r = 1000 m 
SεC 
SεG 
SW 
SH 
SD1 
SD2 
SD3 
SD4 

0.0590 
0.0950 
0.1898 
0.1898 
0.1292 
0.1292 
0.1040 
0.1040 

0.5237 
0.0327 
0.1813 
0.1813 
0.0367 
0.0367 
0.0038 
0.0038 

0.6992 
0.0976 
0.1005 
0.1005 
0.0011 
0.0011 

1.8869e-005 
1.8869e-005 

0.7313 
0.0971 
0.0857 
0.0857 

7.9525e-005 
7.9525e-005 
9.4571e-007 
9.4571e-007 

0.7411 
0.0963 
0.0813 
0.0813 

3.4675e-006 
3.4675e-006 
3.6345e-008 
3.6345e-008 

0.7418 
0.0962 
0.0810 
0.0810 

1.9252e-006 
1.9252e-006 
2.0002e-008 
2.0002e-008 

 
µE 
σE 

 
0.3886 
0.0777 

 
0.6249 
0.0572 

 
0.6796 
0.0516 

 
0.4308 
0.0321 

 
0.2099 
0.0155 

 
0.1820 
0.0135 
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If we define the rank of each sample as its ordinal number 
while the set is sorted in ascending order, the Spearman's 
correlation coefficient is the linear correlation of the rank 
sets : 
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where rx and ry are the rank sets. 

For the previous problem, 1000 samples of the 8 input 
random variables are generated according to the uniform 
distribution using the Latin Hypercube sampling technique. 
The amplitude of the reflected electric field is observed in 
the same conditions as previously. The empirical correlation 
coefficients along with the mean and the standard deviation 
are presented in Table 2. We remind that the discretization 
of the building is kept to 5 mm, the same Monte Carlo 
simulation with 1000 samples has been conducted with 3 
mm precision and the results are quite identical. According 
to the correlation coefficients in Table 2, the same 
conclusions are drawn regarding the importance of the 
parameters in each zone, except for the very near-field. We 
note that the relative permittivities of concrete and glass 
affect the very near field of the building contrarily to the 
results obtained by the linearization technique. The Monte 
Carlo simulation is universal and independent of the nature 
of variation of the field in the region, we will thus explore 
the results at r = 20 m in order to verify if the Monte Carlo 
simulation has converged. Otherwise, we note a very good 
agreement between the values of the mean and the standard 
deviation obtained with the two approaches.  

The accuracy of Monte Carlo moment estimator as a 
function of the number of samples is presented in Figure 4. 
We observe that in near regions especially at r=20m of the 
building the accuracy of the estimator with 1000 samples is 
less than in the other diffracting regions of the building. The 
sensitivity studies in the fluctuating near-field region of the 
building is not only inappropriate for the series expansion 
techniques but also needs to be provided with more 
important number of samples in order to guarantee the same 
precision as the other regions. Another Monte Carlo 

simulation is conducted at 20 m and 100 m using 5000 
samples for input parameters, the results confirm those 
obtained in Table 2 with a slight difference. 
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Figure 4. Accuracy of Monte Carlo Simulation mean 
estimator as a function of number of samples in 
different zones 
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Figure 5. Median, 0.025 and 0.095 quantiles of the 
reflected electric field using 1000 samples in 
different diffraction zones 

Table 2. Pearson's and Spearman's correlation coefficients of the input parameters for θi = θr = 0° in different diffraction 
zones of the building (discretization = 5mm)  

 Very near-field 
 

r = 20 m 

Rayleigh 
 

r = 100 m 

End of Rayleigh  
 

r = 216 m 

Fresnel 
 

r = 400 m 

Start of far-field 
 

r= 864 m 

Far-field 
 

r = 1000 m 
ρPεC ρSεC 
ρPεG ρSεG 
ρPW ρSW 
ρPH ρSH 
ρPD1 ρSD1 
ρPD2 ρSD2 
ρPD3 ρSD3 
ρPD4 ρSD4 

0.5442  
-0.1411    
0.0589    
0.0732    
0.0321   
-0.0677    
0.0608    
0.0738 

0.5796   
-0.1176    
0.0510    
0.0528    
0.0324   
-0.0762    
0.0262    
0.0473 

0.7140  
0.1736 
-0.4052 
 -0.3867 
-0.1704 
-0.1761 
-0.0818 
-0.0445 

0.7250    
0.1577 

 -0.3976 
-0.3727   
-0.1523 
 -0.1678   
-0.0775 
 -0.0330 

0.8099    
0.2738   
-0.3436   
-0.3124   
-0.0269   
-0.0473   
-0.0413   
-0.0064 

0.8191    
0.2498   
-0.3342   
-0.2928   
-0.0208   
-0.0457   
-0.0432    
0.0011 

0.8276    
0.2725   
-0.3264   
-0.2943   
-0.0049   
-0.0267   
-0.0388   
-0.0048 

0.8363    
0.2482   
-0.3175   
-0.2756   
-0.0019   
-0.0267   
-0.0414    
0.0022 

0.8329    
0.2713   
-0.3209   
-0.2886    
0.0016   
-0.0206   
-0.0382   
-0.0045 

0.8420    
0.2464   
-0.3120   
-0.2697    
0.0037   
-0.0209   
-0.0408    
0.0027 

0.8333    
0.2712   
-0.3205   
-0.2882    
0.0020   
-0.0202   
-0.0382   
-0.0044 

0.8424    
0.2463   
-0.3115   
-0.2693    
0.0042   
-0.0205   
-0.0409    
0.0026 

 

µ̂  
σ̂  

 
0.4556 
0.0613 

 
0.6175 
0.0589 

 
0.6729 
0.0542 

 
0.4264 
0.0337 

 
0.2078 
0.0163 

 
0.1801 
0.0142 
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Figure 5 shows the variation of the reflected electric field as 
a function of the distance in logarithmic scale. Using the 
results of the Monte Carlo simulation with 1000 samples, 
the median and the 0.025 and 0.975 quantiles are given for 
each nominal distance. As presented in Table 3, the closer 
the observation distance gets, the larger the range of 
variations becomes. The Coefficient of Variation (CV) 
which is a measure of dispersion is also calculated at each 
observation distance. 

Table 3. Quantile ranges and Coefficients of 
Variation for different observation distances  

 Q0.975  ‒ Q0.025 CV = σ/µ 

r = 20 m 0.2432 0.1345 

r = 100 m 0.2247 0.0953 

r = 216 m 0.2016 0.0806 

r = 400 m 0.1239 0.0791 

r = 864 m 0.0598 0.0786 

r = 100 m 0.0518 0.0786 

 

4. Conclusions 
Two sets of sensitivity parameters have been presented in 
different diffraction zones of a building whose varying 
parameters contain the material as well as geometrical 
properties of the facade. The first set based on variance 
decomposition is only valid when the Taylor series 
expansion of the reflected electric field is possible. In the 
very near-field of the building this hypothesis is no longer 
valid and a Monte Carlo simulation has to be employed. The 
second set contains the correlation coefficients which can be 
accurate in all diffraction zones subject to a sufficiently 
large number of samples. Both studies agree on the fact that 
the concrete permittivity is the most important parameter in 
all diffraction zones, while the glass permittivity and the 
dimensions of windows can be secondly important if we are 
far or close to the building facade, respectively. In a very 
near field, again the material properties are  more influential 
than the geometrical parameters because the distance is too 
small and lets only the very local variations be visible. 
Basically, while keeping the same windows distribution in 
blocs, the relative distance from the building edges is not 
important. Both studies have been conducted with two 
different degrees of precision (5 mm and 3 mm) for the 
definition of the building and for a normally incident plane 
wave; the smaller precision gives reasonably accurate 
results. The conditions of validity and the importance of 
different parameters may vary in an oblique incidence 
condition or with a different wave polarization. We also 
remind that in this study the glazing type of windows is not 
taken into account. 
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Abstract 
This paper addresses the pros & cons for developing 
statistical models intended to provide a representative 
description of antenna behavior in their use context. The 
analysis is made both from the point of view of the 
relevance and that of the difficulties in developing such 
models. Statistical antenna modeling is applied to a few 
cases in the field of wireless communications, addressing 
the statistical variations of the antennas themselves, of their 
immediate environment and of the local propagation 
context. 

1. Introduction 
Antennas are assumed to be deterministic objects, by the 
vast majority of antenna designers and researchers of this 
scientific community. This stems from two major 
considerations: 

  Maxwell equations are deterministic, there is no 
universal source of randomness 

  An antenna can be fabricated with a good 
reproducibility and similarly be measured reliably. 

Unfortunately this deterministic assumption cannot be 
entirely retained, for the following reasons: 

 The control of antenna characteristics, whether they 
were mechanical or structural (material parameters), 
cannot be perfectly guaranteed, either because the 
requirements on the antenna properties are very high 
(e.g. space antennas) or because the fabrication and 
materials tolerances are large (e.g. for cost constraints) 

  Antennas are rarely used in isolated environments. 
Most of the time they are placed in more or less close 
objects or supporting parts, which will tend to modify 
the performance [1]. In that case, characterizing an 
antenna in the ideal environment of an anechoic 
chamber may be illusory 

 Degradations may happen in the course of the antenna 
lifetime [[2]] or because it is deformed in its normal 
use conditions 

While all these disturbances are still deterministic in their 
physical nature, their highly changing and uncontrolled 
character makes them more amenable to statistical 
approaches than to deterministic modeling. 

Although these considerations are not new and they might 
have been addressed decades ago, the inclusion of statistical 
methods in antenna design or modeling is very little spread 
[3]. In our opinion, there are reasons that currently tend to 
promote it: 

 Software tools and the associated computing machines 
are now powerful enough to carry out full wave 
electromagnetic simulation of antennas in a short 
computation time, which opens the door to the 
incorporation of surrounding objects and to the 
inclusion of stochastic variations on the parameters. 

 System modeling in general tends to be as close as 
possible to reality, which means to critically address 
the above considerations. In particular, statistical 
models can be introduced into standards, as already 
done in a number of cases, in order to make sure that 
all users of these standards do use the same stochastic 
data 

In the present work, we address statistical antenna modeling 
and try to highlight, in addition to the general benefit of 
these approaches, also the intrinsic difficulties and some 
routes for progress. 

2. Main issues in antenna statistical modeling 
The statistical antenna modeling problem is schematically 
represented in Fig. 1. It is defined by the selection of a set of 
random input parameters (antenna structural parameters, 
environmental parameters…), which constitute the input 
stochastic space, and by a set of output quantities of interest. 
The problem we address is the construction of the input-
output relation and the obtention of the statistical 
distribution of the output quantities. This is, generally 
speaking, a formidable task. Indeed: 

 Depending on the problem considered, the number of 
input parameters may be extremely large, especially if 
one considers wide variations on the environment 
characteristics and on the antenna architecture. Further, 
defining multivariate distribution of these parameters, 
which may not be independent, is far from obvious 

 Unless of small input parameters, the input-output 
relation will generally be highly non linear 

 The output quantities may reduce to a single scalar, but 
in general we will be interested in a vector or a higher 
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order tensor in order to precisely represent the 
electromagnetic properties of the environed antennas. 
The dependencies between entries of this tensor need to 
be accounted for. 

 

 

PDF(O1,O2,O3,…) PDF(I1,I2,I3,…)   

 
Figure 1: Input-output relation between random antenna 
parameters and the quantities of interest. 

 

Given the fundamental difficulty ahead, we need to reduce 
the problem to something tractable. In this respect, some 
main ways can be considered, such as: 

 identify and classify random variations in the input 
parameters. One major difficulty in modeling the 
output quantity occurs when the database from which is 
constructed a statistical model exhibits inconsistent 
variations. Typically this occurs if the antennas are of 
too different types, resulting in broad variations with 
little consistency. A simple and classical way to reduce 
the degree of randomness and to provide more 
regularity is to classify the samples into categories, for 
each of which a specific model is developed. 

 apply suitable transformations on the input or output 
parameters, in order to smooth statistical distributions, 
reduce correlations and improve linearity 

 sample the stochastic space in a smart manner in order 
to learn the main dependencies and reduce the errors in 
converging towards stable distributions 

 
In the next sections, a few examples of these approaches to 
the context of wireless communications are shown. 

3. Application to wireless communications  

3.1. Antenna design and optimization 

Proper design is probably the major issue for antennas. 
Over the past century and beyond, antenna design has been 
based on a combination of comprehensive engineering and 
of empirical knowledge, complemented by trials and errors 
using fabrication and measurements or electromagnetic 
simulations of test antennas. Indeed, although the laws of 
classical electromagnetism are perfectly known since 
Maxwell, the understanding of their effects in the case of 
real objects is often uneasy and non intuitive, unless of 
simple ones or presenting major symmetries. In this context, 
one possible way to guide the antenna designer is to extract 
some if not all of the main dependencies of the antenna 
characteristics on its structure and parameters. Obviously, 
this can only be done in a limited volume and sub-space of 
the stochastic space, whose dimension is essentially infinite. 
However, in many cases there are constraints that very 
much limit the possibilities in terms of antenna type, such 

as the obligation of planarity. Another way to reduce the 
exploration of the stochastic space is just to take into 
account the referenced body of existing design types, when 
the literature is documented enough.  
 

 
 
Figure 2: Input-output relation between random antenna 
parameters and the quantities of interest (from  [5]). 

 
Figure 3: Various particular designs: (a) Staircase 
Monopole, (b) Triangular Monopole, (c) Dual Feed 
Monopole, and (d) Shaped (hollow) Monocone (from  [5]). 
 
Such an approach was followed in the PhD thesis of M.A. 
Yousuf [4], a systematic investigation of the effect of 
design parameters variations on antenna parameters has 
been conducted, for a series of planar ultra wide band 
(UWB) antennas (see also [5]). The "generic" design shown 
in Fig. 2 is sufficiently flexible to cover a wide set of 
antenna architectures fed by a coplanar waveguide (CPW), 
as demonstrated in Fig. 3 showing a few differing antenna 
architectures. For a given type of design (e.g. a dual feed 
monopole), a moderate variation of the various geometrical 
parameters around their mean value allows to determine up 
to what extent the antenna characteristics are impacted, and 
what statistical distributions are obtained. For this purpose, 
certain constraints should be enforced. Indeed the 
geometrical parameter variations may not be unphysical or 
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inconsistent, e.g. resulting in overlapping conductors or 
grossly incorrect line widths, to give just obvious examples. 
In [4], various designs have been optimized through 
conventional multi-objective optimization using a genetic 
algorithm and statistics of the antenna output parameters 
have also been obtained for the sets of designs respecting 
basic performance goals, such as a reasonable impedance 
matching in the band of interest. Given the Monte-Carlo 
design generation method employed, checking proper 
matching can only be done subsequently to electromagnetic 
simulation, meaning that the antennas too far away from 
this goal are just rejected and not taken into account in the 
antenna parameters statistics. 
 

 
Figure 4: schematic methodology for simultaneous 
optimization of an antenna design and generation of output 
parameters statistical distributions around the optimum. 

 

 
Figure 5: initial exploration of a threefold input parameters 
stochastic space (left), followed by a refined exploration 
around a certain optimum (right). 

 
The main issue is, as implied by the expression "multi-
objective optimization", that the final design depends 
whether the optimization favors the impedance matching, or 
the antenna gain, or any other relevant antenna parameter. 
Obviously, it may be interesting to see how the other 
antenna parameters are impacted, around a given "optimal" 
design. This may help the designer by informing him about 
the easiness or difficulty in reaching good performance on 
this or that parameter. This is the reason why, as visualized 
in the methodology of Fig. 4, both the optimization and the 
construction of statistical distributions are carried out 
simultaneously. In a second step, a refinement of the design 
parameters space exploration around a given optimal one 
yields the statistical distributions of the various antenna 

parameters interest around the optimal point (Fig. 5). 
Naturally, depending how this optimal point is selected, the 
distributions will be impacted accordingly. As an example, 
the Pareto front for the mean realized gain (MRG) and the 
mean matching efficiency (MME), as defined in [4], as well 
as the cumulative distribution function (CDF) of the MRG 
around the chosen optimal point are shown in Fig. 6. 

 

 

 
Figure 6: Multi-objective optimization and Pareto front for 
a staircase monopole design (up) and CDF of the MRG 
(down), extracted from [4]. 
 

3.2. Description of antenna randomness 
In this section, we address the following goal: to provide a 
representative statistical description of the variations of 
antenna characteristics encountered for a given use case. 
The objective here is to provide the wireless communication 
system designer with a realistic model of the transceivers 
radioelectric performance, at least that related to the antenna 
characteristics. As opposed to the previous section, the goal 
is not to design these antennas optimally but to express what 
the characteristics are in practice. Naturally, the main 
difficulty is in assessing the variety of antenna types that can 
be found in real life. Obviously it is impossible to buy an 
example of all commercialized antennas worldwide, but the 
problem also presents two more major difficulties: 

  the need for such antenna statistical models is 
maximum at the moment when a future communication 
standard is being studied, which means that antennas 
and radio terminals are not yet available. Even worse, 
the use cases are not solidly established 

 the greatest uncertainty in terms of antenna 
performance is found for the massively used 
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transceivers, such as wireless handsets or even 
femtocells or access points, whose generalization at 
large is on the way. Such devices are often used in 
unfavorable electromagnetic conditions, with strong 
disturbances by close objects. 

From these considerations we conclude that establishing 
statistical models for wireless devices antenna performance 
is all but simple. However, given that these devices and their 
possibly poor performance directly impact the quality of the 
radio link and subsequently affect the whole system design 
optimization, these difficulties should not be seen as 
dissuasive. Below, we show two examples of the statistical 
performance of wireless terminals antennas in differing use 
contexts. 

3.2.1. UWB RFID tag antennas 

In this section, we address the performance of UWB tag 
antennas, intended to be used in a wireless system where the 
objects to which the tags are attached can both be identified 
and located, with a sub-meter accuracy. UWB is well known 
to potentially provide this accuracy but for most existing 
systems, the tags are "active", i.e. equipped with a full 
transceiver. Aside from cost, this solution consumes local 
power, which can only be achieved over long periods of 
time (several years) with rather bulky batteries. The main 
goal of the SELECT project (supported by the european 
commission under grant agreement 257544) is to provide a 
system based on modulated backscattering by the tag, which 
consumes much less tag local power. The main disadvantage 
is a roughly doubled path loss, since the signal emitted by 
the radiated suffers two way propagation without 
amplification. Therefore the link range may be very limited, 
unless of a very efficient system design and optimized signal 
processing. In this context, the tag performance should be 
carefully investigated, especially as the object to which it is 
attached is expected to be detrimental to the antenna 
radioelectric behavior. 
A preliminary measurement campaign and analysis of a 
variety of "tag-like" antennas in the absence or presence of 
generic objects, such as plates of various materials, has been 
conducted and presented in [6] (see also [7]). Pictures and 
details on the type and dimensions (in mm) of these 
antennas are presented in Fig. 7. The complex radiation 
pattern of each antenna has been  fully  characterized  over  4π  
sr in both linear polarizations in an anechoich chamber, over 
the 3-5 GHz band relevant for SELECT. In addition, a 
selection of material plates, of varying thickness, 
permittivity and distance to the antenna have been placed in 
close proximity to the antenna, and again the radiation 
patterns have been measured. Overall, this resulted in a 
database of 96 isolated or disturbed tag antenna 
characteristics.  
The statistics of the "effective figure of merit (FoM)" for 
modulated backscattering based tags is depicted in Fig. 8, in 
both horizontal and vertical polarization and for either 
isolated (full lines) or disturbed antennas (dashed lines). We 
see that the statistical distribution is quite broad, typically 
showing backscattering FoM varying over more than 50 dB. 
Obviously it is paramount to have a good idea of the real tag 

performance before designing the full system. However 
these "bare" values of the FoM just tell part of the story, and 
including them into a multipath channel is necessary to get 
the full picture. This is highlighted below, in section 3.3. 
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Figure 7: photographs on both sides of UWB-RFID tag 
antennas for the SELECT project (from [7]).. 
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Figure 8: CDF of the figure of merit for modulated 
backscattering RFID UWB tag antennas (from [7]). 
 

3.2.2. antenna near a wall 

In many use cases, an antenna is placed close to a wall (e.g. 
for below rooftop base station antennas). It is very clear that 
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in the general case, the wall can bring a strong disturbance 
to the antenna radiation pattern, owing to the numerous 
refraction and reflection phenomena of which it is the place. 
This disturbance is commonly disregarded, although it may 
impact the radiation pattern very much and consequently 
affect the cell coverage. An extremely simple model 
highlights the problem crudely. Let us consider horizontal 
plane ray propagation between an omnidirectional vertically 
polarized radiator and an infinite homogeneous wall. From 
Descartes’s   laws  and  Fresnel  coefficients,   it   is  very  easy   to  
compute the complex radiation wave amplitude in any 
direction, by summing all original and reflected or 
transmitted waves, taking into account multiple reflections 
at the wall-air interfaces. In Fig. 9, we see an example of 
such a power radiation pattern, both for the omnidirectional 
antenna and for the antenna in presence of a wall. In the 
latter case, there is a strong deviation to omnidirectionality, 
with a strong fading for some directions. If the antenna is 
close  to  the  wall,  such  a  pattern  can  be  seen  as  the  “effective  
gain   pattern”,   and treated as such for incorporation into a 
radio link performance calculation. In other words, the wall 
need not be considered as a part of the propagation channel, 
rather as a part of the antenna. 
 

 
Figure 9: radiation pattern for an isolated omnidirectional 
antenna (black) and in presence of a wall (red). 

 
Depending on the frequency and on the wall parameters 
(permittivity, thickness, distance to the antenna), the pattern 
will be differently impacted. It is interesting to have an idea 
of the statistics of the deviation between the isolated antenna 
pattern (often considered to be a relevant pattern for further 
analysis) and the disturbed one. In Fig. 10, this is shown 
after aggregating the power gain patterns computed over the 
various directions and various statistical realizations. In this 
example, 3 frequencies have been chosen (1.9, 2 and 2.1 
GHz), the permittivity has been regularly varied from 3 to 6 
every integer value, the thickness from 100 mm to 300 mm 
every 50 mm and the distance from 100 mm to 300 mm 
every 50 mm, overall resulting in 300 realizations, 
multiplied by the number of directions with 1° resolution. 
Two assumptions have been considered, either taking into 
account only radiation in the antenna half space (180°) or in 
the full space (360°). 
The distribution exhibits a low gain tail, with values worse 
than -10 dB below the original antenna gain in 0.35 % of the 

cases (half space radiation). This is not bad, actually due to 
the fact that the wall acts as a reflector and improving the 
situation in many cases. However, if we consider also 
through the wall radiation the situation is much worse, due 
to the reflection at the wall-air interfaces. 
Such cases are being investigated more seriously through 
full wave electromagnetic modeling, including the elevation 
dependence. 

 
Figure 10: Statistical distribution of the antenna gain over 
360° (blue) and over 180° (red). 

3.3. Joint antenna/radio channel stochastic modeling 

In the previous sections, we addressed the problem of 
developing statistical models for antenna characteristics. 
One of the main difficulties is that these characteristics 
embody a large amount of information data, typically 
radiation patterns over a certain band of frequencies. Even 
though there are techniques to reduce this amount through 
data compression techniques [8], the number of data values 
often remain high. Now, one the questions to ask is the 
following: can we reduce this number drastically by taking 
into account the way an antenna is used, in order to model 
the   “final”   quantities  of   interest   rather   than   a   full   radiation  
pattern ? In other words, we are in general not interested in 
the detailed characteristic of an antenna but in the way it 
behaves.  Said  differently,  a  global  “user  level”  performance  
is often the result of an integration of the fine characteristics, 
given certain weighting functions. 
As an example, let us consider a radio link where the link 
quality is governed by the individual characteristics of both 
Tx and Rx antennas but also of the propagation channel. All 
three effects obviously involve plenty of complexity, 
however we are interested in only very simple link quality 
criteria, such as the path loss in the simplest case. Is it 
possible to combine all fine physical phenomena into a 
single stochastic problem, for instance described by the sole 
path loss statistical distribution ? Such a distribution will 
“hide”  the inherent complexities, but this is exactly what we 
want, provided the parameters defining the distribution can 
be determined with the adequate level of knowledge. 

3.3.1. Mobile communications example 

Some examples of this approach can be found in [6], [9]-
[11]. The idea there was to compute an “antenna   effective  
gain”,  taking  into  account  both  the  antenna  radiation  patterns  
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and the radio propagation channel through a simple model. 
The effective gain is a generalization  of  the  “mean  effective  
gain”   (MEG)   [12], which has been proposed two decades 
ago in an attempt to average an antenna gain over the 
possible directions, polarizations and powers of the 
multipaths. Here, the stochastic character was three-fold and 
due to: 
 the variations in multipath angles, powers and cross-

polarization levels 
 the variations in the distance and orientation of the 

terminal antenna vs. the main electromagnetic disturber 
(e.g. the head for a handset in voice call mode) 

 the variability of antenna characteristics themselves, 
through the involvement of a selection of different 
antenna types 

 

   

 
Figure 11: view of a SAGEM 901c handset and its 
placement on a phantom head, together with the main 
statistical parameters of the effective gain (from [9]). 
 
In Fig. 9 is shown a picture of SAGEM 901c handset, where 
the internal antenna is accessed through a coaxial cable, 
which has been used in a series of full radiation patterns 
measurements when placed in proximity with a head 
phantom and a hand phantom, simulating a user during a 
phone conversation. By varying the phone placement 
parameters and by using a model of the propagation channel, 
it was possible to extract statistics of the antenna effective 
gain, as explained in [9]. Naturally, the MEG exhibits a 
frequency dependence highlighting the dual GSM band 
character of the phone, but the results also show that, in this 
case, a lognormal distribution of the effective gain is 
adequate within well less than 1 dB in most cases.  

3.3.2. UWB RFID example 

Through the same approach as in the previous section, the 
database of RFID UWB tags described 3.2.1 in has been 
combined with the simplified propagation model as 
described in 3.3.1 (detailed in [9]), specialized to the case of 
an indoor environment. The statistics of the backscattering 
effective gain (BEG, equal to 0 dBi in the case of an ideal 
isotropic RFID) are shown in Fig. 12, with the right set of 

curves standing for vertical antennas (with a vertically 
polarized reader) and the left set standing for tag antennas 
randomly rotated in all directions (see more details in [6]). 
This shows that very low values of the BEG can occur in 
poor situations. Obviously it is important to account for 
these realities in the design of the multi-readers system, in 
order to dimension it properly. 
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Figure 12: blue: isolated tags ; red: disturbed tags - dash: 
Gaussian fitting 

4. Discussion 

4.1. Various issues on statistical antenna modeling 

The few selected examples above show the richness and 
variety of cases where a statistical approach may be 
interesting in order to model a situation where a variability, 
or uncertainty, will benefit in being properly described. 
Such potential benefits are the following: 
 To provide tools that can help a system designer to 

evaluate performance in a realistic representation of the 
reality 

 To standardize models that can be used as a reference 
for researchers/engineers around the world. Beyond a 
few discrete model examples (such as commonly done 
in standardized channel models), the benefit is to cover 
a much larger number of cases and to include the 
important variability of the antennas in their use 
context 

 To exploit statistical models beyond the sole extraction 
of the mean and the variance, i.e. towards the full 
statistical distribution, which is able to provide 
important information of higher order on the system 
performance (e.g. link outage statistics). 

In many cases, we will be happy if the Gaussian distribution 
is found to be adequate, on account of its well known 
extreme simplicity. In such a case, the stochastic generation 
of random variables is quite easy, even for correlated 
multiple variables ; Unfortunately, although the Gaussian 
distribution often occurs in nature due to the central limit 
theorem, most observed distributions are not Gaussian. We 
will have to resort to tricks in order to recover a Gaussian 
distributed variable from one that is not. One such trick is to 
through transform the variables. The lognormal distribution 
is the simplest example of this technique, where the initial 
variable (received power) is not Gaussian distributed while 
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its logarithm is. Another trick is by mapping-demapping 
between an original distribution and a best-fit one, where it 
is possible to compute and exploit correlations in the 
Gaussian domain. This e.g. done in [13] and applied to the 
modeling of UWB RFID antenna characteristics in both the 
angular and delay domains. Obviously, this is practicable 
only when the distributions do not deviate too much from 
the Gaussian. 
Of particular importance are the tail distributions, where tail 
here means a particularly low valued (or high valued) 
output parameter, such as a gain. When such tails occur, 
even though they express a low probability for these low 
valued parameters, they may have dramatic effects, such a 
link outage. It is probably more important to correctly 
model these dramatic events than those which are very 
favorable and pose no problems, just providing particularly 
good performance. There are many possible (physical) 
causes for the appearance of tails. In [11], radiation 
blocking by a major obstruction has been identified to cause 
tails in the antenna effective gain, and modeled as a mixture 
of distributions.  

4.2. How to construct statistical distributions ? 

As pointed out above, the effort to obtain a statistical 
distribution is important, since we need to control the many 
parameters involved in its elaboration and the impact of 
these parameters on the distribution. Basically, statistical 
distributions are intimately dependent on the choice of the 
input parameters, and choosing them and their range is all 
but a simple task. Some of the big questions are: 
 How can we choose the input parameters ? In the 

example of the handset for instance, how can we chose 
the distance, orientation & tilt parameters of the 
handset with respect to the head ? Some assumptions 
can  be  made,  while  another  much  “heavier”  approach  is 
to make enquiries on a representative set of the user 
population. 

 An even more challenging question is: how can we 
choose the handset types used to build a distribution ? 
There are hundreds of handset models, even worse they 
change every few years according to the technology 
and use case evolutions (e.g. from pure telephones to 
handsets, from clamshell type to flat bar type). The size 
and shape of the head are obviously not unique, even 
the electromagnetic properties of the biological tissues 
change from one person to another. Finally the way to 
hold the phone by the hand and all the characteristics of 
the hand itself are important.  

This frustrating complexity should not lead us to give up a 
lost fight, but rather to identify the level of accuracy we 
expect from the statistical distributions, the degree of 
representativeness we wish for them, according to the way 
the modeled distributions will be used, and the effort we are 
ready to pay. 
Given these considerations, one possible way out is to limit 
the level of ambition, e.g. in terms of model universality. 
By reducing the number of modeled use cases, we diminish 
the size of the input stochastic space to explore.  

A second way is to identify the main dependencies, and 
explore in a more refined manner the corresponding 
directions of the input stochastic space. For instance, in the 
handset case, the distance to head parameter is certainly 
more important than the orientation vs. the vertical axis, due 
to the power absorption by the head. Such dependencies can 
be discovered in the course of the building of the 
distributions. Techniques such as importance sampling do 
this by using a precise methodology [14].  

5. Conclusion 
In this work, we have attempted to highlight reasons why 
the statistical modeling of antennas may be seen as a 
relevant and useful objective, the goal being to provide a 
better representation of reality and uncertainty than what we 
have by just considering average   or   “typical”   antenna  
models. The stochastic character of antennas comes from 
the antennas themselves or from their environment. The 
statistical description is thus able to take into account use 
conditions in a realistic manner. Some examples supporting 
these views have been shown in the paper, taken from the 
field of wireless communications.  
It is anticipated that, in the future, such approaches will gain 
recognition and will be more often used, just as they will be 
for electromagnetic problems in general. 

Acknowledgements 
The research leading to these results has received funding 
from the European Union Seventh Framework Programme 
FP7/2007-2013 under grant agreement n° 257544. 

References 
[1] Mellah, M. A.;   Sibille, A.;   Roblin, C.;   Nedil, 

M.;   Denidni, T. A., "Statistical Modeling of the 
Antenna – Head Interaction", Antennas and Wireless 
Propagation Letters, Vol. 10, 454–457, 2011 

[2] Olsson, T. and Koptioug, A.I, "Statistical Analysis of 
Antenna Robustness", IEEE Transactions on antennas 
and propagation, AP-53, 1, pp. 566 - 570, 2005. 

[3] Shifrin, Y.S., Statistical antenna theory, The Golem 
Press, Boulder, Colorado, 1971. 

[4] M.A. Yousuf, "Parametric Modeling of Small 
Terminals and Multiband or UWB Antennas", PhD 
thesis, Ecole Polytechnique, Sept. 29, 2011 

[5] C.  Roblin  &  M.A.  Yousuf, A  Generic  Design  of 
Planar  UWB  Antennas  for  Parametric  or  Statistical  
Analysis  Proc. 3rd European Conference on Antennas 
and Propagation EuCAP, March 23-27, 2009, Berlin, 
Germany. 

[6] A. Sibille, M. Sacko, Z. Mhanna, F. Guidi, and C. 
Roblin, Joint antenna-channel statistical modelling of 
UWB backscattering RFID, ICUWB 2011, Bologna, 
September 14-16, 2011 

[7] R.   D’Errico, V. Heiries, J. Keignart, D. Dardari, N. 
Decarli, C. Roblin, A. Sibille, F. Guidi, M. Sacko, Z. 
Mhanna, SELECT FP7 project n°257544, Backscatter 



8 
 

propagation modelling:  Interim report, 31/07/2011, 
http://www.selectwireless.eu/ 

[8] C. Roblin, Ultra compressed parametric modelling of 
UWB antenna measurements, Proc. 1st European 
Conference on Antennas and Propagation EuCAP, 6-10 
Nov.  2006, Nice, France 

[9] A. Sibille and M. A. Mellah, A Statistical Model of 
Handsets Effective Gain Accounting For User Influence 
And Local Propagation, Proc. 4th European Conference 
on Antennas and Propagation EuCAP, 12-16 
Apr.  2010, Barcelona, Spain 

[10] A.  Sibille,  C.  Roblin,  S.  Bories,  &  and  A.  C.  Lepage,  “A  
Channel-Based Statistical Approach to Antenna 
Performance   in   UWB   Communications”,   IEEE 
Transactions on Antennas and Propagation, vol. 54, n° 
11. November  2006, pp. 3207-3215 

[11] A. Sibille, J. Guterman, A. Moreira and C. Peixeiro, 
“Performance evaluation of 2.4 GHz laptop antennas 
using a joint antenna-channel statistical model”,  
TD(09)930, COST 2100 Management Committee 
Meeting, Vienna, Austria, September 28-30, 2009 

[12] T. Taga, Analysis for mean effective gain of mobile 
antennas in land mobile radio environments, IEEE 
Transactions on Vehicular Technology, 39, 2, May 
1990, pp. 117-131 

[13] M.Sacko, A. Sibille and C.Roblin, Statistical analysis of 
UWB tag antenna backscattering, AES 2012, Paris, 
France, April 16-19, 2012 

[14] R Sinivasan, Importance Sampling: Applications in 
Communications and Detection, Springer, 2009 
 

http://www.selectwireless.eu/


 ADVANCED ELECTROMAGNETICS SYMPOSIUM, AES 2012, 16 – 19 APRIL 2012, PARIS - FRANCE 

  
Dielectric relaxations due to electrons in oxides 

 
Jean-Claude Badot* 

 
Laboratoire de Chimie de la Matière Condensée de Paris, Chimie-ParisTech, UPMC, CNRS, Paris, France 

*corresponding author, E-mail: jc-badot@chimie-paristech.fr 
 
 

Abstract 
This report deals with the fundamental aspect of the 
dielectric relaxations due to electrons in conducting oxides 
(powders, thin films, composites). It is shown that is 
possible to evidence conductivity, resistivity and 
permittivity relaxations due to electrons: small-polarons, 
bipolaron hopping at high frequency and interfacial 
polarizations (e.g. grain boundaries) at lower frequencies. 
The importance of all these phenomena is discussed in 
relation with their possible interventions in dielectric 
spectra. 
 

1. Introduction 
The electrical response of a material is due to charge density 
fluctuations, when it is submitted to a time-dependent 
electric field. This response can be described by the time 
dependent current density j(t) or dipole moment (t). In the 
frequency domain, these fluctuations are either expressed by 
the frequency-dependent complex permittivity , 
conductivity  or resistivity . The time scale (or relaxation 
time) of the fluctuations depends on the scale at which they 
occur. According to H. Fröhlich [1] and A.J. Bosman and 
A.H. van Daal [2], the Debye dielectric relaxation can only 
occur with small-polaron formation in semiconducting 
oxides (mixed valence compounds). As the dielectric 
relaxation is the result of an electric dipole reorientation, we 
have to consider only local (confined) hopping of small-
polarons around an immobile ion or long-range hopping 
between two trapping centers [3]. The dielectric relaxation 
time corresponds to the hopping time of the charge and is 
generally thermally activated [4]. 
However, the study of electrical transport properties 
becomes complicated since the compounds of the above 
type are generally made under form of powders or thin 
films. Different dielectric relaxations are evidenced, 
resulting from the polarizations at the different scales of the 
architecture (Figure1): (a) interatomic (polaron hopping), (b) 
clusters (agglomerates) of particles (grains), (b) particles 
(grains), (c) sample/current collector interface [5, 6]. 
Strongly frequency dependence of the permittivity in low 
frequency region was noted in several oxides powders which 
consist of semiconducting particles and/or clusters separated 
by quasi-insulating grain-boundary layers. In this scheme, 
the particles and the clusters are polarized by the 

accumulation of charge carriers on their boundaries, under 
the action of an electric field. 
 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: Schematic description of a hierarchical 
architecture at different scales of a powdered material: 
different sources of polarizations vs. frequency and size. 

 

The particles and the clusters can   be   assimilated   to   “giant  
dipoles”   giving   rise   to   dielectric   relaxations, whose 
relaxation frequencies are decreasing functions of their sizes 
size and the resistivities. In this case, the relaxation times 
correspond to the transit times of the charge carriers within 
the particles and the clusters. These phenomena were 
previously evidenced in conducting oxides [2, 5-12]. 

Dielectric and conductivity data covering a broad 
frequency range from low-frequency to microwaves are 
presented for three types of conducting oxides: a) WO3.H2O 
(powder) [10], b) LixMoO3 (powder, nanobelts) [11], c) 
LixV2O5 (thin films) [12]. Particle size effects have been 
evidenced when the particles become nanometric giving rise 
to some modifications of electronic transfers [10-12]. 

 

2. Experimental devices 
The experimental devices (Fig. 2), described in previous 

papers [5- 12], consist of a coaxial cell (APC7 standard) in 
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which the cylindrically shaped sample (powder pellet or thin 
film on metallic substrate) fills the gap between the inner 
conductor and a short circuit. The sample admittance Ys is 
computed from measurements of the complex reflection 
coefficient of the device. The complex (relative) permittivity 
of the sample  = ’  – i”  (real part ’  and  imaginary  part  ”)  
is computed from the admittance Y = G + iB. The 
knowledge of the complex permittivity  allows the 
determination of complex conductivity  and resistivity   
 

() = ()-1 = i  0 ()   (1) 

 
where 0 is the vacuum permittivity (0 = 8.84x10-12 F.m-1). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. Coaxial cells used to measure frequency dependent 
permittivity (’, ”) and conductivity ( for: a) powders 
pellets of diameter 3 mm (SuperPol); b) powders pellets and 
thin films of diameter 7mm (SuperMit and SuperBic);          
c) anisotropic samples (nanobelts) of diameter = 7 mm 
(SuperPolar) [11]. 
 
When the sample is anisotropic (e.g. nanobelts), the 
experimental device (Fig. 2c) consists of a coaxial cell 
loaded to the two ports (1 and 2) of the network analyzer 
(HP 8510 from 4.5x107 to 1010 Hz). The samples (NB) 
having uniaxial anisotropy fills the gap between the two 
inner conductors connected to the ports 1 and 2. This device 
permits to measure simultaneously the reflection and 
transmission coefficients, and thus the components  (i.e. 
perpendicular to sample axis) and // (i.e. parallel to sample 
axis) of the permittivity (uniaxial) tensor.  

3. Some examples 

3.1. An electro active compound: WO3.H2O [10] 

The interest in studying the electrical properties of 
WO3.H2O powders is necessary because their 
electrochromic and infrared modulation properties are 
depending on their morphologies and electronic 
populations. The role of the powder morphology has been 
investigated on two types of compounds: the first one being 
constituted by nanoparticles (Fig. 3a) and the second by 
micrometric particles (Fig. 3b). 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3: SEM micrographs of WO3.H2O powders: (a) 
nanoparticles and (b) micronic particles [10]. 
 
Dielectric and resistivity spectra of WO3.H2O powders were 
recorded in a frequency range 40 - 1010 Hz at temperatures 
varying between 200 and 300 K. Complex resistivity and 
permittivity diagrams have permitted to obtain thermal 
behaviours of both dc-conductivity and permittivity of the 
powder particles. Particle size effect has been evidenced, 
giving rise to stronger electron (small polaron) localization 
on the particle surface and higher activation energy for the 
nanometric particles.  
 
 
 
 
 
 
 
 
 
Figure 4. Cole-Cole plot of the imaginary G”() vs. the 
real part G’() of the complex permittivity G() at T = 
283 K for microscale particles. The contributions of the dc-
conductivity and the interfacial (grain boundaries and 
Ag/sample interfaces) polarizations have been subtracted 
[10]. 
 
In the higher frequency range ( 108 Hz), a dielectric 
relaxation (Fig. 4) was evidenced and attributed to structural 
water motions. These rotational motions are also influenced 
by the size effect. Figure 5 shows the relaxation frequency 
w observed in microparticles with a constant value w0 = 
2x108 Hz whatever the temperature. Since the activation 
energy is equal to zero, the water molecules rotate without 
breaking hydrogen-bonds. We may thus suspect that they 



3 
 

1.00E+00

1.00E+01

1.00E+02

1.00E+03

1.00E+04

1.00E+05

1.00E+06

1.00E-08 1.00E-06 1.00E-04 1.00E-02 1.00E+00 1.00E+02
(Hz)

' 

101 103 105 107 109 1011

101

103

105 1

2

5

3

4

perform oscillations similar to co-operative   “windscreen  
wiper”  motions.  The   relaxation   frequency  of  water  motion  
in nanoparticles is thermally activated, following an 
Arrhenius law, w = 0 exp(-Ew/kT), with an activation 
energy Ew  0.03 eV. The prefactor 0 has the same value as 
the water relaxation frequency in microparticles, i.e. 0 = 
w0 = 2x108 Hz. The activation energy Ew ≈ kT corresponds 
to  the  “ion- mobile  dipole”  interaction. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5. Inverse temperature dependence of the relaxation 
frequency of structural water motion in micrometric () and 
nanometric ( ) particles of WO3.H2O [10]. 
 
Accordingly, the existence of an electrostatic field created 
by a charge-space in the nanometric particles, has induced a 
slowing-down of the water molecules motions. We have 
evidenced a strong interaction between moving small-
polarons and water molecules in a hydrate. The size effect 
acts on the electronic transport in WO3.H2O, because its 
high permittivity g  100 is the result of an antiferroelectric 
order of the H2O dipoles. We may anticipate that lithium 
ions will tend to segregate on the nanoparticles surface. 
Consequently, insertion and de-insertion of lithium ions 
would be faster, since diffusion on the particle surface 
requires lower energy than in the particle bulk. This 
hypothesis agrees with experimental evidence of a better 
reversibility of Li insertion-deinsertion for the nanometric 
powder after several electrochemical cycles. 
 

3.2. A compound for lithium batteries: MoO3 [11] 

Studying the electronic transport in LixMoO3 powders is of 
the utmost interest due to the strong influence of the grain 
size and morphology on their electrochemical cycling 
properties. 
      (a)                                   (b) 
 
 
 
 
 
 
 
 
Figure 6. SEM picture of MoO3: (a) classical powder (CP) 
and (b) nanobelts (NB) [11]. 

Original synthesis method permitted to obtain nanobelts of 
MoO3 with a slightly better reversibility of Li insertion-
deinsertion and a higher efficiency of lithium insertion 
process. The role of the morphology and size effect has 
been investigated by comparing the electron transport 
properties of micronic powder and nanobelts (Fig. 6). 
The broadband dielectric spectroscopy technique from 40 to 
1010 Hz was applied to LixMoO3 micronic powder (Fig. 7a) 
and nanobelts (Fig. 7b) between 200 and 400 K. High 
resolution TEM observations confirmed that the nanobelts 
are single crystals. Dielectric relaxations were found, by 
using a decomposition procedure of the Cole-Cole plots 
[11]. 
 
a) 
 
 
 
 
 
 
 
 
 
 
 
 
b) 
 
 
 
 
 
 
 
 
 
 
 
c) 
 
 
 
 
 
 
 
 
 
 
Figure 7. Real parts of: a) the permittivity ’   and   b)   the  
conductivity  vs. frequency for different lithium contents x 
in MoO3 classical powder (CP) (1: x=0.45; 2: x=0.31; 4: 
x=0.11; 5: x=0.01) and nanobelts (NB) (3: x=0.28) at 300 
K. c) Real (’, ’//) and imaginary (” , ”//) parts of the 
components  and // of the complex permittivity tensor for 
Li0.28MoO3 (NB) vs. frequency at 300 K [11]. 
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In summary, different electrical relaxations were shown on 
LixMoO3, resulting from the polarizations at the different 
scales of the samples: i) polaron and bipolaron motions 
along chains parallel to c axis (Fig. 8), ii) grains 
(crystallites), iii) aggregates of grains. For micronic 
particles (classical powder), the change from polaronic to 
bipolaronic conduction has been evidenced with the 
increase of the lithium content x. On the other way, this 
conduction change was not observed in the case of 
nanobelts owing to morphology and size effects. This 
phenomenon was attributed to a stronger surface effect for 
nanobelts giving rise to a different conduction mechanism. 
Moreover, the influence of the permittivity was reported on 
its action on the electronic transport in LixMoO3. 
 
a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
b) 
 
 
 
 
 
 
 
Figure 8. a) Relaxation frequencies of polaron motion as 
function of inverse temperature T-1 (log vs. T-1) in 
LixMoO3 classical powder (CP) (2: x = 0.31; 4: x = 0.11; 5: 
x = 0.01) and nanobelts (3: x = 0.28); (b) Relaxation 
frequencies of bipolaron motion as function of inverse 
temperature T-1 (log vs. T-1) in (CP) (1: x = 0.45; 2: x = 
0.31; 4: x = 0.11) and (NB) (x = 0.28) [11]. 
 
Particle size effect is evidenced giving rise to different 
thermal behaviors between the two types of powders. The 
influence of the permittivity was reported on its action on 
the electronic transport in LixMoO3. The crystal permittivity 
has a supplementary contribution of the [Li+-electron] 
dipoles in addition to that of electronic transitions and 
lattice. 
This work opens up new prospects for a more fundamental 
understanding of the electronic transport in relation to the 
electrochemical properties of MoO3. 

3.3. Li0.2V2O5 thin films obtained by ALD [12] 

The V2O5 thin film (thickness 260 nm) was deposited on 
titanium substrate by Atomic Layer Deposition (ALD). An 
annealing process at 500°C in air was required to obtain 
crystallized V2O5. Thin film thickness of about 260 nm has 
been measured by profilometry. Scanning electron 
micrographs have shown that the films consist of particles 
with mean size dp = 450 nm. X-Ray diffraction linewidths 
of V2O5 have permitted to determine the mean coherence 
length,  = 40 nm, of the diffracting domains, as previously 
reported. Since  < dp, the particles can be thus considered 
as small polycrystals (or aggregates) constituted by some 
single crystalline domains or grains (i.e., diffracting 
domains). Li0.2V2O5 is prepared by electrochemical 
lithiation of the V2O5 thin film: the lithium insertion is 
compensated by excess electrons, reducing V5+ into V4+ and 
contributing to the electronic conductivity by small-polaron 
hopping. The frequency dependence of the real and 
imaginary parts ’  and  ”  of  Li0.2V2O5 thin film permittivity 
 are respectively shown in Fig. 9a and 9b. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 9. Dielectric spectra of Li0.2V2O5 thin film deposited on 
titanium substrate (thickness = 260 nm). (a) real part ’,   (b)  
imaginary part ”  of  the  permittivity  vs.  frequency   at 213 K [12]. 
 
All the data are presented in the form of complex resistivity 
and permittivity diagrams which have been analyzed in 
relation to characterizations with scanning electron 
microscopy (SEM) and X-ray diffraction (XRD). 
Dc-conductivity of the LixV2O5 films determined with 
complex resistivity plots (Fig. 10) is due to surface 
diffusion of small-polarons on particles or grains. This 
phenomenon originates from the small size of the particles 
(submicronic) and grains (nanoscopic), which facilitates the 
lithium ions segregation (with the excess electrons) on their 
surfaces. 



5 
 

 
 
 
 
 
 
 
 
 
 
Figure 10. Plot of imaginary part ”() vs. real part ’() of 
the complex resistivity at 213 K for a Li0.2V2O5 thin film 
deposited on titanium substrate (thickness = 260 nm) [12]. 
 
The temperature dependence of the dc-conductivity is ruled 
by two Arrhenius regimes (Fig. 11). For the low-
temperature regime (T < 260 K), the activation energy is 
ELT = 0.05 eV. For the high-temperature regime (T > 260 K), 
the activation energy EHT is higher and equal to 0.10 eV. 
 
 
 
 
 
 
 
 
 
 
Figure 11. Dc-conductivity dc as a function of inverse 
temperature T-1 (dcT vs. T-1) for the Li0.2V2O5 thin film 
deposited on titanium substrate (thickness = 260 nm) [12]. 
 
 
Complex permittivity plots (Fig. 12) shown four dielectric 
relaxations (P2, P3, P4 and P5) which are easily evidenced 
and represented by circular arcs, i.e. well fitted by the Cole-
Cole function. 
 
 
 
 
 
 
 
 
Figure 12. Cole-Cole plots of imaginary part ”() vs. real 
part ’() of the complex permittivity at 213 K for a 
Li0.2V2O5 thin film deposited on titanium substrate 
(thickness = 260 nm). Plot obtained upon subtracting the 
film dc-conductivity contribution (evidence of four 
dielectric relaxations) [12]. 
 
The lower frequency relaxation domain P2 is attributed to 
the interface substrate/film which has a negligible effect on 
the complex resistivity (Fig. 10). The higher frequency 
relaxation domain P5 corresponds to the small-polaron 
hopping within the grain (crystallite) as previously shown 
[7]. The relaxations P3 and P4 are attributed to polarons 

motions on the grain and particle surface, respectively. 
Their corresponding activation energies E3 = 0.05 eV and 
E4 = 0.10 eV are respectively equal to ELT and EHT. Since 
the surface diffusion of the charges is easy around the 
particles and the grains, these later being polarized under 
the action of an electric field. The relaxation frequency r of 
P3 or P4 is related to the polaron diffusion coefficient from 
the expression D  ra2, where a (diffusion length) is the 
mean size of the particle (a = dp) or the grain (a = ). From 
the Einstein relation, the diffusion coefficient D is 
connected to the conductivity via D  dcT. It is thus 
possible to establish a phenomenological relationship: 

 
2/1











r

dcTσa


     (3) 

 
Since the ratio dp/ = 11 confirms well the relationship 

(LT4 / HT3)1/2 obtained from (3), we can attribute the 
relaxation P3 and P4 to the polarization reversals of the 
particles and grains (crystallites) respectively. In conclusion, 
the high temperature (T > 260 K) regime of the film dc-
conductivity is due to charges diffusion along the grains 
surface (nanostructure), whereas its low-temperature 
regime is due to charge diffusion along the particles surface 
(sub microstructure). 
 

4. Conclusions 
The three examples show that the broadband dielectric 
spectroscopy is well adapted to study electronic conductors, 
such as mixed valence oxides. Dielectric relaxations can be 
evidenced due to electrons hopping (polarons, bipolarons). 
Main part of compounds under form of powders constitutes 
complex hierarchical architectures whose responses are due 
to multiscale electrical polarizations, i.e. from interatomic 
to macroscopic scales (Fig. 1). 
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Abstract 
The use of electrostatic and electromagnetic sensors such as 
Time Domain Reflectometry (TDR) probes has gained 
increasing importance for water content measurements 
since several years, for long term monitoring of structures, 
among which radioactive waste repositories.. Prior to 
perform in-situ experiments with TDR probes, it is 
mandatory to have an accurate knowledge of the 
electromagnetic properties of materials under interest as a 
function of their water content. As in-situ calibration is 
invasive, calibration was performed on samples. For that 
purpose, a new experimental setup consisting in two coaxial 
transmission line fixtures was designed and used on clay 
and concrete samples. Clayrock samples are cm sized. Since 
fractures and compaction have major influence, this 
laboratory system allows measurements on non crushed 
clayrock samples. It results that dielectric properties are 
highly dependent of frequency. Crushed argillite sample 
presents smaller permittivity than intact samples. Concrete 
transmission line was designed so as to respect large 
representative elementary volume. Concrete curing on the 
induce decrease of permittivity. Measurements are limited 
by Waxwell-Wagner.phenomena, to be studied further. 

1. Introduction 
The French National Radioactive Waste Management 
Agency (Andra) is in charge of long-term management of 
radioactive waste produced in France. Andra operates two 
surface repositories to manage respectively low- and 
intermediate-level short-lived radioactive waste and very-
low-level radioactive wastes. Andra also manages a surface 
repository, which has entered its post-closure monitoring 
phase since 2003. After having concluded in 2005 to the 
feasibility of deep geological disposal for high-level and 
long-lived radioactive waste, Andra was charged by the 
French 2006 planning act to design and create an industrial 

center for a geological repository called CIGEO. The 
underground installations of the CIGEO repository will be 
built progressively and operated over a period on the order 
of a century. In the framework of this project, monitoring of 
the  environment  and  repository  structures,  which  in  Andra’s  
project   is   called   “Observation   and   Surveillance”,   should  
provide requested information for its operation and its 
reversible management. 
Water content is a key parameter to monitor in nuclear 
waste repositories since it drives radioactivity confinement. 
More precisely, monitoring water content in clay structures 
(crushed clay of cover structures on the one hand, hard clay 
host rock of the underground repository one the other hand) 
contributes to assess safety, enables to confirm and precise 
long-term radionucleide transfer models.  
Concrete water content monitoring is also required since it 
drives long-term evolution of structures (structural heath). 
For intermediate-level long-lived wastes, the envisioned 
disposal cells would be few hundred meter long tunnels, 
with thick concrete liners, placed inside a clay host rock 
located 500 m deep from the surface. French law imposes 
reversibility and retrievability of the wastes for at least a 
century. To ensure this challenge, on top of careful design, 
structural health monitoring will be mandatory. Water 
content in concrete liners will be influenced by (i) concrete 
pouring (ii) ventilation (iii) heat transfers from wastes (iv) 
host rock hydraulic evolution. Such expected (modelised) 
phenomenology is to be compared with in situ 
measurements. Sensors and related acquisition chains must 
perform accurate measurements within decades without any 
maintenance. Indeed, the cells will not be accessible as soon 
as the first waste package is placed inside the cell.  
Unlike mechanical and thermal processes for which 
vibrating wire sensors and platinum probes have proved 
their efficiency for more than half a century on dam 
monitoring, for water content monitoring, very few 
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technologies allow accurate and long-term monitoring 
without maintenance. 
Andra initiated tests on water content sensing chains in 
1994, when a one-to-one scale mock-up of a cover 
structure, made of crushed clay, was instrumented with four 
water content sensor types. Capacitive sensors, Time 
Domain Reflectometry (TDR) sensors, tensiometric suction 
probes and neutronic probes were implemented. TDR 
resulted to be the only efficient technology: it survived and 
provides accurate measurements. Nowadays, more than 80 
TDR sensors still provide accurate water content 
measurements.  
More recently, in collaboration with EDF, Andra evaluated 
various technologies for concrete water content 
measurements [1]. TDR design was adapted to fit concrete 
structure   specificities   (size,   metallic   bars…) and 
preliminary results are interesting. 
However, despite interesting measurements, TDR probes 
actually provide indirect measurement of water content. A 
major difficulty to face is the link between the performed 
permittivity measurements with host material water content 
to sense. Various empirical models are used for soil 
([2][3][4]). Yet it is well known they are not valid for clays, 
neither for concrete. Another solution is to rely on 
laboratory calibrations. However, it encounters opposite 
specifications (i) need for large samples to place the TDR 
probes and respect interaction field (ii) duration of water 
content forced variations. This calls for the dielectric 
characterization of concrete and clay, as a function of their 
water content.  
Concerning the clay rock, Andra has performed a huge 
number of physical and chemical measurements in its 
underground laboratory located at Bure (eastern Paris 
Basin, France) ([5][6][7]). The electromagnetic properties 
and especially the electrical permittivity, remain poorly 
known. A campaign of characterization has been reported 
on the clay from the Mont Terri (Switzerland) site with a 
coaxial transmission line. For ease of manipulation, the 
study only considered crushed and altered clay. Samples 
were crushed down to 2mm grains and re-compacted. Such 
a preparation modifies initial clay porosity. Thus, we 
wonder about the representativeness of permittivity 
measurements obtained on crushed clay compared to the 
unaltered rock. Electromagnetic properties of Bure clay 
rock were also measured with two different methods: at a 
low frequency range (from 100 kHz to 10 MHz) using 
impedance measurement and at higher frequency range 
(from 500 MHz to 10 GHz) with a coaxial probe [8]. A 
large part of the useful dielectric spectrum is missing: 
standard TDR sensing lines (such as Campbell TDR100) 
make use of a step electric pulse, the frequency content of 
the measured TDR wave form extends from about 20 kHz 
to roughly 1.5 GHz [9]. A large part of the useful dielectric 
spectrum is missing. 
Concerning concrete, literature is abundant. Nevertheless, 
the variety of concrete, the dispersion of the results and the 

specificities of our concrete called for the development of 
our own transmission line for this material. 
This paper reports on the development of two transmission 
line fixtures to measure the complex electrical permittivity 
of Bure clay rock and concrete over the 50 MHz – 1 GHz 
frequency range. The first section deals with the different 
aspect of the measurement chain: the design of the cells and 
the software used to obtain the electromagnetic properties 
from the scattering matrix. Section 3 focuses on the 
obtained electromagnetic characterization of clay rock. The 
procedure to prepare sample and the hydrical 
characterization is also approached. Section 4 concerns the 
electromagnetic characterization of concrete. 

2. Method for electromagnetic characterization 

2.1. Experimental procedure 
Among the various possibilities to perform electromagnetic 
characterization, two categories can be distinguished, 
resonant versus non-resonant methods. The first type is used 
to get accurate knowledge of dielectric properties at several 
discrete frequencies, whereas the second category allows 
knowledge of dielectric properties over a large frequency 
range. As previsouly explained, TDR application requires 
characterization over a very large frequency range. We thus 
focused on non resonant method. Among those techniques 
we selected transmission/reflection methods.  
This method requires devices able to direct the 
electromagnetic energy toward a material and to collect 
what is reflected or transmitted through the material.Since 
the goal is to characterized non-crushed clay, a unique 
sample must provide characterization on the whole 
frequency range. Rectangular and circular guides do not fit 
this requirement. This is why we selected coaxial 
transmission lines. What is more, with such a design, we 
benefit from previous tests performed with a similar line 
used to measure the complex permittivity of cement 
exudation products [10]. 
Feasibility of clay shaping is an intrinsic limitation for this 
choice. For concrete, the lines must be designed so as to fit 
the material heterogeneity, to respect the criteria of the 
representative elementary volume (REV). This is why two 
transmission lines were developed dedicated either to clay 
rock (small size to ease shaping) or to concrete (large size 
cells to perform representative measurement).  
The coaxial line is connected to a calibrated vector network 
analyser (VNA) with two ports which sends a 
monochromatic electromagnetic wave and records the 
interaction of the sample through S-parameters. The 
calibration was performed using a classical SOLT (Short – 
Open – Load – Though) calibration method procedure. The 
VNA is connected to a PC through a GIP-USB connection. 
Nicholson - Ross [11] and Weir [12] formalized 
electromagnetic characterization of materials using 
transmission/reflection method in a wave guide. This 
procedure, commonly called NWR process allows the 
reconstruction of the complex permittivity and complex 
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permeability of materials using the measured scattering 
parameters. This NWR procedure assumes a fundamental 
TEM propagation in the line. The upper frequency limit of 
the line is so given by the frequency of the first higher order 
mode (the TE01 mode) [13]: 
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 , (1) 

with c = 299792458 m.s-1, a and b respectively the inner and 
outer radii of the coaxial conductors (see Figure 2),  εr and µr 
the relative permittivity and permeability of the filling 
material.  

2.2. From S parameters to electromagnetic 
characteristics: Epsimu® software 
EpsiMu® [14] software provides in real time the 
electromagnetic properties from the measured scattering 
matrix and information on the geometry of the coaxial lines. 
It combines two-ports de-embedding [15] and the NRW 
procedure. It limits the required number of calibration steps, 
which ease manipulations and enables non-expert workers 
to make large number of measurements. 
As depicted in Figure 1, the de-embedding operation 
consists in obtaining the scattering matrix of the sample 
[Ssample] from the scattering matrix measured at the 
reference plane [Scell] and the transition matrixes [SA] and 
[SB]. The transition matrixes can be expressed with the 
electrical distances d1 and d2 and the attenuation coefficient 
α. These three parameters constitute the identity card (IC) of 
the line. As detailed in [16], IC determination requires a 
single measurement of the S-parameters of the cell, filled 
with an electrical short. 

 
Figure 1: Principle of de-embedding operation. 
The determination of d1 and d2 is sensitive and can induce 
uncertainties To overcome this difficulty, a calibration 
procedure based on various well-known materials like air 
and Teflon was developed to find the optimized 
determination of d1 and d2 [17].  

2.3. Transmission line 

2.3.1. Design 

The cell can be divided in three sections: two conical 
transition units and a specimen holder (Figure 2). The inner 
dimensions of the cell are determined in order to match the 
impedance of the source (50 Ω) yielding a condition over 
the value of the ratio of the rayon: b/a=2.302 [18]. This 

condition has to be respected for the whole transmission 
line so as to avoid impedance gap.  
For clay and concrete, both cells were made of brass, for its 
electric properties, its price and ease of shaping.  

sample holder

sample under test

2b2a

 
Figure 2: Scheme of the coaxial cell. 

For clay, cell dimensions were reduced to ease shaping and 
to enable the realization of various samples from the same 
core. The cell is characterized by inner radii a=6.52 mm and 
outer radii b=15 mm. When air filled the cut-off frequency 
of the TE01 mode is 4.4 GHz, whereas when filled with 
water, the cut-off frequency is closed to 500 MHz. The 
specimen holder has a length of 20 mm; the coaxial cell 
length is finally 152 mm. The figure 3 is a picture of the 
coaxial cell connected to the VNA. 
With such dimensions, it has been previously observed that 
the experimental bench is actually limited to 50 MHz-
1 GHz range (in air) [9], because of NWR procedure. 

 
Figure 3: Photography of the coaxial cell connected to the 
VNA. 
Concrete is a mixture of mineral aggregates in a specific 
binder formulation. In our case, the size of the aggregate 
ranges from 4 to 8 mm (see 4.1 for the detailed composition 
of concrete). In order to access representative 
electromagnetic properties, [19] and [20] showed that 
material sample needs to be at least three times greater than 
the bigger aggregate. That means all dimensions of the 
holder must be larger than 24 mm, which reduces in turn the 
higher frequency limit. The proposed coaxial cell is defined 
by inner radii a=50 mm and outer radii b=21.75 mm, the 
sample holder is 60 mm length. As illustrated in Figure 4, 
the coaxial cell length is finally closed to 600 mm. When 
air-filled, the cut-off frequency of the TE01 mode is 
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1.33 GHz. The figure 6 is photography of the whole 
transmission line. 
Concrete was directly poured into a volume of the coaxial 
cell bounded by 2 thin dielectric walls to confine the liquid 
material, as already tested in [21]. It is then possible to 
monitor the evolution of electromagnetic characteristics 
during concrete drying. The volume in interest for the 
concrete samples is 250 cm3. 
 

 
Figure 4: Photography of the transmission line for concrete. 
It is worth noting that various designs for coaxial 
transmission line were reported for concrete dielectric 
characterization [22] [23], [24], [25]. Chosen dimensions 
result quite different, as listed in Table 1. 

Table 1: Different coaxial cell used for concrete 
dielectric properties characterization 

Ref. a  
(mm) 

b 
(mm) 

 

Aggregate 
max size 

(mm) 

Impedance 
(Ω) 

f  
(GHz) 

 
[22] 12.7 75 38 107.5 1.07 
[23] 22 50.5 10 49.9 1.31 
[24] 24.6 80 30 50 0.91 
[25] 7.7 25 mortar 70 2.92 

Andra 21.75 50 8 50 1.33 
 
Although the size of our cell is really close to the cell 
developed by [24], comparison of dielectric properties will 
be restricted by concrete type. 

2.3.2. Modeling of the cell 

Modeling of the transmission line has been realized using 
the commercial 3D finite elements software Comsol, Radio 
Frequency module [26]. The main objective was to evaluate 
the quality of the de-embedding process.  
The whole cell was modeled (see Figure 5) which provides 
the S parameters [Scell]. Then the same de-embedding 
equations used by EpsiMu and detailed in [15] are applied; 
[Ssample] is obtained. 
 

 
Figure 5: Picture of the meshed cell. 
The cell was meshed with an adaptative mesh allowing a 
λ/5 resolution. The small cell was modeled, filled with bi-
distilled water. We have considered constant dielectric 
properties over the frequency range with a permittivity 
equals to εr =80. Notice that when the cell is filled with bi-
distilled water, the cut-off frequency is close to 500 MHz. 
Data were calculated and measured over the 50 MHz – 
500 MHz frequency range. 
Comparison between experimental data and modeling are 
illustrated in Figure 6 and Figure 7 for S11sample and S21sample 
respectively. 

 
Figure 6: Comparison of S11sample when water filled. 

 
Figure 7: Comparison between S21sample when water filled. 
The comparisons between measured and calculated Ssaùple 
are very good. These examples illustrate the quality of the 
de-embedding step.  
In further study, such a model could be use in an inversion 
procedure. It would then provide access to electromagnetic 
properties on a larger frequency range, above 1 GHz and 
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beyond 50 MHz (presently limited by NRW procedure), as 
proposed by [27] and [28]. 

3. Electromagnetic Characterization of clay rock 

3.1. Sample preparation 
Clay samples under interest, called COX argillite, are clay-
rich rocks that contain up to 50% clay (illite and 
illite/smectites), carbonates and tectosilicates (quartz). Their 
void fraction ranges from 15 to 20%, with very small pore 
dimensions, mostly ranging from 2 to 100 nm. Clay 
platelets exhibit an electric charge, resulting in interaction 
with solute cations and water. These properties provide 
clayrocks with some resistance to dehydration, unless they 
are fractured. 
The use of coaxial line requires that the material under test 
is carefully drilled and machined to precisely fit in between 
the inner and outer conductors. The first goal was to check 
feasibility and to evaluate representativeness of the shaped 
samples, variability induced by shaping procedure. 
To prepare the samples, a large clay core from Andra 
underground laboratory conserved in sealed bag to avoid 
any contact with air, is over-cored in order to obtain rough 
specimen with diameter larger than finished specimen. 
Rough specimens are then shaped in order to obtain a 
perfect cylinder with the same dimensions as the sample 
holder (radii equal to 15 mm and height equal to 20 mm).  
Three specimens were produced by this way. One sample is 
dedicated to serve as a   “witness” (reference); its apparent 
density (geometrical measurement using a caliper,ρ in Table 
2) is measured. The other two samples (no1 and 2 in the 
following) were drilled to form a central hole to insert the 
inner conductor (see Figure 8 for illustration of the sample 
preparation). The electromagnetic characterization can be 
performed on the two samples. Finally, water mass content, 
porosity and degree of saturation are measured on the three 
samples. Water content is measured by loss of water using 
an oven held at 105°C. Porosity is determined according to 
the dry density and a grain density equal to 2.7023  g/cm3 
[29] and the saturation degree (SW105) is accurately deduced 
from these parameters. 
In order to evaluate the effect of crushing on the electric 
permittivity, the two samples were manufactured to form a 
remoulted specimen. Since this procedure induced loss of 
material, a piece of the initial core was added. These 
samples were crushed using a mini plagues crusher (IKA-
WERKE MF10), settled with following parameters: 
5500 rpm, 1.25 mm sieve. All the grains lower than 
1.25 mm were recovered, all the material was crushed. The 
powder thus obtained was stabilized in a climatic chamber 
regulated at 20°C in order to get a water content mass 
similar to the initial samples. The powder was then 
compacted to 160 MPa using an isostatic press (CIP). The 
result was a new small carrot which it is advisable to 
machine for introducing into the sample holder. 
A lot of difficulties were encountered during the preparation 
of the samples. In addition to cracking caused by the 

mechanical release after coring, associated with the 
laminated structure of the COX argillite, the presence of 
small pyrite grains which rapidly oxidize in contact with air 
and sometime fossils also contributes to brittle the material. 
In order to obtain an acceptable 8 to 12 cm length rough 
specimen, 3 to 5 cores were eliminated. 
 

        

   
Figure 8: Illustration of the shaping process.  

3.2. Experimental results 
The Figure 9 and Figure 10 represent the electric 
permittivity for the three characterized sample. Table 2 
reminds the hydraulic characterization made on the 3 
samples. 

 
Figure 9: Real part of the electric permittivity for sample 1, 
sample 2 and the remoulted sample. 
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Figure 10: Imaginary part of the electric permittivity for 
sample1, sample 2 and the remoulted sample. 
 

Table 2: Hydrical characterization of clay samples 
Sample RH (%) Porosity 

(%) 
W105° 
 (%) 

ρ    
(g/m3) 

SW105° 
 (%) 

1 Ambient 15.77 2.67 2.276 38.54 
2 Ambient 16.41 3.00 2.259 41.30 

remoulted Ambiant 17.14 2.86 2.239 37.35 
 

3.3. Discussions and perspectives 
Strong dependence on frequency is observed on the three 
samples. Figures show a large value at low frequency: at 50 
MHz, Re(εr) equals 19.60 for sample 1, 20.58 for sample 2 
and 14.30 for the remoulted sample. They also indicate that 
both real and imaginary parts of permittivity decrease with 
increasing frequency: at 1 GHz Re(εr) equals 8.07 for 
sample 1, 8.14 for sample 2 and 7.12 for the remoulted 
sample. This kind of behavior is common with porous 
complex materials. 
The comparison between sample 1 and 2 gives dielectric 
really similar properties (for real and imaginary part). The 
hydraulic properties for sample 1 and 2 are also close. 
Indeed, the water content equals 2.67% for sample 1 
whereas it equals 3.00 % for sample 2. Previous study [30] 
on Bure clayrock has shown a variation range for water 
content between approximately 1% and 9%. A variation of 
0.37 % of water content is not significant, the sample 1 and 
2 can be considered as similar. This comparison validates 
the reproducibility of the measurement and the proposed 
shaping procedure. 
The dielectric properties can be calculated in two directions. 
For example, it can be deduced from the couple S11sample and 
S21sample (called direct characterization) or from the couple 
S22sample and S12sample. (called indirect characterization).The 
comparison between direct and indirect characterization 
have not shown significant difference (this result is not 
illustrated). This result confirms, for this frequency range, 
the homogeneity of the three characterized samples. 

The last information is linked with the comparison between 
the intact samples and the remoulded sample. The dielectric 
properties are quite different, meanwhile the hydrical 
properties of the three samples are almost similar. The 
difference observed on the dielectric properties could be 
explained by the change in the porosity induced by the 
crushing. Indeed, the pore size distribution varies from the 
micro/meso-pore size range for the intact rock to the 
meso/macro-pores for the remoulded sample. This 
hypothesis will be confirmed in a near future by mercury 
Intrusion Porosimetry (MIP) measurements for instance.  
Concerning the study made on the clay from the Mont Terri, 
the frequency range of inspection was from 1 MHz to 500 
MHz at maximum. The clayrock from Mont-Terri is not the 
same but is physically closed to Bure clayrock. As 
mentioned before, this study was focusing on crushed 
clayrock. The study reports value between 9.32 and 12.55 
for Re(εr) at 50 MHz for clayrock with a water content 
between 2.71 % and 3.28% and density between 1.41 g/m3 
and 1.60 g/m3. The order of magnitude is close to our value. 
The study reports the same effect of the frequency. The 
other study [8] reports order of magnitude closed to our 
value, but a precise comparison has to be performed.  
It is important to link the characterizations with 
electromagnetic sensors. For TDR application, where 
electronic device averages dielectric properties over a large 
frequency range, the observed frequency dependence could 
be a major issue. Moreover, the observed difference 
between the dielectric properties of intact and crushed 
clayrock may also induce water content measurement 
undertainties. In some case, TDR probes are inserted into a 
small core made of crushed clayrock before being installed 
on field. This core is then put on field by digging a hole and 
inserting the instrumented core. In such configuration, the 
measurement may be biased.  
The presented characterization pertains to a larger study on 
electromagnetic characterization on clayrock. Next step is 
to measure water content influence. Samples are presently 
placed in climatic chambers with different relative humidity. 
Water content stabilization is checked by daily weighing. 
The hydraulic characterizations will be completed with a 
water content measurement at 150°C in nitrogen 
atmosphere due to clay-water interaction, as some water 
remains between smectite platelets after drying at 105°C.  
The other part of this study will focus on the effect of 
crushing on the dielectric properties, the aim is to reproduce 
the presented result to evaluate the reproducibility.  

4. Electromagnetic characterization of concrete 

4.1. Removal of concrete during casting 
Concrete was directly inserted into the central part of the 
coaxial line during the realization of a concrete liner in the 
Andra underground laboratory (see figure 14) in December 
2012. Two samples were realized so as to evaluate 
homogeneity of concrete, variability of measurements. 
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Figure 11: Casting of concrete during the realization of the 
gallery at the underground laboratory. 
The table 3 gives the composition of the high performance 
concrete. 
 

Table 3:  Concrete formulation 
Premix 

composition 
(kg/t) 

CEM I 52.5 N PMES 200 
Sand 0/4 430 

Aggregate 4/8 369.4 
Added in the 

mixer  
(kg/premix ton) 

Water 78 

Superplasticizer 2.4 

 
The slump test gives a result of 210 mm. Compressive 
strength at 28 days performed on cylinder sample (16 mm x 
32 mm) was measured to be 69 MPa. 

4.2. Experimentals results 
The Figure 12 and Figure 13 represent the dielectric 
properties of sample 1 and sample 2. The values obtained in 
the direct and indirect characterization are compared. 

 
Figure 12: Real part of the electric permittivity for sample 1, 
and sample 2 obtained with both couple of S parameters. 

 
Figure 13: Imaginary part of the electric permittivity for 
sample 1, and sample 2 obtained with both couple of S 
parameters. 
 
The Figure 14 and Figure 15 represent the effect on curing 
on the dielectric properties for sample 1. For the time being 
we dispose of measurement on 50 days. For those pictures, 
we selected the direct data characterization.  

 
Figure 14: Curing effect on the real part of the electric 
permittivity for sample 1. 
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Figure 15: Curing effect on the imaginary part of the 
electric permittivity for sample 1. 

4.3. Discussions 
We can observe the same behavior than in clayrock: both 
real and imaginary parts of permittivity significantly 
decrease with increasing frequency. This well-known 
behavior ([22],[23],[24]) can be observed regardless the 
curing state (see Figure 14 and Figure 15).  
Figure 12 and Figure 13 confirm the two samples are 
similar. However, they also reveal local heterogeneities. On 
these figures data from the direct and indirect 
characterizations of the two samples are represented. The 
dielectric properties of the two samples, taken from both 
sides, are really similar on the 50 MHz - 400 MHz 
frequency range, but begin to shift around 500 MHz. Since 
it evoluates with curing and depends on the characterization 
direction, we attribute such unstable phenomena to Maxwell 
Wagner relaxation. It was expected for concrete samples 
[22]. Permittivity measurements of concrete presented in 
[23] and [24] did not encountered this kind of phenomena. 
As a consequence, reliable permittivity values must be 
taken above 500 MHz. It could be interested in a further 
study to evaluate the influence of the geometry of the 
sample on such effects.  
The effect of curing on the dielectric properties is presented 
in Figure 14 and Figure 15. Real and imaginary parts of 
permittivity decrease with curing. This decreasing may be 
interpreted with the physical and chemical state of concrete. 
When concrete is mixed, a release of a large amount of 
Ca2+and OH- happens. The presence of these ions resulted 
in the concrete paste becoming highly polarizable and 
conductive. This induces a high value of the real part of the 
permittivity and a very high value for the imaginary part. 
However as hydratation progress the free water starts 
changing to absorbed water and irrotationnally bound.  As 
the cement hardened, the polar molecules find it harder to 
move resulting in less polarization and a decrease in the 
dielectric properties. 
Concerning comparison with literature, the values are at the 
order of magnitude. For example, [24] after three days of 

curing  finds  a  value  close  to  11  for  Re(εr) and close to 4 for 
Im(εr) at 400 MHz. Erreur ! Source du renvoi 
introuvable. finds   values   close   to   12   for   Re(εr) and 5 for 
Im(εr.). Our values for the sample 1 and the direct 
characterization  are  11.59  for  Re(εr) and 7.05 for  Im(εr). 

5. Conclusions 
As a part of an ongoing research, two coaxial fixtures have 
been developed to characterize clay rock (intact or crushed) 
and concrete in the frequency range of 50 MHz to 1 GHz. A 
small cell was designed for clay centimeter size sample, 
whereas a bigger cell was designed for decimeter size 
concrete sample so as to respect large representative 
elementary volume. 
The dielectric properties were obtained from the scattering 
matrix using EpsiMu® software. A 3D Finite Elements 
modeling of the small coaxial cell was also performed, in 
order to improve the inversion algorithms. The purpose is to 
assess the electromagnetic characterization in a wider band 
of frequencies. 
Three clayrock samples characterization were presented. 
Strong dependence of dielectric properties versus frequency 
is observed on the three samples. Two samples, realized 
with the same core and considered with identical hydrical 
properties, have validated the reproducibility of the 
measurement and the shaping procedure. The remoulted 
sample, which was realized with the other sample, has 
shown the effect of crushing on dielectric properties. The 
change in porosity is supposed to be responsible of this 
variation. This hypothesis will be soon checked with 
mercury Intrusion Porosimetry (MIP) measurements. The 
next step of our study is to evaluate water content influence. 
Otherwise, precise comparison with other study made on 
clay rock from Bure underground laboratory will be 
performed [8].  
Concerning concrete, two sample holders were directly 
filled during the casting of concrete in the underground 
laboratory. The characterizations have shown a strong 
frequency dependence on the dielectric properties. Both real 
and imaginary part decrease with curing effect. The 
measurements were perturbed above 400 MHz. We attribute 
such phenomena to Maxwell Wagner relaxation. Despite 
the specificity of concrete, comparison with literature has 
shown value at this same order of magnitude. 
We presented here the first part of a large electromagnetic 
material characterization campaign. Sub soil surface are 
concerned too. All the dielectric properties are currently 
used in our works about TDR modeling, as input data. Our 
aim is to develop an instrumentation system around the 
TDR probe, in order to achieve a reliable estimation of the 
dielectric parameters, and then the water content within 
waste repository structures. In that way, the study of 
characterization is fundamental.  
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Abstract 
 Composite and nanostructured materials have 
hierarchical architecture with different levels: (a) 
macroscopic (substructure of porous clusters); (b) 
mesostructural (particles constituting the clusters);and (c) 
microscopic and nanometric (coatings, bulk of the 
particles). The identification of the key parameters that 
affect the electronic transport across all observed size scales 
is required, but is not possible using conventional dc-
conductivity measurements. The broadband dielectric 
spectroscopy (BDS) from low-frequencies (few Hz) to 
microwaves (few GHz) is applied to one of the most 
important composite materials for lithium batteries. 
LiFePO4 is wrapped in a carbon coating whose electrical 
properties, although critical for battery performance, have 
never been measured due to its nanometre-size and the 
powdery nature of the material. 

1. Introduction 
A lithium-ion battery also known as Li-ion battery 

or LiB is a family of rechargeable battery types using no 
lithium metal at the negative electrode in which lithium ions 
move from the negative electrode to the positive electrode 
during discharge, and back when charging (Figure 1). 
Chemistry, performance, cost, and safety characteristics vary 
across LiB types. Unlike lithium primary batteries (which 
are disposable), lithium-ion electrochemical cells use an 
intercalation lithium compound as the electrode material 
instead of metallic lithium. Lithium-ion batteries are 
common in consumer electronics. They are one of the most 
popular types of rechargeable batteries for portable 
electronics, with one of the best energy densities, no 
memory effect, and a slow loss of charge when not in use. 
Beyond consumer electronics, LiBs are also growing in 
popularity for military, electric vehicle, and aerospace 
applications. Research is yielding a stream of improvements 
to traditional LiB technology, focusing on energy density, 
 
 

 
 
 
durability, cost, and intrinsic safety. 

 
 
Figure 1. The operating principle of a lithium ion battery [1] 

 
Positive and negative electrodes are however 

composite electrodes. The composite electrode is a very 
complex medium obtained by mixing together the active 
material (AM) grains with non-electro active additives such 
as a conducting agent (C) and a polymeric binder (B) For 
high rate performance this medium needs to bring very 
efficiently the ions and the electrons to the surface of the 
active material (AM) particles. The composition and 
architecture of the composite electrode should be able to 
allow an efficient electrical conductivity which enables 
sufficient cycle life for the battery especially for high rate 
applications. 
  The resulting hierarchal architecture induces 
polarizations which are generally visible by the BDS 
because they involve changes in local charge density. at the 
micro structural scale, a conducting polycrystalline material 
(compact powders, ceramics) presents interfacial 
polarizations. The interfaces are generally grain (particles) 
boundaries or more often, the contact area between the 
grains. If the grains (particles) are assembled into clusters 
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(i.e. agglomerates), there exists a different interface between 
clusters. 
 In addition, an interface exists between the sample and the 
electrodes contact (e.g., gold, silver) used for the 
measurement. These types of polarization are visible only at 
low frequencies. The characteristic frequencies of the 
different phenomena observed in dielectric spectroscopy are 
classifiable according to the characteristic scale at which 
they are observed. Furthermore, the larger characteristic size 
the smaller the characteristic frequency is (Figure 2). 
 

 
Figure 2. Multi-scale analysis of electric polarization in a 
conducting material 

2. Experimental method 
  A Transverse Electromagnetic (TEM) wave is 
emitted using a network or impedance analyzer through a 
coaxial output. This TEM wave is propagated in the coaxial 
waveguide. The interaction is followed by the study of the 
reflection coefficient of the TEM wave when the sample is 
placed at the end of a coaxial line terminated by a short 
circuit. Figure 3 below shows the measuring cell for 
determining the electrical parameters of a sample versus 
frequency. 

 

 
 

Figure 3.Schemes 3D and 2D of the measuring cell in a 
reflection mode. TM0m or n are transverse magnetic waves. 

 

The measurements of the reflection coefficient 
versus frequency are made with impedance or network 
analyzers. In order to achieve dielectric spectra over a wide 
frequency band, it is necessary to use several measuring 
devices (Figure 4). Each one is independent. An alternator 
enables to use successively these analyzers without 
dismantling the cell, which is very important during 
measurements versus temperature. In our case, we used 
three devices: a HP 8510 (and then an Agilent PNA network 
analyser E8364B used between (10 MHz – 10 GHz), an 
Agilent 4291 impedance analyzer (1 MHz - 1.8 GHz) and an 
Agilent 4294 impedance analyzer (40 Hz - 110 MHz). 
 

 
    Figure 4. Experimental setup with 3 machines in case of  
    a cell in reflection setup. 
 

3. Discussion 
 The broadband dielectric spectroscopy (BDS) is 
well-known for ionic conductors and polymers but much 
less used for electronic conductors. We have applied this 
technique to the study of nanocomposites prepared from the 
most important active material for lithium batteries, cluster 
of LiFePO4 particles, coated in a core shell morphology with 
an amorphous carbon coating of few nanometres thick. Our 
objective was to extract the electronic conductivity of this 
nacomposite at all the scales of its architecture (from inter 
atomic distances to macroscopic lengths), with the aim of 
identifying the limiting parameters and move on to 
systematic and rational manufacturing, Processing and 
engineering practices for the better.  

 Binary systems (LiFePO4 with its carbon coating) 
were studied to establish the fundamental know-how on the 
electrical properties of the different scales and the existing 
correlation between the scales of a compacted powder. 
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The results obtained in this work demonstrate that 
the BDS can distinguish the different types of electronic 
transfers involved at the different scales of the material 
architecture. These phenomena occur from interatomic to 
macroscopic sizes with the influence of the morphology of 
the different constituents at these scales. Considering a 
composite material composed of an active material (e.g. 
LiFePO4) and a conductive agent (e.g. carbon coating), 
when the frequency increases, different kinds of 
polarizations, giving rise to dielectric relaxations, appear in 
following order: a) Space-charge polarization (low-
frequency range) due to the interface between the sample 
and the conductive metallic layer deposited on it; b) 
Polarization of C-LiFePO4 clusters (micronic and/or 
submicronic scales) due to the existence of resistive 
junctions between them; c) Electron hopping between sp2 
domains (nanometric scale) within the carbon coating 
around the LiFePO4 particles. 

The frequency dependence of the real parts of the 
conductivity and of the permittivity for LiFePO4 (LFP) at 
room temperature is shown in FiguErreur ! Source du 
renvoi introuvable.re 5a and b respectively. The lowest 
measured value is about 10-7S.m-1 at 40Hz and the lack of 
dc-conductivity plateau shows that our set-up does not allow 
accessing to the very low value of the dc-conductivity 

 
 

 

 

 
Figure 5. Real parts of the conductivity (a) and of the 
permittivity (b) as a function of the frequency for 
both   carbon-coated and uncoated samples, i.e. 
CLFP3 (curve 1) and LFP (curve 2), at 298K. In (a) 
the real part of the conductivity is also given at 398K 
for CLFP3 (curve 3). 

 

Figure 5b shows also the existence of a dielectric 
relaxation around 102 Hz at room temperature because H’ 
value is decreasing from 40 to a constant value equal to 4 at 
higher frequencies (i.e. above 106 Hz). This relaxation 
would be due to cluster boundary or to silver/sample 
interface. Above 105 Hz, the frequency dependence of 
LiFePO4 conductivity follows a power law:  

 
 

V = AZs                                                                 (1) 
 

where A and s are fitting parameters. The value of the 
exponent s is equal to 0.75 and thus describes a variable 
range hopping (VRH) conduction mechanism [2]. This 
describes electrical conduction in disordered systems with 
localized sites randomly distributed in the crystal network. 
[3] In this case, the hopping probability depends on the 
spatial separation of the sites. 

The carbon coating in C-LiFePO4 drastically 
increases the electrical conductivity in the whole frequency 
range (Figures 5a). At 298K, the dc-conductivity VS of the 
sample has a value of more than 10-4 S.m-1 below 105 Hz and 
the high frequency conductivity reaches almost 10-1 S.m-1 in 
the GHz region. This type of frequency dependence shows 
that in the composite C-LiFePO4 the carbon-coating 
constitutes continuous conducting paths spanning 
throughout the sample.[4] this situation can be realized with 
a small volume fraction of conductor owing to the core-shell 
morphology of the carbon-coated LiFePO4 material.[5] The 
disappearance of the power law evolution in the CLFP3 
sample confirms the dominant role of the coating with the 
existence of one or more relaxation domains above 0.1MHz 
(Fig. 5a). Figure 5b shows the existence of a low frequency 
relaxation around 104 Hz for CLFP3, which is due to its 
higher conductivity VS correlated to the presence of the 
carbon-coating. At the higher frequencies, C-LiFePO4 and 
LiFePO4 permittivities converge to a frequency independent 
residual permittivity Hf corresponding to the effective (bulk) 
permittivity of LiFePO4 (LFP). Indeed, in CLFP3, the 
volume fraction of the carbon coating is too small in the 
sample to play significantly on the residual permittivity(Hf).  
 
 The entire Nyquist (Cole-Cole) plot, i.e. İ” vs. İ’ of 
CLFP3 (in the low-frequency part of the dielectric spectrum 
at 300 K is presented figure 6 below. The first dispersion 
domain (D1) is fitted T with a good precision by a straight 
line, which correspond to a ȣn-1 frequency response of the 
complex permittivity with an exponent n of about 0.14 
whatever the sample and the temperature. Upon subtracting 
this low frequency contribution, a second dispersion domain 
D2 (figure 6b) is evidenced and well fitted by a circular arc 
corresponding to dielectric relaxations described by the CC-
function.The relaxation domain D3 (Figure c)  is 
unambiguously defined after subtracting the contributions 
D2 and is also described by the CC-function. By the same 
procedure, the relaxations D4 (Figure d) is obtained.   
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(a)   

 
(b)     

                                                                   (c) 

 

 
(d)  

Figure 6. (a) to (d) Cole–Cole plots of the imaginary 
part H”(Q) vs. the real part H’(Q) of the complex 
permittivity at 298 K for CLFP3:  

All the relaxation frequencies Qi (i = 2, 3 and 4) 
have thermally activated behaviors, and can be described by 
Arrhenius behavior. 
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Figure 7. (a) Relaxation frequencies of the different 
relaxations (D2, D3 and D4) as functions of inverse 
temperature in CLFP3. 

 

On the other hand the entire resistivity Nyquist plot 
(U” vs. U’) of CLFP3 at 300 K is depicted in figure 8. To 
provide evidence for the different resistivity relaxations, we 
used decomposition procedure of the Nyquist plots similar 
to the complex permittivity diagrams. The first dispersion 
domain R1 is well fitted by a circular arc in the low-
frequency part of the plot and thus described by the complex 
CC-function. R1 crosses the real axis Uƍ at USM (low-
frequency limit) and at US (high-frequency limit). After 
subtraction of the domain R1, the higher frequency 
contribution R2 is evidenced (Figure 8a) and also fitted by a 
circular arc. R2 crosses the real axis at US (low-frequency 
limit) and at UCLe (high-frequency limit). The incremental 
resistivities 'U� and 'U� of R1 and R2 correspond to the 
sample/Ag interface and to the clusters junction resistances, 
respectively. US and UCLe correspond to the sample and 
cluster resistivities, respectively. We can consider that the 
cluster conductivity VCLe is governed by the coating 
conductivity Vco because the coating constitutes continuous 
pathways in the clusters. Hence, their electrical behaviors 
can be similar, the cluster conductivity corresponding to the 
effective value of the coating conductivity. Moreover, the 
zoom of the high frequency part of the complex resistivity 
plot permits to determine the effective resistivity of the sp2 
domains Usp2e (Figure 8b). 
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(b)  

Figure 8. (a) Nyquist plot of the imaginary part U”(Q) 
vs. the real part U’(Q) of the complex resistivity at 
298 K  for CLFP3 (c-LiFePO4); (b) zoom of the high 
frequency part of the plot (determination of sp2 
effective conductivity). 

In summary, the hierarchy of the conduction pathways from 
the nanosize scale (i.e. coherent length of sp2 domains) to 
the macroscopic one is described in Figure 9. 
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Figure 9. Schematic description of the hierarchical. 

The conductivity and permittivity of the composites 
measured are effective parameters since they are functions 
of the relative concentration of the different phases. Using 
the Brick Layer Model and the General Effective Medium 

theory, it was possible to provide some orders of magnitude 
for the true values of the conductivity at the different scales 
of the material (Figure 10), i.e. cluster, coating and sp2 
domain levels.  

 

  
 

Figure 10. Schematic description of the hierarchical 
architecture within the samples giving rise to 
different sources of polarizations. 

We have thus established an empirical expression 
to describe the sample conductivity with respect to that of 
the smaller level (coherence length of sp2 domains) that 
allows to identify and quantify all the limitations.  

 
According to our work, the major drop in 

conductivity is due to the presence of sp3 discontinuities in 
the coating that result in a loss of ~103 when going from the 
sp2 domains to the coating scale. Although the carbon 
volume in the C-LiFePO4 cluster is very low (less than 
5v%), the loss is only a factor of ~10 when going from the 
coating to the cluster scale. Inter-cluster junctions result in 
another conductivity loss of ~10. The high activation energy 
for electrons transport associated with the sp3 discontinuities 
result in a large decrease of the conductivity with decreasing 
temperature, which is a drawback or limitation of the C-
LiFePO4 material.  

4. Conclusions 
This work provided a new approach towards a 

fundamental understanding of the electrical properties of 
composites for lithium ion batteries. It also gave a new 
perspective on the quantitative relationships existing 
between the different scales. This relationships offer the 
opportunity to pin point the limiting scales and conductivity 
mechanisms. Which in turn will be instrumental to make 
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adjustments on the whole process of the electrode material 
synthesis, processing,  manufacturing and engineering. 
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Abstract— This talk presents the analysis of a study on the development of conceptual un-
derstanding of dynamic electromagnetic fields of electrical engineering students in Finland. The
focus of the study was Faraday’s law. A coil with two light-emitting diodes and a strong per-
manent magnet was used with which the induced electromotive force could be made visible.
However, the field and flux directions, temporal changes, and topological constellations within
this setting determine in a subtle manner the character of the resulting electric e!ect. The
demonstration was used on electromagnetic field theory classes at Aalto University, Finland, to
assess the conceptual understanding of the students. Drawing from the Peer Instruction princi-
ple, the students were asked to fill in a questionnaire concerning this experiment, first on their
own, and secondly after discussing with their neighbors in the classroom. They were asked about
the direction of the electric force and the confidence of their answer. The results show that the
answer is not very obvious: students tend to vote for the wrong answer. The Peer Instruction
discussion greatly improves the situation. Also, the confidence of the students increases thanks
to the discussion period with neighbors. The results, however, seem to be somewhat sensitive to
the exact constellation and the administration of the experiment.

1. INTRODUCTION

In the curriculum of electrical engineering, one of the most challenging topics is the set of Maxwell
equations, both for the student and also for the teacher. The divergence relations can certainly be
approached from the intuitive understanding of field lines that emanate from a charge. The Gaus-
sian view of total electric flux through a closed surface being equal to the enclosed net charge leads to
Coulomb’s law, which again, as an analogy to the forces of Newtonian gravitation, strengthens the
conceptual framework of physical understanding in the students’ minds. Along with this picture,
it is easy to connect the vanishing divergence of the magnetic flux density with the non-existence
of magnetic monopoles: the magnetic field lines have neither sources nor sinks, they always form
closed loops.

More challenging is to bring the student to grasp the meaning of the Maxwell curl equations:
Ampère’s law supplemented with the displacement current term, and Faraday’s law. To acquire a
mental picture of the “rotor” operation, or curl, of a vector field requires spatial imagination. In
addition, when the curl equations also involve temporal di!erentiations, the resulting combination
of symbols and operators is not instantly digestible for a freshman student.

In this presentation, we focus on Faraday’s law and our experiences in teaching to find the most
e!ective ways to help students to develop conceptual understanding of the manner how a varying
magnetic field brings forth an electric force.

2. FARADAY’S LAW: DIFFERENTIAL AND MACROSCOPIC FORMS

In the language of vectors, Faraday’s law reads

!" E(r, t) = #
!B(r, t)

!t
(1)

where E is the electric field vector and B is the magnetic flux density, depending on the space r
and time t. This relation is a (partial) di!erential equation, in other words it is satisfied pointwise:
at any point in any time instant, the time variation of the magnetic field dictates the curl of the
electric field. Furthermore, the law gives an exact quantitative connection for the relation.

However, the conceptual understanding of this relation requires thinking in not pointwise and
di!erential but rather integrated terms. Use of Stokes’s theorem gives the following relation. Given
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an open surface, the time variation of the total magnetic flux " through it gives the electromotive
force over the closed line that forms the boundary of this surface:

emf = #
d"

dt
(2)

This relation – many students would agree – is considerably more intuitive than the di!erential
form of Faraday’s law (1).

However, even if relation (2) is simple in form and straightforward to use in quantitative enu-
meration of the voltage that is created by changing magnetism, there are still several possibilities
to get the direction (the sign) of the electromotive force wrong. For the first, it is the time deriva-
tive of the flux rather than the flux itself which matters for the induced force. In addition, the
right-hand-rule convention between the flux direction and the direction of the bounding contour
has to be correctly accounted for, and thirdly, the additional minus sign does not make it easier to
decipher the final direction of the electromotive force. However, Lenz’s law gives useful advice in
determining the direction of the induced electromotive force.

In electromagnetics textbooks, there are several di!erent approaches to cover Faraday’s law.
Certain books introduce outright the Maxwell equations in their full glory with all curls and di-
vergences [2, 3, 4, 5]. Others reach towards the full-wave electromagnetics in a stepwise manner:
first teaching the principles of static fields (electrostatics, steady currents, and magnetostatics),
and only then focus on Faraday’s law, first in the integral form (Equation (2)), from which, by
exploiting Stokes’ theorem, arrive in the di!erential form (1) [6, 7, 8, 9]. An even softer path is to
move from statics to dynamics through slowly-varying fields. In connection of such fields, Faraday’s
law is embraced but not yet the displacement current term in the Ampère–Maxwell law [10, 11, 12].

3. SIMPLE DEMONSTRATION OF THE ELECTROMOTIVE EFFECT

Fortunately, it is rather easy to demonstrate the message carried by Faraday’s law. The ends of a
copper wire, coiled into a large number of turns, are connected by an LED, light-emitting diode.
There is no battery in the circuit, and hence the LED does not emit light. However, when a bar
magnet is moved into the coil or drawn away from the coil, a voltage is excited and the LED emits
a light pulse, depending on the direction of the north pole of the magnet and the speed with which
the magnet is moved.

In fact, the most e!ective way is to solder two LED diodes (with di!erent colors) on the wire
ends, such that the polarities are opposites (see Figure 1). Then they serve as indicators for a
(su#ciently speedy) increase or decrease of the magnetic flux through the coil.

4. PEER INSTRUCTION AND FARADAY’S LAW DEMONSTRATION

The device shown in Figure 1 has been used to demonstrate Faraday’s law in electromagnetics
courses at the Aalto University in Finland. To study the students’ true understanding of the
connections between the magnetic field change and the induced electromotive force, a quantitative
study was conducted during the same lecture when Faraday’s law was covered on the mathematical
and physical contexts. The coil experiment was applied and the students were asked to predict
the direction of the induced current ( = the color of the LED that would flash) and explain their
reasoning. The study was performed in connection with the course “Dynamic Field Theory” in the
Department of Electrical and Communications Engineering at the Helsinki University of Technology
(presently Aalto University) in 2005 and in 2011. The number of students participating in the study
was 78 in 2005 and 99 in 2011.

In particular, the Peer Instruction (PI) method developed by Mazur (1997) [1] was used in order
to engage students in active participation. In PI, students first consider the given problem alone.
After the first guesses, the students are asked to discuss the problem with their close neighbors in
the classroom and then reconsider their responses.

In more detail, the study was administered in the following manner.

4.1. Faraday’ law in the classical manner

The lecture starts with the introduction of Maxwell equations. Then the focus moves into one of
these, the Faraday’s law. The teacher presents the law, both in its di!erential (1) and macroscopic
(2) forms, and explains and interprets its physical meaning.
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Figure 1: The device (top left panel) consists of copper wire coiled into a large number of turns, with ends
soldered to light-emitting diodes (top right panel), one red, one green, with opposite polarity connections.
A bar magnet is drawn o! or put back into the center of the coil (bottom panels). The direction of the
movement and the orientation of the magnet determines which of the LEDs (red or green) flashes.

4.2. Demonstration of the e!ect

Next, the teacher puts the coil on the table in front of the classroom and explains that he will start
changing the magnetic field by moving the magnet inside the coil and out of it. First, by putting
the magnet very gently on the table in the center on the coil, nothing happens, and also taking it
away very slowly, no LED will flash. However, taking it quick enough, the red light flashes (the
color of course depends on whether the north pole or south pole is on top—the same movement
with the bar magnet upside down would switch the color). And reversely, putting the magnet back
fast, the result is a flash of green light (note that this reverse action is more di#cult to manage
because the magnet easily hits the table surface, and a su#ciently speedy movement is necessary
to produce a clear flash).

4.3. Preparation for the questionnaire

The teacher repeats the demonstrations a couple of times, always explaining the e!ect and em-
phasizing the connection of the speed of the movement to the time derivative in the Faraday’s
law. Then the teacher says that he would ask the students to respond to the question what would
happen if he left the magnet sitting in the center of the coil and would lift the coil up, of course
swiftly enough. Would there be LED light? And if yes, what color? The teacher repeats once more
the lifting of the magnet (red) and setting it back (green).

4.4. Pre-discussion responses

The students are given a questionnaire where they fill in their prediction what happens (red light /
green light / no light) when the coil will be lifted and the magnet remains stationary. In addition,
they are supposed to mark their confidence about their answer (whether they are definitely sure or
probably sure about it, or just guessing). Furthermore, they are asked to explain their reasoning
leading to this answer.
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4.5. Data fusion

After having filled in their answers, the students are asked to discuss the phenomenon with their
neighbors for around five minutes. They are asked to find their way closer to the correct solution
by arguing for their own explanations and learning from the others.

4.6. Post-discussion responses

After the discussion period, the students give their answers again and also rate their confidence
level on this new answer, which, of course, may or may not be the same as their pre-discussion
answer and confidence.

4.7. Mother Nature gives the correct answer

Finally, the teacher does the experiment and lifts the coil, the magnet remaining on the table. And,
nonintuitively, the red light flashes. The students are asked to write down their thoughts about
learning the correct answer to the question.

5. RESULTS

The data consisted of two sets of filled questionnaires, one from the year 2005 (78 replies) and the
other from 2011 (99 replies). The results are collected in Table 1.

Table 1. The distribution of students’ answers and self-rated confidence levels before and after
the discussion.

In graphical form, the results are shown in Figure 2. Here both years’ responses are collected
together.

From the results, the following observations can be made. Firstly, as is easy to believe, extremely
few students expected that there is no flash when the coil is lifted. However, there is an interesting
split between the red light answers (correct) and green light ones. Indeed, when the students replied
on their own (pre-discussion answer), the majority of them chose the wrong answer (we can see
about twice as many greens as reds). This is in some sense understandable: if one reasons logically
from the point of view of relative movement of the magnet and the coil, one would expect that
since green is a#liated with downward movement of the magnet (with stationary coil), then also
the upward movement of the coil (with stationary magnet) would produce green light.

However, the essence in the emergence of the induced electromotive e!ect is the manner how
the total magnetic flux through the coil changes. Hence it does not matter whether the magnet is
drawn away from the coil (red light) or the coil is taken away from the magnet (also red light).

Fortunately, the post-discussion responses by the students showed a shift towards the correct
answer (for the total count, the red–green opinions divided roughly evenly).

As to the confidence of the students, it seems that the majority were definitely sure or probably
sure of their answers, and this confidence increased after the discussion: only 15% said that their
answer is just a guess (pre-discussion), and the corresponding figure for post-discussion was 12%.
The number of students who were definitely sure that their answer was right increased considerably
after the discussion: from 31% to 46%. Of course, even after discussion there were students who
were definitely convinced about the correctness of their wrong answer.

As a final note, the quantitative results in Table 1 and Figure 2 are averages over the two lectures
given six years apart in time. The position of the Dynamic Field Theory course in the second-year
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Figure 2: The distribution of students’ answers and confidence levels before and after the discussion. The
2005 and 2011 data are combined. Data of those participants who gave no answer for the post-discussion
questions were removed from the data set. The remaining sample size was 155.

schedule of the Electrical Engineering curriculum, as well as the teacher, have remained the same.
Also the course material and the structure of the Faraday’s law lecture has been very similar in
these two years. Of course, the individual students and hence the population have been di!erent.
Indeed, when the results were separated into the two classes, there were clear di!erences in the
outcomes. The positive e!ect of the discussion in increasing the share of right answers was clearly
larger in 2005 compared to 2011, as can be seen from Table 1. This is, however, not necessarily a
consequence of a decrease of students’ capabilities. A more likely explanation is the nature of the
coil–magnet problem itself. The relativity of the movement and temporal change of the absolute
flux through the coil are two equally plausible logical ways of approaching the situation. These
two di!erent attractors are competing in a student’s mind to determine her/his prediction for the
correct color that will flash. In this kind of situation, the exact wording of the teacher during the
preparation phase and the amount of time given for the students to make up their minds can have
a strong influence on the general outcome of the responses.
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12. Z. Popović, B. D. Popović, Introductory Electromagnetics, Prentice Hall, 1999.



ADVANCED ELECTROMAGNETICS SYMPOSIUM, AES 2012, 16 – 19 APRIL 2012, PARIS – FRANCE

Difficulties in teaching electromagnetism: an eight year experience
at Pierre and Marie Curie University

H. Roussel, M. Hélier
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Abstract
We will begin by outlining the details of how electromag-
netics are taught in the electrical engineering program of-
fered at Pierre and Marie Curie University (a French exam-
ple) from the undergraduate to the Masters degree levels.
We will also discuss how our methods are and should be
adapted to teach waves propagation without discouraging
students.

1. Introduction
Teaching electromagnetics in France is an increasingly
challenging task. There are several reasons for that.
First, many students are tempted to choose Shannon over
Maxwell due to the perception that they have of digital
devices, ignoring the fact that high data rate systems
are electromagnetic ones. Secondly, students feel that
electromagnetics is a difficult and demanding subject, as
opposed to digital systems design, for instance, which is
believed to be easier to grasp and more rewarding. Finally,
because of a recent phenomenon of de-industrialization
in Europe as well as the social downgrading of technical
jobs in companies compared with the importance given
to positions related to leading projects or financial man-
agement; some students still tempted by an academic
career in sciences, prefer to turn to system level activities
and are concerned about becoming too specialized as RF
engineers. This disinterest is paradoxical as our society
deeply depends on electromagnetic systems (mobile phone
networks, communication networks, computer system
operating now in the microwave band, transportation, even
the controversial high frequency trading of the market...).
Nevertheless, in other countries, especially in Asia, elec-
tromagnetics studies are still appealing to students [1] and
when they study in France, their enthusiasm does not wane
and they are not discouraged by the level of mathematical
skills required. Moreover, many of these students are
certain to have the chance in the future to take part in
the design and production of RF devices on an industrial
scale due to the expansion of many Asian countries and
the high international demand for such products. A good
summary of the teaching methods of electromagnetism
around the world can be found in [2]. This interesting
article, published in 1990, shows that electromagnetic
courses offered during the Electronic Engineering (EE)

Undergraduate program are comparable in each country
and that students’ interest in ElectroMagnetism (EM) is
continuously declining. During the second year, students
are first introduced to static and magnetic fields during
a basic EM course; the course on electromagnetic fields
(Maxwell’s equations) is often given in the third year.
Furthermore in all countries, teaching electromagnetism
should be combined with teaching mathematics, such as
linear algebra, vector calculus, integral calculus and the
study of complex variable functions. We believe that
this is the main reason why students drop out of courses
related to electromagnetism: there is a conflict with math-
ematics, especially vector calculus and three dimensional
representations that can not be ignored. Another reason
is the growing interest for new technologies mostly in the
digital domain which are not identified as being linked to
electromagnetism courses.

Many initiatives however have been implemented to
counter this decline. Some are based on technology (vir-
tual experiments [3] or real ones [4]), some are based more
on pedagogy [5] and some on a mixed approach [6]. One of
the common goals of these approaches is to allow students
to visualize and and give concrete expression to the abstract
concepts of electromagnetics. A well known example is the
Center of Excellence for Multimedia Education and Tech-
nology (CAEME) initiative started in 1991 at the University
of Utah under the supervision of Professor Magdy Iskan-
der [7]. This initiative was based on dedicated multimedia
software packages that allowed students to learn interac-
tively and perform simulations of electromagnetic experi-
ments. Another interesting program is the Technology En-
abled Active Learning (TEAL) approach developed at MIT
since 2000 [8]. The idea is here to replace passive learn-
ing (traditional lectures) among large classes (500-600 stu-
dents) by active learning and the use of educational tech-
nology applied to smaller groups of students (120 students).
Students following the program could carry out desktop ex-
periments, visualize and simulate several electromagnetic
phenomena and have Web access to assignments. The in-
teresting and original part of this, is that the effectiveness
of such an approach has been carefully assessed in terms
of what students retain by comparing the results obtained
through pre-tests, post-tests and surveys with two groups of
students: the experimental group enrolled in the TEAL pro-



gram and the control group attending traditional lectures.
The experimental group retained significantly more and im-
proved their conceptual understanding of electromagnetics.
Even if an enhanced perception of abstract concepts using
hands-on activities, visual effects and simulation software
is not enough to improve learning, it seems to help students
when associated with a well-structured course. Moreover,
in terms of this experience, it should be noted that the TEAL
approach was applied to smaller classes than the traditional
one, and seems to also benefit from better student monitor-
ing.

2. Courses related to EM in EE
Undergraduate and master programs at the
University Pierre and Marie Curie (UPMC)

During the Undergraduate cycle [9], two EM courses are
mandatory for students registered in the EE program. The
first, Electrostatics and Magnetism: Fundamentals and Ap-
plications, is offered during the fourth semester for twelve
weeks with two hours of lectures and tutorials per week
and twelve hours of experimenting. This gives a total of
sixty hours. This first contact with electrostatics is often the
most difficult because it involves new mathematical con-
cepts such as vector operators. Every year we change the
course to improve this essential step. This is done by trying
to make it more concrete and more accessible by facilitat-
ing the understanding of physical phenomena through sim-
ple examples. To ensure that these concepts are property
acquired by our students, we are proposing this year to set
up a project for the second semester. This project consists
of a questionnaire similar to the Brief Electricity and Mag-
netism Assessment (BEMA) done by students at the begin-
ning of the semester and end of the semester to measure
their initial and final grasp of concepts. This is a standard
procedure in many countries, particularly the United States
[10]. This project involves the maximum number of stu-
dents to include students from different tracks at UPMC,
general physics, applied physics and EE at the same level
(second year).

The second course takes place during the last semester
of the EE undergraduate program and is called, Radiation
and Propagation, it follows the same framework as the
former course. Using a more punchy course title: Appli-
cation, Radiation and Propagation helped students see the
immediate relevance and applicability of these courses.
Following a poll to determine what the students learned
and where their interests lie, we found that they continue to
express regret about not having enough practical courses.
Indeed, given the cost of equipment used to develop
practical work on electromagnetism and the time needed to
learn how to use this material, we limited this teaching in
a four-hour session. This session combines measurements
of small dipoles with or without reflector/ one or more
director and simulations of wire antennas with the free
Numerical Electromagnetic Code (NEC-4) based on the
method of moment solution. During this session, students

compare measurements with simulations and analytical
solutions given in classroom.

The postgraduate program [11] is easier to put together.
Indeed, when students get to the first level of the Masters
degree they can choose among five specialities. Two of
these concern EM: the Communication Systems program
and, to a lesser extent, the Sensors, Measurements and In-
strumentation program. Teaching electromagnetism at this
level is easier because students have opted to pursue this
field of study and are more receptive to electromagnetic
waves; nonetheless the topic remains theoretical and com-
plex for most students. Several courses are offered to the
students. The first is called Mathematics for Communi-
cation Systems and takes place during the first semester
of the first year (M1). It provides the students with all
of the mathematical tools (generalized functions, Green’s
functions, Hilbert’s spaces, probabilities) required to under-
stand theory and recent concepts in electromagnetics. The
next courses are provided during the second semester of the
first year and deal with Electromagnetic Compatibility (an
introduction), Antennas, Transmissions Lines and Guiding
Structures.

During the first semester of the second year (M2) of the
Communication Systems program, complementary courses
allow students to deepen their knowledge in electromag-
netics, depending on the program they have chosen. Stu-
dents registered in the Electronic On-Board Systems pro-
gram follow an Advanced Electromagnetic Compatibility
course with a final exam requiring the analysis and syn-
thesis of a paper. This course is boosted by several talks
given by experts from the transportation industry (Dassault
Aviation, Eurostar and Renault) who give practical exam-
ples of on-board systems and explain electromagnetic com-
patibility issues with regard to industrial equipment. Stu-
dents registered in the RF and Microwaves System program
will attend an Advanced Antennas course and an Advanced
Microwave Devices course as well. The students in both
programs take courses on Mobile Communication Systems.
The second semester of the second year is devoted to a six-
month internship in a company or laboratory. Some of these
companies, like Thales, Orange, Bouygues Telecom, Eric-
sson are involved in the design or use of microwave sys-
tems, others like PSA Peugeot Citroën, Renault, Safran or
Alstom develop, produce and market vehicles (cars, trains)
or engines for airplanes in which high frequency devices
are integrated or in which high frequency phenomena may
be encountered (lightning for instance).

3. Some proposals to increase the
attractiveness of electromagnetism

In order to encourage students to choose Maxwell instead
of Shannon, one solution would be to decouple physical
understanding from mathematics by using numerical pack-
ages such as Matlab, Maple and Mathematica, as suggested
in [12] and [13]. In our department we combine the use
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of these computer algebra systems with continuous devel-
opment of new practical courses (antenna measurements
combined with complex computation done using EM
tools, EMC measurements, guided waves measurements,
Radar simulation, etc.) as well as new applicable tutorials.
Confucius said ”I see, I forget. I hear, I remember. I
do, I understand.” This saying is particularly pertinent in
terms of abstract teaching. The best way to understand the
mechanisms involved in the interaction of a wave with its
environment is to perform EM measurements for various
configurations rather than to develop the equations which
govern the propagation in the medium considered.

We give you two examples of practical courses offered
at UPMC during EE graduate program. The first concerns
EMC measurements. In our department we have designed
a metallic box (copper) with or without a small opening
on one side. The dimensions of the box are determined so
that several resonance frequencies appear in measurements
frequency band (300 MHz - 1 GHz). The experiment is
carried out in a Faraday cage (see figure 1). In the box
we introduce a field sensor for measuring illumination at
different frequencies and configurations of the box. These
measurements allow us to highlight the effects of leakage
through the side slots of the copper box.

Figure 1: EMC measurements

For the course entitled ”Radar and Location”, we bene-
fit from the Learning and Teaching version of the software
MOCEM (MOCEM LT), an ”all in one” tool to simulate
SAR image for different configurations (see figure 2). MO-
CEM LT has been offered by DGAMI to UMPC for teach-
ing purposes on radar and SAR imagery. The LT version
of MOCEM is a limited version with less functionality than
the original software MOCEM V3 developed by Alyotech
under contract and specifications of the DGA (French De-
fense Agency) [14] . MOCEM principles are based on GO-
PO principes but with a kind of shorcut in the computa-
tion using a estimation the EM level that results of the SAR
intregration process. Two phenomena are considered, the
diffuse effect resulting from many incoherent scatterers in

the image resolution cell and the coherent response coming
from reflective surfaces (ground and dielectric or metallic
plates). The advantage of this software is that we can easily
illustrate many courses (radar, EM propagation) by analyz-
ing the effects observed in the 3D view of the main mech-
anisms (figure 3) or by observing the synthetic image for
different radar configurations (figure 4).

These experiments are very popular with students but
obviously go hand-in-hand with lectures that will reinforce
the observations made during the experiments.

Figure 2: One of the proposed configuration in MO-
CEMLT: industrial building

Figure 3: 3D view of the main mechanisms

Figure 4: synthetic image for two incident angles: 60! and
40!
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4. Conclusion
The teaching of electromagnetism in electrical engineering
courses must be tailored to an audience which is more and
more reluctant to adhere to abstract disciplines. In our opin-
ion, the best solution for making EM courses more attrac-
tive is to offer as early as the first year, practical applica-
tions and intensively use of mathematical computer-aided
teaching tools to overcome, at the beginning, the difficul-
ties linked to mathematics. Finally, after the first two years
of the Undergraduate program, it is necessary to return to
these mathematical concepts through further EM courses in
the first year of the Master program.
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Abstract

This is an apology for the introduction, in advanced electro-
magnetics courses, of some basic differential geometric no-
tions: covectors, differential forms, Hodge operators. The
main advantages of this evolution should be felt in compu-
tational electromagnetism.

1. Introduction

At a time when physicists talk about scalar or vector
bosons, pseudovector mesons, and so forth, to say nothing
of vector potential or Poynting “vector”, it’s a good idea to
challenge this habit to confuse words and things. Not that
the confusion is terribly damaging, of course. We know,
don’t we, what we are talking about, it’s only the taxpaying
common person who risks being confused – should they
try to understand a bit of the science we pretend to possess
and to teach. And it’s inevitable to represent physical
entities we wish to understand by mathematical objects,
since only the latter can be handled within a logic-based
formal discourse. What is at stake is the choice of these
mathematical objects.

For choice there is: Several formalisms exist, within
which classical electrodynamics can be described: A
quaternionic one was popular before Heaviside’s refor-
mulation in use nowadays, based on vector fields. Some
authors prefer tensors. Others favor Clifford algebras.
Here, I will use differential forms, and try to explain why
this is the best choice.

2. Differential forms as field descriptors

The criterion in this respect is the time-honored one of
parsinomy: Introduce abstract entities only when adequate
to the physical entities one wants to deal with, and only
when it becomes necessary. Therefore, a well structured
theory will start with weak mathematical structures and
enrich them on demand, as the theory grows, as if paint-
ing layer over layer of the desired theoretical framework.
Rather than unwrapping this metaphor, let’s have an exam-
ple.

Consider the case of the electric field E(x) at a point
x where it is well defined (i.e., not at a material interface).
This vector tells about the force exerted by the field over a
unit electric charge placed at x. This force itself is known,

to first order, via the virtual work E(x) · v involved in mov-
ing the charge from x to x + v, where vector v stands for
the virtual displacement. The mapping v ! v ·E(x) being
linear and continuous on the space V of three-dimensional
vectors, it is – by the very definition of a dual – some ele-
ment e(x) of the dual V ⇤ of V . Such elements are called
covectors and the pairing between a vector v and a covec-
tor ! is denoted by hv ; !i. So we have here v · E(x) =
hv ; e(x)i, showing that the electric field, as a physical en-
tity, is totally described by the field (in the mathematical
sense) x ! e(x), a field of covectors. (We denote this field
by e in what follows. It’s called a differential form of de-
gree one, or 1-form. Cf., e.g., [1, 2].) Comparing now the
two sides of the equality v · E(x) = hv ; e(x)i, we see two
possible mathematical representations of the electric field:
(1�) The one on the left, which uses the vector field E in
association with the metric structure conferred on space by
the dot product “ · ”, (2�) The one on the right, which uses
the 1-form e plus nothing else. Parsimony mandates (2�) as
the best choice: E appears as an auxiliary entity, that plays
the role of proxy for the real thing, e.

To show how the 1-form e (taken at some instant of
time, of course) gives complete information on the electric
field, let’s work out the electromotive force (e.m.f.) along
some oriented curve c. For this, chop c into a sequence
of segments {xi�1, xi}, with x0 at the start-point of c and
xn at the end-point, call vi the vector from xi�1 to xi,
and form the sum

P
ihvi ; e(xi�1)i. As the subdivision

of c is properly refined, with n going to infinity, this Rie-
mann sum tends to a number, that we shall denote either
by

R
c e (the integral of e along c), or hc ; ei, to emphasize

the duality pairing between the integration domain c and
the integrandum e. This limit number is the e.m.f. along c:
It’s what a voltmeter, whose connecting threads would fol-
low the path c, would display. Since c can be any (smooth
enough) oriented curve, the 1-form e does indeed know all
what is physically meaningful about the electric field.

Note that hc ; ei is also the number that would be ob-
tained by evaluating the so-called circulation of the proxy
field E, that is to say, the integral

R
c ⌧(x) · E(x) dx, where

⌧(x) is the tangent vector of length 1 at point x of curve c,
oriented in the forward direction along c, and dx the mea-
sure of lengths. Comparing these two expressions of the
e.m.f., one sees that the metric of space provided by the
dot-product “ · ” is not essential to the physical description
of the field: One could change this metric for a different



one, with dot product “ ·0 ”, say, and then, one would have
to describe the field by a different proxy vector-field E0,
and to equip the curve c with a different set ⌧ 0 of tangent
vectors and a different lineal measure d0x, in order to pre-
serve the equality

R
c ⌧(x) · E(x) dx =

R
c ⌧

0(x) · E0(x) d0x
between these two different expressions for the same e.m.f.
hc ; ei. Fields are not vectors, therefore: A vector field like
E is not the mandatory representation of the electric field,
as a physical entity. The 1-form e does the job much better.

Similar considerations apply to the magnetic induction.
Knowledge of it is total if one knows, for any oriented sur-
face S, the induction flux hS ; bi it embraces. Faraday’s law
then connects the rate of variation of this flux with the e.m.f
h@S ; ei along the boundary @S of S:

dthS ; bi+ h@S ; ei = 0. (1)

(Beware that S must not change in time for this to hold,
so that one has dthS ; bi = hS ; @tbi.) Orienting the sur-
face means providing it with a gyratory sense (clockwise
or counterclockwise), and orientations of S and its bound-
ary should “match”, that is, the forward direction along @S
should respect the gyratory sense assigned to S.

[Some technical details are required to analyze the
meaning of this compact expression hS ; bi. First, a bivec-
tor (or 2-vector) u _ v (the “join” of vectors u and v, both
anchored at the same point of space) is the algebraic object
represented by the parallelogram spanned by u and v, with
orientation (i.e., gyratory sense) provided by the rule “go
along u first, then turn to direction v”. Bivectors at a point
form a vector space, whose dual elements are called bicov-
ectors, or 2-covectors. Starting from two covectors ! and ⌘,
one may form a 2-covector !^⌘ by the rule hu_v ;!^⌘i =
hu ;!i hv ; ⌘i – hv ;!i hu ; ⌘i. A differential form of order
2, or 2-form, is a smooth field of 2-covectors. To under-
stand hS ; bi, where b is such a 2-form, imagine surface S
chopped into small patches ui_vi, each based at point xi of
S, and form the Riemann sum

P
i ±hui_vi ; b(xi)i, where

the sign in front of ui _ vi is + if this patch has the same
orientation as S itself, – otherwise. The limit of that is, by
definition, hS ; bi.]

Although such cumbersome details are needed in the
theory, one can easily bypass them: Just think of e and b
as mappings from oriented curves or surfaces to reals, the
value being interpreted as an e.m.f. or a flux. These maps
are linear (and also continuous, in some rather involved
sense). Linearity means that, for instance, hc1 ; ei + hc2 ; ei
= hc1 + c2 ; ei, where c is the curve obtained by chaining
c1 and c2: This linearity reflects the fact that, in case the
end-point of c1 is the start-point of c2, a voltmeter would
measure for this chain the sum of the e.m.f.’s measured
along c1 and c2 separately. Hence the concept of chain:
a weighted sum, with real coefficients, of oriented subman-
ifolds of common dimension p (p = 1, in our example, with
both coefficients equal to +1) and of cochain: a p-cochain
is an element of the dual of the space of p-chains. Exam-
ples are the 1-cochain e and the 2-cochain b. Zero-cochains
are just functions (such as the scalar electric potential  ).

The expressions “p-form” and “p-cochain” can be taken as
synonyms.

Thanks to the linear structure thus conferred to chains,
one may consider the boundary operator @ as a linear map,
from p-chains to (p � 1)-chains, which can be useful: For
instance, the boundary of curve c joining point p to point q,
considered as a 1-chain, is the 0-chain @c = q�p. If surface
S is a cylinder bounded by two closed curves c1 and c2,
then @S is a chain based on c1 and c2, like e.g. c2 – c1, de-
pending on how S, c1 and c2 are oriented. (The orientation
of @S, which must match that of S, is thus determined, but
it may not match with the orientations of the various com-
ponents of the chain @S. Hence the minus signs.) Also,
in finite element practice, one will often deal with surfaces
made of triangular facets of the mesh. As mesh elements
are independently oriented, such surfaces will be 2-chains
based on mesh facets, with weights ±1 (or 0, for facets
lying outside), and their boundaries will be edge-based 1-
chains, also with weights ±1 or 0.

3. Exterior derivative, Maxwell’s equations

But the main advantage of this linearity is perceived in what
follows: Define a new operator denoted d, called exterior
derivative, from (p � 1)-cochains to p-cochains, by the
clause

hS ; dei = h@S ; ei for all p-chains S, (2)

that is to say, define d as the dual of @. (This is the general
form of the Stokes theorem.) Turning to (1), where S was
but a dummy variable, we can get rid of it, and transform
(1), using d, into the following local expression of Fara-
day’s law:

@tb+ de = 0, (3)

which is as simple as possible. In particular, no metric ele-
ment is used in it, contrary to what happens in the standard
expression @tB + rotE = 0.

There, B plays proxy in a way similar to what we al-
ready described about E. The flux hS ; bi embraced by S
can be written as

R
S n(x) · B(x) dx, where dx is the areal

measure and n one of the two fields of unit-length vectors
normal to S. This normal field has to be chosen in such a
way that (applying the right-hand rule), the gyratory sense
indicated by counter-clockwise rotation around n coincides
with the orientation of S. Then, the equality

R
S n · rotE =R

@S ⌧ · E comes from the elementary version of the Stokes
theorem, and (1) is seen to result in @tB + rotE = 0. All
the objects we are dealing with here, E, B, ⌧ , n, the curl
operator rot, are metric-dependent, but these dependencies
appear to cancel each other, resulting in the completely
metric-free expression (3)!

The behavior of B, as a proxy field for b, is more com-
plex than that of E: Not only B will have to change if the
metric is changed, in order to keep the flux hS ; bi invariant,
but with unchanged metric the sign of B will still depend
on which orientation convention (right-hand or left-hand)
is adopted. Orientation of the ambient three-dimensional
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space (that is, the choice of which species of screws, snails,
stairs, etc., are deemed right-handed or left-handed) is a
convention which has no necessary connection with the
choice of metric and/or Cartesian axes, but quite often—by
choice of the analyst, not by physical necessity—all these
elements go together: The basis of vectors w1, w2, w3 one
selects is supposed to determine the scalar product (by the
rule u·v =

P
i u

ivi, if u =
P

i u
iwi and v =

P
i v

iwi), and
is supposed to be right-handed. Changes of basis—which
cannot have any physical import—then wreak havoc in the
relations between mathematical entities, hence these arcane
notions of “axial” (vs “polar”) vectors, of right-handed vs
left-handed cross products, etc., that make the teaching of
Electromagnetism so taxing. As (1) demonstrates, all these
things can be discarded.

By analogy, one can guess that Ampère’s law, �@tD +
rotH = J in standard terms, must be replaced by

�@td+ dh = j, (4)

where h is a 1-form and d and j are 2-forms. There is
however an important difference. For j to properly rep-
resent current density, its integral

R
⌃ j, or h⌃ ; ji in the al-

ternate notation, over a surface ⌃, should represent an in-
tensity going through ⌃, which implies a crossing direc-
tion with respect to ⌃, not the same thing at all as the gy-
ratory sense that was necessary on S for hS ; bi to make
sense. Of course, if the ambient space is oriented, the two
kinds of orientation are related by the right-hand rule, but
why should one impose this conventional, human created,
feature—an orientation of the space we inhabit—in back-
ground of a physical theory, if it can be avoided?

It can, as follows: Let’s distinguish outer orientation,
characterized in the case of surfaces by a crossing direction,
from inner orientation, characterized by a gyratory sense.
Two-chains based on outer-oriented surfaces will be called
twisted 2-chains [3], those based on inner-oriented ones be-
ing known from now on as straight 2-chains, for due con-
trast. A similar distinction holds for 1-chains: An outer
orientation, for a curve �, is a way to turn around it (instead
of going along it) in a definite sense, that is to say, a consis-
tent system of inner orientations of closed loops encircling
�. Twisted 1-chains are those based on such outer-oriented
curves. Now if � is the boundary @⌃, the outer orientations
of ⌃ and @⌃ “match” when the forward direction along
such an encircling loop coincides with the crossing direc-
tion assigned to ⌃. Finally, twisted cochains are defined as
mappings from twisted chains to reals, the d being again
the dual of @, and eq. (4) can be interpreted as a relation
between the ⇠1-form h (note the use of ⇠ as a shorthand
for “twisted”) and the ⇠2-forms d and j.

The real number h� ;hi is the magnetomotive force
(m.m.f.), not “along” �, like an e.m.f., but “around” it, so to
speak, which makes sense when one thinks that an m.m.f.
is created by Ampère turns, i.e., current flows, that do “turn
around” � in a clearly defined way. Symmetrically, the in-
duction flux hS ; bi is not “through” S, contrary to what its
standard representation

R
S n · B tends to suggest, with this

n that looks like a crossing direction. The meaningful di-
rection is instead the forward one along the boundary @S,
which abstractly represents the way one arranges along @S
the threads of the voltmeter that records—thanks to Fara-
day’s law—the rate of change of the magnetic flux. Hence
the word “embraced” to correct, as much as possible, the
wrong suggestion that magnetic flux would be, like inten-
sity, the flux of some kind of “stuff” across a surface. This,
on the other hand, is all right with j, for h⌃ ; ji is the quan-
tity of electric charge that crosses ⌃, per unit of time. Elec-
tric charge q, by the way, is a twisted 3-form, the integral
h⌦ ; qi of which over a volume ⌦ represents the total charge
inside ⌦. A straightforward application of the Stokes theo-
rem shows then that

@tq + dj = 0 (5)

expresses conservation of electric charge. Charge density
q, here, rather than being a new entity in the theory, is de-
fined from d by q = d d, so one can see, by applying d to
both sides of (4), that (5) derives from (4), thanks to the re-
lation d�d = 0, which itself is a consequence, by duality, of
the obvious property @ �@ = 0, “the boundary of a boundary
is zero” [4].

Magnetic charge, if such a thing existed, would sim-
ilarly be represented by the (straight, this time) 3-form
m = db. The fact that db = 0 is, again, seen to be a con-
sequence of Faraday’s law by letting d act on both sides of
(3), under the natural assumption that b has been null until
some instant t, for instance t = 0. We have all reasons to
believe that m = 0 indeed [5], but if experience said oth-
erwise some day, adapting Maxwell’s theory to that would
be easy: Just put, on the right-hand side of (3), a term �k,
where k is a (straight) 2-form, interpreted as the current of
magnetic charge [6]. Then, magnetic charge would be con-
served, @tm+ dk = 0, as a consequence of (4).

A last remark on the straight-vs-twisted opposition:
straight and twisted forms appear in other fields of physics.
In Thermodynamics, for instance, temperature is a 0-form,
its gradient is (the proxy of) a 1-form, heat flux is a twisted
2-form, and volumic enthalpy is a ⇠3-form. Entropy has
the same status. One can observe on this that so-called
“intensive variables” always correspond to straight forms,
while “extensive” ones are twisted forms. This is no acci-
dent, and straight [resp. twisted] p-forms are proper gener-
alizations of the concept of intensive [resp. extensive] vari-
ables.

4. Constitutive laws

The metric structure thus appears as superfluous, so far.
Worse, using it when stating Maxwell’s equations hides
some important things, such as the difference in nature just
evoked between intensive and extensive quantities. Yet, the
metric thus expelled comes back, in an interesting way, in
the constitutive laws.

We expect, of course, two relations such as h = ⌫b
and d = ✏e to complete (3) and (4). But ⌫ and ✏ there
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can no longer be mere numbers, since they connect ob-
jects of different types. They must be, accordingly, oper-
ators: What we have, at each point x of space, is a map
⌫(x) from straight 2-covectors to twisted covectors, and
a map ✏(x) from straight covectors to twisted 2-covectors.
These maps encode the behavior of matter (or of vacuum)
at point x. (Ohm’s law, similarly, would be j = �e + js,
where js is the “source” current, the one that generates the
field. But let’s ignore this issue and consider j in (4) as
given.) These maps, considered locally, at point x, or glob-
ally, as in h = ⌫b and d = ✏e, are called , when they are
linear—which we assume here for brevity—“Hodge oper-
ators”. As it appears, they encode the metric structure of
space-time (they determine the light cone, in particular).
So at this stage one has a neat separation between the so-
called pre-metric part of Maxwell’s theory (essentially (3)
and (4), both conservation laws of sorts, plus derived re-
lations such as (5) and dd = 0), and its metric aspects—
constitutive laws—that characterize the medium in which
the electromagnetic field develops, and thus appear as less
fundamental than the two main equations.

Such a separation is more difficult in the classical the-
ory: In B = µH , for instance, we have most often a scalar
µ, but also, sometimes, a symmetric tensor µij , so that com-
ponents of B are given by Bi =

P
j µijH

j . A mere change
of basis being enough to pass from a scalar to such a tensor,
this casts in doubt the notion of isotropy: Isotropy cannot
be understood as the presence of off-diagonal components
in matrix µ, since that could be achieved by a change of
basis which is, physically, irrelevant. A more refined no-
tion of anisotropy comes from restricting changes of basis
to orthonormal ones, so that eigenvalues of µ acquire an
invariant character. It then seems to make sense to identify
isotropy with the equality of these three principal values.
But this amounts to endow the chosen metric (in which the
proxies of b and h are B and H) with a physical charac-
ter that it may not possess. The usual Euclidean metric has
such a character as far as the vacuum is concerned, because
our geodesy is based on the very existence of light rays, so
that the metric we favor is adapted to Maxwell’s equations
in the void (hence the scalar character of ✏0 and µ0 in the
laws D = ✏0E and B = µ0H). But this is not necessarily
the case in crystals, be it natural ones or artificial ones such
as metamaterials.

5. Anisotropy

Hodge operators help understand this question better. As a
rule, they are symmetric and positive definite, which means
that the ⇠3-forms e(x)^✏e(x) and b(x)^⌫b(x) don’t vanish
for e(x) 6= 0 and b(x) 6= 0, and that (let’s drop the x,
understood, from now on) e ^ ✏e0 = e0 ^ ✏e and b ^ ⌫b0 =
b0^⌫b whatever e, e0, b, b0. By setting |b|⌫ = �(b(x)^⌫b)1/2,
where � is a suitable constant [7], one obtains a norm on
the vector space of 2-covectors, from which a Euclidean
norm | |⌫ on vectors is easily derived. Hence a metric, “⌫-
adapted” in the sense that, if B and H are the proxies of b
and h for this metric, then B = H .

Now let’s turn towards ✏. By the same process, one
can form an ✏-adapted metric | |✏ , which quite often will
be the same as | |⌫ , up to a multiplicative constant. This
is what happens for the vacuum, for which this constant is
to do with its impedance. It also happens for most kinds
of transparent matter, where the constant is affected by an-
other multiplicative factor, called the refractive index of the
material. In both cases, there is isotropy in a physically
meaningful sense, for light rays, it can be proven, propa-
gate at the same velocity in all directions and whatever the
polarization, even though a choice of metric non-adapted to
either ✏ or ⌫ could mask this fact.

So what about genuine anisotropy? This holds when,
having chosen one of the hodges (usually, ⌫) to make a
metric with, the eigenvalues of the matrix ✏ that links the
proxies D and E of d and e by D = ✏E, happen to be
distinct. (Proxies D and E are, of course, those relative to
the ⌫-metric.) Then the velocity of light (as measured by
using the ⌫-metric) depends on direction, and the very no-
tion of light cone can even collapse if the three principal
values differ two by two, to be replaced by a more complex
geometrical object, the Fresnel surface [6]. Propagation ve-
locity of a plane wave then also depends on its polarization,
hence the spectacular phenomenon of birefringence [8].

6. Conclusion and prospects

This geometric view of the Maxwell equations we have
sketched here is almost a century old [3, 9, 10, 11] and has
not been adopted yet in mainstream treatises. It should be.
It’s the best way to present modern numerical techniques,
be they based on the Galerkin method with edge elements,
on finite volume ideas, or on so-called “mimetic” heuris-
tics. The above viewpoint leads naturally to such methods,
which can be presented under the common header “Gener-
alized Finite Differences” [12]. The salient points are (1�)
By attaching degrees of freedom to elements of the mesh
(not only and exclusively nodes, but also edges, facets, vol-
umes), one is led, almost compulsorily, to a discrete ex-
pression of the conservation laws (3) and (4), which in a
sense introduces no approximation error, (2�) The Hodge
operators ✏ and ⌫ must be approximated by square matri-
ces (indexed over edges and facets, respectively), and it’s in
this process that approximation errors appear. So the central
task of the theory, from the numerical point of view, con-
sists in approximating Hodge operators in a consistent way,
and this is where different techniques may compete. This is
also where geometric objects introduced for purely math-
ematical purposes long ago, such as Whitney forms [13],
become useful.

Some benefits can be drawn from this also when dealing
with waves, and in metamaterial studies. A plane wave is a
time-varying field of covectors of the form e(t, x) = Re[E
exp(i(!t�hx ; i))], where both E and  are covectors, and
a similar expression for h. Again, no metric element there,
contrary to what happens in the standard formalism where
x · , with  a vector, would replace hx ; i. Treating 
as a covector shifts emphasis from the direction of propaga-
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tion of the wave (which is along the vector  in the standard
treatment) to the planes of equal phase (those parallel to the
kernel of the covector ). This small difference eases up the
treatment of wave propagation in anisotropic media, includ-
ing the study of dispersion relations. In particular, a stream-
lined treatment of the Fresnel surface is obtained. It’s even
more true with Bloch waves when studying crystal-like me-
dia (replace E above by a cell-periodic covector field E(x)
borne by a Bravais cell). The difference between Bravais
cells (parts of V ) and Brillouin zones (parts of V ⇤) is better
marked and metric properties are not in the way.

Fields, to sum up, are physical entities, and there exist
mathematical entities with the same name that can represent
them. The latter are our creation, and should be chosen with
care. Differential forms, aka cochains, i.e., fields of cov-
ectors (bi-covectors in some cases, as has been explained)
are the recommended choice. Other mathematical entities,
namely fields of special form called “waves” (plane waves,
spherical waves, Bloch waves . . . ) also are useful (when
taken as wave packets) to represent physical fields, but just
that. Fields are not waves, waves are not vectors, not even
vector fields, vector fields “are” not the physical fields they
stand proxy for. One should not reify vector fields (or dif-
ferential forms, for that matter) and believe in their exis-
tence as physical objects.
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Abstract 
 
Recently, rectangular waveguides have been 
considered as a mean of transmitting power or 
information through electromagnetic propagation. 
The general way to study the waveguide behavior is 
by   solving   the   conventional   Maxwell’s   equations.  
During the last four decades, the dynamical modeling 
of many physical phenomena has been restudied 
using the concept of fractional-calculus which 
increases the degree of freedom over conventional 
modeling. In this paper we will focus on restudying 
the effect of fractional-order derivatives with respect 
to  time  on  the  conventional  Maxwell’s  equations  that  
control the behavior of electromagnetic fields. The 
generalized analysis and analytical forms of the 
fractional-order rectangular waveguide will be 
introduced as an example. Through this example, we 
will show the effect of the fractional-order 
parameters on the waveguide properties. In addition, 
we will verify that the analysis of the conventional 
rectangular waveguide is a special case from the 
fractional-order study when the fractional-orders 
equal  “1”. 

 
1.  Introduction 

 
Fractional calculus is a branch of mathematical 
analysis that studies non-integer differentiation and 
integration. Although the root of fractional-calculus 
has been related to the same time-interval of the 
conventional calculus, its real revolution started five 
decades ago [1-2]. One of the main reasons for this 
delay is the absence of real applications that can 
prove its usefulness and also due to its complexity 
relative to the integer-order calculus. After 1960, 
many papers focused on the approximation and 
realization of the fractional-element and its 
advantages [3-5]. 

 In particular, the basic definitions of the 
fractional integral (𝐽 ) and fractional derivative (𝐷 ) 
of a function f(t) are given by [1-2] 

 
 𝐽 𝑓(𝑡) = ( ) ∫ (𝑡 − 𝜏) 𝑓(𝜏)𝑑𝜏,                                          (1) 

𝐷 𝑓(𝑡) ≡   𝑓(𝑡) = 𝐷 𝐽 𝑓(𝑡) ,                     (2) 
 

By applying the above definition in particular on the 
natural exponential function [6] we see 
 

                          𝐷 𝑒 =   𝑎 𝑒                         (3)                                       
        (3) 

In this paper we discuss the time domain 
fractional order case of rectangular wave guides. We 
study   Maxwell’s   equation   in   the   fractional-order 
sense and illustrate that the integer-order case is 
considered as a special case of such an equation. We 
apply on an example of a rectangular waveguide 
showing how imposing fractional parameters affects 
some of its properties.  

 
2.  Fractional order  Maxwell’s  Equations 

 
Maxwell’s   equations   constitute   formalism   for   the  
development of modes describing electro-magnetic 
phenomena. The four Maxwell laws have been 
adopted successfully in many applications and 
involve only the integer order derivatives. Recently, a 
closer look for the cases of transmission lines, 
electrical motors and transformers, that reveal the so 
called skin effect, motivated a new perspective 
towards the replacement of conventional models by 
fractional ones.  

In this section we restudy the equations of 
Maxwell in the fractional sense. According to 
Faraday’s  law,  assuming  general  order  derivative  𝛼: 

 

∇ × 𝐸 = − 𝜕
𝜕𝑡 𝐵 = −𝜇 𝜕

𝜕𝑡 𝐻 (4) 

  
For some general derivative 𝛽,   the 2nd Maxwell curl 
equation is written as  
 

∇ × 𝐻 = 𝜀 𝜕
𝜕𝑡 𝐸 (5) 

 
Using phasor representation for the electromagnetic 
fields  𝐻 = 𝑅𝑒(𝑯𝒔𝑒 ), 𝐸 = 𝑅𝑒(𝑬𝒔𝑒 ) and with the 
aid of (3), the fractional wave equations are: 
 



∇ 𝐸 − 𝑘 , 𝐸 = 0     (6) 
∇ 𝐻 − 𝑘 , 𝐻 = 0     (7) 

with 𝑘 , = 𝜇𝜖𝛾 = 𝜇𝜖𝛾   when 𝛼 + 𝛽 = 2, 
which as the conventional case is retrieved. Now,  it’s  
more convenient to have a practical example from the 
conventional case to see the effect of the fractional 
derivatives on its performance as shown in the next 
section.  
 

4. Fractional Rectangular Waveguides 
                                    
Consider a rectangular waveguide with cross section 
a and b. We shall assume that the waveguide is filled 
with a source-free lossless dielectric material and its 
walls are perfectly conducting. Let  𝛾 = 𝑗𝜔 and 
put  𝐸 =< 𝐸 , 𝐸 , 𝐸 >. Consider the TM mode 
for the case α + β = 2, Applying (6) and (7) with the 
boundary conditions (𝐸 = 0  𝑎𝑡  𝑦 = 0, 𝑦 = 𝑏, 𝑥 =
0  𝑎𝑛𝑑  𝑥 = 𝑎) this yields to the following fields 
 

𝐸 = 𝐸 𝑠𝑖𝑛   𝑥   𝑠𝑖𝑛 𝑦 𝑒   = 𝐸         (8a) 

𝐸 = ( 𝐸 )𝑐𝑜𝑠 𝑥   𝑠𝑖𝑛 𝑦 𝑒 = 𝐸  (8b) 

𝐸 = ( 𝐸 )𝑠𝑖𝑛   𝑥   𝑐𝑜𝑠 𝑦 𝑒 = 𝐸  (8c) 

𝐻 = 𝑗 𝜖𝜔
ℎ

𝑛𝜋𝐸
𝑏 𝑠𝑖𝑛 𝑚𝜋𝑥

𝑎 𝑐𝑜𝑠 𝑛𝜋𝑦
𝑏 𝑒  

                = (𝑗𝜔) 𝐻                                                          (8d) 

𝐻 = −𝑗 𝜖𝜔
ℎ

𝑚𝜋𝐸
𝑎 𝑐𝑜𝑠 𝑚𝜋𝑥

𝑎 𝑠𝑖𝑛 𝑛𝜋𝑦
𝑏 𝑒  

                = (𝑗𝜔) 𝐻                                                                                                            (8e) 

  
           where  ℎ =   𝜇𝜖𝑤 + 𝑘 , and the set 
𝐸 , 𝐸 , 𝐸 , 𝐻 , 𝐻  is the solution in the 

conventional case [7] when  𝛼 = 1. The ratio between 
the magnetic fields 𝐻  and 𝐻  with respect to their 
conventional case is (𝑗𝜔)  as illustrated by (8d) 
and (8e) respectively. Therefore, the fractional order 
affects the magnetic fields by two ways 
simultaneously: 

 adding an extra phase equal to (1 − 𝛼)𝜋/2  
 Scaling the magnitude by the factor  𝜔  

which is a nonlinear function of the 
frequency. Then if 𝛼 < 1 this ratio will 
increase as the frequency increases.  
However, if 𝛼 > 1, so the power of 𝜔 will 
be negative, which shrinks the effect of H 
as frequency increases.  

Fig. 1 illustrates the real and imaginary part of this 
ratio versus the fractional-order 𝛼 for three different 
frequencies 𝜔 = {10 , 10 , 10 }𝑅𝑎𝑑/𝑆𝑒𝑐. It is clear 
that the real part increases by huge factor for small 𝛼 

passing  by  “1”  in  the  conventional  case,  and  decaying  
exponentially for higher 𝛼. The imaginary part equals 
zero in the conventional case and has a different sign 
once 𝛼 > 1.  Similarly, Fig. 2 shows the absolute 
value of the real and imaginary parts of this ration 
versus the frequency for four different values of the 
fractional order 𝛼 = {0.4, 0.8, 1.2, 1.6}.  
 

5. Conclusions 

This paper introduced the  Maxwell’s equations in the 
time-domain fractional-order case. The fractional-
order waveguide analysis in the case of TM mode 
under the condition 𝛼 + 𝛽 = 2 is discussed. It is 
proved that, the conventional case is a special case 
where 𝛼 = 𝛽 = 1 from the introduced fractional 
case. The effect of the fractional-order parameter on 
the magnetic fields is studied from both phase and 
magnitude prospective where an extra phase is added 
and the magnitude is multiplied by a nonlinear 
function of frequency. This function increases 
(decreases) exponentially as 𝛼 decreases (increases). 
We can study the general case for both 𝛼  and 𝛽 
showing how imposing fractional derivatives are in 
the operation of the rectangular waveguide giving us 
a wide degree of freedom to control its characteristics 
like the intrinsic impedance and cutoff frequency. 

 
Fig. 1 The ratio of the fractional-order magnetic field to the 

conventional one versus the fractional order 

 
Fig. 2 The ratio of the fractional-order magnetic field to the 

conventional one versus the frequency 
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Abstract— In this paper, two kinds of all dielectric carpet cloak are reported with detailed
simulation and experiment results. The first structure is made of a high-≤ dielectric-loaded foam
mixture and the second is realized by dielectric disk matrix (DDM) with varied periods. Both
cloaks are demonstrated to work for all incident angles over a wide range of microwave frequencies.
The performance of these two cloaks are compared in the end.

1. INTRODUCTION

The theory of transformation optics has been proposed to design novel and complicated electromag-
netic and optical devices by controlling the path of wave propagation [1, 2]. One of the most famous
example, the invisibility cloak, has been realized and attracted intensive attention in the past few
years. The first experimental verification was carried out at microwave frequencies [3], but earlier
designs of free-space cloaks suÆered from inherent limitations of metamaterials such as high loss
and narrow bandwidth because the inclusion of material with extreme-values properties (≤, µ < 1).
Li et al. proposed the ground-plane cloak design [4], which makes broadband cloaking feasible. The
idea has been experimentally verified at both microwave and optical frequencies [5, 6, 7, 8, 9], which
require high index background materials or contain a very large number of metamaterial cells, so
they are heavy and complex to fabricate. In 2009, the idea of the quasi-cloak, which consists of a
few carefully designed all-dielectric blocks was proposed in [10], and it completely removes the con-
strains of metamaterials without significantly sacrificing its performance. Thus it enables certain
practical applications from microwave to optical frequency band. The idea has been demonstrated
in microwave region with I-shaped metal structures printed on PCBs with F4B substrates [8].

In this paper, we report on two diÆerent realizing methods of all dielectric carpet cloak: a high
≤ dielectric loaded foam mixture and dielectric disk matrix (DDM) with varied density [12, 13].
In the foam mixture, polyurethane foam mixed with diÆerent ratios of barium titanate is used to
produce the required range of permittivities, while in DDM, varied density of the cylinders can
generate diÆerent permittivities. These two cloaks are then tested in a near-field scanner system
in X-band frequencies, and both demonstrated to work from all incident angle.

2. MEASUREMENT OF THE CYLINDERS

Periodic arrays of high-index dielectric cylinders has been used at microwave frequencies operating
oÆ-resonance in order to achieve low loss, broadband materials with gradient refractive indices, and
have been examined with both parameter retrieval and Fourier Transform methods based on finite
element method simulations (Ansoft HFSS)[14]. Carpet cloaks are then realized by manipulating
the height or density of the cylinders [13, 15]. In this section, the properties of dielectric cylinders
are studies through both simulation and experiment results.

In the experiment realization of DDM carpet cloak, we would need to characterize the dielectric
properties of the dielectric disks first. Now considering ten cylinders with heights of 2.1 mm, radius
of 1.5 mm, and dielectric constant of 36. Since the cylinders are electrically very small and it is very
di±cult to measure with normal method, we use the method of measuring the phase shift when
they are put in a waveguide periodically. X-band waveguide is used here to test the transmission
parameters. There are two kinds of arrangement. The first is one-layered configuration as shown in
Fig. 1(a), sample 1. Here, ten cylinders are placed periodically with the period of 10 mm between
each cylindrs in the waveguide, where the left and right sides are the ports and other four sides
are the metallic walls. The second is a two-layered configuration, also with the period of 10 mm as
shown in Fig. 1(b), sample 2. The measurement of these two samples are similar. We will present
the analysis of sample 1 as an example.
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Figure 1: cylinders placed periodically in wave guide (a) one layer (b) two layers
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Figure 2: Measured phase of air, foam, and one layer cylinders in the waveguide.

An X band waveguide (WG) with the size of 22.86 mm by 10.16 mm and working frequency
ranging from 8.2 GHz to 12.4 GHz is used to carry the samples. With a network analyzer(PNA
5230), the transmission parameters of the empty waveguide, waveguide with sample 1 placed on
one layer of 1 mm thick foam, and waveguide with just the foam are measured independently. The
phases of S21 are shown in Fig. 2. The S21 phase of the WG loaded with air is almost the same
with the one loaded with foam, which means that the electric properties of the foam are close
enough to those of air, so it is reasonable to support the cylinders with the foam and ignore it in
the data processing.

The waveguide loaded with sample 1 can be assumed to be loaded with a piece of material with
the dielectric constant of ≤r and dimension of 22.86 mm by 10.16 mm by 100 mm. So, the phase
shift can be expressed as:

¡0 = jØ0d (1)

¡s = jØsd (2)

Here, d is the length of the sample, ¡0 and ¡s are the phase shift in air and sample, Ø0 and Øs
are the propagation constant in air and sample,which can also be expressed as:

Ø0 =
p

k2
c ° k2 (3)

Øs =
p

k2
c ° ≤rk2 (4)

Here, kc is the cutoÆ frequency of the waveguide. So, we can get:

¡s ° ¡0 = j(Øs ° Ø0)d = j(
p

k2
c ° ≤rk2 °

p
k2

c ° k2)d (5)
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Figure 3: Calculated ≤ value of the periodic cylinders from measurement and simulated data

Figure 4: Photoes of the perturbation bounded by the cloaks. The perturbation is an aluminium triangle
of height 16mm and base 144 mm. At the base of the triangle is a metal boundary. (a) BaTiO3-loaded
polyurethane foam cloak (b) DDM cloak

The solution is:

≤r =
k2

c ° (¡s°¡0
jd + Ø0)2

k2
(6)

With Eq.( 6) and the measured data, the eÆective dielectric constant can be calculated for
sample 1. A model is setup in CST 2009 to compare the results.

Following the same procedure, sample 2 is also processed. The results of both sample 1 and 2
are shown in Fig. 3. The simulation and measurement are in good agreement. So, we reach the
conclusion that the dielectric constant of the sample is 36, and we shall use them in the following
work to physically build the carpet cloak.

3. CLOAK DESIGN AND FABRICATION

It has already been shown [10] that the spatially dispersive dielectrics can be simplified to relatively
few dielectric blocks, while still maintaining the overall performance characteristics in minimizing
the scattering signature of the object. Based on this simplified cloaking design, a cover structure
is designed to reduce scattering from a triangular-shaped perturbation with its base placed on the
ground plane. The perturbation has a height of 16 mm, base of 144 mm, and thickness of 15
mm. The carpet cloak is composed of down-sampled selection of six dielectric blocks, with relative
permittivities of 1.17, 1.30 and 1.46 as in paper [12].

In the fabrication of the loaded foam mixture cloak, polyurethane foam mixed with diÆerent
ratios of high ≤ barium titanate (BaTiO3) is used to produce the required range of permittivities.
Polyurethane is used to create a low-≤ foam matrix, and BaTiO3 can be used to load the foam in
order to increase the eÆective permittivity while not greatly altering the mechanical properties of the
structure. The density of BaTiO3 powder is low, and the small particle size is advantageous when
used in a dispersion system and is less likely to aÆect the polymer matrix structure. This results
in less damage to the mechanical properties of the composite material. Both substances exhibit
low loss and low dispersion at microwave frequencies, and are thus suitable for our requirements.
The detailed description can be found in [12]. For the DDM cloak, dielectric disk matrices with
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(a) GND (b) Perturbation

(c) Foam Cloak (d) DDM Cloak

Figure 5: Simulated field distributions of (a) the ground plane (b) the ground with the perturbation (c)
foam cloaked perturbation (d) DDM cloaked perturbation.

Figure 6: Measured field distributions of (a) the ground plane (b) the ground with the perturbation (c) foam
cloaked perturbation (d) DDM cloaked perturbation.

varied period have diÆerent eÆective permittivities. With the dielectric disks discussed in previous
section, three layers of dielectric disks are placed around the perturbation along z axis separated
by foam with dielectric properties close to that of air, with the period of 5 mm for each layer. The
periods in x and y axes are selected to be 8,6,5 mm, corresponding to the eÆective permittivities
of 1.17, 1.30 and 1.46. The photographes of both cloaks are shown in Fig. 4.

4. RESULTS AND DISCUSSIONS

A near-field scanner system is designed and built to test all incident angles performance of the
carpet cloaks in X-band as described in [12]. Both simulation and experiment are carried out to
test the performance of the two cloaks with the field distribution at 8 GHz shown in Fig. 5 and
Fig. 6. The simulation is based on the Finite element method (Ansoft HFSS). The simulated field
distribution of ground plane in Fig. 5(a) is in an evenly distributed quasi-standing wave manner. In
Fig. 5(b), when the perturbation is place on the ground plane, the scattering leads to at least two
separate paths of the reflected waves with one strong shadow in the reflection region. In Fig. 5(c,d),
both cloaks work successfully to ’hide’ the perturbation by reconstructing the scattered waves: the
two separate scattered beams are no longer visible, and the wavefront profile appears very similar
to that of the ground plane. The experiment results in Fig. 6 are in good agreement with simulation



5

results. However, there is still a small gap in the DDM cloak field around about 100 degree. Also,
while the foam cloak has been demonstrated to work up to 12 GHz, the DDM cloak can only work
up to 9 GHz [13].

5. CONCLUSION

In this paper, two carpet cloaks are designed and tested: the high-≤ dielectric-loaded foam mixture
cloak and the dielectric disk matrix (DDM) with varied periods. The properties of dielectric disk
are studies in detailed. Both cloaks are demonstrated to work for all incident angles over a wide
range of microwave frequencies. The foam cloak has better bandwidth performance than the DDM
cloak.

————————–
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Abstract 

In past decade, there were several piezoelectric switching 
shunt techniques proposed for the vibration suppression. 
The piezoelectric switching shunt techniques were popular 
recently because they are the semi-active/passive control 
systems, which can be adaptive to the environmental 
variation and reduce the power requirement in the active 
control system. However, the performance of these shunt 
techniques are not compared in detail yet. The purpose of 
this paper is to review these switching shunt techniques and 
to compare the performance and point out their inherent 
problems. 

1. Introduction 

One of popular applications of piezoelectric materials is to 
use the piezoelectric transducer for the structure vibration 
suppression. In this application, the piezoelectric element is 
attached on the host structure and a shunt circuit is 
connected to the piezoelectric elements. The piezoelectric 
elements convert the vibration energy of the host structure 
into electrical energy and then the generated electrical 
energy dissipates in the shunt circuit. In other words, the 
vibration energy is dissipated in the shunt circuit, so the 
vibration of the host structure can be suppressed. The 
piezoelectric shunt techniques mentioned above were widely 
used due to their simple configurations and compact size. 
Moreover, it does not require heavy amplification as active 
vibration control. 
Since the piezoelectric element has larger intrinsic capacitor, 
an impedance matching shunt circuit is required to 
maximize the generated power. Although the shunt circuit 
can be optimized by a passive network but it cannot be 
adaptive to the environmental variation. To overcome this 
drawback, the switching shunt circuit was proposed and 
popularly used in recent years. In the switching shunt 
circuits, the switches are operated synchronously with the 
vibration of the host structure to optimize the power flow. 
Moreover, an external voltage supply can be also connected 
to the piezoelectric material to increase the performance of 
the vibration suppression. 

Several switching shunt circuit topologies and 
corresponding switching laws were proposed. The two most 
efficient switching shunt-damping techniques are SSDV 
(Synchronized Switching Damping on a Voltage source) 
technique [1] and VSD (Velocity-controlled Switching 
Damping) technique [2]. In SSDV technique, the switching 
shunt circuit only turns “ON” at the extreme of the 
displacement to shift the phase of the voltage across the 
piezoelectric element. In VSD, the switching shunt circuit 
turns ON or OFF according to the polarity of the vibration 
velocity of the host structure. An external voltage source is 
connected to enlarge the voltage amplitude across the 
piezoelectric element and to optimize the dissipated power 
in both shunt circuit techniques. In theory, the vibration can 
be cancelled totally if the external voltage is set properly in 
both SSDV and VSD techniques. 
Although SSDV and VSD techniques can have good 
performance, they both require a dynamic voltage source to 
ensure the stability of the control system. However, it is not 
easy to implement a fast dynamic voltage source in practice. 
In addition, a lot of audible re-injected noises may generate 
in SSDV and VSD systems. To decrease these noises, 
Lallart et al. proposed the blind switch damping (BSD) 
technique [3]. The BSD adopts a periodic switching law and 
modulates the voltage across the piezoelectric element into 
high frequency. With the modulation, the BSD technique 
can decrease the re-injected harmonic noise. However, the 
performance of BSD is related to the carrier switching 
frequency. Specifically, the BSD has poor damping 
performance with high switching frequency, so the BSD is 
difficult to set the switching frequency in the ultrasonic 
frequency range. Liu et al. applied PWM (pulse width 
modulation) in the shunt switching law [4]. The PWM shunt 
technique not only can decrease the audible noises more 
efficiently but also ensure the stability of the control system 
with a constant voltage source. However, PWM shunt 
technique has the problem of switching noises. 
There were several innovative piezoelectric switching shunt 
circuits in past decade, but their performances were not yet 
compared and discussed. In this paper, the performances, 
drawbacks and system requirements of tree piezoelectric 
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switching shunt techniques, shown in figure 1, will be 
discussed. According to the comparison, we found that the 
voltage waveform across the piezoelectric element is the 
key parameter to design the piezoelectric switching shunt 
circuits. We can optimize the piezoelectric switching shunt 
circuit based on the piezoelectric voltage. 

    
 (a)    (b) 

 
(c) 

Figure 1: (a) Inductive-resistive shunt (b) SSDV 
(Synchronized Switching Damping on a Voltage source) 

(c) VSD (Velocity Controlled Switching Damping). 

2. Electromechanical model 

The system consists of a piezoelectric patches bounded on a 
host structure. The governing equation of piezoelectric 
elements can be represented as equations (1) and (2). 

 !! = !!!! + !!! (1) 

 ! = !! + !!!! (2) 

where FP is external force exerted on the piezoelectric 
element, I is outgoing current generated from the 
piezoelectric element, !!!  is short circuit stiffness, α  is 
force-voltage coupling factor, !! is static capacitance of the 
piezoelectric element and u is displacement of the system. 
A mechanical model based on a spring–mass system gives a 
good description of the vibration behavior near the 
resonance of the host structure. Therefore, for simplicity, 
this system can be modeled as a one degree-of-freedom 
system of a mass M, a spring K and a damper D. According 
to dynamics equation, the differential governing equation of 
this electromechanical system can be expressed as equations 
(3) and (4): 

 !! + !! + !" + !!! = ! (3) 

 ! = !! + !!!! (4) 

Equations (3) and (4) are linear equations. However, the 
semi-active control is a nonlinear control method 
essentially, and it is not easy to analyze. To make the 
analysis more intuitive, the work cycle (or energy cycle) is 

adopted here to analyze the non-linear shunt circuit. The 
work cycle is the trace on piezoelectric displacement-
voltage plane. The observing point of interest is the power 
generated from the mechanical part. At this point, the 
average power out of the piezoelectric element in a period 
can be expressed as: 

 !! = !
! !!! !!!!" (5) 

where T represents the period of the vibration, i.e. T=2π/ω. 
Accordingly, the energy flowing out of the piezoelectric in 
one vibration cycle can be expressed as: 

 !! = ! !!!"!(!)
!  (6) 

The integration in equation (6) also stands for the area in the 
displacement-voltage plane, representing the energy flowing 
out of the piezoelectric element. The real energy, which 
flows out of the piezoelectric element, is the key issue in 
damping design. The energy flows out of the piezoelectric 
element is larger when the vibrating energy loss in the shunt 
circuit in each cycle is larger. 
On the other hand, the phase difference between the velocity 
and the piezoelectric voltage is one of the key to design the 
shunt damping. With phase difference, a portion of the 
power generated from the piezoelectric elements and 
flowing into the shunt circuit will flow back to the 
piezoelectric element. Therefore, the phase difference in the 
displacement-voltage plane is a key parameter of interest. 
However, equation (6) has only the information on the real 
power but no information on the apparent power. To obtain 
the apparent power Pa, the velocity and the piezoelectric 
voltage are put in phase: 

 !! = !
! !!! !!!(! + !!)!" (7) 

where t0 is the time difference between the piezoelectric 
voltage and the velocity at the fundamental frequency. The 
area of the work cycle, i.e. the corresponding energy form, 
can be written as: 

 !! = ! !!(! + !!)!"!(!)
!  (8) 

According to the definition of the power factor Fp, 

 !! = !!
!!
= !!

!!
 (9) 

In summary, there are two work cycles in the displacement-
voltage plane. One cycle tracks for the real power and the 
other cycle tracks for the apparent power. The areas of the 
work cycles represent the corresponding energy flows in one 
vibration period and the area ratio between the two work 
cycles represents the power factor. 

3. Switching control strategy 

The equivalent circuit of the host structure with the shunt 
circuit can be illustrated in Figure 2. In figure 2, ! 
represents the velocity of the host structure at a particular 
location of the structure, which also can be viewed as the 
current in the equivalent circuit. The voltage vp is the 
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voltage across the piezoelectric element. In this following, 
vp is directly named piezoelectric voltage for simplicity. 

 
Figure 2: Equivalent electric circuit of the single-mode 

piezoelectric switching shunt damping technique 
 
The force f comes from the external disturbance and the 
vibration velocity !  is a result of the parameter of 
piezoelectric element and the shunt damping by the way of 
voltage vp. The voltage vp is equivalent to a damping 
mechanical force. Therefore, the purpose of the switching 
circuit is to change the waveforms of piezoelectric voltage 
vp to enlarge the dissipated energy [5-10]. According to 
Equation (6), to have the best damping performance, the 
piezoelectric voltage vp should be in phase with velocity ! 
and the voltage amplitude should be large enough to cancel 
the vibration as well. The first circuit study here is the 
passive inductive-resistive technique (figure 1-(a)). It can 
put in phase velocity ! and voltage vp near the resonance of 
the host structure. The second circuit study is the SSDV 
technique (figure 1-(b)). It has both characteristics (change 
phase and increase the voltage), so it can be one of most 
efficient switching damping technique. The third circuit 
study is the VSD technique (figure 1-(c)). It can provide a 
square wave piezoelectric voltage vp in phase with velocity 
and high voltage amplitude like SSDV technique (figure 3-
(c)). However, the square voltage waveform has large 
harmonics. These harmonics may leak into structure again 
to generate the noise. In addition, to keep the stability, the 
voltage level in piezoelectric voltage required being 
adaptive to the vibration amplitude. A dynamic DC voltage 
is typical adopted to control the piezoelectric voltage 
amplitude to ensure the stability. When the piezoelectric 
voltage is set too large, the given piezoelectric voltage may 
excite the vibration of the structure but not dissipate the 
vibration energy. In such a condition, the velocity !  is 
flowing in the opposite direction and the control system 
enters into an instability state. To ensure the stability, the 
piezoelectric voltage requires to be set at zero voltage or to 
be adaptive to the vibration amplitude. Therefore, a 
dynamic DC voltage was often adopted to control the 
piezoelectric voltage amplitude. 
To overcome the drawbacks mentioned above, we introduce 
a new damping technique by applying the Pulse Width 
Modulation (PWM) on the piezoelectric voltage. The 
proposed damping technique is so called “pulse width 
modulation damping” (PWMD). The PWM voltage 
waveform (figure 3-(d)) is a pulse chain with different pulse 
widths, but the structure is the same than VSD. Similarly as 

synchronized damping techniques, the PWM voltage 
follows the phase of the velocity in order to enlarge the 
dissipated power in the switching circuit as well as to 
increase the damping effect of the host structure. More 
specifically, piezoelectric voltage and velocity have equal 
polarities. Moreover, the pulse widths of the voltage are 
based on the amplitude of the sampling velocity or absolute 
value of the displacement. When the sampling velocity is 
small (large displacement), small pulse width is applied. 
When the sampling velocity becomes large (small 
displacement), larger pulse width is applied. Accordingly, 
the average voltage across the piezoelectric element is 
adaptive to the velocity and the displacement. As a result, 
we do not need an adaptive voltage source to ensure the 
stability, but only a constant voltage source. 

 
Figure 3: The ideal waveform of vp and !: (a) Inductive-

resistive shunt (b) SSDV shunt (c) VSD shunt, full wave (d) 
VSD shunt, PWMD technique 

4. Inductive-resistive shunt network 

The typical inductive-resistive shunt network shown in 
Figure 1-(a) is examined by the work cycle and amplitude 
attenuation. It is known that the inductive-resistive shunt 
network has good performances only when the LCp 
electrical resonant frequency matches with the mechanical 
resonant frequency of the structure. The calculations for the 
optimal resistance and inductance in a series resonant shunt 
are well known and will only be briefly presented here for 
completeness. For resonant shunt vibration control, the 
resistor and the inductor in the shunt circuit must be tuned 
to achieve maximum energy dissipation from the mode of 
interest. Therefore, the optimal resistance and inductance 
for a series resonant shunt circuit can be calculated by: 
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 !!"# = !
(!!!)!!!!

 (10) 

 !!"# = !
!!!!

 (11) 

When the mechanical and electrical resonant frequencies 
are mismatch, the work cycles are shown in Figure 4. We 
can see that the power factor in this case is poor. However, 
when the mechanical frequency and the electrical resonant 
frequency are close to each other, the area of the apparent 
work cycle and the real work cycle are almost equal (Figure 
5). Specifically, good power factor leads to good 
performances, this is due to the power does not flow back to 
the piezoelectric element. Typical inductive-resistive shunt 
network uses the inductor to compensate the contribution of 
the piezoelectric intrinsic capacitance, but only at the 
resonant frequency. This is the underlying reason why the 
inductive-resistive shunt network only has good 
performances with small bandwidth. Most importantly, the 
work cycle observation is really an effective way to 
examine the damping performances. 
 

 
Figure 4: The work cycle of the inductive-resistive shunt 

network: the resonant frequencies mismatches 
 

 
Figure 5: The work cycle of the inductive-resistive shunt 

network: the resonant frequencies matches 
 

There are three conclusions that we can get from the work 
cycles observation to evaluate the performances of a 
damping circuit. 
1. The optimum damping situation corresponding to the 

area ratio of two work cycles is equal to 1, and the 
corresponding power factor should also be 1. 

2. In the whole controllable bandwidth, the power factor 
should be always equal to 1. 

3. The maximum power transfer out of the piezoelectric 
element can be described as maximum area of the real 

work cycle, which is actually rectangular shape in the 
charge-voltage plane in the case of same external 
voltage. 

Analytic calculation of the displacement amplitude at 
resonance can be made from previously expressed 
equations, assuming that the mechanical displacement u and 
the excitation force f are purely sinusoidal. 
First, for reference we establish the maximum displacement 
in the case of short circuit state, i.e. vp = 0. Substituting 
equations (4) into equation (3), the dynamic of the structure 
can be expressed in frequency domain: 

 !
! !!

= !
!!!!!!!"# (12) 

 !!!! = !
! (13) 

 !!"#!! = !!
!" (14) 

where ωr is the resonant angular frequency. FM and umax 
represent the maximum amplitude of the external force and 
the maximum amplitude of the displacement at resonant 
frequency respectively. Superscript “sh” represents the short 
circuit state. 
The expression of the mechanical displacement umax for the 
inductive-resistive technique as a function of force 
amplitude FM and circuit parameters: 

 !!"#!" = !!

! !! !! !
!!!!!

!
 (15) 

The expression of the vibration attenuation A (dB) at the 
resonance frequency when the damping system is turned on 
is given in Equations (14) and (15). 

 !!" = 20!"#!" !

!! !! !
!!!!!

!
 (16) 

5. SSDV technique 

The electrical circuit of the semi-passive damping technique 
called SSDV (Synchronized Switching Damping on a 
Voltage source) is represented in Figure 1-(b). The 
difference between this circuit and the previously is that the 
piezoelectric element is now switched on a positive or a 
negative voltage source across the LR shunt circuit. It has 
been shown that the dissipated energy depends on the 
voltage amplitude across the piezoelectric elements. The 
role of these additional constant voltage sources, having 
respectively a +VDC and a -VDC value, is to increase the 
voltage amplitude of vP and thus to increase the damping 
effect. The switch K1 is turned ON when a maximum of 
displacement u occurs and the voltage vp starts to oscillate, 
until K1 is turned OFF. The switching ON period is equal to 
a half of the resonant period of the LCP circuit. Assuming 
that the electrical resonant period is very small compared to 
the mechanical vibration period, the voltage vP can make the 
inversion in this short period. The same function can be 
obtained by turning switch K2 ON at the minimum 
displacement. Theoretical waveforms of the velocity ! and 
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the voltage vP are presented in Figure 3-(b). The amplitude 
of the voltage vP is limited by the loss of energy during the 
inversion process. The work cycle is shown in figure 6. The 
expression of the maximum of piezoelectric voltage VP1 and 
VP2 is given in [1]. 

 
Figure 6: The work cycle of the SSDV technique 

 
Analytic calculation of the displacement amplitude at 
resonance can be made from previously expressed 
equations. The expression of the mechanical displacement 
umax as a function of force amplitude FM, voltage sources 
parameter VDC and the quality factor of the resonant circuit 
QI is given in Equation (17), 

 !!"#!!"# = !"! !!!!!/!!! !!!!!" !!!!!/!!!
!"# !!!!!/!!! ! !!! !! !!!!!/!!!  (17) 

The expression of the vibration attenuation A (dB) at the 
resonance frequency can obtain by comparing with 
Equations (14) and (17). 

 !!!"# = 20!"#!" !!!!!/!!! ! !/! !!!"/!! !!!!!/!!!
!!!!!/!!! ! !/! !!/!!!" !!!!!/!!!

  (18) 

According to equation (18), it can be noticed that the 
vibration is possibly cancelled out totally if the DC sink VDC 
is set properly. However, when the VDC is set too large, 
equation (18) is no longer correct. The limitation of the DC 
sink voltage is: 

 !!" ≤ !
!! !!

!!!!!/!!!
!!!!!/!!!  (19) 

6. VSD technique 

The switching circuit of the VSD system is shown in Figure 
1-(c) and Figure 7. To put the velocity !  and the 
piezoelectric voltage vp in phase, four switches are used to 
control the phase of the piezoelectric output voltage. When 
the velocity is positive, the switches KA and K’A are ON and 
the switches KB and K’B are OFF. The piezoelectric voltage 
is thus positive in this stage. When the velocity is negative, 
the switches KB and K’B are ON and the switches KA and 
K’A are OFF. The piezoelectric voltage is thus negative in 
this stage. Accordingly, the velocity and the piezoelectric 
voltage become in phase. The ideal waveforms are shown in 
Figure 3-(c). It should be noted that this methodology is not 
only for the specific frequency but working for a wide 
frequency range. Actually, the wider bandwidth is the key 

advantage of the semi-active control compared to the 
passive shunt circuit. 

 
 

Figure 7: The basic thinking of the velocity-controlled 
switching damping 

 
On the other hand, according to the operation law of the 
VSD, the switching period of the VSD is the vibration 
period. The VSD have a large switching period, this fact 
implies that the VSD can use smaller speed switch or use in 
the higher frequency range compared to SSDV. The 
bandwidth of the VSD is mainly depended on the sensing 
observability of the sensor and the sensing signal 
conditioner themselves. In practice, we can get the phase of 
the mechanical current by detecting: 1) zero-crossing of the 
velocity or 2) the local extreme displacement. However, the 
velocity is the derivative of the displacement, the high 
frequency noise easily leak into the system in the velocity 
signal. 
The VSD technique can fit all requirements for good 
performances of a damping system. The ideal work cycle of 
the VSD technique is shown in Figure 8. The work cycle is 
rectangular because of the waveforms of the velocity and the 
voltage are sinusoidal and square respectively. The 
rectangular work cycle will have the maximum area under 
the same physical limitations. Furthermore, the power factor 
of the VSD is equal to 1 in all observable frequencies due to 
the piezoelectric voltage always follow the phase of the 
velocity. The work cycles of the apparent power and the real 
power are both rectangular and overlapping well even 
though the frequency may vary. In other words, the VSD 
system has the optimal energy cycle, and is the best semi-
active damping method. From the viewpoint of power 
electronics, VSD is actually a power factor correction circuit 
to force the power factor to be one. 

 
Figure 8: The work cycle of the SSDV technique 

 
For the analytic calculation of the amplitude attenuation, 
first, we establish the expression of the piezoelectric voltage, 
which is determined by the switching. More specifically, the 
piezoelectric voltage is closed to squared waveform and the 
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amplitude is based on the connected DC voltage. According 
to Fourier theory, the first harmonic of the waveform in 
VSD is: 

 !! = !
! !!" sin !" !"#$%(!)!!"# (20) 

where d is the duty cycle of the VSD switches. In the ideal 
case, d = 0.5. However, in practice, to avoid the short circuit 
of the switch in the switching transition, it exists a very short 
period that the four switches are turned off, which is called 
dead time. The ideally duty cycle of 0.5 is impossible in 
practice and thus we introduced it here as a parameter. It 
should be noted that the piezoelectric voltage follows the 
velocity, so the term !"#$%(!) is added in equation (20). 
Substituting equation (20) into equation (3) and writing it in 
the frequency domain leads: 

 ! −!!! ! + !"#$ = ! − !" !
! !!" sin !"  (21) 

At resonant frequency, the maximum amplitude of 
displacement of VSD is: 

 !!"#!"# = !!!!!!!!" !"# !"
!"  (22) 

where superscript “VSD” represents that the piezoelectric 
element connects to the VSD circuit. Compared with 
equations (14), the theoretical attenuation of the 
displacement can be obtained: 

 !!"# = 20!"#!" 1 − ! !
!
!!"
!!

sin !"  (23) 

According to equation (23), it can be noticed that the 
vibration is possibly cancelled out totally if the DC sink VDC 
is set properly. However, when the VDC is set too large, 
equation (23) is no longer correct. The limitation of the DC 
sink voltage is: 

 !!" ≤ !
!!

!!
!"# !"  (24) 

Under this maximum DC voltage limitation, the DC voltage 
works like a sink to dissipate the energy. However, once the 
DC voltage is set above the maximum value, it works like a 
source. The voltage source will excite the vibration of the 
structure. In other words, the piezoelectric element becomes 
an actuator but no longer a damper. 

7. PWMD technique 

To overcome the drawbacks of the VSD and SSDV 
techniques (high frequency excitation and audible noise), we 
introduce a new damping technique by applying the pulse 
width modulation (PWM) technique on the piezoelectric 
voltage. In this technique, the average voltage across the 
piezoelectric element is adaptive to the velocity and the 
displacement. As a result, we do not need an adaptive 
voltage source to ensure the stability, but only a constant 
voltage source.  
In addition, the PWM signal has fewer harmonics compared 
to the square signal. Figure 9 illustrates the theoretical 
spectrums of square signal and PWM signal. In the square 
signal, there are several harmonics closed to the 

fundamental frequency. However, in PWM signal, the 
harmonic next to the fundamental frequency is the 
switching frequency, i.e. the fundamental frequency of the 
pulse signal. As long as the switching frequency is set high 
enough, the PWM signal can decrease the harmonics 
contents in the square signal effectively. This characteristic 
leads that the PWM piezoelectric voltage can improve the 
re-injected noise in the host structure. If the switching 
frequency is set in an ultrasonic frequency range, we can 
even eliminate most audible noises. It should be mentioned 
that the PWM signal can be easily demodulated by a low-
pass filter, but it is not necessary to reconstruct the 
modulating signal in the damping application. The most 
important is that the piezoelectric voltage and the velocity 
should have equal polarity. The host structure can be a low-
pass filter itself. However, we can still add an inductor 
between the switching circuit and the host structure to filter 
out the switching noises, but the inductor may introduce the 
extra phase delay to influence the control performance. On 
the other hands, in figure 9, PWM signal has smaller 
fundamental component because the PWM signal has zero 
voltage in some switching periods. The PWMD requires 
higher DC voltage to have equal damping performance as 
the square-voltage based switching shunt circuit. 

 
Figure 9: Spectrums of square signal and proposed PWM 
signal. 

In practice, PWM technique is typical based on comparison 
between a modulating signal (at low frequency) and a 
triangle carrier (at high frequency). A sinusoidal modulating 
signal S and a triangle wave T are shown in figure 10-(a) 
and their resulting signal A after comparison is shown in 
figure 10-(b). Signal A is a two-level PWM signal (0 and 1), 
which is different from the voltage waveform in figure 3-(d) 
(three levels: -1, 0 and 1). To accomplish a three-level 
PWM signal, the circuit presented in figure 11 is adopted 
[11]. Except signal A, the inverse modulating signal (–S) is 
compared with triangle signal T to get signal B shown in 
figure 10-(c). Then, the differential signal between signals A 
and B, i.e. (A-B), is the three levels PWM signal of interest 
(Figure 10-(d)). In figure 1-(c), the left leg of the full-bridge 
switches is controlled by signal A and the right leg of the 
full-bridge switches is controlled by signal B. Then, a 
constant voltage source VDC is connected after the full-
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bridge switching circuit. As a result, piezoelectric voltage vp 
can be a PWM signal and its amplitude is VDC. It should be 
noted that the switching frequency fsw is twice the carrier 
triangle frequency fc, i.e. fsw =2fc [11]. Therefore, to cancel 
out the re-injected audible noise, we can set the carrier 
frequency above 10 kHz to obtain ultrasonic switching 
frequency (>20 kHz). 

 
Figure 10: Signal processing of three-level PWM signal. 

 
Figure 11: Implementation of three-level PWM signal. 

For the analytic calculation of the amplitude attenuation of 
the PWMD technique, we consider the first harmonic of 
PWM signal. The fundamental harmonic of voltage vp can 
be expressed as [13]: 

 !! = !!!"!"#$%(!)!!"# (25) 

where the function !"#$%(!) implies that the piezoelectric 
voltage follows the phase of velocity and β is the modulation 
index, which represents the amplitude ratio between the 
sensing signal and the carrier signal, i.e. 

 ! = !!!"#
!!

 (26) 

where Vc ,κ and umax are the amplitudes of carrier signal, 
sensor gain and the amplitude of the displacement. Equation 
(26) implies that the piezoelectric voltage is adaptive to the 
displacement. In other words, the pulse width variation in 
PWM signal can be equivalent to an adaptive voltage. As a 
result, there is no requirement about the external dynamic 
voltage source in the PWMD technique and the loop can be 

stable with a constant voltage source. This is one of most 
important advantage about PWMD technique. 
Substituting equation (25) and equation (26) into equation (3) 
and transforming it into frequency domains in steady state. 
The steady-state displacement umax controlled by PWMD 
can be obtained: 

 !!"#!"#$ = !!

!!!!! !! !"!!"!!!!"
!
 (27) 

According to equation (27), the displacement decreases with 
increasing voltage. The displacement becomes very small as 
the voltage VDC approach infinite, but never achieves zero or 
negative value. This characteristic is different from the other 
switching shunt circuits with an external constant voltage. 
For example, the resulting displacement in the typical SSDV 
is negative value in theory with infinite external voltage. A 
negative displacement means that the host structure is 
excited again after the vibration suppression. It also means 
the control system enters into an instability state. In other 
words, equation (27) proves that the PWMD control system 
is possible to stay in the stable region with a constant 
voltage. 
Therefore, the theoretical attenuation of the displacement at 
resonance frequency can be derived from equations (27) and 
the short circuit reference (14): 

 !!"#$ = 20!"#!" !"
!"!!"!!!!"

 (28) 

It should be noticed that the expression within the 
logarithmic expression of equation (28) must be positive. 
This fact implies that the PWMD system never enters into 
the instability state. When the sensor gain or DC voltage is 
zero, there is no attenuation. As the VDC is approaching 
infinite, the attenuation is infinite and the displacement can 
be cancelled totally in theory. 

8. Experimental results 

The experimental structure is a cantilever steel beam with 
two 31-type PZT layers, which is shown in figure 12. The 
dimensions of the beam and the piezoelectric element are 
shown in table 1 and the experimental setup is shown in 
figure 13. The beam was excited at the fixed end by an 
electromagnetic shaker. A CCD laser displacement sensor 
(Keyence LK-G32) was set to measure the displacement at 
16 mm from the free end of the beam. The laser 
displacement sensor was connected to the sensing interface 
circuit to get the velocity signal. Then, by the logic circuit 
proposed in figure 11, the velocity signal was compared 
with a bipolar linear triangle signal generated from the 
functional generator to obtain the PWM driving signals for 
the four switches. The switching shunt circuit was made by 
two IR2104 gate drivers and four IRF840 MOSFETs. 
The model identification has followed the method proposed 
in [12]. Table 2 arranges the model parameters obtained by 
the measurements near the first resonance directly. These 
measured data were calculated to obtain the other 
parameters of the model given in table 3. The detailed 

S

0 1 2 3 4 5 6 7 8 9 10
-1

0

1

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

0 1 2 3 4 5 6 7 8 9 10
-1

0

1

Normalized time

A-
B

B
A

in
pu

t

-S

carrier triangle wave: T

(a)

(b)

(c)

(d)

S

0 1 2 3 4 5 6 7 8 9 10
-1

0

1

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

0 1 2 3 4 5 6 7 8 9 10
-1

0

1

Normalized time

A-
B

B
A

in
pu

t

-S

carrier triangle wave: T

(a)

(b)

(c)

(d)

0 1 2 3 4 5 6 7 8 9 10
-1

0

1

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

0 1 2 3 4 5 6 7 8 9 10
-1

0

1

Normalized time

A-
B

B
A

in
pu

t

-S

carrier triangle wave: T

(a)

(b)

(c)

(d)

 

comA 

comB 

A 

B 

triangle carrier: T 
modulating 
signal: S 

+ 

_ 

S 

T 
+ 

_ 

T 

-S 



8 
 

relationships between the measured data and the 
corresponding model parameters are arranged in the last 
column of table 3. 
 

 

Figure 12: Experimental beam structure. 

Table 1. The piezoelectric layer and Steel Beam. 
 steel beam piezoelectric element 

length 189mm 38mm 
width 34.8mm 16mm*2 layers 

thickness 0.8mm 0.5mm 
location None 29 mm from fixed end 

Table 2. Model parameters obtained by measurement. 
 values definitions 

κ /Vc 1000 V-1 
the ratio between sensor 

gain and triangle 
voltage 

fshort 16.37 Hz short-circuit resonant 
frequency 

fopen 16.4 Hz open-circuit resonant 
frequency 

ζ  0.0105 open-circuit mechanical 
damping coefficient 

Cp 45 nF piezoelectric inherent 
capacitance 

λ  1220 Vm-1 
The ratio between the 

measured displacement 
and open circuit voltage 

 

Figure 13: Experimental setup. 

Table 3. Model parameters calculated by measured data 
 values definitions 

k2 0.0037 !!! = !!"#$! − !!!!"#!

!!!!"#!  

α  0.0000549 NV-1 ! = !!! 

K 18.29 Nm-1 2k
nK λ

=  

M 0.0017 kg 224 shortf
KM

π
=  

D 0.004 Nm-1s-1 openMfD πζ4=  

8.1. VSD technique 

The beam is driven around the first resonant frequency. The 
DC voltages of the VSD testing system were set at 0V, 3V, 
6V, 9V and 12V. The last DC voltage was set at 12V 
because the experimental maximum voltage is around 
12.5V. Once the DC voltage was set exceeding 12.5V, the 
VSD system enters into unstable state. The displacement 
amplitude rises again after the maximum voltage reached. 
The experimental frequency responses are shown in figure 
14. It can be seen that when the voltage increases, the 
attenuation increases as well. The displacement can be 
cancelled effectively in the case of 12V DC voltage sink 
from 2.18mm to 0.16mm at 16.4Hz. The residual 
displacement at resonant frequency is closed to the vibration 
in the non-resonant state, which is similar to the SSDV 
technique. 
Furthermore, according to equation (23) and model 
parameters in table 3, the attenuation of the vibration at 
short-circuit resonant frequency was calculated and plotted 
in figure 15. In this figure, the experimental points match the 
theoretical curve well. The minimum point of attenuation in 
figure 15 represents the zero displacement and the 
corresponding DC voltage represents the stability limit. The 
DC voltage limit is around 12.5V in our experiment and the 
theoretical value is 12.8V in our theoretical model. 
 

 
Figure 14: The frequency response the VSD system. 
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Figure 15: The experimental results (points) and the 
theoretical prediction (line) of the maximum DC voltage. 

8.2. PWMD technique 

With the same testing beam, we implement now the PWMD 
technique. The beam was driven near the first resonant 
frequency. Triangle carrier frequency was set at 20 kHz. The 
experimental waveforms of the PWMD are shown in figure 
16. Compared to the ideal waveform in figure 3-(d), there 
were some switching noises. These switching noises came 
from the switching action on the piezoelectric inherent 
capacitance and led the electromagnetic interference (EMI). 
Specifically, the switching noise influenced electronic 
signals by the electromagnetic radiation, so we can see the 
noises in the displacement and the velocity. 
The DC voltages VDC were set at 0V (short circuit), 10V, 
20V and 30V to observe the frequency response of the host 
structure. The experimental frequency responses are shown 
in figure 17. It can be seen that the displacement decrease 
with the increasing voltage. The displacement can be 
cancelled effectively in the case of 30V DC voltage sink 
from 1.95 mm to 0.38 mm at 16.35 Hz (-14dB). The residual 
displacement at resonance frequency is close to the vibration 
in the non-resonant state, which is similar to the SSDV 
technique or VSD technique. 
We varied the external DC voltage to test the stability of the 
control system at small displacements. First, we applied 
VDC = 60 V on our PZT patches. The system could keep 
stable, but the EMI noise became larger. When we applied 
VDC = 90 V on our PZT patches. The system still stayed in 
stable state, but the amplitude of the EMI noise became 
larger than the resulting displacement in the measurement. 
In fact, too large EMI noises in the measured velocity 
caused the comparators could not output correct switching 
signals and thus the shunt circuit could not switch at the 
correct points. Consequently, the maximum piezoelectric 
voltage was determined by the EMI noise in our experiment. 
Next, we stopped the vibration directly to check the stability 
again. Similarly as the steady state testing, the beam 
structure connected the PWMD circuit with different 
external DC voltage values. Considering time response, 
when the vibration became smaller gradually, the host 
structure could stop at zero displacement with different DC 
voltage values. In such a condition, the typical SSDV may 

enter into the instable state. The displacement excited by the 
external voltage again in SSDV when the displacement is 
too small. This testing is to ensure that the PWMD control 
system can stay in the stable state in general. 

 
Figure 16: PWMD, experimental waveforms. 

On the other hand, we varied the carrier frequencies (2 kHz, 
10 kHz and 20 kHz) with a constant voltage VDC = 10 V to 
see the relationship between the performance and the carrier 
frequencies. The damping performance was independent of 
the carrier frequencies at a constant voltage. Moreover, in 
our experiment, we could hear a lot of audible noise at 
2 kHz carrier frequency (4 kHz switching frequency), but 
the host beam was silent at 10 kHz and 20 kHz carrier 
frequencies. This result implied that we could set the 
switching frequency above audible vibration modes to reject 
the acoustic noise into the structure effectively. In practice, 
the carrier frequency bandwidth is mainly limited by two 
factors. Firstly, a higher switching speed induces a larger 
switching noise. It was mentioned that the switching noise 
might cause the PWMD circuit works incorrectly. 
Therefore, the switching frequency should be sufficiently 
low to limit the electromagnetic perturbations as result of 
the switching noise. On the other hand, the carrier 
frequency must be much larger than the controlled 
resonance frequency of the structure to avoid the inter-
modulation. Most importantly, the PWMD can set the 
carrier frequency above 10 kHz (the switching frequency is 
20 kHz) to reject the audible noise and to suppress the 
vibration simultaneously. 
 

 
Figure 17: PWMD, Experimental frequency response. 
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9. Conclusions 

This paper compared two novel piezoelectric damping 
techniques (VSD and PWMD) to the traditional resonant 
shunt damping technique and SSDV technique. First, the 
expressions of the vibration attenuation A (dB) at the 
resonance frequency for each technique were derived. Then, 
in the SSDV and VSD techniques, it was noticed that the 
vibration is possibly cancelled out totally if the DC sink VDC 
is set correctly. However, when the VDC is set too large, the 
DC link works like a source. The voltage source will excite 
the vibration of the structure. In other words, the 
piezoelectric element becomes an actuator but no longer a 
damper. This is a drawback of these techniques. To 
overcome the drawbacks of the VSD and SSDV techniques 
(high frequency excitation and audible noise), we propose a 
new damping technique by applying the pulse width 
modulation (PWM) technique on the piezoelectric voltage. 
In PWMD technique, the piezoelectric voltage has two 
significant characteristics. First, the piezoelectric voltage is 
modulated in a high frequency range to obtain a smooth 
spectrum between the carrier frequency and the modulating 
frequency, so the PWMD can reject the acoustic harmonic 
noises. Secondly, the piezoelectric voltage is adaptive to the 
vibration displacement by the pulse widths variation, so the 
PWMD can stay in stable state with a constant voltage 
source. Most importantly, the PWMD can still provide a 
very good performance with these advantages. The control 
strategy and corresponding switching circuit were 
implemented. We observed some limitations of the PWMD 
experimentally. First, although the applied voltage decreases 
the vibration displacement, but larger piezoelectric voltage 
also generated larger EMI noises. Secondly, the carrier 
frequency was limited by the inter-modulation at low 
frequency and by the EMI noises at high frequency. 
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Abstract 
In this report we present some recent results of our 
theoretical investigations of electromagnetically 
controllable surfaces designed on the basis of periodic 
arrays made of metallic inclusions of special form which are 
placed on a thin substrate of active material (magnetized 
ferrite or optically active semiconductor). The main 
peculiarity of the studied structures is their capability to 
support the trapped-mode resonance which is a result of the 
antiphase current oscillations in the elements of a periodic 
cell. Several effects, namely: tuning the position of 
passband and the linear and nonlinear (bistable) 
transmission switching are considered when an external 
static magnetic field or optical excitation are applied. Our 
numerical calculations are fulfilled in both microwave and 
optical regions. 

1. Introduction 
The development of smart materials in microwave and optic 
regions can be realized by involving the plasmonic and 
metamaterial technologies. Here the promising way is to 
combine known optically active materials with special 
artificial inclusions which are the key elements of the 
metamaterial constructions [1,2,3,4]. As an example, the 
metamaterial array can be placed on the magnetic (ferrite, 
antiferromagnetic) or semiconductor substrate. In this case 
the tuning of optical properties can be realized with using 
an external static magnetic field (ESMF). Also the 
conception of controlling the light propagation with light 
which is based on the nonlinear effect of optical bistability 
or multistability can be employed in the optical band. The 
devices based on these principles can have numerous 
applications in optical switching, differential amplification, 
optical transistor, power limiting, pulse shaping, and optical 
digital data processing functions. 

The goal of this report is to present the peculiarity of 
linear and nonlinear optical switching in a planar 
metamaterial which bears the trapped-mode resonances. For 
this reason we consider a planar metamaterial made of an 
array of double-ring (DR) elements placed on a thin 
magnetic or semiconductor substrate (Fig. 1). Such 
configuration is chosen to construct the metamaterial due to 
the fact that DR elements are polarization insensitive at the 

normal incidence of the exciting wave which can enlarges 
the area of potential applications. 

Thus, we demonstrate that by using a magnetized ferrite 
substrate in this array it is possible to tune the trapped-mode 
frequency with external magnetic field. Our calculations 
show that in the microwave region, as the ESMF is applied, 
the shift can reach about 20% of the resonant frequency. 
The orientation of ESMF can be different, namely normal to 
the plane (Faraday geometry) of the substrate or in-plane 
(Voigt geometry). Note that in the latter case the system 
becomes polarization dependent. 

Switching of the transmission band with the ESMF 
can be achieved in the array placed on a magnetized ferrite 
substrate in the case when the frequency of the trapped-
mode resonance is tuned nearly the frequency of the 
ferromagnetic resonance. We show that for the 
magnetization applied in the Faraday geometry, a good 
electromagnetic switching can be realized. 

Another possibility of controlling electromagnetic 
radiation is to use a semiconductor substrate. We show the 
possibility to almost completely switch off the array 
transmission band by optically activating its silicon 
substrate. For low plasma density no effect is produced on 
the array responses, however, increasing it above a certain 
value the structure becomes almost totally reflective as a 
consequence of the significant increase of the real and 
imaginary parts of the refraction index. 

Still another possibility of controlling the 
electromagnetic wave propagation is based on the effect of 
optical bistability. Typically the devices realized on the 
optical bistability principle consist of a resonant cavity 
containing a material which refraction index or/and 
absorption coefficient are depended on the field intensity of 
incident light. A perspective way to reduce the size of these 
devices and the input field intensity required for optical 
bistable switching lies in using planar metamaterials which 
can support the trapped-mode resonances. 

The strong field confinement and nonlinear effects 
enhancement is achieved in the investigated arrays placed 
on a nonlinear substrate made of an antiferromagnetic film. 
The system is considered to be under ESMF applied in the 
Faraday geometry. In the structures of such kind it is 
possible to obtain the sufficient field localization in the thin 
nonlinear substrate which leads to the realization of all-
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optical switching. In particular we show that the switching 
can be achieved between different levels of transmission 
nearly the frequency of the trapped-mode excitation. 

2. Problem statement 
The square unit cell (d = dx = dy) of the structure under 
study consists of one double-ring (DR) (Fig. 1). The radii of 
the outer and inner rings are a1 and a2, respectively. The 
width of both the metal rings is 2w. The array is placed on a 
dielectric substrate with thickness h. 
 

 
 

Figure 1. Array of two concentric metal rings on a 
substrate made of active material. 

 
As the excitation field a normally incident linearly 

polarized plane monochromatic wave of frequency Z and 
amplitude A is selected. 

To provide the numerical calculations we use both our 
own algorithms and software, and commercial one. The first 
technique is based on the Method of Moments [5,6]. It 
involves solving an integral equation for surface currents 
induced in the metallic pattern by the incident 
electromagnetic wave and calculating the scattered fields 
produced by currents as a superposition of partial spatial 
waves. The Method of Moment is paired with a special 
algorithm which allows solving the nonlinear problem [2,3]. 
As commercial software we use Computer Simulation 
Technology (CST) Studio [7]. 

3. Numerical results 

In [2] a parametric study of the DR array placed on a 
dielectric substrate was made in order to optimize the 
geometrical parameters of system to obtain a high quality 
factor (Q-factor) trapped-mode resonant conditions. In this 
array the trapped-mode corresponds to a narrow 
transmission resonance which exists between two broad 
reflection resonances, corresponding to the rings individual 
resonance. When the substrate has non-negligible loss, it 
was observed a compromise between high Q-factor and the 
maximum transmittance at the trapped-mode resonance, 
about 12 and 70%, respectively. A high Q-factor was 
observed for smaller differences between the rings radius, 
however the maximum transmittance is reduced, since the 
loss is increased due to a higher field confinement between 
the rings. In order to obtain a high Q-factor and a high 

transmittance at the trapped-mode resonance, we considered 
the following values for the geometrical parameters of the 
DR array (see Fig. 1): dx = dy = 13, a1 = 6, a2 = 5, 2w = 0.2 
and h = 1.6 (all dimensions are in millimeters). 

For the array placed on a ferrite substrate we consider 
the mathematical model of a magnetized ferrite substrate 
described in [8]. In the following we show the possibility to 
shift the trapped-mode resonant frequency with 
magnetization of the ferrite substrate. The ferrite material is 
TTI-3000 [8], considering a ferromagnetic resonant 
frequency of Z0/2S� ���� GHz, which can be controlled by 
the ESMF H0. 

The reflection and transmission spectra of this structure 
are shown in Fig. 2 for magnetization in x- and y-directions, 
and in Fig. 3 for z-direction. For comparison purpose, in 
these figures are also shown the structure responses for a 
non-magnetized ferrite substrate.  

1 2 3 4 5 6
0

0.2

0.4

0.6

0.8

1

Frequency (GHz)

|R
 |

 

 

H0x
H0y
H0 = 0

 
(a) 

1 2 3 4 5 6
0

0.2

0.4

0.6

0.8

1

Frequency (GHz)

|T
 |

 

 
H0x
H0y
H0 = 0

 
(b) 

 
Figure 2. Reflection (a) and transmission (b) spectra of 

the array placed on a ferrite substrate magnetized in x- and 
y-directions, and for a non-magnetized one; 
Z0/2S� ���� GHz. 
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Figure 3. Reflection (a) and transmission (b) spectra of the 
array placed on a ferrite substrate magnetized in z-
direction and for a non-magnetized one; Z0/2S� ���� GHz. 

 
As can be seen in Figs. 2 and 3, a similar resonant 

frequency shift is achieved for different orientation of the 
magnetization, around 20% of the resonant frequency. 
However for normal magnetization the attenuation on the 
maximum transmittance is larger than for parallel one. Note 
that for parallel magnetization the structure is polarization 
dependent, while for normal one it is polarization 
independent (as explained in [2]), but the dependence on 
polarization is small in the trapped-mode region, as can be 
observed in Fig. 2, where we consider the cases of 
magnetization applied in parallel (H0x) and orthogonal (H0y) 
to the incident wave polarization. 

To analyze the effect of the ferromangetic resonant 
frequency Z0 on the trapped-mode band, we shown in Fig. 4 
the structure responses for magnetization in z-direction and 
different Z0. One can see, that near the frequency of 
ferromagnetic resonance, the trapped-mode resonance shift 
is increased, however the attenuation in the maximum of 
transmittance is also increased. This is an obvious 
consequence of the ferromagnetic resonant characteristics, 
i.e. near the resonance the values of both the real and 

imaginary parts of the permeability tensor parameters are 
larger and their variation is higher [1]. 

When the magnetization is along z-direction, the 
Faraday and Kerr effects take a place in the ferrite substrate. 
The polarization state of the electromagnetic waves 
reflected from and transmitted through the structure can be 
analyzed using the azimuth T and ellipticity K angles, as 
illustrated in the inset of Fig. 5b, [1]. These angles were 
calculated for�Z0/2S� ���� GHz and are shown in Fig. 5. As 
can be seen, in the trapped-mode band the Faraday rotation 
enhancement provided by the structure is about 2 times in 
comparison with the ferrite substrate without metallization. 
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Figure 4. Reflection (a) and transmission (b) spectra of the 
array placed on a ferrite substrate magnetized in z-
direction for different Z0. 

 
Since in the vicinity of the ferromagnetic resonance the 
magnetic loss is very large, we investigate the possibility of 
designing an array with switch on and off functionality of 
the trapped-mode transmission band by adjusting the 
ferromagnetic resonant frequency. For showing this 
functionality, we considered the substrate made of ferrite 
TT2-125 with Z0/2S� ���� GHz. In Fig. 6 the responses of 
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the structure are shown for a magnetized ferrite substrate 
and for a non-magnetized one. As can be seen, the 
transmission coefficient can be switched from 1 to 0.3 at the 
trapped-mode resonance. We think that with applying 
appropriate optimization of the geometrical and/or physical 
parameters it is possible to achieve a more complete 
transmission band switching. 
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Figure 5. Azimuth T and ellipticity K angles of waves 
reflected from and transmitted through a ferrite substrate 
without metalization (a) and through the structure with 
magnetization along z-direction; Z0/2S� ���� GHz. 
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Figure 6. Reflection (a) and transmission (b) spectra of the 
array placed on a ferrite substrate magnetized in z-
direction, and for a nonmagnetized one. The ferrite 
material is TT2-125 with Z0/2S� ���� GHz. 

 
For the array placed on a silicon substrate we consider 

the mathematical model of an optically activated silicon 
substrate described in [9]. In Fig. 7 the array responses for 
different values of N are shown. For N = 1012 cm-3, the 
influence of induced plasma on the refraction index of the 
silicon substrate is negligible and a high Q-factor 
transmission resonance exists with almost total transmission 
at 40 GHz. Increasing N to 1018 cm-3, one comes to the 
regime of almost complete reflection of the incident wave 
due to the significant increase of the real and imaginary 
parts of the silicon refraction index. 
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Figure 7. Reflection (a) and transmission (b) spectra of the 
array placed on an optically activated silicon substrate for 
different values of the plasma density N. 

 
Finally, we consider a situation when the DR array is 

placed on a substrate made of antiferromagnetic film (AF). 
The metamaterial parameters are dx = dy = 0.3, a1 = 0.11, a2 
= 0.09, 2w = 0.004 and h = 0.05 (all dimensions are in 
millimeters). As a convenient material for the substrate, 
MnF2 antiferromagnetic film is considered [10,11]. The 
ESMF is applied to the system in the Faraday geometry. 
The physical parameters of the AF film are Hr = 5.5, He = 
450 kG, Ha = 7.87 kG and M0 = 0.6 kG. The gyromagnetic 
ratio is J = 1.97×1010 rad.s-1.kG-1 and the damping 
coefficient is fixed at W = 4.25×10-4, which is the origin of 
the absorption. For one fixed external magnetic field, H0 = 
1.0 kG, in the dispersion curves of permeability tensor 
components there are two resonant frequencies, æ1 § 0.262 
(f § 0.2618 THz) and æ2 § 0.268 (f § 0.2678 THz) which 
are shown in Fig. 8. Here P1 = 1 + Ȥ1 and P2 = Ȥ2 are 
diagonal and nondiagonal elements of the permeability 
tensor, and the expressions of magnetic susceptibility 

� � � �11
1 yyxx ȤȤȤ    and � � � �11

2 yxxy ȤȤiȤ �   can be found in 
[10,11]. Under the action of intense light the dynamical 

magnetization in AF media nonlinearly couple with the 
wave magnetic field which leads to the magnetic optical 
nonlinearity. In this case the magnetic susceptibility can be 
presented as below 

3 3 3
(1) (1) (2) (3)

1 1 1
( )ik ik ikj j ikjm j m

j j m

H H HF F F F
   

 � �¦ ¦¦H  (1) 

where the expressions and typical dispersion curves of the 
second- and third-order susceptibility are given in [10,11]. 
From these papers the conclusion is that in the vicinity of 
each resonant frequency, the real and imaginary parts of 
these susceptibility components are of the order 10-8 and 
negligible small outside the vicinity, and they are 
symmetrical and antisymmetrical with respect to the 
resonant frequencies, respectively.  

Remarkably, when the magnetic field strength inside the 
AF film increases both the real and imaginary parts of 
magnetic permeability undergo changes which, under a 
certain threshold level of the input light intensity, can lead 
to dispersion-absorption bistable behavior of the system. 
Here the way to obtain large magnitude of the magnetic 
field strength in the AF film lies in the choice of the 
parameters of the DR array of metamaterial to tune the 
frequency of the trapped-mode excitation to the frequency 
of antiferromagnetic resonance. Just such a situation is 
given in Fig. 9 where the optical response of the 
metamaterial in the case when the intensity of input light is 
small (linear regime) is presented. The behavior of the 
dispersion characteristics of the AF permeability leads to 
appearing alternate bands of high transmission and 
absorption in the spectra of metamaterial. One can see that 
in the frequency band of the trapped-mode excitation there 
is a peak of current magnitude, but its frequency 
dependence has a form of alternating maxima and minima 
due to the strong absorption in the substrate in the vicinity 
of the AF resonances nearly æ1 § 0.262 and æ2 § 0.268. 
However, since the magnetic field strength is proportional 
to the current and the current magnitude obviously increases 
when the intensity of the incident field rises, under a certain 
intensity of the incident field the magnetic properties of 
substrate can change. 

To study such nonlinear response of metamaterial we 
use the technique proposed in our previous publications 
[3,4]. According to this method, at the first stage, the 
current distribution J along the strips, the reflection R and 
transmission T coefficients are determined under an 
assumption that the intensity of input light S is small (linear 
regime). For these calculations the Method of Moments is 
used. At the second stage, the transmission line theory is 
applied to estimate the inner magnetic field strength which 
is directly proportional to the current magnitude averaged 
over a metal pattern extent. It gives us a nonlinear equation 
related to the average current magnitude in the metal strips. 
In this equation the input field intensity is a parameter and, 
at a fixed frequency Z, its solution is the average current 
magnitude which depends on the intensity of the incident 
field. On the basis of the found current the inner magnetic 
field strength is estimated, and then the actual parameters of 
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permeability tensor, reflection and transmission coefficients 
are calculated as functions of the frequency and intensity of 
the incident field. 

 

 
(a) 

 

 
(b) 

 
Figure 9. Reflection, transmission spectra (a) and average 
current magnitude (b) of the array placed on an 
antiferromagnetic substrate. Linear regime. 

 
Our calculations show that in the case of the nonlinear 

permeability of substrate, dependences of the transmission 
coefficient magnitude versus the incident field intensity 
have a form of hysteresis (Fig. 10a). Such form of curves of 
the transmission coefficient magnitudes is studied quite well 
and is explained by the nonlinear phase-shift and nonlinear 
attenuation which appear in the nonlinear system. As the 
incident field intensity increases, the nonlinear phase shift 
rapidly raises and the attenuation decreases that guarantee 
the presence of obvious bistable switching. 

The frequency dependences of the transmission 
coefficient magnitudes also manifest discontinuous 
switching with frequency changing. Since the dispersion 

curves of nonlinear susceptibility have the bands of grow 
and decay, the real and imaginary parts of the permeability 
tensor coefficients also increase and decrease with 
frequency. The bistable transmission occurs exactly in these 
frequency bands and is manifested in the ambiguity of the 
transmission coefficient magnitudes at the leading and 
trailing edges of the resonance. 

 

 
(a) 

 
(b) 

 
Figure 10. Transmission spectrum versus incident field 
intencity (a) and frequency (b) of the array placed on an 
antiferromagnetic substrate. Nonlinear regime. 

 

4. Conclusions 
We present electromagnetically controllable surfaces 
designed on the basis of periodic DR metallization arrays 
which are placed on a thin substrate of optically active 
material. The DR metallization array has the interesting 
peculiarity of supporting the trapped-mode resonance with 
polarization insensitivity feature for a normally incident 
electromagnetic plane wave. Using a magnetized ferrite 
substrate as controlling element, we showed the possibility  
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to shift the trapped-mode resonant frequency in about 20%,  
without significant degradation of the transmission band. 

An enhancement of Faraday effect was observed in the 
studied structure. Also by tuning the ferromagnetic resonant 
frequency to be near the trapped-mode frequency, it is 
possible to design a switch off and on functionality. In the 
presented configuration the maximum transmittance has a 
switch off and on ratio of about 0.3, but we think that with 
future optimization of the geometrical and/or physical 
parameters it is possible to achieve a more complete 
switching. By using an optically activated silicon substrate 
as controlling element, we demonstrated the possibility to 
have an almost total switching functionality of the 
transmission band. 

We show that in the DR array placed on an 
antiferromagnetic substrate the all-optical switching can be 
realized. It is possible due to the capability of studied 
metamaterial provides the sufficient field localization inside 
the thin nonlinear substrate at the frequency of the trapped-
mode excitation.  

In conclusion, a planar DR metamaterial, which bears a 
high-quality-factor trapped-mode resonance, is a promising 
object for realization of a polarization-insensitive, 
controllable switching. 
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Abstract 
This paper deals with the preliminary electrical 
characterization of piezoelectric transformer used as a 
plasma glow discharge generator. This unusual application 
of piezoelectric transformer leads to a specific nonlinear 
electrical behavior. It is essential to identify the concerned 
physical mechanisms for a better understanding of the 
operational energy conversions. 

1. Introduction 
The piezoelectric transformers (PTs) have been 

developed for several ten years because of their noteworthy 
properties of insulation, compactness and high efficiency. 
Some structures are particularly dedicated to high step-up 
voltage such as the Rosen type transformer. These 
transformers are commonly used as a two-port network 
electronic component as a voltage converter or impedance 
adapter. It has also been used as a spark generator, 
comparable to the principle in the gas lighter which has been 
discovered and patented in   60’s.   Since   these   years,   many  
strides have been made in piezoelectric material synthesis, 
leading to strongly improve their electromechanical 
conversion properties. Consequently, for few years, other 
kinds of applications with piezoelectric transformers have 
appeared, by taking advantage of their permittivity as well 
as their dynamic polarization for plasma discharge devices.  

A remarkable demonstration is the atmospheric pressure 
argon plasma jet using a cylindrical piezoelectric 
transformer realized by Kim et al. [1]. The cylindrical 
transformer used in this device is a variant of the Rosen type 
transformer [2]. The obtained plasma discharge is a DBD 
(Dielectric Barrier Discharge), leading to the formation of 
plasma bullets in the argon flow passing through the 
transformer. The resulting plasma formation is issued from 
the high electrical potential on the electrode of the secondary 
part of the transformer. This high step-up voltage property 
can be achieved only by supplying the transformer at a 
frequency close to one of its mechanical resonance 
frequencies. 

Note that this is not the only way to use the piezoelectric 
transformer for plasma discharge generation. Indeed, 
considering that the high electrical potential is developed all 
along the surface of secondary part of the PT, the resulting 
electrical field may be sufficient to promote glow discharges 
in the surrounding gas. In this configuration, the secondary 
electrode can be simply removed and the PT considered like 
in open circuit condition (no load). The resulting 
architecture of a Rosen type transformer and parameters are 
shown on figure 1. 

  
Figure 1: Rosen type transformer architecture. 

The figure 2 shows the theoretical electrical potential 
surrounding a Rosen type transformer (cross view) when it 
is supplied at different frequencies, corresponding to its 
longitudinal resonant modes [3].  

As a consequence, depending on specific environment 
conditions (such as a convenient low pressure) and the PT 
supplied by voltage source close to one of the transformer 
resonant frequencies, the resulting surface electrical 
potential leads to the glow discharge in the surrounding gas. 
Obviously, the spatial-temporal patterns of the plasma 
discharges are strongly dependent on this voltage amplitude, 
the vibratory mode, the gas nature and pressure. Figure 3 
illustrates the experimental glow discharges (front view) 
obtained for the first three longitudinal vibratory modes in 
different gas pressure conditions. The first significant 
observation about this glow discharge experience is the low 
input voltage required (1.8V). Commonly, several hundred 
volts are necessary to promote a glow discharge even in so 
low pressure environment. This remarkable capability is 
issued from the high step-up voltage ratio of the Rosen PT, 
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especially when it is in open circuit condition. However, this 
open circuit condition must be carefully considered because 
the presence of glow discharge constitutes an equivalent 
nonlinear load. The open circuit condition can be reasonably 
considered before the ignition of the discharge. 

 

   
Figure 2: Electrical   potential   surrounding  Rosen  PT   in  λ/2  
resonant  mode  (a),  λ  mode  (b)  and  3λ/2  mode  (c)[3]. 

 

 
Figure 3 - Patterns of plasma glow discharges in function 
of the air pressure (front view).  

The glow discharges only occur in a specific range of 
pressure depending on the generator characteristics. Beyond 
an upper pressure limit, the electric field is insufficient to 
provide enough energy to the gas to ignite a discharge. 
Moreover, there is a lower limit below which there is not a 
sufficient free charge density to promote collisions and 
therefore to maintain a discharge. In the present 
experimental conditions, the lower and upper limits are 
respectively about 2 mbar and 40 mbar. 

 

Several characterizations of the plasma discharges have 
been investigated in order to reach a better understanding of 
the physical properties of this latter [3][4]. Meanwhile, few 
studies have been dedicated to the electrical behavior of the 
device during plasma discharge operation. Consequently, the 
following sections are dedicated to the electrical 
characterization of the Rosen PT used as a glow discharge 
generator. Firstly, experimental investigations are detailed, 
leading to discuss about the specific behaviors observed. 
Then, an electrical equivalent model is used to provide new 
elements of understanding of the voltage conditions 
necessary to ignite the glow discharges. 

2. Experimental investigations 
Because of the plasma glow discharge is distributed on 

the half surface of the transformer and the lack of the 
secondary electrode, no electrical measurements are 
available on the secondary side. Consequently, the electrical 
measurements can only be made on the primary side. The 
piezoelectric generator is supplied by high speed bipolar 
amplifier HSA4052 at frequency around 70kHz, 
corresponding to the first resonant frequency (λ/2  resonance 
mode). The electrical quantities measured are the primary 
voltage vp and the primary current ip. The device is placed 
inside a vacuum chamber and the pressure is fully controlled 
beyond the upper and lower limits of plasma discharge 
ignition. Additionally, it can be reasonably admitted that the 
influence of the acoustic impedance of surrounding gas is 
negligible whatever the pressure condition. 

First of all, the generator is supplied under pressure 
condition below the lower limit in order to evaluate its 
electrical behavior without plasma discharge. Thus, transfer 
functions of the input admittance are obtained and given on 
figure 4. Measurements are made around the resonant 
frequency with different input voltage values. In spite of the 
lack of plasma discharge, the electrical characteristics 
clearly demonstrate a nonlinear tendency, depending on the 
voltage amplitude. 

 
Figure 4 - Admittance transfer functions obtained at 
0.5 mbar. 

It may be noted that the transfer function only describes 
the frequency evolution of the fundamental part of the input 

(a) 

(b) 

(c) 
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admittance |Yp|. Consequently, the harmonic part of the 
admittance is consciously omitted in the study. 

Based on the observations of figure 4, it appears a drift 
of the resonant frequency toward the lower frequencies, an 
abrupt transition and an amplitude decreasing with the 
increase of input voltage amplitude. The common linear 
admittance characteristic is only obtained for the lowest 
input voltage amplitude. Additionally, the anti-resonant 
frequency is not affected by the voltage variation. Finally, 
the transfer function in up- and down- frequency sweep 
demonstrates a hysteretic behavior (not depicted here). 

Actually, this behavior is well known and it is especially 
obvious in device with low vibration damping [5]. In the 
present case, the no output load condition and the weak 
mechanical damping coefficient promote this nonlinear 
behavior. In [6-7], it is attributed to the high mechanical 
vibration amplitude and modeled by considering additional 
square and cubic terms in the piezoelectric constitutive 
relations.  

Now that the reference admittance profile is described, 
the influence of the plasma glow discharge can be discussed. 
A campaign of admittance measurements is undertaken 
under different air pressure conditions and voltage 
amplitude. Some selected curves are shown on figure 5, 
figure 6 and figure 7.  

 
Figure 5: Admittance measurements at 5.6mBar air pressure. 

 
Figure 6: Admittance measurements at 10mBar air pressure. 

 
Figure 7: Admittance measurements at 40mBar air pressure. 

The different observations about the admittance 
measurements are itemized as follow: 

 An additional nonlinear appearance is obvious close to 
the resonant frequency, 

 The discontinuity of the transfer function coincides 
with the discharge appearance, 

 The phase diagram is also strongly affected by the 
discharge, 

 The higher the voltage amplitude, the wider the 
frequency range of the discontinuity is, 

 For the lowest voltage amplitudes and beyond a 
pressure value, the admittance characteristics become 
identical to those on figure 4, corresponding to the 
discharge extinction. 
 

Because the electrical behaviors appearing during the 
plasma glow discharge are non-linear and complex, no 
interpretation is possible between the ignition and extinction 
frequencies, in any case based on this admittance 
characterization method. However, according to these 
observations, it can be considered that the glow discharge 
manifestation is bounded by two singular frequencies; the 
ignition frequency fignit and the extinction frequency fext. 
These singular values depend on the voltage amplitude, the 
gas pressure and most likely on the gas nature. When the 
convenient voltage and pressure conditions are not met to 
generate a plasma discharge, the transfer function is not 
affected and identical to the reference one presented in 
figure 4. 

The ignition and extinction frequencies are finally 
collected in function of the voltage amplitude on figure 8, 
figure 9 and figure 10 for the different pressure conditions. 
Moreover, the measurements are done in up- (SU) and 
down- (SD) frequency sweep and lead to following 
comments: 

 Firstly, it is obvious that the frequency evolution is 
quite linear with the voltage amplitude, 

 The presence of glow discharge is delimited by a 
triangular area in these frequency-voltage frames, 
centered on the resonance frequency, 

 It clearly appears that this area is reduced with the 
pressure increasing, 
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 Moreover, the area is truncated with the pressure 
increasing, meaning that the voltage amplitude is 
insufficient to meet the ignition condition, 

 The ignition frequency is different according to the up- 
and down- frequency sweep, and it does not correspond 
to the extinction frequency.  

 Intuitively, we can consider that these frequency values 
coincide with the condition of a sufficient electrical 
potential to ignite the plasma discharge. 

 

Figure 8: Ignition and extinction frequencies in function 
of input voltage at 5.6mbar air pressure. 

 
Figure 9: Ignition and extinction frequencies in function 
of input voltage at 20mbar air pressure. 

 
Figure 10: Ignition and extinction frequencies in 
function of input voltage at 40mbar air pressure. 

 

By considering the characteristics on figure 5, it appears 
that the presence of the glow discharge conceals the 
nonlinear behavior observed on figure 4. Indeed, this remark 

relies on the superposition of admittance curves below and 
beyond to the discharge frequency range, contrary to the 
observation on figure 7.  

From this acknowledgment, it can be considered as 
acceptable to use the classical linear modeling of 
piezoelectric transformer in convenient pressure condition.  

3. Modeling approach 
The objective is to verify if the ignition and extinction 
frequencies coincide with a specific value of the electrical 
potential. To this goal, the electrical equivalent circuit is 
used.  Basically, the electrical behavior of the Rosen type 
PT is approximated by an electrical equivalent circuit when 
it is used in convenient linear operating conditions. As seen 
above, it is not the present case due to the simultaneous 
nonlinear influences of the low vibration damping and the 
plasma discharge. Nevertheless, this linear approximation 
can be acceptable in convenient experimental conditions i.e. 
between 5mbar to 40mbar air pressure condition. 
 
The simplified electrical equivalent circuit is shown on 
figure 11. It is composed of parallel components on the 
primary side, a serial RLC branch corresponding to the 
mechanical resonant equivalent behavior and an ideal 
conversion ratio . The superscript (1) indicates that the 
elements correspond to the first longitudinal vibratory mode. 
 

 
Figure 11 – Electrical equivalent circuit of  a piezoelectric 
transformer. 

Note that the equivalent components on the secondary part 
are not considered as usually. Indeed, the lack of secondary 
electrode and the high length of the secondary part allow to 
neglect its electrical influence. Moreover, consequently to 
the lack of secondary electrode, it is inappropriate to 
consider the existence of an output voltage vS(t). It can be 
considered as a fictive quantity describing the maximal 
electrical potential on the secondary part. 
Because the interesting points are the ignition and extinction 
frequencies which mark out the validity of the linear 
assumption, it is necessary to express the output voltage in 
function of frequency. The voltage gain |G| is expressed 
in (1). 
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S, Q, Qm are the serial resonance pulsation, the 
electrical quality factor and the mechanical quality factor 
respectively. 

Considering the infinite impedance of the secondary 
part, the electrical quality factor Q is null. Equation (1) is 
simplified, leading to the expression (2) according to the 
reduced pulsation x. 
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The solution of equation (2) gives: 
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If the mechanical quality factor Qm is high (low 
vibration damping), the equation (3) can be simplified as 
follows: 
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where P is the parallel resonant frequency. 

Finally, if the fraction in the root square is small 
compared to unity, the frequency relation in function of the 
output voltage can be approximated as follows; 
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It comes a proportional relation to the primary voltage 
amplitude vP and inversely proportional to the fictive 
secondary voltage amplitude vS. Because it is intuitive to 
consider that the glow discharge is ignited for a peculiar 
value of the electrical potential (at least for a given pressure 
and gas), then the ignition value of vS can be considered as a 
constant. In this case and according to (5), the ignition 
frequency varies linearly with the primary voltage 
amplitude. This demonstration is in accordance with the 
frequency-voltage frames shown on figures 8, 9 and 10. The 
same argument is valid for the extinction frequency. 

Another way of discussion is to simulate the fictive 
output voltage in function of the frequency and the input 
voltage. These simulations are obtained from the linear 
electrical equivalent circuit previously presented in figure 
11. The parameter values are obtained by a conventional 
experimental identification method (impedance analyzer). 
The ignition and extinction frequencies are  drawn on the 
voltage characteristics on figures 12, 13 and 14 and lead to 
obtain the output voltage values. The mean voltage values 
are also represented. Note that the characteristics drawn 
between the ignition and extinction voltage values are 
absolutely not insured because it is beyond the validity of 
the linear assumption. 

It clearly appears that the ignition and extinction output 
voltages are constant, especially on figure 12 and 13. It is 
more questionable on figure 14. It can be reasonably 

attributed to the influence of the non linear behavior 
observed in figure 7 and it also demonstrates the limit of 
validity of this simplified approach. 

 

Figure 12: Ignition and extinction output voltages at 
5.6mBar air pressure in up- (left) and down- (right) 
frequency sweep. 

 
Figure 13: Ignition and extinction output voltages at 20mBar 
air pressure in up- (left) and down- (right) frequency sweep. 

 
Figure 14: Ignition and extinction output voltages at 40mBar 
air pressure in up- (left) and down- (right) frequency sweep. 

It clearly appears that whatever the frequency sweep, the 
ignition voltage is still higher than the extinction voltage. It 
coincides with the required conditions for a plasma ignition 
of any gas. It is noticeable that for crescent pressure 
condition, the voltage amplitude must be much higher and 
for the lowest input voltage configurations, the maximum 
output voltage cannot meet the ignition condition. 
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4. Conclusions 
This paper was about the preliminary electrical 

characterization of a piezoelectric plasma discharge 
generator. The Rosen type transformer was placed in low 
pressure environment condition, relieved of the secondary 
electrode and supplied around a resonant frequency. It has 
led to the generation of a glow plasma discharge distributed 
along the secondary part of the transformer. 
The preliminary experimental campaign has relied on the 
admittance measurements with frequency sweep, 
highlighting the different origins of nonlinear behaviors. In 
spite of the simplicity of this approach, several observations 
have been done and have led to use the electrical equivalent 
circuit up to its limit of validity. By the way, it has been 
demonstrated that the plasma ignition is due to a sufficient 
electrical potential distributed on the secondary 
piezoelectric element. If this preliminary study has 
demonstrated the behavior in frontier of the plasma 
discharge condition, future works must be dedicated to the 
dynamic behavior during the plasma discharge. 
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Abstract 
In this paper the investigation of couplings between metallic 
cables facing to the electromagnetic (EM) near-field (NF) 
radiated by 2D/3D configurations of elementary EM dipoles 
is presented. A sincere attempt has been made to evaluate 
the 3D equivalent component models as of 2D models. The 
NF coupling voltages across the cables is obtained by 
considering the 2D and 3D dipoles radiation with a hybrid 
method. This 2D/3D dipoles concept is particularly 
important for the modeling of electronic circuit emissions at 
high frequencies. To validate the hybrid method, few 
configurations are tested and validated. Here two 
configurations are presented. First one is with a metallic 
wire having cm-length above the ground plane disturbed by 
the EM-near-waves from the electronic circuits in 
proximity. For that, we model the EM radiation of the 
disturbing electronic circuits and then, apply the hybrid 
method to evaluate the coupling voltages induced through 
the wires. By considering the radiations around hundreds 
MHz, we demonstrate that the hybrid method proposed 
enables us to generate voltages in good agreement with the 
simulations performed with the commercial tools. In the 
second, analyses made with a 3D-model coil self for the 
wide band from 0.1 GHz to 0.5 GHz generates once again a 
good correlation between the terminal voltages of the wire 
using hybrid method. The results are in good accordance in 
each other in the proposed method; hence this hybrid 
method with equivalent 3D dipole can be utilized for the 
study of radiated coupling. 
 
Keywords: Near-field (NF) coupling, multi-dimensional 
dipoles, electromagnetic (EM) radiation, EM compatibility 
(EMC), hybrid method. 
 

1. Introduction 
The complex integrity of electronic cards that are included 
in embedded systems is increasing particularly in the 
automotive and aeronautical domain.  Due to high level of 
integration, systems integrate electronic components and 
cables together in the proximity. Hence the analysis of 
electromagnetic compatibility (EMC) and electromagnetic 

interference (EMI) issues is gained limelight of recent 
researchers in the field. This study has become of part of the 
design stage itself [1-7]. The radiation of electronic 
components and its effect on the cables have been discussed 
in the recent literature [8-15]. In the study of radiation of 
components, cables of a board IRSEEM laboratory 
developed a near field test bench [16-18], to estimate the 
fields; radiated electromagnetic measurements can be 
performed with a near field bench. Near field measurements 
are used to locate the region of high or low fields radiated by 
a board and to evaluate the shielding efficiency locating 
faults in a metallic cable. Also and also an inverse-method 
modeling method based on the optimization of equivalent 
sources constituted by EM elementary of dipoles capable 
reproducing the same radiation as the disturbing elements 
[19-24]. 
To investigate the EMC effect on such systems, the 
electronic team of IRSEEM laboratory proposes various 
methods for conducted and radiated emission, and also 
immunity [25-27]. A part of research conducted in IRSEEM 
involved radiated emission and radiated immunity, 
separately. The study of radiated emission and radiated 
immunity in both education and research is extensive.  
Due to this, an examination of metallic wires susceptibility 
is conducted vis-à-vis the EM radiation in the RF frequency 
range is described. 

From the literatures it is understood that the existing 
works on this EMC radiated susceptibility subject were 
mainly based either on the radiated far-field interaction on 
the wires [28-32] or the coupling between EM NF caused by 
the elementary dipoles [33-37]. Hence there is a need of a 
new methodology capable of capable of calculating radiated 
coupling. In the following sections we describe our proposed 
methodology in dealing with complex structure of metallic 
cables and electronic component. 
This paper is organized in three main sections. In the First 
section cable immunity study with 2D and 3D dipoles along 
with the ground plane setup is discussed. It is based on the 
association of the emission model and also the coupling 
model induced on the metallic wires by using the analytical 
formulae established in [28]. Second section investigates the 
complex structure of metallic wire with the ground plane 
and the induced voltages are calculated at the terminals as 
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introduced in [43]. The third section is discussing the 
electronic structure in the calculation of radiated coupling. 
The last section is the conclusion. 
   

2. Metallic cable immunity facing to the 2D/3D-
dipoles radiation NF radiation and style 
 
It is necessary to investigate the conducting coupling 

for the immunity of the power electrical system [38-41]. As 
a general application of this proposed hybrid method, we 
also investigated some comparisons with the PEEC method. 
For that, it seems necessary to consider multi-dimensional 
elementary dipoles as it represents more realistic structures 
for example in three dimensions. Hence, it becomes 
essential to validate the hybrid method with the radiating 
structures as 2D or 3D dipoles. To do this, we realized 
analysis of 2D and 3D dipole radiations. 

 

2.1.  Analysis of 2D and 3D dipole radiations 

With 2D configuration, the radiating dipole elements 
cannot be integrated in PEEC model. For this reason, we 
established the equivalent 2D and 3D models as depicted in 
Figure 2 generating the same EM NF radiations.    

 

  
Figure 2: Representation of 2D and 3D dipoles [39]. 

 
 

2.1.1. Comparison and validation of 3D dipoles in the 
radiated coupling 

To understand the radiation of the 2D and 3D dipoles, we 
have considered these elements as radiating source placed 
above a ground plane. In order to validate the equivalent 
design setup of 3D-dipole, the following cases are studied 
and the EM field generated by 2D and 3D dipoles placed 
over a ground plane is analyzed and tabulated. The objective 
is to find a 3D equivalent structure which radiates the same 
field of 2D dipole. The results have been validated for 2D-
dipole [42-47]. The studied structures are given as follows. 
In this section, the simulation parameters are kept constant 
throughout the studies for which the current source 
amplitude was varied between 0.1 A and 0.4 A, the 
operating frequency is between 100 MHz and 2 GHz.  

 

2.1.2. Representation of 3D dipole  

To realize 3D dipoles, three cases of configurations were 
considered. 
 

- Case 1: Figure 3 represents the configuration considered. 
Dipole made of copper, with only one face excited and other 
faces are constituted by copper. 
 

 
Figure 3: Design of 3D dipole in HFSS. The dipole is placed 
at 1 mm above the ground plane 
 
Case 2: Figure 4 illustrates the top view of case 2 of the 3D 
dipoles configuration. Here, the dipole made of copper, with 
only one face excited but other 3 faces are current sources. 
 
 

 
      
Figure 4: Top view of the 3D dipole. The four red circles 
show the faces excited with currents. Only one face is 
excited (x 1) and others do not act as sources. 
 
Case 3: Figure 5 represents the top of view of the case 3 of 
the 3D dipole investigated. The dipole made of copper, with 
all faces excited. 
 
 
 
 
 
 
 
 
Figure 5: Top view of the 3D dipole. The four red circles 
show the faces excited with currents. All the faces are 
excited (x 1). 
 

2.2.  Analysis with 3D full wave simulation 

The design structure shown in Figure 5 was simulated with 
the 3D EM standard software HFSS on changing only the 
dipole for various cases (Case 1 – Case 3). Figure 6 shows 
the comparison of the Electric field simulated from the 2D 
dipole and Case 1 and Case 2 of 3D dipole. 
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x 0 
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x 1 

x 1 



3 
 

 
Figure 6: Comparison between 2D and Cases 1 and 2 of 3D 
dipole. 
 
From the results and comparison between these three types 
of configuration, it is observed that 3D dipole Case 2 
components are almost equivalent to the 2D dipole 
configuration. The Ex field component lies around 2.7 kV 
for both 2D and 3D dipole of Case 2 and Ey falls around 
0.26 kV and Ez falls around 6.9 kV. With the results 
obtained, we understand the 3D dipole made of copper with 
ports in all faces is a compatible model. As illustrated in 
Figure 6, we see that all the field components of the 3D 
dipole are approximated 4 times that of the 2D dipole. It is 
also observed that we have excited 4 faces and scaling down 
the 3D dipole by a scaling factor of 4, we observe that the 
system equal to 3D dipole Case 2 and the results are 
matched with 2D dipole. 
 

 
Figure 7: Comparison between 2D and 3D dipoles (Case 
3). The 3D-scaled plot is the same as the 3D_AF (Case 
3), but scaled by a factor of 4. 

 

2.3. Study of different configurations of elementary 
dipoles and the metallic wire    
In this study we observed that 3D dipole made up of copper 
with current ports excited on one face is a compatible of 2D 
dipole and this model can be used for further study. 
 

 
Case 1: Dipole placed at the centre of the cable 
The objective of this study is to find V(0) and V(L) using the 
2D dipole and 3D dipole equivalent model. Figures 8 
represent the simulation with the 2D dipole. The cable of 
length 8 mm, radius 0.1 mm is places 2 mm above the 
ground plane and the dipole is placed at the centre of the 
cable and above the ground plane, in the z direction. 
 

 
Figure 8: Case of one 2D dipole placed in the centre of the 
cable.  
 
The centre of the dipole is situated at 1 mm above the 
ground   plane.   The   cable   is   terminated   with   50   Ω   at   the  
source and load ends. The comparison of simulations results 
of the coupling effect between the 3D dipole and the cable is 
shown in Figure 9. From the figure we understand that 2D 
dipole and 3D dipole results are in good accordance with 
each other. As 2D dipole V(0)  starts from 1.59 V and V(L) 
also starts from 1.59 V and ends both at 1.62 V. Similarly 
for the 3D dipole, V(0) starts from 1.63V and V(L) 1.69V. 
The relative errors between the two results are plotted in 
Figure 10. As the error on 2D and 3D lies between 4% and 
6% which is in tolerable level, it is understood that the 
equivalent 3D dipole can be used for PEEC and related other 
studies. 
  

  
Figure 9: Comparison between 2D and 3D dipole placed at 
the centre of the cable.  
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Figure 10: Relative absolute error (%) between 2D and 3D 
dipole. 

 
Case 2: Two dipoles placed symmetric to each other with 
respect to the x-axis 
 
The above setup is used to analyze the symmetrical between 
the two 2D and two 3D dipoles and which is placed above 
the ground plane   and   terminated   with   50   Ω at the ends. 
Figure 11 shows the two 2D dipoles above the ground plane 
and at an angle of 45 degree on both sides towards the centre 
and both are excited with the same current. Similarly, Figure 
12 shows the 3D dipole setup on the same setup of 2D 
dipole. 
 
 

 

 
Figure 11: Two symmetric 2D dipoles used as the source of excitation. 
 

 
Figure 12: Two symmetric 3D dipoles used as the source of excitation. 
  
 
The following figure displays the comparison results of the 
coupling voltage generated from the 2D and 3D dipoles. 
From the results it is evident that V(0 ) and V(L) of both 2D 
and 3D dipoles are in accordance with each other and the 
relative error rate also calculated and tabulated which is less 
than 6% as illustrated . 
 

 
Figure 13: Comparison between the source and load 
voltages between 2D dipoles and 3D dipoles.  
 

 
Figure 14: Relative absolute error (%) between 2D and 3D 
dipoles.  
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3. Validation of the proposed Hybrid Method with 
complex structures of cables  

The hybrid method presented in this paper was also 
validated with realistic concrete structure. The following 
subsections present the results obtained. Here the 
complexity of the electric cable form is also taken into 
account. 

 

3.1. Complex structure metallic wire in the projected L 
shape 

To demonstrate the field of validity of the hybrid method 
understudy, a complex configuration is considered. For that 
we modified the wire shape as explained in Figure 15. We 
recall that in this case the physical characteristic of the wire 
are kept the same as previously. Whereas the geometrical 
parameters (d = 100 mm, h0 =20 mm, hL =30 mm, Δh =10 
mm) are changed as illustrated in Figure 15(a).  
 

With this structure, we once again proceed with the hybrid 
method based on the modeling of the NF radiation 
associated with the analytical method for evaluating the 
coupling voltages. Therefore, we realize the results 
established with the hybrid method summed up in Table 1 
which are compared with those generated from full-wave 
simulations. We can see that a good similarity between the 
two results is found with this case of complex configuration. 
 

40 mm
Face view

100 mm

40 mm

h
L

200 200h
0

Profile view
d/2 d/2

h

h
0

 
(a) 

 
 

(b) 
Figure 15: Profile and face views (a) and HFSS design (b) 
illustrating the configuration considered with complex form 
wire [43]. 
 

xp VHFSS(0) VHFSS(L) Vhybrid(0) Vhybrid(L) 

13 mm 208 mV 220 mV 180 mV 268 mV 

14 mm 210 mV 225 mV 181 mV 275 mV 

15 mm 214 mV 231 mV 183 mV 283 mV 

16 mm 217 mV 237 mV 205 mV 289 mV 

17 mm 219 mV 243 mV 223 mV 297 mV 

Table 1: Comparison between the coupling voltages 
generated at the extremities of the wires obtained with full 
wave computation and the hybrid method proposed for the 
configuration shown in Figure15 [43]. 

4. Validation of the proposed Hybrid Method with 
complex structures of cables   

 
In this subsection, we considered a radiating device 
constituted by the self-coil described in Figure 16. This 
latter is comprised of a self coil structure with core material 
having permittivity and permeability equal to unity. This 
radiating device is placed at the proximity of the metallic 
wire as illustrated by the HFSS design shown in Figure 16. 
In this case, the terminal loads are equal to Z (0) = Z(L) = 
200 Ω. Figure 17 indicates the geometrical parameters of the 
whole structure (a = 25 mm, b = 9.3 mm, r = 1.5 mm, d = 
100 mm, xp =19 mm). The different views explain how the 
radiating device was placed according to the reference axes. 
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Figure 16: 3D design of the considered radiating circuit [43]. 

 
By exciting the radiating coil structure with a sine wave 
signal with power Pin = 1 W and with frequencies varied 
from f1 = 100 MHz to f2 = 500 MHz, we determine the 
coupling voltages at the terminations of the wire in the same 
way as in previous cases with the hybrid method developed. 
To do this, we first compute the electric-NF horizontal 
component and the magnetic-NF component of the EM-field 
radiated in the area delimited by the wire surface and the 
vertical axis   on   its   extremities.   Then,   the   Taylor’s  
formulations were used to predict the coupling voltages 
desired. As results, we obtain the graphs depicted in Figure 
17. It indicates the comparison of full-wave HFSS 
simulations and the results from the hybrid method. 
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Figure 17: Geometrical description of the configuration based on the wire associated with a 3D-radiating element formed by a 
coil self. 
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Figure 18: Comparison of coupling voltages induced with the hybrid method proposed and from HFSS [43]. 
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5. Conclusions 
  
This paper demonstrated the possibility of utilization of 2D 
and 3D dipoles as perturbation sources in the calculation of 
radiated coupling. A synthetic methodology based on the 
combination of the EM-NF radiation model and the 
analytical susceptibility formulation is introduced. 
Analytical methods are only valid if the radiating source is 
situated above the wires and not for the case of the radiating 
source placed below the wire which can be found in most of 
real applications.  Moreover, it is very difficult also to 
estimate the coupling with purely analytical approach when 
the perturbation sources are placed close to the cable. 
 
To address these limitations, the proposed hybrid method is 
being dealt with different configurations and the first section 
explains the advantage of investigating with complex 
structures of cables which is important in the real time 
applications. It has been investigated with the configuration 
shown in section 3.1 and the results obtained are in good 
accordance with full wave simulation and the proposed 
hybrid method. In the section the self coil is investigated in 
the MHz range and the results obtained from hybrid method 
and with full wave simulation and the results are in less than 
10%. Hence the proposed method is capable of addressing 
cable immunity related to automobile applications 
successfully. Further it can be integrated with the PEEC 
method which is being developed in IRSEEM and can be 
validated along with measurement setup [48-50].  
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Abstract 
This paper presents a calculation method of time-domain 
electromagnetic (EM) near-field (NF) maps from the 
frequency dependent data. The method established enables 
to establish the time-dependent NF emitted by electronic 
structures excited by arbitrary wave form transient 
perturbations and frequency NF map data. The mechanism 
of the methodology is explained in details. This method is 
based on the combination of the fast Fourier transform and 
inverse fast Fourier transform (FFT/IFFT) with the 2D 
space domain data. For the validation process, the proposed 
method routine was performed with Matlab programming. 
Then, comparison of the ultra-short duration transient 
magnetic NF radiated by a planar microstrip device is made 
owing to the ultra-short current with time duration lower 
than 20 ns. The magnetic NF radiated by a planar-
microstrip device simulated with a standard 3D EM 
simulator was analyzed. As expected, the computation 
results with the method proposed is well correlated to the 
simulations. This method developed in this paper is useful 
for predicting the transient EM radiations emitted by 
electrical/electronic systems due to the electromagnetic 
interference (EMI) perturbations in the power electronic and 
RF/digital circuits. 
 
Keywords: Near-field (NF) emission, transient 
perturbations, electromagnetic compatibility (EMC), FFT, 
time-frequency method. 
 

1. Introduction 
 
Due to the complexity increase, the electromagnetic 
compatibility (EMC) and electromagnetic interference 
(EMI) characterization cannot be neglected during the 
design process of modern high-speed electronic equipment 
architectures [1-2]. This characterization seems necessarily 
to be more deeply deepened in particular for investigating 
the near-field (NF) radiations [3-7]. The NF modeling 
constitutes one of crucial steps of the reliability and the 

safety of the new electronic products. Accurate modeling 
method of the electromagnetic (EM) emission in near-field 
zone becomes one of electronic engineer designer and 
researcher most concerns [6-9]. To avoid the doubtful issues 
related to the EM coupling, this analysis seems 
indispensable for the modern RF/digital electronic boards 
vis-à-vis the increase of the integration density and the 
operating numerical data-speed which achieves nowadays 
several Gbit/s [1][9]. In this scope, the influence of time-
domain EM-radiations at high RF-/microwave-frequencies 
especially, in near-field remains an open question for 
numerous electronic engineer designers. In fact, the current 
and voltage commutations in the non-linear electronic 
devices such as diodes, MOSFETs and also the amplifiers 
can create critical undesired transient perturbations [10-11]. 
Such electrical perturbations are susceptible to generate 
transient EM-field radiations which need to be modeled by 
the electronic design and manufacture engineers.  
 
In practice, only the frequency-modeling of EM-radiation is 
not sufficient for the representation of certain EM-transient 
phenomena notably when the source of perturbation 
behaves as short duration flash pulse-wave. In fact, it is not 
enable to precise the eventual instant time and the intensity 
peak of the EM-pulse. That is why the time-domain 
representation is particularly essential for the infrequent and 
ultra-short duration wave emission analysis. 
 
In order to investigate more concretely these unwanted 
time-domain perturbations, different modeling and 
measurement techniques dedicated to the characterization of 
EM-near-field were recently introduced and published in 
the literature [11-22]. Furthermore, there are several EM-
solvers integrated in the commercial simulation tools for the 
determination of the EM-field radiations by the 
RF/microwave devices especially in frequency domain [23-
28]. In fact, the computation method of the EM-field 
becomes systematically more and more complicated when 
considering the electronic device operates with UWB base 
band signals. Despite the recent investigations conducted on 
the FDTD method [12][14], the accuracy of the 
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computation results with these time-domain commercial 
tools remains difficult to use for the case ultra-short 
duration transient near-field analyses. In addition, more 
practical techniques [15-17] have been also introduced in 
particular for the measurement of the EMI in the electric- 
and electronic- systems. But compared to the existing 
frequency measurement techniques, they are not practically 
sufficient because the limitations either in terms of space-
resolution or electro-sensitivity or simply the calibration 
process. So, the reconstruction of the accurate cartographies 
of time-dependent EM-waves in near-field is still an open 
challenge. 
 
As aforementioned and discussed in [9-10], the EM-
transient analysis is particularly important for the immunity 
prediction of mixed or analogue-digital components 
constituting the high-speed electronic boards regarding the 
eventual radiations of high power electrical circuitry as the 
case of neighboring hybrid electric vehicle propulsion 
systems.  
 
To assess such an EMC effect, as reported in [29], the 
electronic circuit designers working on analogue/mixed 
signal (AMS) subsystems have preferred software tools 
such as SPICE, while those working on RF/microwave 
front-end components have tended to manipulate S-
parameters frequency-domain design and simulation tools. 
By cons, currently, one needs the fusion of the both 
approaches as AMS engineers are required to make further 
analysis on the critical components by using the adequate 
EM simulation tools. This constitutes one of improvement 
techniques in the area of EMC applications. In this optic, 
the modeling of mixed component EM-near-field emission 
becomes one of the crucial steps before the implementation 
process. Therefore, the major issue can be caused both in 
frequency- and time-domains should be forecasted. For this 
reason, the purpose of this paper is focused on the time-
domain EM-near-field calculation from the frequency-
dependent data.  
 
To cope with this limitation, one proposes in this paper, an 
efficient computation method based on the transform of 
wide bandwidth and base band frequency-dependent data 
for the determination of the transient EM-near-field 
mapping. Of course, in order to take into account the 
transient radiation specific to the expected use cases, an 
adequate excitation signal should be considered. This 
excitation is usually defined according to certain technical 
parameters (amplitude, temporal width, variation speed, 
time-duration…)   which   qualifies   the   undesired   disturbing  
signal susceptible to propagate in the emitting circuits. 
Then, the fast Fourier transform (fft) mathematical 
treatment of the assumed disturbing signal synchronized 
with the given discrete frequency-dependent data in the 
adequate frequency range enables to determine the transient 
wave radiation mapping. 
 
 

2. Description of the time-frequency computation 
method understudy 

 
The methodology of the investigated time-frequency 
computation method is illustrated in detail in this section. To 
do this, the theoretical approach including the routine 
algorithm is presented. 
 
The Fourier transform is well known as a relation enabling 
to transform the data sampled in time-domain into 
frequency-domain. With numerical computation, the Fourier 
transform is usually implemented as an instruction defined 
by fast Fourier transform (FFT). Its inverse calculation 
process is performed by the function called inverse fast 
Fourier transform (IFFT). In this paper, we will extend these 
functions to reconstitute the time-dependent magnetic NF 
maps Hx,y,z(t) radiated by an electronic device from the 
frequency components Hx,y,z(f) according to any excitation 
undesired currents or voltages for the EMC applications 
[30]. 
 

2.1. Theoretical approach of the investigated time-
frequency computation method 

For the beginning, let us consider the time-dependent plot of 
the arbitrary wave form signal x(t) represented in Figure 1. 
This signal is considered as the excitation of the electronic 
structure tested. As indicated in this figure, the sampled data 
corresponding to this test signal is supposed and discretized 
from the starting time tmin to the stop time tmax with time step 
equal to ∆t.  
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Figure 1: Example of time-dependent plot of transient 
excitation signal. 
 
It means that the number of time-dependent samples noted 
as n is equal to: 
 













t
ttn minmaxint ,   (1) 

 
with the function int(α)  generates the lowest integer number 
greater than the real number α.  
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By definition, we can determine mathematically the 
frequency-dependent spectrum of i(t) as a complex number 
denoted as: 
 

 )()( kk tifftfI  ,   (2) 
 

where tktk   and  nk 1 .In this expression, the 
variable kf represents the sampling frequency of the 
spectrum data. These frequencies can be extracted from the 
sampling time parameters by the following expression. 
 

fkfk  ,    (3) 
 

with  nk 1  and f is the step frequency which is 
determined by the relation below. 
 

minmax

1
tt

f


 ,   (4) 

 
In order to operate with arbitrary transient excitation signal, 
the frequency spectrum magnitude needs to be normalized 
as a complex coefficient. For this reason, 0I  is assumed as a 
harmonic component sinusoidal current necessary for 
generating the electric or magnetic field spectrum )(0 fH , 
the harmonics of the input current can be normalized with 
the following complex coefficients in function of the 
frequency: 
 

 
0I
fIc k

k  ,    (5) 

 
This normalization is illustrated by spectrum representation 
in Figure 2 [30].  
 

 
Figure 2: Extraction of the frequency spectrum coefficients 
from the excitation signal spectrum. 
 
For the base band applications, it is interesting to note that 
the starting frequency fmin must be equal to the frequency 
step Δf. In this scope, the spectrum value can be 
extrapolated linearly to generate the DC-component of the 
excitation signal. According to the signal processing theory, 
the DC-component of the ultra-short transient signal is 
negligible at very low frequency band. So, the extrapolation 

operating will not change the calculation results. The upper 
frequency fmax must belong in the frequency bandwidth 
containing higher than 95% spectrum energy of the 
excitation signal. 
 
Once, the frequency spectrum coefficients are defined, the 
time-dependent NF data corresponding to the transient 
current signal can be carried out by convoluting the 
frequency coefficients ck and the frequency-domain field 
data. The routine process will be presented in detail in the 
next subsection.  
 

2.2. Computational process of the proposed method 

The computation method proposed in this paper can be 
generally summarized in two steps. After extracting the 
frequency spectrum coefficient kc from the transient 
excitation signal i(t) as explained in the previous subsection, 
we will focus on the convolution between frequency 
spectrum coefficient and the frequency electric and magnetic 
field data. 
 
Let us denote  fzyxH ,,, 0  the frequency dependent 
magnetic field recorded in the plane 0zz  above the 
considered radiating electronic device as highlighted by 
Figure 3. 
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Figure 3: Representation of the magnetic NF scanned in the 
plane placed at height z0 above the radiating device. 
 
The frequency EM field data  fzyxH ,,, 0  can be obtained 
by measurement scans or numerical computation by 
simulations. In this case, it is very important to emphasize 
that the frequency EM field data  fzyxH ,,, 0  needs to be 
synchronized with the specific frequency interval 
 maxmin , ff of the transient excitation signal i(t) and the 
frequency step f . As presented in Figure 3, the magnetic 
NF time-dependent data  tzyxH ,,, 0  is generated by the 
device under test excited by the current i(t). As argued 
above, the magnetic NF data  tzyxH ,,, 0  can be 
determined with the IFFT with the convolution product of 
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the frequency coefficient kc and the frequency dependent 
NF data  fzyxH ,,, 0  via the following equation: 
 
     fzyxHciffttzyxH k ,,,,,, 00  , (6) 
 
To reconstitute the time-domain results, the imaginary part 
of the data  tzyxH ,,, 0  is not necessary. Therefore, the 
desired time-domain results are obtained with the 
expression: 
 

    ),,,(,,, 00 tzyxHealtzyxH  ,  (7) 
 
where the function Real(α) represents the real part of the 
complex number α. The routine process of the proposed 
computation method is presented in Figure 4 [30]. This 
working flow is performed with different operations in order 
to provide the time-domain EM NF radiated by the device 
under test with arbitrary transient excitation signal i(t).  
 
 

 

START

Definition of the excitation signal
i(t) 

Extraction of the time interval 
parameters

tmin, tmax and Δt 

Calculation of the frequency 
range

fmin=Δf=1/(tmax-tmin)
fmax=int[(tmax-tmin)/Δt]×Δf

Calculation of the excitation 
signal spectrum with FFT function

I(k×Δf)
 from fmin to fmax

Determination of the frequency 

dependent EM field E,H(k×Δf)
according to the frequency range

Determination of the normalized 
excitation coefficients

ck=I(k×Δf)/I0

Calculation of the frequency 
spectrum of the transient EM 

field

ck× E,H(k×Δf)

Calculation of the real transient 
EM field by IFFT

E,H(t)=Re{IFFT[ ck× E,H(k×Δf)]}

END

 
Figure 4: Routine process of the time-frequency computation method proposed. 

 
 

 
 

To validate the investigated method, a Matlab program has 
been implemented according to the algorithm described in 
Figure 4. 
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3. Validation results 
 
To get further insight about the feasibility of the 
computation method proposed, the analysis of transient EM 
NF wave emitted by an example of microwave device were 
carried out. The proof of concept was designed with the 
standard 3-D EM tools HFSS from ANSYSTM for 
generating the frequency-dependent data used for the 
determination of transient magnetic NF. Then, the standard 
computational tool CST MWS was employed to generate 
the reference magnetic NF mappings in time-domain. 
 

3.1. Description of the perturbation signal considered 

In order to highlight the influence of the wave form and the 
transient variation of the currents supposed propagating on 
the electronic structure under test, the considered short-
duration pulse excitation current i(t) is assumed as a bi-
exponential form analytically defined as: 
 

 )()( 21 
tt

M eeIti


 ,   (8) 
 
with the parameters τ1 and τ2 are real time-constants. The 
numerical application was made by taking the current 
amplitude IM = 1A and the time-constants τ1 = τ2/2 = 2 ns. In 
this case, we evaluate the bandwidth of the perturbation 
signals as ω95% ≈  3.07  Giga-rad.s-1.  
 
Figure 5 displays the transient plot of this excitation current. 
We can see that the time interval range was defined from tmin 
= 0 ns to tmax = 20 ns. The sampling current i(tk) was made 
with the time step ∆t = 0.2 ns. 
 

0 5 10 15 20
0

0.1

0.2

time, ns

i(t
), 

A

 
Figure 5: Transient plot of the considered excitation current 
i(t). 
 
Figures 6 represent the variations of the perturbation current 
frequency spectrum. 
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Figure 6: Frequency spectrum of i(t): (a) magnitude and (b) 
phase. 
 
As illustrated in Figure 6(a), this base band signal presents a 
frequency bandwidth of about fmax = 2 GHz. In this 
frequency band belongs more than 95% of the spectrum 
excitation signal energy. The calculated data 

)]([)( tifftfI  implies the frequency coefficient values of 
i(t) according to the definition expressed in (5) as described 
earlier in subsection 2.1. 
 

3.2. Design of the structure under test 

As a concrete proof of concept, a low-pass Tchebychev filter 
implemented in planar microstrip technology presented in 
Figures 7 was designed. This electronic structure presents 
geometrical dimensions Lx = 74 mm and Ly = 50 mm. The 
3D representation is displayed in Figfure 7(a). Its layout top 
view including the geometrical dimensions is represented in 
Figure 7(b).   
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(a) 

 
(b) 

Figure 7: (a) 3D design with HFSS and (b) top view of the 
CST design of the low-pass microstrip filter under test. 
 
This prototype device was printed on the FR4-epoxy 
substrate having relativity permittivity εr = 4.4, thickness h = 
1.6 mm and etched Cu-metal thickness t = 35 µm.  
 
After simulations of this Tchebychev filter, the results of the 
next subsections are obtained. 
 

3.3. Validation results 
This subsection is divided in two paragraphs. The first one 
presents the reference results of the time-domain magnetic 
NF data simulated from the EM 3D software CST MWS 
with the pulse current presented in Figure 5. The last one is 
the results of the computational method applied to the 
frequency dependent data obtained from HFSS by 
considering the same excitation signal plotted in Figure 5. 
 

3.3.1. Time dependent simulation results from CST MWS 

By simulating this low-pass filter excited by the current 
shown in Figure 5 with CST MWS in the time interval range 
delimited  by tmin = 0 ns and tmax = 20 ns step ∆t = 0.2 ns, one 
gets the magnetic-field plots shown in Figures 8. These 
results correspond to the magnetic NF emission in the 
horizontal surface plane placed at the height z0 = 6 mm 
above the metallic plane of the circuit under test and taken at 
the arbitrary instant time t0 = 2 ns. It results the 

cartographies of the magnetic field components displayed in 
Figures 8. These magnetic NF components were mapped in 
the horizontal plane delimited by -38mm < x < 38mm with 
step ∆x = 2 mm and -24mm < y < 24mm with physical space 
step ∆y = 2 mm.  
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Figure 8: Cartographies of transient magnetic field 
components radiated by the circuit shown in Figure 5: (a) 
Hx, (b) Hy and (c) Hz computed from CST mapped in the 
horizontal plane equated by z0 = 6 mm.. 
 

3.3.2. Time-dependent results from the calculation 
method understudy 

After simulation performed with HFSS in the frequency 
range starting from fmin = 0.05 GHz to fmax = 2.5 GHz with 
step ∆f = 0.05 GHz, one gets the cartographies of magnetic 
field component magnitudes displayed in Figures 9. These 
maps correspond to the numerical data mapped in the same 
horizontal plan as previously (z0 = 6 mm). These maps were 
taken at the frequency f = 1 GHz. These HFSS computation 
frequency-dependent data Hx(f), Hy(f) and Hz(f) were 
employed for the determination of the time dependent data 
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Hx(t), Hy(t) and Hz(t) regarding the transient input current 
plotted in Figure 5. So that by application of the 
computation algorithm summarized earlier in Figure 4 of 
subsection 2.2, one gets the cartographies of the magnetic 
NF, depicted in Figure 10 at the arbitrary instant time t0 = 2 
ns. Despite the slight difference between the Hz(y)-plots 
from the proposed method and the CST-computation, one 
remarks that once again, a very good correlation between the 
magnetic field components computed from the standard EM-
tool CST and those obtained with the developed method in 
the vertical cut-plan equated by x = -5mm is demonstrated in 
Figure 10. 
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Figure 9: Cartographies of frequency-dependent magnetic 
NF components radiated by the circuit shown in Figure 5: 
(a) Hx, (b) Hy and (c) Hz computed from HFSS at f = 1 GHz. 
 
The presented computation results reveal the efficiency and 
the utility of the proposed method for the case of elementary 
magnetic dipoles and also by considering the EM-radiation 
of realistic use case electronic devices.  
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Figure 10: Cartographies of magnetic NF components 
obtained from the proposed method and regarding the 
simulated frequency-dependent data from HFSS: (a) Hx, (b) 
Hy and (c) Hz. 
  
 

4. Conclusions 
 

A computation method of the time-dependent magnetic NF 
radiated by electronic devices perturbed by ultra-short 
duration transient currents is successfully presented in this 
paper. It is based on the exploitation of the frequency-
dependent mapped magnetic NF data regarding the 
perturbation pulse current operated with fft-calculations [30]. 
The methodological analysis was made by taking into 
account an arbitrary form of the transient pulse signal 
exciting the considered emitting radiation source. It was 
explained how the frequency-bandwidth of the frequency-
dependent base band EM-field must be chosen according to 
the considered excitation current. 
 
In order to demonstrate the relevance of the developed 
method, it was implemented into Matlab and applied to the 
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treatment of the magnetic NF radiated by concrete electronic 
structures. So, the feasibility of the method was 
demonstrated through the determination of transient 
magnetic NF from the frequency-dependent one emitted by 
the low-pass planar microstrip filter. The excitation current 
was assumed as an ultra-short transient pulse having half-
bandwidth lower than 5 ns which presents a base band 
frequency spectrum with bandwidth of about 2 GHz. As 
results, very good agreements between the transient 
magnetic NF component cartographies obtained from the 
proposed method and those directly calculated from the 
referential formulations was found out.   
 
The introduced time-domain near-field computation method 
is beneficial in terms of: 
 Simplicity of the determination of EM NF maps 

according to the ultra-short duration transient 
excitation. So it offers a new process of time domain 
treatment of near-field data.  

 It is flexible for various types of excitation signal 
which can be expressed analytically and also from the 
realistic use case of disturbing signal. 

 It can be adapted also to different forms of electronic 
structures.  

 With base band measured data in ultra wide 
bandwidth, one can achieve significant EM-field 
measurement in very short time duration. 

However, its main drawback is the limitation in terms of 
time step which depends on the frequency range of the 
considered initial frequency-data. 
 
In the next step of this work, we envisage to use this method 
to transpose in time-domain the modeling of EM-radiation 
with the optimized association of elementary dipoles 
developed in [4][5][7] for investigating the microelectronic 
structure NF emissions. 
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Abstract 
This article develops a computational method of 
electromagnetic (EM) near-field/near-field (NF/NF) 
transform in the time-domain for investigating the 
emissions of electronic structures perturbed by arbitrary 
form transient signals. The method proposed is aimed to the 
determination of the transient NF radiation at certain 
distances away from a given 2D NF map by using the plane 
wave spectrum (PWS) transform. The routine methodology 
of the computational method proposed is explained in 
details. To validate the NF/NF computational method 
proposed, a proof of concept based on a microstrip planar 
circuit was designed and simulated with a commercial EM 
tool. By considering a transient pulse current with some ns 
width, the EM NF maps at some mm above the simulated 
circuits were generated. Then, comparisons between results 
obtained with the method proposed and simulations are 
performed. A very good correlation between the behaviors 
of the EM NF from the NF/NF method and simulations is 
confirmed. This method is useful for the prediction transient 
EM emitted by complex structures for the EMC application.  
 
Keywords: Near-field/near-field (NF/NF) transform, 
computational method, electromagnetic compatibility 
(EMC), transient EM radiation, plane wave spectrum 
(PWS).    
 

1. Introduction 
Facing to the unceasing development of electronic 
technology, the modern systems integrate more and more 
different hybrid functions in a confine space. For this 
reason, the electromagnetic interference (EMI) becomes an 
important malfunctioning source of various types of 
electrical and electronic equipments [1-8]. In this scope, the 
electromagnetic compatibility (EMC) characterization 
according to the standard requirements needs to be taken 

into account during the design process [9-13]. Up until now, 
one of the most complicated EMC problems is caused by 
the undesired near-field (NF) coupling effects [1][14-23]. In 
addition, the determination of EM NF map is one of 
efficient ways to predict the EMI source in order to assure 
the reliability and safety of new electronic products [20-22]. 
So, measurements techniques and modeling methods of the 
NF emitted by electronic systems were developed [15-23]. 
To investigate the influence of these unintentional NF 
emissions, susceptibility and immunity analyses were also 
realized [24-32].  
Nevertheless, most of EMC NF characterizations are 
usually carried out in frequency-domain [1][14-23]. 
However, as the operating data speed achieves currently 
several Gbits/s with millions of transistors switch 
simultaneously, the frequency-domain radiating EMC 
characterization seems to be insufficient. In this case, the 
time-domain EMC analysis and modeling can be necessary 
to identify EMI perturbations. Till now, in our knowledge, 
few investigations have been done for the time-domain 
modeling of the EM radiated emissions [33-45]. 
Furthermore less research works have been made on the NF 
analyses in time-domain. 
That is why we are motivated to propose the present method 
of the NF/NF transform. This method was proposed first in 
frequency-domain [46] and then applied in time-domain for 
the case of the EM elementary dipoles [47]. Theories on the 
transient radiation of dipoles are presented in [48-54]. The 
principle of this method is mainly based on the plane wave 
spectrum (PWS) transform associated with the fast Fourier 
transform as introduced in [55-60].  
This article focus on a space-time computation method 
enabling to map the EM NF in a plane situated at a certain 
distance of the given 2D NF data in time-domain as 
proposed recently in [61-64]. The calculation is based on 
the plane wave spectrum (PWS) theory combined with the 
FFT. First, we will introduce the methodology. Then, 
validation results will be given to demonstrate the 
feasibility of the technique with a concrete device. 
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2. Presentation of the near- field / near-field 
transform in time domain 

The near-field extraction method proposed in this article is 
based on the PWS theory combined with the plane wave 
propagation properties and the time-frequency transform. 
The methodology of the investigated computation method is 
detailed in this section. The theoretical approach is 
illustrated in the first subsection. Then, the calculation 
routine is represented by the working flow chart in the 
second subsection.  Finally, validation results are presented 
in the next section.  

2.1. Theoretical principle of the NF/NF extraction 
method proposed 

In this section, the theoretical principle of the time-domain 
NF extraction method is introduced in detail. To do this, let 
us begin with some recall on the PWS theory.   

2.1.1. Recall on the PWS theory  

The PWS theory is known as an efficient method to 
decompose any field as a sum of plane waves propagating in 
different directions. It is widely used for predicting the 
electromagnetic radiation for EMC application.  
By definition, any electric or magnetic fields in the 
rectangular coordinate system (Oxyz), the EM field 
vectors ),,( 0zyxE  and ),,( 0zyxH  can be decomposed as a 
sum of its PWS components, which are respectively given 
mathematically by the following formulas. 
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As we can see, the PWS transform is very similar to the 2D 
Fourier transform. It can be implemented easily by the 
function of the 2D fast Fourier transform (FFT2) and the 
inverse 2D fast Fourier transform (IFFT2) in Matlab. So 
that, the inverse PWS (IPWS) transform is given by the 
formulas below.  
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In the considered coordinate system Oxyz, the wave vector 
can be decomposed with the unit vector  zyx uuu ,,  as the 
following expression. 
 

xzyyxx ufkufkufkfk )()()()(  ,  (3) 
 
In the frequency-domain, the module of the wave vector 
which is also called the wave number can be written as the 
equation below. 
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with 
f
cf )( , the propagating wavelength at the 

frequency f , where c is the light speed in the certain 
medium. 
The PWS operation consists in the decomposition of the 
planar EM-field in its 2-D spectrum similar to fast Fourier 
transform known with the instruction fft2 of the Matlab 
language. Thus, the properties of the plane wave 
propagation can be applied to the 2D EM field after the 
PWS transform. The extraction technique proposed in this 
article is based on the combination of the plane wave 
property with the PWS transform. 
Let us denote that ),,( dzyxE  and ),,( dzyxH  the electric 
and magnetic field the height dzz  above the radiation 
source. Therefore, their PWS can be finally written as 
follows: 
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and the electric or magnetic field can be carried out by 
using the inverse PWS transform: 
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The principle of this NF/NF transform by using the PWS 
theory is also illustrated by Figure 1. 
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Figure 1: Principle of the NF/NF transform proposed. 
 

 

2.1.2. Routine algorithm of the time-frequency 
computation method 

It is important to note that the PWS theory can be applied 
only in the frequency-domain. In this article, the electric 
and magnetic field recorded in time-domain must be 
transported into the frequency-domain.  The classic 
transform between the time- and frequency- domain is the 
Fourier transform.  

So, first, we need calculate the frequency-domain field data 
from the given time-domain field data by using the function 
FFT in Matlab program. Then, after the NF/NF PWS 
transform, we apply the inverse Fourier transform to the 
obtained frequency-domain field data in order to achieve 
the time-domain field at the different height. 
Figure 2 explains the different steps of the transform 
understudy. 
 

 

 
 

Figure 2: Different steps for extracting the EM field at different heights. 
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2.2. Flow method of the NF/NF transform technique  

The theoretical approach is clearly introduced in the 
previous section. In order to implement the investigated 

computation method, the working flow chart summarizes the 
proposed method to several steps, shown by Figure 3. 
For further study, a Matlab program was realized with the 
algorithm in Figure 3 in order to validate our proposed 
extraction method. 
  

 

START

The time-dependent EM field data given at 
a certain height z=z0 above DUT

E,H(x,y,z0,t)

Extraction of the geometrical parameters

Lx,Ly,z0,Δx and Δy

Calculation of the wave vector
kx,ky and kz 

Determination of the temprol interval

tmin, tmax and Δt
Calculation of the frequency range

fmin, fmax and Δf

Extraction of the frequency EM field at z=z0 
by FFT

E,H(x,y,z0,f)

Calculation of the PWS transform
Pe,Ph(kx,ky,f)z=z0

Calculation of the PWS at different height
Pe,Ph(kx,ky,f)z=zd =Pe,Ph(kx,ky,f)z=zdexp[-jkz(zd-z0)] 

Extraction of the frequency field at z=zd by IPWS
E,H(x,y,z0,f)=IPWS[Pe,Ph(kx,ky,f)z=zd]

Determination of the time-dependent field at 
z=zd by IFFT

E,H(x,y,z0,t)=IFFT[E,H(x,y,z0,f)]

END
 

Figure 3: Routine process of the near-field/near-field transform in time-domain. 
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3. Validation results 
This section is depicted on the application of the routine 
process established in Figure 3. For that, we considered the 
EM NF field emitted by an arbitrary shape microstrip 
device. We point out that the study is based on the 
simulations performed with the standard commercial 3D 
simulation solver CST Microwave Studio and the Matlab 
program. 

3.1.  Description of the device under test 

First, a microstrip circular resonator displayed in Figure 4 is 
designed as the device under test in order to verify the 
feasibility of the method understudy. The resonator is based 
on an Alumine substrate with relative permittivity 10r .  
 

 
Figure 4: Overview of the microstrip circular resonator. 
 
This circular resonator is fed by the via port with the 
transient current presented in Figure 5. This excitation 
transient current i(t) as a Gaussian signal modulated 1.25 
GHz sine carrier. 
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Figure 5: Transient plot of the considered excitation current 
i(t) and the frequency spectrum I(f). 

 
To validate the method proposed in this article, comparisons 
of different results were made between the CST Microwave 
simulation and the computation method proposed. 

3.2. Comparisons between different results 

The comparisons of different EM field components are 
illustrated by the following figures. 
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Figure 6: Comparison of Ex at z = 4.05 mm obtained by CST 
simulation and the proposed computation method. 
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Figure 7: Comparison of Ey at z = 4.05 mm obtained by CST 
simulation and the proposed computation method. 
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Figure 8: Comparison of Ez at z = 4.05 mm obtained by CST 
simulation and the proposed computation method. 
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Figure 9: Comparison of Hx at z = 4.05 mm obtained by CST 
simulation and the proposed computation method. 
 
From these figures, one can see the almost very good 
agreement can be found between the cartography of the 
different time-domain electric or magnetic field components 

achieved by the CST simulation and our proposed PWS 
method. 
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Figure 10: Comparison of Hy at z = 4.05 mm obtained by 
CST simulation and the proposed computation method. 
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Figure 11: Comparison of Hz at z = 4.05 mm obtained by 
CST simulation and the proposed computation method. 
 
However, some difference can be figured out, they might be 
caused by the numerical errors during the calculating 
process. 



7 
 

For further study, the profile comparisons along a line in the 
plane are displayed by the figures below. Once again, the 
good correlation can be easily found. 
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Figure 12: Comparisons of the eclectic field components 
profiles obtained from the proposed PWS computation 
method and the CST simulation, detected in the vertical cut-
plan x = 15.3mm. 
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Figure 13: Comparisons of the magnetic field components 
profiles obtained from the proposed PWS computation 
method and the CST simulation, detected in the vertical cut-
plan x = 15.3mm. 
 

4. Conclusion 
A computational method of the NF/NF transform in time-
domain is presented in this article by using the PWS theory 
associated with the FFT. The fundamental principle of the 
method is established. The proposed method was validated 
by studying the EM NF radiated by a microstrip device. 
 
First, the theoretical approach of the investigated method is 
given. This method is based on the combination of   the 
PWS theory associated to the plane wave propagation 
property. To apply these principles to the time-dependent 
field data, the time-frequency transform is obviously 
necessary and realized by the fast Fourier transform. Then, 
the methodology of this NF/NF transform was illustrated 
and summarized in several steps by the working flow chart. 
The algorithm of the proposed method was implemented by 
a Matlab program. At the end, to get further insight of the 
feasibility of this method, the transient near-field radiation 
of a microstrip circular resonator was studied by using the 
3D simulation software. The validation of the method 
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proposed was carried out by comparing the electric and 
magnetic field components obtained from the simulation and 
the NF/NF transform proposed. As expected, the good 
correlation between them was found. 
The time-domain NF/NF transform method developed in 
this article is useful for predicting the NF radiation at a 
certain position. One can apparently apply this method to 
simplify the near-field emission modeling or measurement 
in time.  Thus, in the prospects, we plan to extend this 
method for the EMC applications as introduced in [65] 
based on the time-frequency NF calculation algorithm 
developed in [66]. 
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Abstract 

Nondestructive imaging of dielectric targets with metallic 
inclusions is discussed in this paper. The proposed approach 
is based on the solution, by means of the distorted-wave 
Born approximation, of the integral equations of the inverse 
scattering problem. Preliminary experimental results are 
reported. They have been obtained by applying the 
developed reconstruction procedure to scattering data 
provided by a prototype of an imaging system working at 
microwave frequencies with a tomographic arrangement.  

1. Introduction 

This paper deals with nondestructive testing (NDT) 
techniques for inspecting dielectric materials. In the last 
years, nondestructive and noninvasive methods and systems 
have acquired an ever growing importance in a lot of 
applications, including industrial, civil, medical, and 
military fields. As it is well known, several techniques, 
based on different basic principles (e.g., ultrasounds, X-
rays, and so on) have been successfully applied and 
continuously improved and ameliorated by research groups 
working in several different countries around the world.  
In this scenario, a very promising approach is represented 
by the use of electromagnetic techniques, especially those 
based on microwaves [1]-[41]. In fact, microwave signals 
are potentially able to directly retrieve the distributions of 
physical parameters of the structure under test (SUT), e.g., 
the distributions of the dielectric permittivity and electric 
conductivity, starting from measures of the electromagnetic 
field collected outside the inspected body. Such 
measurements can be usually achieved by probes which are 
not in direct contact with the SUT.  
Moreover, quite cheap imaging systems can be developed at 
microwave frequencies, since the required apparatuses are 
similar to those usually employed in telecommunication 
networks. Finally, they also allow for safe diagnoses, since 
microwaves are non-ionizing radiations and low-level 
powers are usually sufficient for accurate inspections of 
penetrable materials.  
However, despite the potential significant advantages over 
other more consolidated techniques, most microwave NDT 
approaches exhibit some limitations that still prevent a wide 
application and commercial diffusion. In particular, the 

relationship relating the dielectric properties of the materials 
composing the SUT to the measured samples of the 
scattered electromagnetic field is difficult to invert since it 
is a nonlinear and usually strongly ill posed [42]. 
Consequently, complex and computationally expensive 
approaches must be devised in order to obtain accurate and 
reliable reconstructions in real environments. Significant 
computational times are also serious limiting factors for 
applications requiring a real or quasi-real time processing. 
In this paper, an inverse scattering method based on the 
numerical solution of the integral equations (in their 
nonlinear form) relating the scattering target to the 
measured values of the electric field [1] is proposed.  
The nonlinearity of the problem is addressed by iteratively 
linearizing the scattering equations by means of the 
distorted-wave Born approximation [43], whereas the ill-
posedness of the considered inverse problem is dealt with 
by using an efficient regularization method based on the 
truncated Landweber method [44]. 
The electric field data are collected by using a prototype of 
an illuminating/measuring system working at microwave 
frequencies, which has been developed in [45]. This 
imaging system allows inspecting a SUT positioned on a 
rotating platform made by a weakly scattering material. The 
apparatus can collect multi-illumination multiview data at 
different heights by means of a couple of transmitting and 
receiving antennas. These antennas can be moved all around 
the SUT. The transmitted wave and the samples of the 
scattered electric field are obtained by using a vector 
network analyzer (VNA). 
This paper reports examples of reconstruction results 
concerning the nondestructive inspection of dielectric 
targets with metallic inclusions. To retrieve the positions 
and shapes of the inclusions inside the SUT, the 
reconstruction of the distribution of the electric conductivity 
is necessary. As it is well known, retrieving the electric 
conductivity distribution of an inhomogeneous target is 
usually considered much more difficult than retrieving the 
distribution of the dielectric permittivity [1].  
However, the possibility of locating metallic inclusions 
inside dielectric objects is quite appealing in several 
industrial applications, e.g., in the wood industry [46], 
where undesired metallic objects can compromise the 
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industrial process and may also damage the machinery used 
in that application.  
The paper is organized as follows. Section 2 provides a 
description of the adopted imaging configuration. 
Moreover, in the same section, the reconstruction procedure 
is outlined, too. The prototype of the microwave tomograph 
is briefly described in Section 3, whereas Section 4 reports 
some preliminary experimental results concerning quite 
complex targets containing metallic inclusions. Finally, 
some conclusions are drawn in Section 5. 

2. Imaging configuration 

The developed imaging system is able to reconstruct the 
distributions of the dielectric properties of horizontal slices 
of the SUT. Essentially, it works under tomographic 
imaging conditions. The related configuration can be thus 
schematized as shown in Figure 1. 
A transmitting (TX) antenna is successively positioned in  
different locations  ,   1,… ,  . The TX antenna 
generates a set of known -polarized incident waves, whose 
electric field vectors can be expressed as 

,   , ,  (1) 

where  is the working frequency. It should be noted that 
the proposed approach do not require plane wave 
illumination of the SUT. 
 

 
Figure 1: Schematic representation of the imaging 
configuration (top view). 

 
The SUT interacts with the impinging electric field. We also 
assume that the SUT has a cylindrical geometry, with the 
cylindrical axis directed along a direction parallel to the 
electric field vectors of the incident electric field (i.e., the  z 
axis).  
Moreover, the dielectric properties are assumed to be 
independent from the z coordinate, i.e., 

  ,  

  ,  
(2) 

being   and   the dielectric permittivity and the electric 
conductivity, respectively. 

From the above hypotheses it result that the resulting total 
electric field is -polarized, too, and it can be written as 

,   , , 
 , ,   , ,  (3) 

In equation (3), , ,  is the scattered electric field, 
which is a mathematical quantity taking into account the 
effects of the interactions between the incident electric field 
and the SUT.  
In the considered approach, the total electric field resulting 
from such interactions is measured, for any location of the 
transmitting antenna, by a receiving (RX) antenna 
successively positioned at 	points, which are indicated by 
, ,   1,… , ,   1,… ,. 
From a mathematical point of view, the relationship between 
the measured total electric field and the dielectric properties 
of the SUT can be modeled by using a Lippmann-Schwinger 
equation, i.e., 

, , 
 , , 

  !"
#

4 % &', '
(

', ', )"
#!"*+'+' 

(4) 

where !"  ,"-"  is the free-space wavenumber (being 
"  and -"  are the dielectric permittivity and the magnetic 
permeability of the vacuum, respectively). In equation (4), 
the contrast function is defined as  

&,   ,  .  , 
"

. 1 (5) 

where )"
#  is the Hankel function of zero-th order, and 

second kind, and *  , . '#   . '#. 
The imaging procedure is aimed at retrieving, starting from 
the measured samples of the total electric field collected in 
 0  measurement locations, the contrast function, which 
contains the information about the unknown distributions of 
the dielectric properties. Consequently, equation (4) is 
discretized (by using pulse basis function to represent the 
unknowns) and computed at the measurement positions, 
leading to the following discrete equation 

  1diag6 (6) 

where  

  7
8

98,8
, 8,8

, :
⋮

<
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 , <,=
 , :

> (7) 

is an array containing the samples of the scattered electric 
field at the  0   measurement points. Moreover, in 
equation (6), the other arrays are defined as 
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and  

  7
8
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( , 8

(, 
⋮

<
@

(, @
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> 
(9) 

They contain the coefficients of the pulse basis functions in 
the B subdomains CD  in which the investigation domain is 
subdivided and the values of the total electric field inside 
them, respectively. Finally, matrix H is given by 

1 =  !"
#

4 7
ℎ8,8,8 … ℎ8,8,@

⋮ ⋱ ⋮
ℎ<,=,8 … ℎ<,=,@

> (10) 

where its elements are provided by the following relation  

ℎ,,D

= % &', '
(G

', ', )"
#9!"*,:+'+' (11) 

with *, = H9, − ':# + 9, − ':#
. 

It is worth noting that in equation (6) the array   is 
unknown. Consequently, a second equation is needed to 
solve the inverse problem. Such equation is obtained by 
applying (4) to points inside the investigation area. By using 
the same discretization adopted to discretize equation (6), 
one obtains  the following matrix relation 

 =  − Idiag6 (12) 

where 

 = 7
8

8
(, 8

(, 
⋮

<
@

(, @
(, 

> (13) 

is an array containing the values of the incident electric field 
inside the B subdomains CD. Moreover  

IJD =  !"
#

4 ?
K8,8 … K8,@
⋮ ⋱ ⋮

K@,8 … K@,@
A (14) 

is a matrix whose elements are given by 

K,D = % &', '
(G

', ', )"
#!"*+'+' (15) 

with * = ,D( − '# + D( − '#. 
Equations (6) and (12) are combined together in order to 
obtain the following nonlinear problem 

 = 1diag69L − Idiag6: (16) 

which needs to be solved in order to retrieve the contrast 
function 6. Once the contrast function has been obtained, the 
distributions of the dielectric parameters can be calculated 
by using equation (5). 
 

 
Figure 2: Flow chart of the inversion procedure. 

 
As previously mentioned, the above inverse problem is 
strongly ill posed. As a consequence, a regularization 
method must be applied to solve equation (16). 
In the developed system, in order to obtain more information 
from the available imaging configuration, a frequency 
hopping scheme [23] is also adopted, i.e., the inverse 
problem (16) is iteratively solved for several frequencies 
8 < # < ⋯ < O  and, at each frequency step, the 
solution obtained at the previous frequency is used as 
starting guess for the new inversion performed at the new 
(higher) frequency. 
For any frequency, the inversion is performed by means of 
an iterative procedure based on a Newton-type approach. In 
particular, equation (16) is linearized by computing the 
distorted-wave Born approximation (which coincides with 
the Frechét derivative of the non-linear operator in (16)) and 
an update to the current solution is obtained by solving, in a 
regularized way, the obtained linear equation. In the 
developed approach, the linearized equation is efficiently 
solved by means of a truncated Landweber algorithm. For 
completeness, a schematic representation of the inversion 
procedure is reported in Figure 2. 

3. Measurement system 

The samples of the scattered electric field are collected by a 
prototype of an illuminating/measuring system working at 
microwave frequencies [1-6 GHz] (Figure 3). The SUT is 
positioned on a platform made by a weakly scattering 
material, which includes the investigation area.  
Foam microwave absorbers surround the investigation area 
in order to minimize reflections due to the platform itself 
and to the motorized antenna actuators located underneath. 
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This is quite an important point and the effects of possible 
interfering signals have been accurately considered in [47].  
The system can collect multi-illumination multi-view data 
at different heights by means of a pair of antennas, one 
transmitting and one receiving. In this application which 
employs a frequency stepping procedure, wideband log-
periodic antennas with 8.5 dBi gain are used (Figure 4). 
Each antenna can independently be moved to the different 
illuminating/receiving positions and an additional degree of 
freedom is provided by the sample holder table, which can 
rotate around its own axis. All these movements are 
operated by servo-actuators.  
 

 

Figure 3: System block diagram of the prototype of 
microwave tomograph. 

 

 
Figure 4: Prototype of microwave tomograph [45]. 
Investigation area and transmitting and receiving 
antennas. 

 
The whole system is controlled by a PC running the custom 
software developed by the authors which is in charge of 
controlling the servos, the microwave hardware and 
obtaining the tomographic images.  
The microwave hardware consists of a vector network 
analyzer (VNA) operated in transmission mode, therefore 
providing the microwave source for the illuminating 
antenna and the signal processing chain for the scattered 
electric field picked up by the receiving antenna. In order to 

increase the system's immunity against external in-band 
noise sources, the VNA uses a digital IF input filter 
configured at 300 Hz. This experimental apparatus has been 
previously described in [45].  

4. Experimental results 

An example of the results obtained by using the developed 
system is reported in the present Section.  = 16 incident 
waves, generated by positioning the TX antenna at  

 = Q cos 2V 
 

 = Q sin 2V 
 

(17) 

with QX  730	, are used to illuminate the test area. 
\  25 frequencies uniformly distributed in the range 1-5 
GHz are considered. For any view, the scattered electric 
field is collected in   91 measurement points, uniformly 
located along a circular arc with an aperture of 270 degrees 
and a of radius Q  730	, i.e.,  

,  Q cos _2V 
  V

4  3
2V 

 . 1` 

,  Q sin _2V 
  V

4  3
2 V 

 . 1` 

(18) 

The investigation area is a square domain of side a 
0.248	 , which has been discretized into B  63 0 63 
square cells of side +  0.004	.  
The SUT is composed by a hollow wood beam with a 
rectangular cross section of 11.5	c 0 7.5	c  and an 
height of 50	c . A rectangular hole of size 5.5	c 0
3.5	c is present. Moreover, and a plastic object of section 
11	c 0 9	c and with the same height is also present. It is 
located in an adjacent position with respect to the wood 
slab. The plastic element has a rectangular hole of size 
5.3	c 0 3.0	c) and filled with sand. The cross section of 
the resulting “complex” target is shown in Figure 5.  
Furthermore, a cylindrical metallic inclusion with circular 
cross section is located inside the hole of the wood beam. 
The dielectric properties of the various parts composing the 
SUT are reported in Table 1. The conductivities of the 
dielectric materials have low values as compared with the 
one of the metallic inclusion, and thus are supposed to be 
negligible. 
The distributions of the dielectric properties reconstructed 
by the developed approach are shown in Figure 6 and 
Figure 7.  
In particular, Figure 6 provide the map of the relative 
dielectric permittivity of the investigation area, whereas 
Figure 7 shows the electric conductivity.  
In both cases, the reported results are those at the end of 
frequency hopping loop (i.e., for 5	d)). As can be seen, 
the reconstruction is fairly good. In particular, the image of 
the retrieved electric conductivity distribution allows us to 
locate and shape with rather good accuracy the metallic 
inclusion inside the hollow wood slab.  
As an example of the results that are obtained by using a 
smaller frequency range, Figure 8 and Figure 9 report the 
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distributions of the dielectric properties obtained when 
stopping the frequency loop at 2	d). In the present case, 
although some information about the SUT can be obtained 
from the permittivity image (Figure 8), the retrieved 
conductivity profile (Figure 9) is not sufficient to provide 
meaningful reconstruction about the metallic inclusion. 
 

 

Figure 5: The cylindrical sample under test. Wood, 
plastic and sand (with two holes and a metallic 
inclusion). 

 
Table 1: Objects’ dielectric properties. 

Object size [cm] Dielectric 
permittivity 

Hollow 
wood beam 

11.5 ! 7.5 ! 50  
(hole: 5.5 ! 3.5 ! 50) 

2.24 

Hollow 
sand box 

11 ! 9 cm ! 50  
(hole: 5.3 ! 3.0  ! 50) 

2.72 (plastic) 
3.36 (sand) 

Circular 
cylinder 

11 mm (diameter) Metallic 

 

 

 
Figure 6: Reconstructed distribution of the relative 
dielectric permittivity. e = 5	d). 

 

 
Figure 7: Reconstructed distribution of the electric 
conductivity. e = 5	d). 

 

 
Figure 8: Reconstructed distribution of the relative 
dielectric permittivity. e = 2	d). 

 

 
Figure 9: Reconstructed distribution of the electric 
conductivity. e = 2	d). 
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5. Conclusions 

A tomographic system for nondestructive testing of 
complex dielectric structures, especially developed for the 
inspection of wood slabs, has been considered in this paper. 
The system is essentially a prototype of microwave 
tomograph, which is able to collect multiview multi-
frequency scattered field data. The acquired data have been 
inverted by applying a reconstruction procedure based on 
the distorted-Born approximation and on an efficient 
regularization method.  
Some results concerning the reconstruction of dielectric 
objects with metallic inclusions have been presented. They 
show that the proposed approach, with a proper choice of 
the working frequency band, is able to provide quite 
accurate information about the presence of metallic 
inclusions. Moreover, their shapes and dimensions can 
retrieved quite accurately. 
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Abstract - Ferromagnetic microwires are investigated as fundamental components to generate 
metamaterials with double negative parameters. Electric and magnetic responses are, respectively, 
based on the finite conductivity and ferromagnetic resonance of the wires that in turn depend on 
their chemical composition. Tuning properties of several samples are investigated in terms of the 
composition of the alloy, the applied magnetic field and DC currents flowing through the 
microwires. The samples are measured and simulated in a waveguide environment and in a large 
microwave frequency range. 

 
During almost a decade, a huge amount of research has been devoted to the possibilities of controlling 

electromagnetic wave propagation in microstructured media, typically made from subwavelength inclusions. 
This broad area of research covering the whole spectrum from microwaves to optics has fueled the development 
and synthesis of the so-called metamaterials. More recently, attention has been paid to the use of magnetic 
materials taking advantage of their magnetic activity to design double negative media. In this case, solutions 
were initially based on the combined use of ferrites and metallic wire arrays. In this context, it has been recently 
confirmed that an array of conducting ferromagnetic microwires can provide a double negative response, [1, 2], 
with experimental evidence of left-handed or backward wave propagation in the microstructure. The 
ferromagnetic resonance (FMR) phenomenon in microwires, typically occurring at microwave frequencies, was 
previously studied in terms of material characterization, extraction of resonant permeability models or 
experimental investigation of resonating configurations.  

We have experimentally assessed a double negative propagation behavior in different prototypes made of 
single and multiple ferromagnetic microwires operating in different microwave bands from 8 to 18 GHz. The 
route using ferromagnetic inclusions permits one to increase the design capabilities with the use of the natural 
and tuneable magnetic response of a ferromagnetic material. Tuneability, a salient feature of this approach, is 
therefore addressed in from three points of view. It is showed that very large tuning bandwidths are achievable 
by properly polarizing the samples with an external magnetic field, also by varying the material composition of 
the wires forming the array, and finally by applying a DC current flowing through the microwires. 

In order to have a controlled measurement environment, and to avoid unwanted reflections, a waveguide 
mount has been preferred over a free space configuration. A hollow metallic waveguide is loaded with a number 
of wires in a row, centered with respect to the lateral walls and vertically oriented. Figure 1(a) shows a scanning 
electron microscope view of a sample microwire (glass coat partially removed). Different configurations with 
one and three wires have been analyzed in an experimental setup which is schematized in Fig. 1(b). 



 
FIG. 1. SEM image of a glass-coated microwire 

(top) and scheme of the measurement setup employed 
with vertically oriented microwires (bottom).  

  
FIG. 2. Transmission and absorption coefficients 

measured for a single wire sample with composition 
Co72.5Si12.5B15.

 
Figure 2 shows the measured parameters for a single wire structure with composition Co72.5Si12.5B15 varying 

the applied external static field Hdc. From the measured transmission (S21) and reflection (S11), the measured 
coefficient of power absorption Pabs is calculated as: 

2 2
11 211absP S S � �                   (1) 

Additionally, a DC current can be applied to the microwires by perforating the waveguide mount (see Fig. 1). 
We have analyzed that small DC currents circulating through the wires can be used as a tuning parameter, [3]. 
The DC current allows shifting the frequency at which the enhancement of the transmission response is found 
under external magnetic fields. Experimental results demonstrate that this tuning parameter generates an 
effective field along the wire axis that partially cancels and even quenches the externally applied static magnetic 
field. The tuning features of the studied structures are of great relevance in the metamaterial context, owing to 
the possibility of extending the operational bandwidths. 
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Abstract 
Low field microwave absorption (LFMA) has recently 
attracted attention as a sensitive method to characterize 
ferro- and ferrimagnetic materials. LFMA takes place at low 
fields (comparable to the total anisotropy field of the 
material) and it is clearly a non-resonant absorption process. 
It has been established that LFMA is directly associated with 
the magnetization from the unmagnetized state up to the 
saturation. In this paper, we present a brief analysis of 
LFMA and its equivalence with giant magnetoimpedance 
(GMI), by using the Poynting vector. LFMA is therefore a 
kind of GMI in the microwave frequency range, albeit in 
different measuring conditions. We present also LFMA 
applications in a variety of materials and phenomena in 
ferromagnetic glasses, such as the effects of stress on the 
magnetoelastic contribution to total anisotropy in glass-
covered microwires; in ferrites, we review the effects of the 
Verwey transition in magnetite, the Yafet-Kittel triangular 
arrangement in Ni-Zn spinels, and the effects on some 
nanostructured Ni-Zn ferrites. 

1. Introduction 
Low field microwave absorption (LFMA) has been 
reported in many materials, such as silicate glasses [1], 
high-temperature superconductors [2], and in magnetically 
ordered phases as glassy ferromagnets [3], and 
ferrimagnetic oxides [4]. LFMA is the result of the 
interaction between magnetic/electric dipoles with the high 
frequency electromagnetic radiation.  
In magnetic materials, it is centered on zero magnetic field, 
exhibits hysteresis, and occurs at applied magnetic fields 
well below the resonance conditions, which makes it 
clearly different from typical ferro-/paramagnetic 
resonance.  
It has been found that LFMA is directly related with the 
magnetization processes [4,5]; LFMA appears at the onset 
of magnetic ordering in many materials exhibiting a 
transition toward spin ordering, such as manganites [6,7]  
and small band gap insulators [8]. In this paper, we present 
a brief review of LFMA results and its relationship with 
giant magnetoimpedance (GMI) phenomenon. GMI is 
defined as the change in impedance in a magnetic 
conductor carrying a small AC electric current, when it is 
subjected to a constant magnetic field.  
 

2. Low Field Microwave Absorption and Giant 
Magnetoimpedance 

In order to establish a sound comparison between LFMA 
and GMI, the Poynting vector has been used [9]. The 
pointing vector, in its Abraham form can be written as [10]: 
 

P = E u H   (1) 
 

where E and H are the electrical and magnetic field vectors, 
respectively. P represents the directional energy flux 
density (the rate of energy transfer per unit area). In the case 
of a sinusoidal electromagnetic field, the time average 
power flow, P, is obtained through the real part of (1): 
 
  P = ½ ex (E u H*)   (2) 
 
ex is the real part of the operator and H* is the complex 
conjugate of the magnetic field. Since the impedance is 
defined as the ratio of electrical to magnetic field,  
 

Z = E / H  (3) 
 
and therefore,  
 

P = ½ H2 ex ;Z)   (4) 
 
For the case of very high frequencies (microwaves) where 
the skin effect is significant, the field, Hs, and the 
impedance, Zs, in the surface should be considered: 
 

Ps = ½ Hs
2 ex (Zs)  (5) 

   
The power derivative, that is the microwave absorption can 
therefore be expressed in terms of the surface impedance as: 
 

dPs/dH = (Hs
2/2) d ex  (Zs)/dH  (6) 

 
A direct comparison between LFMA can thus be made by 
taking the field derivative of impedance from GMI 
measurements, and comparing this results with LFMA 
measurements of the same sample (at the same 
temperature). This was performed for a Co-rich Fe alloy [9], 
as reproduced in Fig. 1, for GMI measurements at 60 MHz 
and 3 GHz, and LFMA measurements at 9.45 GHz. The  



2 
 

 
 
Fig. 1. Measurements in an amorphous ribbon of nominal 
composition (Co0.94Fe0.06)75B10Si15. a) longitudinal hystere-
sis loop at DC field, (b) and (c) numerical derivative of 
impedance measurements at 60 MHz and 3 GHz, and (d) 
LFMA signal at 9.45 GHz [9]. 
 
magnetic DC hysteresis of the sample was added in order to 
confirm that the critical points in coincide in all plots. The 
derivatives of GMI measurements were obtained 
numerically.  
 

-1000 -500 0 500 1000

260 K

dP
/d

H
 (a

.u
.)

HDC (Oe)

 

280 K

 

 

300 K

 

 

381 K

 

 

413 K

 

 

430 K

 

 
 
Fig. 2. LFMA as a function of temperature for 
Ni0.35Zn0.65Fe2O4 ferrites [11] 
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Fig. 3. Comparison of the calculated magnetocrystalline 
anisotropy from K1 data in a single ferrite crystal [12] with 
LFMA measurements in a ferrite with virtually the same  
composition, as determined from Fig. 2.  
 
Measurements of LFMA as a function of temperature in 
Ni0.35Zn0.65Fe2O4 ferrites are shown in Fig. 2 [11]. Note that 
the signal vanishes at 430 K (Curie point occurs at this 
temperature), and that the separation between maximum 
(left) and minimum (right) of the signal, which we call 
'HLFMA, decreases with temperature. In Fig. 3, it is shown a 
plot of ½ 'HLFMA. On the other hand, by using  
measurements of the magnetocrystalline anisotropy 
constant, K1, carried out on a single crystal in the 
temperature range 5 - 450K [12] it was possible to calculate 
the magnetocrystalline anisotropy as a function of 
temperature,  also plotted on Fig. 3. The agreement is very 
good, especially if we consider that the calculation from K1 
data involves only an estimation of magnetocrystalline 
anisotropy, while LFMA measurements are expected to 
depend on the total anisotropy of the sample.  
The direct mechanism of absorption in LFMA, to our 
knowledge, is not fully understood. In general terms, it is 
expected that the main absorption process depends on spin 
rotation under the influence of the microwave field hAC. 
Domain wall movements could not be expected to 
contribute directly to the microwave absorption, since their 
dynamics, as can be observed by the typical dispersion 
frequencies, are in the kHz range for metals, and in the tens 
of MHz for ferrites. We think however, that in bulk 
materials with large domains, domain wall displacements 
(under the influence of the DC magnetic field) are very 
important for LFMA since they modify the orientation of 
large spin volumes in the sample, thereby changing the 
absorption conditions.  
To our knowledge, the sign of LFMA signal has not been 
analyzed in detail. In most insulator cases, as in ferrites, it 
seems that it shows a maximum for negative fields and a 
minimum for the positive field section of the dP/dH vs. H 
plots, as in Fig. 2. This is the contrary for metals; as in Fig. 
1 (d), a minimum appears for negative fields, and a 
maximum for the other side of the field axis. Some recent 
results in ferrites seem to indicate that more than the 
electrical conductivity, it is the spin arrangement which can 
influence the morphology of the LFMA signal.  
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Fig. 4. LFMA measurement on the same ferrite than Fig. 2, at 
lower temperatures [11]. 
 
When LFMA measurements in the same ferrite of Fig. 2 are 
carried out at lower temperatures, a change in the sign of 
the LFMA behavior occurs; with a clearly opposite signal  
(minimum at negative magnetic fields, maximum at positive 
fields). At these temperatures, this ferrite has shown a 
change in the spin arrangement: as a consequence of the 
differences the thermal dependence in the superexchange 
interactions, the spins in the octahedral sublattice becomes 
comparable to interactions between tetrahedral and 
octahedral sublattice, and the antiparallel arrangement 
changes toward a triangular structure, first proposed by 
Yafet and Kittel [13].  
As LFMA depends on the total anisotropy of the sample, it 
is also affected by the its magnetoetlastic component. In the 
case of glass-covered microwires, GMI and LFMA 
measurements have exhibited a very good agreement to 
represent the strain state in such microwires as a function of 
the ratio of glass radius to total (glass + metal) diameter  
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Fig. 5. Anisotropy field as calculated from the effects of 
stresses on the magnetoelastic part of the anisotropy 
(continuous line), and deduced from LFMA (red open dots), 
and GMI (black full dots). 
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Fig. 6. LFMA in monodisperse NPs of Ni-Zn ferrite, at 77 
and 298 K [17]  
 
[14,15]. These strains arise because of the differences in 
dilatation coefficient between glass and metal. During their 
fabrication, the metal microwires are covered by molten 
glass; as temperature decreases toward room temperature, 
the metal section should undergo a larger contraction than 
the glass cover. As the latter prevents the metal to contract,  
it becomes strained by a tensile stress. Such stresses can be 
calculated [14], in very good agreement with both GMI and 
LFMA results.  
We finally review some recent results of LFMA 
measurements on ferrite nanoparticles, (NPs) in different 
aggregation states. Ni-Zn NPs in the 5-8 nm range can be 
prepared by the forced hydrolysis in a poliol method [16]. 
By playing with synthesis parameters, they can be prepared 
as monodisperse NPs, or in the form of clusters containing 
some tens to hundreds of NPs in the same size range [17]. 
LFMA on these samples showed clear differences. At room  
temperature, Fig. 6, monodisperse NPs exhibited a flat 
LFMA since they are superparamagnetic, and their behavior 
is closer to that of a magnetically disordered phase. 
Aggregated NPs, in contrast, showed a clear LFMA  
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Fig. 8. LFMA measurements in same sample as Fig. 7, at 77 
K [17]..  
 
corresponding to a ferrimagnetically ordered phase, as seen 
in Fig. 7.. At low temperatures (77 K), Fig. monodispersed 
NPs appeared as an ordered phase, as their blocking 
temperature (as measured by a fast varying experiment as 
microwave absorption) is above 77 K. Aggregated NPs at 
low temperature, Fig. 8, even shows some features which 
can be adscribed to the onset of the Yafet-Kittel triangular 
arrangement.  

3. Conclusions 
The basic mechanism underpinning LFMA is not yet fully 
understood, but at present, LFMA appears therefore as a 
powerful research and characterization tool, providing 
interesting results in a variety of materials and conditions.  
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Abstract 
Nonreciprocal transmission of microwaves along 
metasandwiches “bianisotropic layer – dielectric layer – 
ferrite plate” under conditions of ferromagnetic resonance 
excitation in ferrite plate is investigated theoretically and 
numerically. Obtained results confirm experimentally 
observed resonant nonreciprocal effects in metasandwiches 
with grating of double split rings. 

1. Introduction 
It was observed interesting effect of nonreciprocal 
transmission of electromagnetic waves along “ferrite plate-
grating of resonant elements” metasandwiches spaced in 
waveguides [1, 2] (hundredfold increase of nonreciprocity 
has been obtained as compared with the case of the grating 
absence) and in free space [2] where without a grating 
nonreciprocity is not quite observed. It was assumed that the 
observed effect is caused by the difference in the ferrite 
absorption of surface microwaves with different rotating 
senses of magnetic field, the microwaves being formed by 
the grating. In [3] the polarization of the magnetic field and 
dispersive characteristics of the surface waves formed by the 
bianisotropic layer were studied. Unlike [3] in this 
presentation we include a finite thickness ferrite plate in the 
system under consideration (Fig. 1). We investigate 
theoretically the transmission nonreciprocity taking into 
account the ferrite influence onto the surface waves and their 
dispersive properties. Similarly [3] we simulate a grating of 
resonant elements possessing magneto-electric interaction 
(e.g., split ring resonators (SRR) [4-6]) by a bianisotropic 
layer (BL). It is supposed that a bianisotropic layer matter 
possesses diagonal tensors of effective permittivity Ĥ  and 

permeability P̂  with unequal components İjj=İj and µjj=µj as 
well chirality’s tensors with nonzero components 

T
yz zyN N N  . A dielectric permittivity dH and a ferrite 

permittivity İf are isotropic, and ferrite`s tensor permeability 
elements are µ and aiPr , as usually [7]. To allow for 
dissipation of electromagnetic energy by a ferrite, let's 
assume that µ and µa are complex number.  

2. Surface waves and dispersion equation 
Consider harmonic waves propagating along the X-
direction: 
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Here Ȧ is a wave frequency, 0 0 0k Z H P , ' ''
xn n in �  is 

coefficient of slowing-down. Electric field is polarized in the 
Y-direction just as a magnetostatic field in nonreciprocity 
experiments.  
Using Maxwell equations and zero conditions for wave 
fields at infinity one can find dependences of wave 
amplitudes on transverse coordinate z: 
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Figure 1. Metasandwiches investigated experimentally (a) and theoretically (b) 
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- in ferrite layer at  d z d f� � �  
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- in vacuum at z d f! �  

 

� �
� �

� �

1 2
0 0

1 2
0 0

1 2
0 0

exp ,

exp ,

exp .

x

z x

y

H ip A k pz

H n A k pz

E A k pz

P

P

H

� �

� �

� �

 �

 �

 �

 (6) 

In (2) - (6) we have introduced parameters  
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for vacuum, bianisotropic medium, ferrite, and dielectric, 
respectively. In (7) it is denoted  

 2 2 2
b a,y zn H P N P P P PA �  � . (8) 

Accounting for conditions of continuity of electric and 
magnetic field's tangent components at the borders of 
vacuum-bianisotropic medium (at z b � ), bianisotropic 
medium-dielectric (at z=0), dielectric-ferrite (at z d ), and 
ferrite-vacuum (at z d f � )  one can find set of equations 
for amplitudes Ar , b,f

,c sA , d
,ch shA . 

From requirement of consistency of these equations the 
dispersion equation ( ) 0D Z   follows. In the simplest case 
when there are not an air gap and any dielectric spacer the 

determination ( )D Z is of sixth order and its nonzero 
elements are 
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Using (2) – (6) one can find that the wave’s energy 
attenuates as 0exp( 2 " )k n LrB  where upper and lower signs 
relate to waves with energies transferred along and against 
the X–axis, respectively. Here L is the metasandwich length. 
The attenuation nonreciprocity per unit length can be 
defined as � �'' ''

02k n nG � � � . 
Transposition of the ferrite and the bianisotropic layer is 
represented by inversion of signs before of quantities b, d, 
and f. As it follows from (9) the solution nx of the dispersion 
equation changes sign in this case. As a result the wave 
transition nonreciprocity has to change sign under 
transference of the ferrite to opposite side of the 
bianisotropic layer (grating of resonant elements in 
experiments).  

3. Dispersive characteristics 
It is seen that dispersive characteristics of the metasandwich 
are determined by ferrite’s and SRR’s dispersion properties. 
Let’s take up the metasandwich containing the bianisotropic 
layer simulated a grating with like-oriented split ring 
resonators. As follows from (7) influence of BL depends on 
dispersive behavior of the quantities 2

bn , xP , and µz. 
Frequency dependences of these quantities are determined 
by the SRR’s resonant frequency Ȧ0, the low-frequency 
limit of permittivity 2

0(0)y nH  , and by the frequencies nZ , 

PZ  where the refractive index bn and permeability Pz of the 
BL reverse their signs by passing through zero, as well by 
the frequency bZ  of the break-point of bn  and Pz [8]:  

 � � � �2 2 2 2 2 2
b 0 b1 1nn n Z Z Z Z � �  (10) 

 � � � �2 2 2 2
b1 1 , 1z xPP Z Z Z Z P � �   (11) 

Frequency dependences of the tensor’s components of ferrite 
permeability are determined by the ferromagnetic resonance 
(FMR) frequency 0H HZ J , by ferrite saturation 
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magnetization 0 4MM Z SJ , and by transverse relaxation 
time T (J is the gyromagnetic ratio) [7]: 
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The analysis based on the dispersion equation (7) has been 

numerically performed using frequency dependencies of the 
ferrite and BL parameters from [7, 8]. Dispersive 
characteristics of different metasandwiches have been found 
and investigated in dependence on the value and sign of the 
magnetostatic field. Some results are presented in Figs. 2 - 7.  

The parameters are b=0.24 mm, f=1 mm, 0 2 6 GHzZ S  , 

01.52nZ Z , 01.27PZ Z , 00.74bZ Z , 2
0 26n  , 

1
00.026T Z�  , 00.7MZ Z , 16fH  . Curves of Figs. 2 - 7 

relate to the lowest mode possessing the least value of the 
parameter Re p  and the most transverse size. Such modes 
have usually the better matching with the incident wave.  

 

 

 

 

 

 

 

 

 
 
 

 
 
 
 

 
 
 

Fig. 3: Frequency dependences of 'n�  "n�  (blue dashed curve) and 'n�  "n�  (red solid curve) for the waves with 
energies transferred along and against the X–axis, respectively. The magnetostatic field is negative and corresponds 
to 0 0.3HZ Z  . 
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Fig. 2: Frequency dependences of 'n�  "n�  (blue dashed curve) and 'n�  "n�  (red solid curve) for the waves with 
energies transferred along and against the X–axis, respectively. The magnetostatic field is positive and 
corresponds to 0 0.3HZ Z  . 
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Fig. 4: Frequency dependences of 'n�  "n�  (blue dashed curve) and 'n�  "n�  (red solid curve) for the waves with 
energies transferred along and against the X–axis, respectively. The magnetostatic field is positive and 
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Fig. 6: Frequency dependence of the nonreciprocity per unit length � �'' ''
02k n nG � � �  under positive magnetostatic 

fields corresponding to 0 0.3HZ Z   (magenta solid curve) and to 0 1.4HZ Z   (green dashed curve). 

Fig. 7: Frequency dependence of the nonreciprocity per unit length � �'' ''
02k n nG � � �  under negative 

magnetostatic fields corresponding to 0 0.3HZ Z   (magenta solid curve) and to 0 1.4HZ Z   (green dashed 
curve). 
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4. Conclusions 
Some basic transmission laws for the waves in the 
metasandwiches “ferrite plate – dielectric – bianisotropic 
layer” have been revealed. These laws include the 
nonreciprocity of microwaves’ transmission along the 
metasandwich placed in free space, the manifestation of 
the transmission nonreciprocity near the resonance in the 
grating elements, the change of the nonreciprocity sign by 
transference of the ferrite plate to opposite side of the BL, 
dependence of the nonreciprocity sign on the relative 
positions of the ferromagnetic resonance and the resonance 
in the BL elements. All these peculiarities were 
experimentally observed in [1-3].  
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Abstract 
In this paper we present the results on Giant magneto-
impedance effect (GMI) effect in thin microwires at 
frequencies till 4 GHz paying special attention to tailoring 
the GMI effect and achievement of low hysteretic GMI 
behavior.  Correlation between magnetoelastic anisotropy 
and magnetic field dependences of diagonal and off-
diagonal impedance components are observed. We found, 
that if the surface anisotropy is not circumferential, then the 
magnetization and, consequently, the magnetic field 
dependence of impendence present hysteresis. Low field 
GMI hysteresis, explained in terms of magnetoelastic 
anisotropy of microwires, has been suppressed by the bias 
current.  

1. Introduction 
Among recently introduced soft magnetic materials 

magnetically soft thin wires (with typical diameters from5 
till 120 Pm) gained considerable interest owing to their 
unusual magnetic propertie such as magnetic bistability and 
giant magneto-impedance, GMI, effect [1-3]. Latest 
development of industrial applications required 
miniaturization of the magnetic sensors. Therefore reduction 
of diameters of magnetically soft wires is one of the 
prioritary tasks in the field of applied magnetism. Therefore, 
families of soft magnetic wires with reduced dimensionality 
and outstanding magnetic characteristics, such as melt 
extracted wires (typically with diameters of 40-50 Pm) [4,5] 
and glass-coated microwires with even thinner diameters 
(between 1-40 Pm) [6,7] recently gained much attention. 
The advantage of the Taylor- Ulitovski method allowing the 
fabrication of glass-coated metallic microwires consists of 
controllable fabrication of long (up to few km long 
continuous microwire) and homogeneous thin composite 
wires. 

Recently, certain progress on achievement of excellent soft 
magnetic properties and high GMI effect of glass coated 
microwires has been reported at the laboratory level [7]. 
This gives rise to development of industrial applications for 

low magnetic field detection in various industrial sectors [6, 
8].  
GMI effect, consisting of large sensitivity of the impedance 
of magnetically soft conductor on applied magnetic field, 
attracted great attention in the field of applied magnetism 
[9,10] basically due to excellent magnetic field sensitivity 
suitable for low magnetic field detection. Cylindrical shape 
and high circumferential permeability observed in 
amorphous wires is quite suitable for achievement of high 
GMI effect [4, 7, 8]. It is worth mentioning, that the 
cylindrical shape is quite suitable for achieving of high GMI 
effect [6-10].  
From the point of view of industrial applications low 
hysteretic GMI effect with linear magnetic field dependence 
of the output signal are desirable [6,8]. Anti-symmetrical 
magnetic field dependence of the output voltage with linear 
region has been obtained for pulsed GMI effect based on 
detection of the off-diagonal GMI component of amorphous 
wires[6, 8, 11]. Such pulsed scheme for GMI measurements 
resulted quite useful for real GMI sensors development [8]. 
It must be mentioned, that the shape of magnetic field 
dependence of the GMI effect (including off-diagonal 
components) are intrinsically related with the magnetic 
anisotropy and peculiar surface domain structure of 
amorphous wires [9,10, 12, 13]. Magnetic anisotropy of 
amorphous microwires in the absence of magnetocrystalline 
anisotropy is determined mostly by the manetoelastic term 
[12-16]. Therefore the magnetic anisotropy can be tailored 
by thermal treatment [12,17]. On the other hand recently 
considerable GMI hysteresis has been observed and 
analyzed in microwires [18]. This GMI hystereeis has been 
explained through the helical magnetic anisotropy [18]. 
Consequently in this paper we studied the GMI effect (GMI 
ratio, 'Z/Z, diagonal Zzz and off-diagonal impedance tensor 
]Iz components) and hysteretic magnetic properties in ultra-
thin amorphous glass-coated microwires with vanishing 
magnetostriction constant and report results on correlation of 
GMI effect with magnetic anisotropy and possibilities to 
tailor magnetic field dependence of GMI effect. 
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2. Experimental details 
We have measured dependences of the diagonal Zzz and off-
diagonal Z˻z impedance components on external axial 
magnetic field H in Co-rich microwires, as described 
elsewhere [18]. The microwires with nominal compositions 
Co67.1Fe3.8Ni1.4Si14.5B11.5Mo1.7 and Co66Cr3.5Fe3.5B16Si11 
different diameters of metallic nucleus, d, total diameters, D, 
and consequently different U - ratios (U d/D) have been 
fabricated by the Taylor-Ulitovsky method [6,7,12]. 
The microwires were placed in a specially designed 
microstrip cell. One wire end was connected to the inner 
conductor of a coaxial line through a matched microstrip 
line while the other was connected to the ground plane. The 
components Zzz and Z˻z were measured simultaneously 
using vector network analyzer. The diagonal impedance of 
the sample Zw = Zzzl, where l is the wire length, was 
obtained from reflection coefficient S11 and the off-diagonal 
impedance Z˻z was measured as transmission coefficient S21 
as a voltage induced in a 2-mm long pick-up coil wounded 
over the wire. The static bias field HB was created by the dc 
current IB applied to sample through the bias-tee element. 
The other experimental details are given in Ref. 18. The 
frequency range for the off-diagonal component Z˻z was 10 
– 300 MHz, while diagonal impedance component has been 
measured till 7 GHz. 
As mentioned above, for practical sensor the  pulse 
excitation is preferred over sinusoidal because of simple 
electronic design and low power consumption, therefore we 
used also pulsed excitation scheme, as described elsewhere 
[6,11,12].  
Hysteresis loops have been measured by the induction 
method, as described elsewhere [6]. 
 

3. Results and discussion 

3.1. High frequency GMI effect 

Magnetic field, H, dependence of real part, Z1 of the 
longitudinal wire impedance Zzz (Zzz = Z1+iZ2), measured 
till 4 GHz in Co66Cr3.5Fe3.5B16Si11 and 
Co67Fe3.85Ni1.45B11.5Si14.5Mo1.7 microwires are shown in 
Fig.1. General features of these dependences is that the 
magnetic field of maximum shifts to the higher field region 
increasing the f. High enough magnetic field sensitivity, i.e. 
GMI effect till GHz- range frequencies should be also 
underlined.  

 Off-diagonal and low field diagonal components of 
GMI, measured in Co67Fe3.85Ni1.45B11.5Si14.5Mo1.7 microwire 
are shown in Fig.2. As can be appreciated from Fig.2, 
considerable hysteresis for both off-diagonal and 
longitudinal impedance is observed for studied microwires. 
Increasing the frequency the GMI hysteresis persists 
(Fig.2b). 
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Fig.1. Z(H) dependence of Co66Cr3.5Fe3.5B16Si11 (a) and 
Co67Fe3.85Ni1.45B11.5Si14.5Mo1.7 (b) microwires measured at different 
frequencies 
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Fig. 2. Magnetic field dependences of the 
coefficient S21 at 10 MHz (a) and Z1(H) 
dependences at different frequencies (b) measured 
in Co66Cr3.5Fe3.5B16Si11 microwire.  
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3.2. Pulsed GMI effect 

 
 Fig. 3 shows field dependence of the off-diagonal 
voltage response, Vout measured using pulsed scheme, 
described elsewhere [3, 9, 12, 13] in 
Co67.1Fe3.8Ni1.4Si14.5B11.5Mo1.7 (Ȝs | 3 • 10-7) microwire with 
different geometry: metallic nucleus diameter and total 
diameter with glass coating are 6.0/10.2 (U§����), 7.0/11.0 
(U§����) and 8.2/13.7 ȝm (U§���). The off-diagonal compo-
nents exhibit anti-symmetrical magnetic field dependence, 
suitable for determination the magnetic field direction in real 

sensor devices [6, 11]. It should be noted from Fig.3 that the 
Vout(H) curves exhibit nearly linear growth within the field 
range from —Hm to Hm. The Hm limits the working range of 
MI sensor to 240 A/m and should be associated with the 
anisotropy field.  
 

3.3. Effect of magnetoelastic anisotropy and GMI 
hysteresis 

The effect of the U��ratio on Vout (H) (Fig.3) should be 
attributed to the magnetoelastic anisotropy related with the 
internal stresses.   
It must be underlined, that all studied samples exhibited 
excellent magnetically soft properties with inclined 
hysteresis hoops and extremely low coercivities (between 4 
and 10A/m). Magnetic anisotropy field, Hk, is found to be 
determined by the U�ratio, decreasing with U��Fig.����as also 
has been reported earlier [6,12].  
On the other hand, it is well established, that strength of 
internal stresses, Vi, arising during simultaneous rapid 
quenching of metallic nucleus surrounding by the glass 
coating can be controlled by the U�ratio: strength of internal 
stresses increases decreasing U�ratio (i.e. increases with 
increasing of the glass volume) [14-16].  
The magnetoelastic energy contribution is given by [6,11] 
 
Kme | 3/2 OsVL�   (1) 

where Os is the saturation magnetostriction and Vi is the 
internal stress. 
 
The magnetostriction constant is mostly determined by the 
chemical composition and achieves almost nearly-zero 
values in amorphous alloys  based on Fe-Co with Co/Fe 
|70/5 Os |0 [6, 12,19]. On the other hand, the estimated 
values of the internal stresses in these glass coated 
microwires arising from the difference in the thermal 
expansion coefficients of simultaneously solidifying metallic 
nucleus and glass coating are of the order of 100-1000 MPa, 
depending strongly on the ratio between the glass coating 
thickness and metallic core diameter [6, 14-16], increasing 
with decreasing U�ratio. Consequently, magnetoelastic 
anisotropy of glass-coated microwires can be controlled by 
the geometrical ratio U�through the strength of internal 
stresses. 
Consequently magnetic field dependences of both Zzz and 
Z˻z

 can be controlled by the magnetoelastic anisotropy 
through the U�ratio. 
Similarly the nature of observed low field hysteresis on 
Z1(H) and Z˻z

 (H) (Figs2a and 2b) is directly related with 
deviation of the anisotropy easy axis from transversal 
direction [18]. Therefore, application of circular bias 
magnetic field HB produced by DC current IB running 
through the wire affects the hysteresis and asymmetry of the 
MI dependence, suppressing this hysteresis when IB is high 
enough (see Fig.5, where effect of bias voltage on diagonal 
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Fig.3. Vout(H) response of Co67,1Fe3,8Ni1,4 Si14,5B11,5Mo1,7 microwires 
with different diameters, d, and U-ratios. 
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Fig.4. Hysteresis loops of Co67.1Fe3.8Ni1.4 Si14.5 B11.5 Mo1.7 microwires 
with different geometry (a) and dependence of Hk on U�ratio (b). 
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impedance, Z1, and on S21 parameter, proportional to off-
diagonal GMI component is shown).  In fact in pulsed 
exciting scheme when the sharp pulses with pulse edge time 
about 5 ns are produced by passing square wave multi-
vibrator pulses through the differentiating circuit, overall 
pulsed current contains a DC component that produces bias 
circular magnetic field [6, 11]. In this way low field 
hysteresis can be surpassed selecting adequate pulse 
amplitude.  

3.4. Tailoring of  GMI effect and magnetic properties by 
heat treatments 

 
Traditional way to tailor magnetoelastic anisotropy issue of 
thermal treatment. The influence of Joule heating on off-
diagonal field characteristic of nearly zero magnetostriction 
Co67.1Fe3.8Ni1.4Si14.5B11.5Mo1.7 microwire with diameters 
���������ȝP� (U§0,55) is shown in Fig. 6. One can see that 
the thermal annealing with 50 mA DC current reduces the 
Hm from 480 A/m in as-cast state to 240 A/m after 5 min 
annealing.   
Similarly, current annealing (due to Joule heating) has 
introduced changes in GMI effect (Fig.6b). This effect 
should be mostly attributed to the stress relaxation (although 
electrical current also induce circular magnetic field). 

Application of stress and/or magnetic field during annealing 
of microwires allows inducing considerable magnetic 
anisotropy. It should be considered, that existence of internal 
stresses can reinforce effect of magnetic field applied during 
magnetic field annealing, as previously reported [20]. In 
some cases this results in drastic changes of hysteretic 
magnetic properties and GMI behavior [12, 17]. As an 
example, application of axial magnetic field during 
annealing induces axial magnetic anisotropy in Co-rich 
microwires (Fig.7). Here hysteresis loops of 
Co67Fe3.85Ni1.45B11.5Si14.5Mo1.7 microwires (d=22.4 Pm, 
D=22.8 Pm) annealed by Joule heating without (CA) and 

 
Fig.7 Effect of CA and FCA  on bulk hysteresis loops of 
Co67Fe3.85Ni1.45B11.5Si14.5Mo1.7  microwires (d=22.4 Pm, D=22.8 Pm). 
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B11.5Si14.5Mo1.7 microwire (current annealing with 50 mA 
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under application of axial magnetic field (FCA) are shown. 
As can be appreciated, application of magnetic field during 
annealing completely resulted in the opposite tendency 
inchanging of magnetic properties induced by annealing: 
increasing of remanent magnetization and decreasing of 
coercivity after FCA is observed, while CA treatment 
induced decreasing of the remanence and of the coercivity.  
Most significant changes of both hysteresis loop and GMI 
behaviour have been observed in Fe-rich microwires 
subjected to the annealing  in the presence of tensuile 
stresses (Fig.8). 
Stress annealing of Fe74B13Si11C2 microwires resulted in 
induction of considerable stress induced anisotropy [18]. 
The shape of hysteresis loop completely changes. 
Additionally the degree of induced changes depends on time 

and temperature of annealing (Fig.8a). In this case the easy 
axis of magnetic anisotropy has been changed from axial to 
transversal [18]. Additionally, application of stress during 
measurements of stress-annealed microwires with well-
defined transverse anisotropy results in drastic change of the 
hysteresis loop (Fig.8b). 
Origin of such stress-induced anisotropy is related with so-
called “Back stresses” originated from the composite origin 
of glass-coated microwires annealed under tensile stress: 
compressive stresses compensate axial stress component and 
under these conditions transversal stress components are 
predominant [18]. 
Consequently, these stress annealed samples exhibit stress-
impedance effect, i.e. impedance change ('Z/Z) under 

applied stress, V, observed in samples with stress induced 
transversal anisotropy (see Fig.9) [18]. 
It should be assumed that the internal stresses relaxation 
after heat treatment should drastically change both the soft 
magnetic behavior and 'Z/Z(H) dependence due to stress 
relaxation, induced magnetic anisotropy and change of 
magnetostriction constant under annealing.  

Summarizing, GMI magnetic field dependence can be 
tailored either controlling magnetoelastic anisotropy of as-
prepared microwires or by heat treatment. We observed  a 
number of interesting phenomena , such as stress-impedance 
effect and stress sensibility of overall hysteresis loop shape. 
Composite character of such microwires results in 
appearance of additional magnetoelastic anisotropy. Heat 
treatment is the efficient method of tailoring of magnetic 
properties and GMI effect of such microwires. Selection of 
proper chemical composition, geometry and adequate 
conditions of annealing allows achieving of high GMI 
effect. 
 

4. Conclusions 
In thin amorphous wires, produced by the Taylor-Ulitovski 
technique, magnetic softness and magnetic field dependence 
of GMI effect (both longitudinal and off-diagonal) and GMI 
hysteresis are determined the magnetoelastic anisotropy. 
This magnetoelastic anisotropy can be tailored by the 
sample geometry and adequate annealing. There are a 
number of interesting effects, such as induction of the 
transversal anisotropy in Fe-rich microwires allowing 
observation of the stress-impedance effect and stress 
sensibility of overall hysteresis loop shape.  Observed low-
field GMI hysteresis can be suppressed by the bias electrical 
current. 
Studies of diagonal and off-diagonal MI tensor components 
of glass-coated microwires have shown the great potential of 
these materials for microminiaturized magnetic field sensor 
application. Their main advantages are high sensitive low-
hysteresis field dependence. By varying the alloys 
composition and applying post fabrication processing it is 
possible to control the sensor's operating range. Low field 
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Fig.9 Stress impedance effect of stress annealed Fe74B13Si11C2 glass-
coated microwire under stress (468 MPa) at 275oC for 0.5h measured at 
frequency, f=10 MHz for the driving current amplitude of 2 mA 
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Fig.8 Hysteresis loops of Fe74B13Si11C2 microwire 
annealed under applied stress of 500 MPa (a) at (1) – 300 
ºC 3 hours, (2) – 280 ºC 40 min, (3)- 265 ºC 40 min, (4) 
235 ºC 40 min and  (5)- 215 ºC 40 min and (b) stress 
induced changes of hysteresis loops of the same 
microwires (1- measured under applied stress, 2- 
measured without stress). 
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GMI hysteresis has been observed and explained in terms of 
helical magnetic anisotropy of microwires.  
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Abstract 

In magnetic materials dipolar interactions which are long 
ranged compete with exchange local interactions. This has 
several consequences on spin wave propagation and eigen 
modes in a finite sample within linear approximation. First 
the static dipolar field is non uniform over the sample. It 
acts on the main diagonal term of the dynamical matrix. 
Moreover even in the case of a 1D sample, dipolar 
interactions are responsible for a complete magnetic 
dynamical matrix without any zero. This second point, i.e. 
the spin wave resolution, is solved here analytically in the 
case of a simple 1D model with three general consequences. 
First the spin wave dispersion relation ( )kE is shown to be 

not always monotonous. Then for spin wave resonance the 
frequency is fixed and eigen modes are shown to include 
spatial interferences between sine-like waves and damped 
waves of wavelength corresponding to the same frequency. 
This specificity leads to several kinds of localization. 
Finally for Brillouin light scattering where the mode 
wavelength is fixed from selection rule, the different modes 
of the sample are shown to exhibit different linewidths. 
Generalization to other excitations such as electronic levels 
or phonons in presence of long ranged interactions is also 
proposed. 

1. Introduction 

Long ranged magnetic interactions are quite commonly 
observed in materials and nanomaterials. This is quite 
obviously the case of dipole-dipole interactions, also called 
dipolar interactions since they are unavoidable when 
samples exhibit localized magnetism. These dipolar 
interactions are responsible for the well known magnetic 
organization in domains, walls and other singularities such 
as magnetic vortices [1-3]. Of course among potential long 
ranged interactions, there are also electric dipole-dipole 
interactions which are quite similarly long ranged ones and 
lead to organization in ferroelectric domains, walls and 
other singularities [4]. So there is a quite large class of 
materials involved in such a study. It must be added that 
exchange contributions from next nearest neighbors and 
further neighbors can arise in magnetic materials with the 
famous case of superexchange in oxides [5]. As a 
consequence of this quantum overlapping intermediate 
range of coupling occurs in numerous materials. 

There are many properties which are due to the long 

range character of magnetic dipolar interactions such as the 
demagnetizing field and the associated shape anisotropy as 
well as an effective non linear effect as observed in a local 
Landau-like Hamiltonian [6]. Here we want to focus on 
dynamic properties which are influenced by dipolar 
interactions and more generally by any long ranged 
interaction. These dynamic properties of magnetic samples 
can be observed by resonance techniques which are now 
coupled with surface techniques and thus allow 
experimentalists to look at the excitations even in 
nanometric materials, and by Brillouin light scattering 
techniques which also share a very narrow spatial 
resolution. When considering these spin waves also called 
magnons, the well known non uniformity of the static 
dipolar field, i.e. of the dipolar field created by the static 
part of the spins [2, 7] was already noticed by many authors 
as a non uniform contribution to the main diagonal term of 
the dynamical matrix. But it is not the only change due to 
long range coupling. Here we want to focus on the general 
properties of the dynamical matrix which is obtained after 
linearization of the equations of motion in the ground state. 
For the sake of simplicity we will consider a 1D sample or 
an effective 1D layered sample as often considered for 
various geometries [8-11]. So a first point consists in 
deriving the full dynamical matrix as deduced either from a 
Landau- Lifshitz-Gilbert approach when neglecting Gilbert 
damping or from the quantum equation of motion for local 
spin when using Tyablikov decoupling in order to look at 
low order terms. With this dynamical matrix the dispersion 
relation of spin waves is easily derived, and we will show 
its general non monotonous character. Approximate 
dynamical matrices are proved to be invertible analytically, 
and corrections to these approximate matrices can be 
introduced and finally solved in a Green function approach. 
So we will see the consequences of this calculation for 
stationary modes. Moreover better approximations of this 
dynamical matrix can be inverted by means of numerical 
computations and we will see that the comparison between 
numerical results and analytical predictions reinforce the 
validity of these predictions. Other mathematical techniques 
such as the transfer matrix method lead to the same result. 
A main effect is the occurrence of numerous properties of 
localization even without any defect except the sample 
finiteness. This strong localization effect is well in 
agreement with the existence of magnetic walls, lines, i.e. 
vortices and other topological defects in the ground state 
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arrangement of magnetic samples as quite generally 
observed in the absence of an external field [2,3]. Of course 
these local magnetic structures, wells, vortices and other 
topological defects disappear in presence of a convenient 
saturating extra magnetic field. So such magnetic structures 
can be deduced as soft spin wave modes when looking close 
to these transition fields [12] and these soft modes are thus 
necessarily strongly localized.  

While this work on resonance modes necessarily focus 
on selected frequency because of selection rules which are 
involved in such experiments, selection rules of Brillouin 
light scattering fix the spin wave wavelength. We will see 
that this statement has strong consequences on the effective 
linewidths of modes observed in Brillouin light scattering. 

 The extension of the present work to other excitation 
modes such as elastic modes or electron modes, when long 
range interactions are involved in the samples, is also 
discussed with the evidence of special localization 
properties without any defect. These remarks define .the 
organization of this paper. 

2. The Hamiltonian and the effective 1D 
dynamical matrix 

2.1. The spin Hamiltonian 

The spin Hamiltonian is made of three additive parts: the 
exchange Hamiltonian Hex, the dipolar Hamiltonian Hd. and 
the Zeeman part HZ which is due to the external field. These 
Hamiltonians are defined respectively by  
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Finally the Zeeman part reads: 

i

i

ex SHH
rr

∑ !"=             (3) 

Here the gyrotropic constant times the magnetization has 
been considered as unity. 
 
2.2. The ground state 
 

Of course the material structure must be defined. It can be a 
line as in a molecular magnet, a part of a plane lattice in an 
ultra thin film or a part of a three dimensional lattice in a 
thin film or a more complex structure in a layered sample. 
We will retain here the 1D structure which is a common 
factor. Then the spin structure in the ground state can be 
obtained from energy minimization such as Monte-Carlo 
computation [3], Langevin spin dynamics at low 
temperature [13] or direct computation if possible. If the 
external field intensity is strong enough, there is a saturation 
effect: all spins are parallel to the external magnetic field. 
This is the case we are considering here for the sake of 

simplicity: a 1D sample made of spins which are parallel in 
the ground state.  

2.3. The equations of motion 

With the saturating field all spin deviations are normal to 
the external field, so they all lie within a plane normal to 
this field and their amplitude can be represented for the site 
n of our 1 D sample by a complex number nu in this plane. 

Within that picture the general spin deviation equation of 
motion reads within the linear approximation involved with 
small spin deviations at a frequency characterized by the 
energy E either from a Tyablikov decoupling method or 
from Landau-Lifshitz spin equation of motion: 
 
( ) ( ) ( )

( ) 0...33

2211

=++"

+"+""

"+

"+"+

nn

nnnnn

uud

uucuubuEa         (4) 

 
Strictly speaking the coefficients ,..,,, dcba depend on the 
spin location n as already noticed about the amplitude of the 
demagnetizing field [7]. This detail can be treated in a 
second step by the introduction of corrective layer 
dependent terms. Another point also linked with the 
finiteness of our sample starting from site 1 and finishing at 
site N is the lack of some terms in this equation, the ones 
which correspond to non realistic sites. This symmetry 
breaking appears also when considering the N equations of 
motion of our system as a function of the N complex spin 
deviations nu . This calculation provides the magnetic 

dynamical matrix. 
 

2.4. The magnetic dynamical matrix 

 

Rewriting the successive equations (4) gives the set of 
equations from which the dynamical matrix A  of our 
sample is deduced: 
 
( ) ( ) ( ) ( ) 0...332211 =++"+"+""

"+"+"+ nnnnnnn uuduucuubuEa

 
( ) ( ) ( ) ( ) 0...241321 =++"+"+""

"+"+++ nnnnnnn uuduucuubuEa

  
( ) ( ) ( ) ( ) 0...154132 =++"+"+""

"+++++ nnnnnnn uuduucuubuEa

… 
And so on. Here it must be recalled that unphysical sites 
cannot appear, so some terms are missing for a finite 
sample. In a matrix form, it reads, here written in the case of 

8x8 dynamical matrix A  with a linear equation on the spin 
deviations which will be solved by Green function 
techniques, i.e. here inversion of the matrix A : 
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  (5) 

Before solving this matrix equation by means of Green 
functions, let us consider the so defined dispersion relation 
for ingoing spin waves. 
 

2.5. The dispersion relation for ingoing spin waves 

The dispersion relation between pulsation %  and 
wavevector k for ingoing spin waves of spin amplitude 

[ ]tiiknaCun %"= 0exp  on layer n where 0a  is the 

interlayer distance or inter-site distance, is straightforwardly 
deduced from the expression of the equation of motion (4) 
for this wave. For such modes the equation of motion reads 
as a one dimensional dispersion relation )(kE  between the 

spin wave energy E or pulsation %  and wavevector k: 
 

( ) ( )

( ) ( ) ...4cos23cos2

2cos2cos2

00

00

"""

""=

kaekad

kackabaE
      (6) 

 
This formula is also useful to consider the effect of different 
interaction ranges. Quite obviously with just nearest 
neighbor coupling, i.e. 0.. ==== edc  this dispersion 
relation is monotonous, with the typical result shown in 
Figure 1. In that case the dispersion relation is monotonous 
and there is a one to one correspondence between energy, 
i.e. frequency, and wave vector, i.e. wavelength. If more 
extended coupling occurs this is no more the case: for a 
given wavevector there is still a single energy of ingoing 
wave, but for a given energy or frequency, several wave 
vectors or wavelengths can occur at the same time and so 
these waves are interfering or beating together, some of 
these interfering waves can be complex. This interference 
effect for medium ranged or long ranged interactions is 
responsible for a high level of complexity in such stationary 
modes [14, 15]. In the case of exchange and dipolar 
interaction the complexity is high. So for a given frequency 
one can observe wavefunctions or wave packets with 

special localization properties. This is specially the case for 
stationary solutions.. 
 

 
Figure 1: The spin wave spectrum for coupling 
restricted to the nearest layers (a=0). The magnon 
bandwidth is 2b. 

3. Spin waves resonance with long ranged 
interactions 

3.1. The mathematical resolution of stationary spin 
waves by Green function approach 

The resolution of the set of equations (5) comes from a 
mathematical trick [16] based upon the matrix algebra. 
When considering the powers of the matrix d corresponding 
to just nearest neighbor coupling, i.e. with the main 
diagonal and two symmetric smaller diagonals, one obtains 
more and more extended diagonals and corrections close to 
the boundaries. This is shown here by considering the 
following powers of matrix &&&&....    
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So any set of equations (5) as the dynamical matrix itself 
can be understood as an algebraic equation over the matrix 
d, with the extra condition: 
 

0detA

d)(

=

= PA
                                     (7b) 

 
Here P(x) is a polynomial form. 
This algebraic equation is solved with roots i' . So the 

complete dynamical matrix reads: 
( ) 0="(

i

i Id '  (8) 

 Of course all these matrices commute together, so standard 
algebraic methods can be used and the dynamical matrix A 
itself can be inverted [16]. The inverted matrix expresses 
itself as a sum of simple elements: 

( )
11 ""

"=∑ IdcA i

i

i '      (9) 

In that equation 1"A  is the Green function matrix associated 
with the dynamical matrix A. This result enables us to find 
the stationary modes as usual, i.e. without long ranged 
interactions [16]. 
Of course a lot of corrections must be added in order to 
balance the extra terms induced by the powers of the initial 
matrix as seen on equations (7a). Other corrections are also 
needed to account for the non uniformity of coefficients a, 
b, c, and so on. As noticed in references 16 and 17, such 
corrections can be analytically but heavily solved. Theses 
corrections make the effective characteristic equation (7b) 
more and more complex to solve, but they do not change its 
basic structure. So let us just retain the concept of wave 
beating for these stationary modes when introducing 
realistic boundary conditions, i.e. corrections. These 
interference effects will be dealt more easily by introducing 
local transfer matrix calculations which are a little bit 
simpler than the direct Green function approach. Of course 
this local approach looses  the global character of the Green 
function approach. 
 

3.2. Transfer matrix approach of stationary spin waves 

 
The generic equation of motion (4) can be written in the 
form which breaks the symmetry by specifying the result of 
the excitation of previous sites: 
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Then we consider the obvious equations for the already 
involved previous sites: 
 

11 "+"+
= NnNn uu                  (10) 

… 

11 +"+"
= NnNn uu    

 
So finally the set of equations of motion can be translated as 
a series of local transfer matrix equations, i.e. the result for 
neighboring sites of the excitation of previous sites. This 
local transfer matrix approach is an evolution method which 
has been largely used in mechanics starting from Poincaré 
[18] and which is also used in electronics where it is useful 
to follow the signal progression during its treatment. 
These basic equations are written in a matrix style: 
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i.e. in a matrix notation: 

1"++
!= NnNn uTu       (11a) 

 
The order of this transfer matrix 2N is defined by the range 
N of the interaction. In the case of a limited range of 
interaction, this transfer matrix is quite smaller than the 
dynamical matrix. A simple calculation shows that this 
transfer matrix T  shown in equation (11) is unitary as 
expected for transfer matrices. The final transfer matrix 
equation includes the boundary conditions and is deduced 
from the product of all the local transfer matrices [19]. This 
final transfer matrix equation reads when magnetic 
parameters are the same throughout the sample, i.e. when 
all local transfer matrices are identical, the same condition 
on parameters a, b, c,.., as before: 
 

( ) 0=TP       (12)      

 
Where )(xP  is a polynomial of the variable x. The 

polynomial order is the number P of film layers. Now the 
local transfer matrix diagonalization gives:  
 

1"
= MDMT                        (13) 
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Where D  is a diagonal 2Nx2N matrix with N root pairs 
when 2N is the number of layers involved in the interaction 
range. These root pairs are either: a complex root and its 
complex conjugate – in that case this defines a bulk wave-, 
or a real root and its inverse – in that case this defines a 
surface mode-. This pairing is due to the symmetric 
property of the transfer matrix T for ingoing and outgoing 
waves. Matrix M  is a unitary 2Nx2N matrix as usual. In 
the case of dipolar interactions as for other infinitely ranged 
interactions, P is equal to N. 
From this diagonalization equation, the evolution equation 
(11a) can be finally rewritten as: 
 

0
1

0 uMMDuTu !=!=
"++

+

nNnN
Nn                 (14) 

 

Developing this equation shows that the eigen mode 
profiles result from the superposition of N surface waves 
and sinusoidal waves since because of symmetry the bulk 

transfer matrix has for eigen values s and 1"s  or *s  for a 
complex value. 
In other words the transfer matrix method enables us to 
solve the dynamical matrix equation in a way which is 
shorter than the Green function approach but obviously 
leads to the same result of stationary waves made up of 
numerous beating sine-like waves. This agreement was 
successfully checked in several cases of intermediate range 
coupling [15]. So it is now convenient to look at realistic 
numerical resolution of cases where dipolar interaction and 
exchange compete [10,20].  
 

3.3. Numerical resolution of stationary spin waves 

 
In order to give evidence for both the interference effect and 
the localization effect, we report a few classical calculations. 
The first one shown in Figure 2 gives the numerical profiles 
of the four lowest lying eigen modes of a finite chain of 
twelve atoms with a constant nearest neighbor coupling and 
a constant next nearest neighbor coupling of opposite sign 
[15]. These results were obtained from transfer matrix 
approach and their symmetry proves the accuracy of these 
calculations. Quite obviously these results cannot be 
explained by a single sine-like behavior. 
 

 
 Figure 2: The 4 first spin wave profiles for coupling 
restricted to the nearest layers and the next nearest 
neighbors in a twelve atoms chain [15]. 

In the case of a cube of side 41 considered as a layered 
sample consisting of 41 layers, we report in Figure 3 the 
result obtained in reference 9 about the 41 modes of a pure 
magnetostatic sample. The magnitudes of amplitudes are 
reported for each site and modes are classified according to 
increasing energy. In Figure 3 even and odd symmetry are 
parted in two columns. Quite obviously there are two 
surface localized modes as usual about spin waves (n=1 and 
n=2). But there are also many “non central bulk-localized 
modes” (n=3 –n=23) with no amplitude in the central part 
and an amplitude peak well inside the sample. These modes 
are well localized even if for the highest modes this 
localization is extended over several layers (n=19 – n=23). 
Then there are “center localized modes” (n=23 – n=39) with 
no amplitude at the extreme layers and in their vicinity, 
while there is a non zero amplitude in the central part. 
These modes as well as the previous ones cannot be 
understood as pure sine-like modes. Quite numerous nodes 
can be noticed and they are not arranged in a regular way. 
These modes exhibit strong interference effects as predicted 
in the two previous mathematical analyses of simplest 
cases. Finally the last two modes (n=40 and n=41) appear as 
more classical bulk modes even if they are not also pure 
sine-like. 
When exchange compete with dipolar interactions [10,11] 
similar localization effects occur in numerical simulations. 
Such localization effects not only at the extreme surface are 
also obvious in the calculation of magnetization reversal in 
nanoparticles [21]. 

        Figure 3: The 41 spin wave profiles for a saturated 
cubic grain of 41*41*41 spins coupled only by 
magnetostatic interaction. The sample is considered as 
layered [9]. 
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These localization effects are now quite obvious when long 
range interactions such as dipolar ones occur in magnetic 
materials. We will now see the consequences of these long 
ranged interactions for Brillouin light scattering 
experiments. 
 

4. Consequences of long range interactions on 
Brillouin light scattering 

 
In Brillouin light scattering, the incident light determines 
the spin wave wavevector k in agreement with the sample 
size. This selection rule completely changes our writing of 
the spin deviation equation of motion by introducing the 
writing of such ingoing waves 
 

[ ]tiiknaCun %"= 0exp  

 
Then the equations of motion must consider a complex 
energy or frequency in order to deal with the symmetry 
break due to the finiteness of the sample. This leads to the 
new writing for the real and imaginary part of the N eigen 
frequencies: 
 

( ) ))1cos((...)2cos(cos)Re 11 kNakckbaE N """""=
"

 

( ) ))2cos((...)2cos(cos2)Re 22 kNakckbaE N """""=
"

 

( ) ))3cos((...)2cos(2cos2)Re 31 kNakckbaE N """""=
"

 

..  
(15) 
And so on. And similarly for the imaginary part: 
 

( ) ))1sin((...)2sin(sin)Im 11 kNakckbE N """""=
"

( ) ))2sin((...)2sin()Im 22 kNakcE N """"=
"

( ) ))3sin((...)3sin()Im 33 kNakdE N """"
"

 

.. 
(15a) 
 
Here the extension of the previous notation (a, b, c, d, ..) is 
obvious. From equations (15a) it is clear that the imaginary 
part of the frequency, i.e. its linewidth is large for the first 
mode defined by the superficial layer and decreases, 
generally speaking for inside modes. This non uniformity of 
Brillouin light scattering linewidths was already observed 
[22].  
 

5. Conclusions 

. 
During this paper the evidence for localization of modes in 
spin wave resonance when long ranged interactions such as 
dipolar ones occur has been shown in different ways. It was 
also shown that for Brillouin light scattering these long 
ranged interactions lead to a distribution of linewidths, with 
generally speaking large linewidths for modes associated 
with the extreme layers. 

Since long ranged interactions occur in numerous materials 
such as ferroelectrics or multiferroic materials, similar 
properties of localization or linewidth distribution are 
expected to occur for resonance or Brillouin light scattering 
in these materials. 
There is also a large class of physical problems with similar 
mathematical requirements as characterized by full 
dynamical matrices or large transfer matrices. An obvious 
analog is the case of elastic modes when long ranged 
interactions occur. There is a classical approach of phonons 
and magnons, so even if calculations of elastic properties 
have a more complex geometry, similar properties of 
localization or distributed linewidths are expected for long 
ranged interactions for phonons too. Another analog 
problem is the one of electronic states when considering 
local interactions in a tight binding model. When the 
electron-electron coupling is extended similar properties of 
localization must be observed.  
Finally, usual random walk has for basis the hopping on a 
neighboring site and so it corresponds to magnon, phonon 
problems with short range interactions. If one considers 
random walk with several hopping ranges at the same time, 
i.e. at the next step the walker can reach a place with a 
hopping distance n with probability nP , then a problem 

similar to the present problem is defined. In that case 
diffusion is more complex than in the classical approach 
and leads to complex profiles.   
As a conclusion this discrete approach of basic phenomena 
with extended interaction such as excitation modes are 
could be quite fruitful in the near future. 
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Abstract 
The deterioration processes of the coloring are different by 
materials, coloring technique and environment. In order to 
understand a phenomenon of coloring deterioration, it is 
necessary to consider the different causes. In this study, 
some causes of coloring deterioration were known from 
materials analyses and visualization technique with using 
terahertz wave. Application of terahertz wave to painted 
wooden cultural properties might contribute to diagnosis of 
coloring deterioration. 

1. Introduction 
Painted wooden cultural properties consist of wood, 
preparation layer such as gypsum, whitewash and lead 
white, binder such as animal glue and funori, and different 
pigments. As the physical properties of these materials are 
different from each other, the painted wooden cultural 
properties show various degradation manners for a long 
time. Consequently, appearance of historical wooden 
buildings often shows old-colored surface on wood. On the 
other hand, some buildings are painted newly after removal 
of old paintings in the restoration works. The original 
paintings and the technique have been lost. It is necessary to 
find out a restoration method of original paintings on 
wooden cultural properties to hand down the techniques and 
the materials to future generation.  
It is difficult to diagnose the degradation condition of 
coloring on wooden cultural properties by non-destructive 
way. Recently, terahertz (THz) wave and millimeter wave 
have been applied to visualize invisible area, e.g. inner 
structure of plaster layer as a preparation layer[1.2]. The 
application of THz imaging to art conservation has been 
proposed in 2007[3] and to wood cultural heritage related 
materials in 2008[4]. THz radiation can be used to analyze 
the materials slightly below the layers of the paint, such as 
preparation layers[5].Using the THz radiation it is then 
possible to see through dielectric layers, to discover hidden 
paintings or preparatory drawings. It can be used to perform 
subsurface non destructive analysis on paintings and 
wooden artworks[6]. For the conservation purpose, the most 
important part of paintings is the preparation layer. THz 
imaging can provide tomogram non-destructively, which 

helps conservators to understand the techniques and 
repainted layer in the previous conservation.  
The wooden painting is composed of wood, preparation 
layer and pigment layer from the bottom. The THz image is 
taken about 1mm above the surface of the wood[7]. It is 
possible to see through the painting layer with use of THz 
wave. Moreover it is possible to use this feature to 
investigate the dielectric properties of different materials. 
Tanzan Jinjya shrine in Sakurai city, Nara, was built in 678. 
Many paintings are on the wooden columns and beams of 
the main hall, so-called Honden reconstructed in 1850. The 
three Japanese traditional painting methods, i.e. Urushi 
painting, painting with use of animal glue and Chan 
painting[8.9], were described in restoration record of 
Tanzan Jinjya shrine in 1850. Some pattern samples which 
were made for the restoration in 1850 also have been kept in 
this shrine. The materials and the structures of the patterns 
samples and the same pattern on Honden were analyzed by 
some electromagnetic waves including THz wave. In this 
paper, tomograms obtained from THz imaging by time-
domain spectrometry, so-called THz-TDS method were 
compared with actual structure from observation by 
microscope. 

2. Materials and Methods 

2.1. Materials 

The pattern samples and the Urushi painting samples, which 
were prepared for restoration work 160 years ago, have been 
kept in Tanzan Jinjya shrine. From restoration document 
record, it is found that the Urushi painting samples have 
been prepared by 9 processes.  
The pattern samples are shown in Fig.1. The same pattern 
from four directions, i.e. north, east, south and west, of 
Honden were measured. As sampling from all the paintings 
was not allowed, the analyses were done by non-destructive 
methods only on the surface. 

 

2.2. Investigation Methods 

X-ray fluorescence spectrometry (XRF) was applied to 
elements analysis of pigments. X-ray fluorescence 
spectrometer (Thermo Scientific, Niton) was used. This 
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spectrometer is mobile type, and so it is possible to analyze 
the objects by non-destructive method on site. Analytical 
conditions are followed; Tube voltage: 40 kV, Tube current: 
50  μA,  Duration   time:   20   sec,   Irradiation   diameter:   8  mm,  
under air pressure. 
Terahertz spectroscopy and imaging were applied to the 
pattern samples to visualize the inner structure of the 
painting and layers. The THz spectrometer was used 
Picometrix, T-Ray 4000. The irradiated frequency was 0.2 to 
1.4 THz. The focus distance was three inches. Imaging was 
constructed by 0.30000 mm per 1 pixel. Scanning rate was 
10 mm/sec. Measuring areas were shown in Fig. 1. From the 
terahertz spectroscopy and imaging data, the tomogram 
image was obtained by Time-Domain-Spectroscopy (THz-
TDS). 

3. Results and Discussion 

3.1. THz spectrum imaging of the pattern samples 

The THz images are shown in Fig. 2. These images are 
constructed by all signals without limiting of the power 
integration value of frequency domain and the time domain. 
The color and elements are cited in Table 1. 
From the observation of THz image of sample 1, crack and 
flaking off of pigment were hardly found. The thickness of 
painting layer is about 0.05 to 2 mm. In the tomogram image, 
the gold foil and some defects were indicated as the 
disturbed lines. In this THz image, especially, a flower 
pattern of right side was absorbed not to image. Though 
cupper and mercury were detected by X-ray fluorescence 
spectrometry, it is necessary to investigate cause of this 
phenomenon in detail. 

 
From the THz image, it was found that wide gold foil ribbon 
was put over the preparation layer firstly, and then fine 
patterns were painted on it. Since such information is from 
inner structure, it is possible to find out it by THz imaging 
not by surface observation. 
The tomogram of sample No.2 is a section located 7.5 mm 
distance in X-axis direction from the measurement origin. 
From this tomogram, defected areas of painting layer were 
found from 6 to 7.6 mm and 39 to 45 mm in X-axis direction.  
However,  this defects were not exfoliation and crack. 

 
Figure 1: Pattern samples kept in Tanzan Jinjya shrine 
for 160 years. 

 

 
Figure 2:  
visible and reflection images and non-invasive cross 
section image  
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Table 1: results of XRF 

NO. color
1 green 1 Ca Fe Cu Zn As Sr
2 green 2 Ca Fe Cu Au Pb
3 red 1 Ca Fe Hg Pb
4 red 3 Ca Fe Cu Zn As Pb
5 green 3 Ca Fe Cu Zn As Pb
6 green 4 Ca Fe Cu Hg Pb
7 white 1 Ca Fe As Sr
8 red 4 Ca Fe Hg Pb
9 green 5 Ca Fe Cu Zn Au Pb
10 green 5/6 Ca Fe Cu Hg Pb
11 blue 1 Ca Fe Cu Pb Sr
12 brown 2 Ca Fe Cu As Pb
13 green 2 Ca Fe Cu Zn Au Pb
14 BKG white Ca Fe Cu Zn Hg Pb
15 BKG Fe
16 green 1 Ca Fe Cu Pb
17 green 2 Ca Fe Cu Zn As Pb
18 brown 2 Ca Fe Au Pb
19 red 1 Ca Fe Hg Pb
20 blue 1 Ca Fe Cu Au Pb
21 green 1 Ca Fe Cu Zn As Pb
22 green 2 Ca Fe Cu Au Pb
23 blue 2 Ca Cu Au Pb
24 white/purple 1 Ca Fe Au Pb
25 red 1 Ca Fe Cu Hg Pb
26 brown 1 Ca Fe Cu Zn As Pb
27 brown 2 Ca Fe Sr  

 

3.2 Observation of multi-layers structure 

In THz imaging of multi-layers structure, an interaction 
between THz wave and materials contained in each layer 
should be taken into consideration. THz imaging was 
applied to Urushi painting samples with multi-layers 
structure. 
It is known that THz wave is able to pass through Urushi 
and is strongly reflected by cinnabar[http://www.irug.or 
http://.thz-spectra.com]. If different materials are contained 
to Urushi, the dependence of frequency on dielectric and 
refractive indexes of Urushi layer is different. In order to 
estimate the influence of materials contained into Urushi on 
THz imaging, signals obtained from THz-TDS of the 8 
different Urushi painting samples, which have been kept in 
Tanzan Jinjya shrine since a restoration 160 years ago, were 
compared. 
THz-TDS tomograms of 8 Urushi painting samples are 
shown in Fig. 3. The brighter tone means the stronger 

reflection in this figure. It is possible to obtain the 
tomograms of Urushi painting by THz-TDS method non-
destructively. Each tomogram shows the characteristic 
structure derived from the individual painting technique. Fig. 
4. is THz pulse signals detected from the Urushi painting 
samples NO.1. It is seen that 8 layers are recognized in each 
Urushi painting samples. Existence of 8 different layers is 
consistent with a restoration document record 160 years ago. 
The Urushi painting sample has nine individual layers from 
eight processes. Fig. (A) is a THz tomogram obtained from 
the Urushi painting sample. Fig. (B) is a tomogram by THz-
TDS for the same Urushi painting sample. The latter shows 
eight  signals which are collected with THz-TDS at 10 mm 
intervals. 
In the tomogram, information from some layers overlapped. 
When a pigment which has very strong reflectivity such as 
cinnabar is painted on the surface, it is impossible to take 
information from lower layers. It is only possible to 
distinguish with four layers, to know the existence of lower 
layer, and to calculate the film thickness. On the other hand, 
it is clear that the number of processes is eight from analysis 
of the signals by TDS. This is consistent with the restoration 
document 160 years ago.  It suggests that inner structure of 
Urushi painting with multi-layers can be visualized by THz-
TDS method. 
 

 

 
 
Figure 3: Urushi painting samples and THz image 
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4. Conclusions 
As for the painted wooden cultural properties, the painting 

layer discolors and fades by natural deterioration, and often 
flakes off from the wood support. In restoration, generally, 
the deterioration features are often judged only by 
observation on the surface of the objects, because it is 
difficult to know the structure of coloring layers and 
exfoliation area by non-destructive and non-contact ways. In 
this study, to detect discoloration, fading and exfoliation of 
coloring and preparation layers, THz spectroscopy and 
imaging as non-destructive method was applied for painted 
wooden cultural properties.  
 The results obtained from color measurement, XRF and 
THz spectroscopy showed existence of 6 colors and 12 
pigments. From the THz imaging, it became possible to 
detect area exfoliated from wood support and different 
materials under the coloring layers [11]. For THz imaging of 
Urushi painting, which is composed of one base layer such 
as cloth, and several Urushi layers which sometimes include 
different materials, ex. clay and pigments, it was possible to 
distinguish the surface between the base layer and Urushi 
layers. However, it was impossible to distinguish with each 
Urushi layer without materials separately. It is seemed that 
this phenomenon is caused by difference of refractive index 
between each material.  

X-ray can transmit a substance, on the other hand, 
infrared and ultraviolet rays reflect on the surface. It is 
difficult to visualize pigment and preparation layers with 
these lights. Terahertz wave can penetrate into penetration 
layer and wood support, and give some information of the 
inner structure. The mechanisms of deterioration of wooden 
painting cultural properties, such as flaking off, discoloring, 
fading and so on have not been clarified yet. Terahertz 
spectroscopy and imaging is expected to play a large part in 
restoration of painted wooden cultural properties.  
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Abstract 
The feasibility of imaging technology using micro- and 
millimeter wave for the non-destructive evaluation of 
wooden constructions involving wooden historical buildings 
was discussed in this paper. Subsurface structure of a 
painted wood containing inner defects was estimated by a 
scanning reflection image analyzer using experimental 
monostatic system of millimeter wave at 100GHz. The 
obtained image was compared with the accumulated gray-
scale images taken by a micro-focus X-ray CT analyzer. The 
influence of the anisotropic dielectric properties of wood as 
well as wood grain on the image was clarified. The 
distribution of the obtained the inner defects underneath the 
overlaying painting could be recognized by the imaging. The 
performance of some different types of antennas and digital 
image processing to get higher spatial resolution was also 
evaluated. The experimental system was suitable for the 
evaluation of subsurface structure up to about 20mm depth 
from the surface of air-dried wood. We are also developing a 
novel scanning image analyzing system using micro-wave 
technology. It is specially designed for the non-destructive 
evaluation of wooden wall structures. The basic 
performance of the system will be also discussed in this 
paper. 

1. Introduction 
Wood is one of the popular material in many countries, used 
for instruments, furniture, houses and other facilities. It is 
consisted of plant cells showing micro honeycomb structure 
( Figure 1). The main component of the cell wall is cellulose 
crystalline oriented in the longitudinal direction of cellular 
structure. Wood cellular structure is porous and light, 
however, the crystalline is very strong in comparison with 
its lower density and this is the reason why the wood is 
strong enough to be used for posts and beams. At the same 
time the highly oriented crystalline structure brings the 
anisotropy of dielectric or other physical properties of wood. 
Wood is an interesting and major dielectric material that the 
nature affords us for our life. 

Wood is the material from natural site and shows larger 

variance in quality in 
comparison with other 
industrial materials. In 
addition, it deteriorates by 
biological agents, such as 
insects and fungi� (bio-
degradation). In the 
process of quality control 
of wood and wooden 
structures in production 
and in service, an 
effective system to 
evaluate wood quality 
nondestructively is 
indispensable.  

2. Experiments 
2.1���� Experimental set up 
In order to clarify the feasibility of millimeter wave 
technology as a tool of NDT for wood, we have conducted 
several basic experiments on dielectric property of wood by 
a reflection imaging using  monostatic system of millimeter 
wave of 94 or 100GHz (Figure 2)� and by a transmission 
imaging using bistatic system, respectively.  
 

 
 

Figure 2 Experimental set up for reflection imaging 
 
 
 

 Figure1 Cellular structure of  
wood (Japanese cypress) 
observed  by electron 
microscopy� ( by T. Awano, 
Kyoto Univ.) 



2 
 

2.2���� Detection of artificial defect in wood 
A small clear specimen from solid wood (Figure3) were 
prepared from five wood species, Japanese cypress 
(Chamaecyparis obtuse), Japanese cedar (Criptomeria  
japonica㧕, Pine (Pinus luchuensis), Chest nut (Castanea 
crenata) and Zelkva wood (Zelkova serrate), respectively. 
They are all in air-dry condition and cut into two trigonal 
parts. The two parts are set in the following three 
conditions; a sheet of thin aluminum foil is inserted between 
two parts, a gap of 1mm is set between them, or they are in 
contact together (0mm gap), respectively. Top surface of 
the pair of specimen was scanned with the  apparatus. 
 
 
 
 
 
 
 
 
 
 

Figure 3   Preparation of wood specimen 
 
Figure 4 shows an example of the relationships between the 
location of the foil or gaps and the intensity of the detected 
millimeter wave. The intensity of the reflection from the 
aluminum foil is larger than others, however it fluctuates in 
accordance with the depth. This can be attributed to the 
interference of the millimeter wave decided by the relations 
between wave length and optical path in the detection 
system. The intensity of the detected wave in the case of the 
gaps was of about one third of the one for the aluminum foil. 
The figure suggests, the gaps located under the depth of 
several millimeters are not detectable. 

 
 
Figure 4 Changes in reflection intensity associated with 
location of artificial defects 
 

2.3 Imaging of wood with inner defects 
Based on the former results, imaging of surface and 
subsurface of finished wood was conducted. Figure 5 shows 
an example of image taken by scanning of wood block using 
reflection imaging  by a monostatic system. In the scanning 
of wood surface finished with Japanese lacquer (Fig.5.a), it 
was revealed,  the pattern of wood grain orientation under 
the lacquer layer was clearly recognized (Fig. 5.b).  To 
clarify the penetration depth of mm-wave into wood 
specimen, another test was conducted to detect the layer of 
aluminum foil inserted between a pair of cut wood blocks 
(Fig. 5.c) . In the reflection image taken in the same manner 
as Fig. 3.a, characteristic stripe pattern is recognized near 
the left side of the image (Fig.5.d). This was caused by the 
change in the amplitude of the wave that is radiated to the 
wood, penetrated into the wood and reflected at the foil. The 
stripe pattern can be attributed to the interference of the 
penetrating wave with the reflected one. The existence of the 
inserted foil can be recognized at the depth of about 15 to 
18mm at the deepest case for the tested 5 wood species.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5� Reflection images of wood sample 
a: surface of Zelkova wood sample finished with Japanese 
lacquer, b: reflection image of sample “a”, c: cross-section 
of a wood sample cut apart into two triangular prisms, a 
layer of aluminum foil is inserted between them, d: 
reflection image of sample “c” of Zelkova wood. 
 
2.4  Comaprison of MMW imaging with X-ray imaging 
Figure 6 right shows an example of reflection image of a 
small wood specimen taken from a post in a Buddhism 
temple(left). It is attacked by beetles and contains several 
holes in it. Some visible defects are also seen on the surface 
(left).  The surface of the block was scanned by mm-wave 
apparatus. On the reflection mm-wave image several 
characteristic shaded areas (dot line circles) are seen and 
they suggest the existence of inner defects.  
 
The distribution of inner defects was also evaluated by 
microfocus X-ray CT apparatus (SMX-160CT-SV3-S, 
SHIMADZU Corp.). The X-ray image (Fig.7 left) was 
obtained by accumulating of density distribution in a 
subsurface tomograms over the areas form the specimen 
surface up to the depth of 20mm. This was compared with 
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the mmw-image (right). Characteristic changes can be seen 
in the X-ray image (left) corresponding to the shaded areas 
(dot line circles marked as A to F) suggested as inner defects 
in the mmw-image(right) . However, some other unique 
shaded areas can be also seen in the X-ray image. They can 
be attributed to the holes and galleries made by beetles at 
deeper positions, and they could not detected by the mm-
wave imaging. 

 
Figure 6 � An example of photo (left)  and mm-wave 
reflection image (right) of a surface finished wood block. 
 

 
Figure 7 Two density distributions derived from X-ray CT 
tomograms overlapped on the shaded areas appeared in 
mm-wave image 
 

3. Closing remarks 
We have partly clarified the possibility of the mm-wave 
reflection imaging for the non-destructive inspection of 

wood. However, we have been also confronting some limit 
of the technique. In order to improve the performance of the 
system, we are now developing another types of imaging 
apparatus by shifting  wave frequency down to microwave 
frequency ranges. 
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Abstract

Time domain boundary element methods can be used to
model transient electromagnetic scattering from complex
structures that may have a nonlinear response. So far no
consensus has been reached for the important choice of
temporal basis function used in these computational meth-
ods. Based on a thorough analysis we will present a frame-
work for the design of temporal basis functions with pre-
defined accuracy and smoothness properties. Besides the
customary shifted Lagrange basis functions, also spline ba-
sis functions will be derived that have equal interpolation
accuracy and the added advantage of being smooth. Com-
putational results show a remarkably higher order of global
accuracy in time for the spline basis functions compared to
the shifted Lagrange basis functions with equal support.

1. Introduction
Electromagnetic scattering phenomena occur in many fields
of engineering science, for example in the modification of
the radar signature of an aircraft. Computational meth-
ods are widely used for the analysis and design of scatter-
ers. Progress in the construction of materials necessitates
the use of sophisticated computational algorithms. For in-
stance, standard methods formulated in frequency domain
are unsuitable for modelling scatterers made of chiral and
ferromagnetic materials whereas the nonlinear response can
be modelled with modern time domain methods.

Boundary element methods are a natural choice to
model scattering phenomena because the radiation condi-
tion is automatically imposed and only surfaces need to be
discretised. Moreover, the use of an absorbing boundary
condition to enclose the domain is not needed. The Time
Domain Integral Equation (TDIE) method has been intro-
duced as an attractive alternative to numerical schemes that
need discretisation of electromagnetic fields [1].

Many developments in the TDIE method are inspired
by its frequency domain counterpart, the Method of Mo-
ments. However, the temporal basis functions used in the
TDIE method evidently have no frequency domain ana-
logue. Various temporal basis functions have been intro-
duced in literature, with the shifted Lagrange polynomi-
als the most popular choice [2, 3, 4, 5, 6]. The choice of
temporal basis function has a profound impact on compu-

tational properties such as efficiency, accuracy, and stabil-
ity [2, 3, 7, 8].

For computational methods to be widely applicable
to the analysis of engineering problems, it is necessary
to know the characteristics of the underlying numerical
scheme. The implications of the various choices within
the mathematical framework on the computational perfor-
mance have to be clear.

The influence of different properties of temporal basis
functions, such as smoothness and local order of approxi-
mation, on the accuracy in time of TDIE methods is not yet
fully understood. We will analyse the accuracy by isolat-
ing the temporal components and considering the numerical
scheme as a finite element method. An important feature of
basis functions in finite element methods is their projection
from an infinite dimensional solution space onto a finite di-
mensional function space [9]. Within this finite element
space, the basis functions provide a natural way to interpo-
late the discrete solution within discrete time levels.

In this paper, focus will be on the error originating from
the interpolation procedure only. Bounds on the interpola-
tion error can be derived resulting in clear accuracy condi-
tions for temporal basis functions. In this way, a frame-
work is obtained for the design of temporal basis func-
tion with predefined interpolation accuracy. The frame-
work leaves enough freedom for other design criteria, for
instance smoothness. The influence of the interpolation ac-
curacy on the global accuracy in time will be analysed ex-
perimentally.

2. Methodology
In this section the model equations of the TDIE method and
important design criteria for temporal basis functions will
be summarised.

2.1. Boundary element formulation

Electromagnetic scattering phenomena can be modelled
with Maxwell’s equations together with interface condi-
tions on the surface of the object. A perfect electric con-
ductor (PEC) will be considered that is surrounded by
free space. An incident electromagnetic field will induce
an electric current distribution on the scatterer which will
result in a backscattered electromagnetic field. Idea be-



hind boundary element methods is to rewrite all three-
dimensional volume variables and equations into equivalent
formulations on the two-dimensional surface of the scat-
terer. This can be done with the famous Stratton-Chu for-
mulations that provide expressions for the scattered electro-
magnetic field in terms of the electric surface current den-
sity distribution.

Substitution of the formulation of the scattered field into
the interface conditions results in the Electric Field Inte-
gral Equation (EFIE) and Magnetic Field Integral Equation
(MFIE). The differentiated versions read
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where n denotes the outward pointing unit normal on the
surface �, Ei and Hi the incident electric and magnetic
field, J the induced electric surface current density and ˙J
its time derivative, R = |R| = |r� r0|,

⌧ = t� R

c
(3)

the retarded time, andr andr0 the nabla operator with re-
spect to r and r0, respectively. The speed of light is given
by c = (✏µ)

� 1
2 with ✏ and µ the permittivity and permea-

bility of free space, respectively. A linear combination of
the EFIE and MFIE results in the Combined Field Integral
Equation (CFIE), which will be used in the present analysis.

The boundary element method that will be used as nu-
merical discretisation is a special case of the finite ele-
ment method. In space, all test and basis functions have
to be defined on a surface mesh. The standard Rao-Wilton-
Glisson (RWG) functions are used on planar triangular ele-
ments [10]. Time is uniformly partitioned in discrete time
levels tk = k�t for k = 0, 1, 2, . . . with �t the time step
size. Discretisation in time follows a collocation procedure,
that is, the CFIE is evaluated in discrete time levels tk.

The electric surface current density J(⌧) has to be eval-
uated in retarded time levels that are in general distinct
from tk. Therefore, the solution has to be interpolated from
values on discrete time levels. This is an important feature
of the temporal basis functions that are defined as

Tj(t) =

8
>>>>>><

>>>>>>:

F0(t), tj�1 < t  tj ,

F1(t), tj < t  tj+1,
...

...
Fd(t), tj+d�1 < t  tj+d,

0, else,

(4)

for j = 0, 1, 2, . . . , N and F0, F1, . . . , Fd polynomials of
degree d.

2.2. Temporal basis functions

The choice of temporal basis functions has a profound im-
pact on the numerical properties of TDIE methods, includ-
ing accuracy, stability and efficiency. Newly constructed
temporal basis functions have to meet user-defined design
criteria on accuracy, efficiency, smoothness and bandlimit-
edness, which may conflict with each other [6]. The impor-
tance of each criterion depends on the application [2].

Efficiency of computational methods is essential for its
application to large-scale problems of industrial interest.
The present analysis will therefore restrict to temporal ba-
sis functions that result in a fast algorithm. The amount of
computational work is strongly related to the size of sup-
port of the temporal basis function [3, 7]. For this reason,
temporal basis function (4) are used with small values of d,
typically 2 or 3. Notice that the temporal basis function Tj

is zero for t  tj�1. This is necessary to satisfy the march-
ing condition that results in a fast marching procedure in
which solutions at a certain time level can be computed
with past, known solutions only [2]. For this reason, the
numerical scheme is often called the marching-on-in-time
(MOT) scheme.

Accuracy and smoothness will be our main guidelines
for the design of temporal basis functions. Smoothness
is desired because smooth surface currents are expected
from physical principles, and the accuracy of the Gaussian
quadrature scheme, used to evaluate the spatial integrals, is
likely to improve as well. The discretisation errors of the
boundary element method can be subdivided into a spatial
and temporal part. Although the errors are coupled, focus
will be on the accuracy in time only. The discretisation in
time follows the finite element method for which the or-
der of interpolation accuracy can be derived. A high order
of accuracy is advantageous because less stringent require-
ments need to be imposed on the time step size.

3. Design
For polynomial basis functions the truncation error from the
interpolation procedure can be derived. The requirement
of maximum order of accuracy for a given degree of inter-
polant results in a certain family of temporal basis func-
tions. The degrees of freedom within this framework can
then be chosen such that smooth basis functions are ob-
tained.

3.1. Accuracy

Intrinsic to finite element methods is the restriction of the
problem to a finite dimensional subspace [9]. The map of
the solution onto this function space of finite dimension is
determined by the choice of basis functions. The discrete
solution is then represented by a series expansion in basis
functions. So with a finite number of solution coefficients,
the discrete solution still results in approximated values of
the surface current density on the whole time axis. It can
therefore be interpreted as an interpolation procedure. For
piecewise polynomial basis functions (4), bounds on the

2



truncation error for interpolation in time can be derived.
Notice that the CFIE contains the unknown J and its

time derivatives ˙J and ¨J. Therefore, polynomial inter-
polants of degree d have a maximum order of accuracy
of d�1. To achieve this maximum order of interpolation ac-
curacy, the polynomials have to satisfy several conditions,
as derived in [11]. An instructive example is the unit sum
condition, i.e.,

dX

n=0

Fn(t + n�t) = 1. (5)

With the accuracy conditions, a general definition of the
temporal basis functions can be derived. For instance,
quadratic basis functions, so d = 2, that are given by

Tj(t) =
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have an interpolation accuracy of O(�t) for any constant ↵,
where ˜t =

⇣
t�tj

�t

⌘
.

3.2. Smoothness

The accuracy analysis results in a general representation (6)
for quadratic basis functions that satisfy the maximum or-
der of interpolation accuracy O(�t). The parameter ↵ can
be chosen freely. This degree of freedom will be used to
require smoothness of basis functions additionally. Conti-
nuity of the basis function is obtained if

↵

✓
↵� 1

2

◆
= 0. (7)
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the time derivative is continuous as well. So for ↵ = 0 a
C0

(R) continuous basis function will be obtained and for
↵ =

1
2 a C1

(R) continuous basis function. The choice ↵ =

0 results in
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which is the quadratic Lagrange basis function. The
choice ↵ =

1
2 results in

Tj(t) =
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which is the quadratic spline basis function.
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Figure 1: Temporal basis functions.

Cubic polynomial basis functions, so d = 3 in Eq. (4),
have a larger support which may result in more degrees of
freedom. With the presented framework, cubic basis func-
tions can be designed that have a maximum order of inter-
polation accuracy, which is O(�t2). For quadratic basis
functions a one-parameter family of functions (6) has been
obtained for maximum accuracy. In the case of cubic ba-
sis functions, a two-parameter family of functions will be
obtained. So we have two degrees of freedom in the defini-
tion of cubic basis functions that satisfy a maximum order
of interpolation accuracy.

Again, the degrees of freedom will be used to require
smoothness of the basis functions. For a specific choice of
parameters a C2

(R) continuous basis function can be de-
signed. This temporal basis function is called the cubic
spline basis function and is defined as

Tj(t) =

8
>>>>>><

>>>>>>:

1
6
˜t3 +

1
2
˜t2 +

1
2
˜t +

1
6 , tj�1 < t  tj ,

� 1
2
˜t3 +

1
2
˜t2 +

1
2
˜t +

1
6 , tj < t  tj+1,

1
2
˜t3 � 5

2
˜t2 +

7
2
˜t� 5

6 , tj+1 < t  tj+2,

� 1
6
˜t3 +

3
2
˜t2 � 9

2
˜t +

9
2 , tj+2 < t  tj+3,

0, else.
(11)

Another choice of parameters leads to the well-known cubic
Lagrange basis function given by

Tj(t) =

8
>>>>>><

>>>>>>:

1
6
˜t3 +

˜t2 +

11
6

˜t + 1, tj�1 < t  tj ,

� 1
2
˜t3 � ˜t2 +

1
2
˜t + 1, tj < t  tj+1,

1
2
˜t3 � ˜t2 � 1

2
˜t + 1, tj+1 < t  tj+2,

�1
6
˜t3 +

˜t2 � 11
6

˜t + 1, tj+2 < t  tj+3,

0, else,
(12)

The various temporal basis functions are depicted in Fig-
ure 1 and their numerical characteristics on accuracy and
smoothness are listed in Table 1.
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Table 1: Derived order of interpolation accuracy for the
CFIE and the smoothness of the considered temporal basis
functions.

basis function accuracy smoothness
quadratic Lagrange O(�t) C0

(R)

quadratic spline O(�t) C1
(R)

cubic Lagrange O(�t2) C0
(R)

cubic spline O(�t2) C2
(R)
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Figure 2: Electric surface current density on the top face of
a sphere.

4. Experiments
The TDIE method has been applied to two different test ob-
jects, namely a sphere of radius 1 m and a cube with edges
of 1 m. The mesh on the surface of the sphere and cube con-
sists of 238 and 480 triangular patches, respectively. The in-
cident field is given by a Gaussian shaped plane wave field.

4.1. Smoothness

The spline basis functions have better smoothness charac-
teristics compared to the shifted Lagrange basis functions.
The discrete surface current distribution calculated with the
TDIE method is therefore expected to be smooth as well,
for spline basis functions. In Fig. 2 and Fig. 3 the results
are shown for a large time step size of �t = 1.13 lm and
�t = 0.71 lm for the sphere and cube, respectively. As
reference, an experiment with a small time step size has
been depicted as well. The figures clearly show that the
smoothness properties of basis functions are propagated in
the discrete surface current density.

4.2. Accuracy

The accuracy in time of TDIE methods has been analysed
by deriving bounds on the interpolation accuracy. Isolating
the interpolation procedure results in a concise framework
for the design of temporal basis functions. However, the de-
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Figure 3: Electric surface current density on the top face of
a cube.

rived interpolation accuracy does not have to be of the same
order as the global accuracy in time. Analysing the global
accuracy of a numerical scheme can be very difficult, even
impossible in most cases. But with Richardson’s algorithm
the order of global accuracy in time can be investigated ex-
perimentally. To this end, three cases of the TDIE method
will be computed, resulting in discrete surface current den-
sities J1(t), J2(t), and J4(t). They are calculated on the
same surface mesh and with exactly the same parameters,
except for the time step size, which is �t, 2�t, and 4�t, re-
spectively. The order of global accuracy can be computed
as log2

⇣
||J4�J2||
||J2�J1||

⌘
where the L2 norm has been used for

0  t  14 lm.
For the shifted Lagrange basis functions the order of

global accuracy equals the interpolation accuracy, as shown
in Table 2 and 3. Remarkably, application of the spline ba-
sis functions results in a higher order of global accuracy
compared to the interpolation accuracy. Apparently, iso-
lating the interpolation from the discretisation scheme in
the accuracy analysis yields a smaller order of accuracy for
the spline basis functions. The reason of the differences
in global accuracy are not yet clear. Of course, a striking
difference between shifted Lagrange and spline basis func-
tions is the smoothness of the function, but it is not evident
that this is the actual cause of the extra orders of accuracy.
A careful explanation of this surprisingly better accuracy
for the spline basis functions is a topic for further research.

Table 2: Global order of accuracy, experimentally com-
puted on a sphere with the smallest time step size listed.

basis function 0.014 lm 0.028 lm 0.043 lm 0.057 lm
quadr. Lagrange 1.039 1.085 1.129 1.166

quadr. spline 1.982 2.017 2.005 1.992

cubic Lagrange 2.044 2.093 2.135 2.159

cubic spline 4.079 4.229 4.028 4.016
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Table 3: Global order of accuracy, experimentally com-
puted on a cube with the smallest time step size listed.

basis function 0.012 lm 0.023 lm 0.035 lm 0.047 lm
quadr. Lagrange 1.004 1.014 1.018 1.030

quadr. spline 1.996 2.004 1.989 2.044

cubic Lagrange 2.011 2.027 2.035 2.038

cubic spline 4.133 3.611 4.047 4.551

5. Conclusions
The practical implication of this work is the introduction
of a framework for the design of temporal basis functions
used in TDIE methods. With this framework a clever choice
of temporal basis functions can be made for user-defined
requirements on accuracy, efficiency and smoothness. All
temporal basis functions in the framework can readily be
used in existing codes of MOT schemes, thus improving
the flexibility of the TDIE method. As demonstration of
the applicability, we have derived spline basis functions that
have

1. better smoothness properties,

2. the same order of interpolation accuracy, and

3. a higher order of global accuracy

compared to the shifted Lagrange basis functions with
equal support.

References

[1] W. C. Chew, J.-M. Jin, E. Michielssen, and J. Song,
Fast and efficient algorithms in computational elec-
tromagnetics. Boston: Artech House, 2001.

[2] D. S. Weile, G. Pisharody, N.-W. Chen, B. Shanker,
and E. Michielssen, “A novel scheme for the solution
of the time-domain integral equations of electromag-
netics,” IEEE Trans. Antennas Propag., vol. 52, no. 1,
pp. 283–295, 2004.

[3] B. H. Jung, Z. Ji, T. K. Sarkar, M. Salazar-Palma,
and M. Yuan, “A comparison of marching-on in time
method with marching-on in degree method for the
TDIE solver,” PIER, vol. 70, pp. 281–296, 2007.

[4] B. Shanker, M. Lu, J. Yuan, and E. Michielssen,
“Time domain integral equation analysis of scattering
from composite bodies via exact evaluation of radia-
tion fields,” IEEE Trans. Antennas Propag., vol. 57,
no. 5, pp. 1506–1520, 2009.

[5] A. Geranmayeh, W. Ackermann, and T. Weiland,
“Temporal discretization choices for stable boundary
element methods in electromagnetic scattering prob-
lems,” Appl. Numer. Math., vol. 59, pp. 2751–2773,
2009.

[6] E. van ’t Wout, H. van der Ven, D. R. van der Heul,
and C. Vuik, “The accuracy of temporal basis func-
tions used in the TDIE method,” in Proc. 2011 IEEE
Int. Symp. Antennas Propag., Spokane, WA, 2011, pp.
2708–2711.

[7] G. Kaur and A. E. Yilmaz, “Accuracy-efficiency
tradeoff of temporal basis functions for time-marching
solvers,” Microw. Opt. Technol. Lett., vol. 53, no. 6,
pp. 1343–1348, 2011.

[8] Y. Shi, M.-Y. Xia, R.-S. Chen, E. Michielssen, and
M. Lu, “Stable electric field TDIE solvers via quasi-
exact evaluation of MOT matrix elements,” IEEE
Trans. Antennas Propag., vol. 59, no. 2, pp. 574–585,
2011.

[9] S. C. Brenner and L. R. Scott, The Mathematical The-
ory of Finite Element Methods, 3rd ed. New York:
Springer, 2008.

[10] S. M. Rao, D. R. Wilton, and A. W. Glisson, “Elec-
tromagnetic scattering by surfaces of arbitrary shape,”
IEEE Trans. Antennas Propag., vol. 30, no. 3, pp.
409–418, 1982.

[11] E. van ’t Wout, H. van der Ven, D. R. van der
Heul, and C. Vuik, “The accuracy of temporal basis
functions used in the time domain integral equation
method,” National Aerospace Laboratory NLR, Tech.
Rep. NLR-TP-2011-042, 2011.

5



 ADVANCED ELECTROMAGNETICS SYMPOSIUM, AES 2012, 16 – 19 APRIL 2012, PARIS - FRANCE 

  
Accurate and Efficient Quadratures for Transient Electromagnetic Potentials 

 
Anatoliy Boryssenko 

 
A&E Partnership, Belchertown, MA 

E-mail: anatoliy@ae-paertnership.com 
 
 

Abstract 
Accurate and efficient mixed analytical-numerical 
quadratures are developed for the transient electromagnetic 
potentials arising for surface current approximations with 
the RWG spatial basis in 3D.  A source triangle is split into 
sub-triangles and their partial potentials are formally 
expressed as double integrals in local polar coordinates. The 
inner integrals are analytically solved with accurate 
cancellation of 1/R singularity. The outer integrals are 
computed versus the angular variable through a Gauss 
quadrature to a given accuracy including machine precision. 
As a result, accuracy is greatly improved and total 
computational cost is substantially minimized compared to 
other reported approaches. 

1. Introduction 
The numerical TDIE-MOT algorithm [1-5] represents a 
promising branch of computational electromagnetics but a 
lack of late-time stability still prevents it from use for 
general purpose simulations. The problem is caused by 
inaccurate computation of the space-time electromagnetic 
potential integrals [2-5]. The integration for the RWG 
spatial basis is often performed in local polar coordinates to 
cancel preciously the 1/R kernel singularity [4]. While 
stepping in time, however, intersections of source triangle 
edges with a causal sphere of the radii ct centered at the 
observation points need to be adequately processed. Such 
supplementary computations must be performed at each 
time instant for all possible intersections classified in [2,3] 
that might be computationally too expensive. Another 
method [5] moves out the convolution operator from the 
integrands to exploit filtering properties of delta functions 
in the simplified transient kernels. But to the end, this 
method calls for quite complex formal manipulations to 
incorporate back the convolution operator into final 
expressions for the EM fields. 

In this study, an alternative, accurate and efficient 
algorithm is developed to compute transient potential 
integrals arising for 3D PEC structures approximated with 
the RWG spatial bases. This algorithm departs from prior 
numerical solutions in the frequency domain [6,7] adopted 
here in the time domain. In particular, each master source 
triangle is split up to three subtriangles and their 
corresponding potential integrals are solved in local polar 
coordinates as further shown.  

The rest of the paper is organized as follows. The 
relevant theory is summarized in Section 2 and used in 

Sections 3 to develop the algorithm for mixed analytical and 
numerical quadratures. Section 4 demonstrates several 
numerical case studies. Some conclusions are drawn to the 
end in Section 5. Section 6 includes Appendix to systemize 
descriptive geometrical information. 

2. Problem Formulation 
For TDIE-MOT numerical schemes with the RWG spatial 
base, the surface current and charge are approximated by 
separable space-time functions [1] 
 

   tSrFt)r(J J


 ,      
 




















Tr

Tr
A

rrl
rFJ 






,            0

,
2

0
   (1) 

 

   tSrFt)r(  , 
     


















Tr

Tr
A

l
rF






,    0

,


  (2) 

 

defined over two adjacent triangles T with areas A and 
the length l  of the shared edge. The vectors r  and 


0r


denote, respectively, the spatial observation point and 
fixed reference vertex for a particular RWG mode. To 
facilitate the proposed quadratures, the temporal basis 
function S(t) and its integral primitives  tS  are assumed 
analytically available. Many reported temporal bases meet 
this requirement including spline, Lagrange interpolating 
polynomials and others constructed upon a piecewise 
exponent term nt  (n ≥ 0).  

The magnetic vector and scalar electric potentials 
generated by the source triangle T  [1,4] are eventually 
expressed as a signed sum of partitioned integrals over the 
subtriangles by adopting the frequency-domain approaches 
[6,7]: 
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where oμ and oε are, respectively, the magnetic and electric 

constants; R = | r - 'r | is the distance function; primes stand 
for geometrical quantities in the source triangle; 

0r'r 
 is the vector in the triangle plane specified by the 

observation point project 0r


and integration point 'r  (Fig. 
1); i=1..M is  a subtriangle index; M≤3  defines the number 
of subtriangles and depends on the position of the 
observation point projection [7]; si is a sign factor (A10); the 
scalar (S) and vector (V) integral components are defined 
over the i-th source subtriangle Δi as follows 
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3. Mixed Analytical-Numerical Quadratures  

3.1. Evaluation of Scalar Integral Component in Eq. (5) 
Eq. (5) transformed to the local polar coordinates becomes  

   
 




B

A
R

R/ctStrI S




 
)(

0

 ,   (7) 

where the subtriangle index i is omitted hereafter sake of 
notational simplicity. The angular limits for the outer 
integral are (A8-A9) and the upper limit for the inner 
integral is  
    secd      (8) 

Carrying out the change of the variables from ρ to R in the 
inner integral (7) through the use of the Jacobian [6] 
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cancels accurately the 1/R singular term and leads to  
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where the upper limit of the inner integral (Fig. 5) [6] is 

    22222 sec)( hdhR     (11) 

Eq. (10) is then transformed to (12) shown at the page 
bottom since the close-form  tS  is on hand. 

3.2. Evaluation of Vector Integral Components in Eq. (6) 
Eq. (6) is expressed in the local polar coordinates (A11) 
(Fig. 5) by making the variable changes as follows 
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Figure 1: The source subtriangle with internal integration 
point 'r  and observation point r  projected to the triangle 
plane at 0r
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Figure 2: Signal functions including Gauss pulse  with  σ=10  ps  
and quadratic B-spline with  Δt  =  2/3πσ  ≈  21  ps. 
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where the upper integration limit of (14) is defined by (11).  
In the most general cases, the integral (14) is not 

analytically solvable for an arbitrary S(t) except two 
practical cases. In 2D geometry, viz. h=0, Fig. 1, integration 

by parts is possible for arbitrary time bases that leads to the 
formal result (15) shown at the previous page bottom for the 
time derivative of (14).  

In 3D geometry, viz. h>0, Eq. (14) is closed-form 
integrable for the local polynomial time-domain basis since 
the  retardation  
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(a) (b) 

Figure 3: Transient potential waveforms for different Gauss quadratures computed for the canonical Gaussian pulse 
with σ=0.2 ps: (a) scalar and (b) vector magnitude.  

                            
                                                                 (a)                                                         (b) 

                                  
(c)      (d) 

Figure 4: Number of significant digits versus number of quadrature samples: (a) scalar potential for Gaussian pulse; (b) 
magnitude of vector potential for Gaussian pulse; (c) scalar potential for quadratic B-spline; (d) magnitude of vector 
potential for quadratic B-spline.  
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yields the time-independent analytically integrable factors  

 
 

nkRhRRB k
R

h
k ...0,22  



   (17) 

4. Numerical Studies  
The same right source triangle from [6] is used with the 
vertexes  0,0,01 r ,  0,0,12 r ,  0,1,03 r  with all 
dimensions noted in mm. Two temporal basis signals are 
considered (Fig. 2): (1) the Gaussian pulse specified by the 
parameter σ that defines its approximate duration 2πσ; (2) 
the shifted quadratic B-spline function spanned over 3Δt. 
The identity 2πσ=3Δt is approximately hold to equalize the 
signal durations. Fig. 3 demonstrates some numerical results 
similarly to Fig. 5cd [4] derived for the transient potentials 
at  0,2,2r  and σ   =   0.2   ps for several different Gauss 
quadratures.   
      The number of significant digits versus the number of 
quadrature samples is numerically studied in Fig. 4 for both 
the signals parameterized with respective σ and Δt. This is 
done in time-domain similarly to the frequency domain 
studies [8]. Here Matlab is employed to perform all the 
numerical tests with the accuracy up to 15 significant digits. 
The numerical convergence is different for the two signals in 
Fig. 4 unlike their similar visual appearance (Fig. 2) because 
accuracy of the Gauss quadratures relies on continuity of 
integrand derivatives. Specifically, the quadratures for the 
Gauss pulse converge rapidly towards the machine precision 
because the integrand is infinitely differentiable unlike the 
B-spline signal with already discontinues second time 
derivative. The convergence rate for the scalar and vector 
potential quadratures is fairly comparable. Results of other 
simulations, which are not shown here, demonstrate the 
same convergence rate for arbitrary 2D and 3D source-
observer geometries 

 

5. Conclusions 
The developed numerical quadratures for the transient 
potentials differ from prior studies [2-4] because the integral 
limits are not longer dynamically linked to time. As a result, 
the burden to compute the sphere-triangle intersects is 
completely avoided being replaced by simple translations in 
time for the analytical integrands in (12) and (15). Since 
properties of temporal bases affect greatly the numerical 
convergence as illustrated in Fig. 4, such time functions 
must be deliberately selected and optimized in this regard. 
      While the paper is focused on flat triangle patches with 
the RWG spatial modes, the algorithm described herein can 
be also straightforwardly extended to quadrilateral patches 
with relevant spatial vector bases and volume polyhedral 
elements (prisms, tetrahedrons and hexahedrons).  
 

6. Appendix: Major Geometrical Relations for 
Source Triangles and Subtriangles 

Each source triangle, Fig. 1, is characterized by its unit 
normal vector; area; height of the observation point above 
the source triangle plane; foot of the observation point 
projection on the source plane as follows: 
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Each source subtriangle (i=1,2,3), Fig. 5, is described by 
unit edge tangent vector; foot of the perpendicular from the 
observation point projection to the triangle edge; distance 
between the projected observation point and the foot:  
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Additionally, limits of polar integration; factor si = ±1 
used in the signed partial integrals (3-4); and unit vectors of 
the local Cartesian coordinates (Fig. 5) are defines as 
follows: 
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Figure 5: Geometrical relations for integration over a 
subtriangle represented in local Cartesian {u,v} and {ρ,φ} 
polar coordinates.  
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Abstract 
In this paper, a dual-band printed dipole antenna with a very 
compact size is presented, which is structured as an 
antipodal dipole etched on different sides of a coated 
dielectric substrate, and fed by a 50 ȍ microstrip-line with a 
couple of shunt stubs over a truncated ground plate. It has 
achieved two separated bandwidths of 6.9 % at 2.4 GHz and 
5.7 % at 5.2 GHz frequency bands respectively for WLAN 
application. The design principle of this proposed antenna 
prototype, and the comparison of its simulated and measured 
performances are discussed in detail. 

1. Introduction 
The wireless local area network (WLAN) technology, as a 
valuable and cost-effective solution of high-speed data 
communication, expects a physically smaller dual-band 
antenna with good impedance matching and radiation 
properties, for integrating more systems into one module. 
This antenna should be printed on a planar structure with 
light weight, and easy to be embedded; also its feeding 
circuit should be simplified for avoiding the transmission 
loss [1]. 

A number of kinds of dual-band antennas had been 
developed as reported in [1]-[6], some possess simple 
structure but large sizes as in [1]-[3]; and some involve 
balun structure with design complexity as in [4]-[6]. 

In this paper, a compact dual-band printed dipole 
antenna is designed and tested. Both the simulated and 
measured results show that satisfying IEEE 802.11b/g 
(2.40~2.48 GHz) and IEEE 802.11a (5.15~5.35 GHz indoor 
band) standards simultaneously. 

2.   Structural design with parametric study 
An initial antipodal dipole antenna printed on different sides 
of a coated dielectric substrate FR-4 with thickness of 0.8 
mm and relative permittivity of 4.4 is proposed as shown in 
Figure 1(a), it is fed by a 50 ȍ microstrip-line over a 
truncated tapered ground plate. The dual-band property of 
proposed antenna is performed by two separated resonance 
mechanism in structure, where both arms of antipodal dipole 
are furcated into a shorter stub for higher-band and a longer 
but folded branch for lower-band. By means of coordinating 
the structural parameters using commercial EM-simulation 
software CST Microwave Studio, a desired feature of S11-
frequency response within both dual-band 2.35~2.70 GHz 
and 5.20~5.76 GHz is obtained as shown in Figure 1(b); 
however it does not satisfy the specification of return-loss as 

20log°1/S11°t10 dB. Refer to its input impedance curve on 
Smith Chart, which displays more inductive as shown in 
Figure 1(c). In order to compensate the inductivity, a couple 
of capacitances could be adopted at the input port of feed-
line.  

 

 
(a) Antenna structure 

(b) Curve of S11-frequency response 
 

 
(c) Input impedance curve on Smith chart 

Figure 1  Initial design of antipodal dipole antenna. 
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Thus an improved printed antipodal dipole antenna 
with a couple of shunt capacitive stubs is designed as shown 
in Figure 2(a). By running the performance simulation and 
parameter filtration again, an optimal set of parameters is 
abstracted as labeled at Figure 2(a), where the length of 
dipole is about a half wavelength in lower-band. The curves 
of S11-frequency response of both improved and initial 
antennas (with/without capacitive stubs) are compared in 
Figure 2(b), where the improved bandwidths of 2.36~2.55 
GHz and 5.07~5.42 GHz for VSWR d 2:1 (i.e. return-
losst10 dB) is achieved. Furthermore, the radiation patterns 
and curves of gain-frequency response at both bandwidths 
are simulated too, which will be compared with the 
measured results in the same figures as below.  

 

 
(a) Antenna structure 

 

 
(b) Curve of S11-frequency response 

Figure 2  Improved design of antipodal dipole antenna 

3. Simulated and measured performances 
A prototype of the antenna under improved design and 
precise fabrication is shown in Figure 3, it was tested for S11 
by using a Rohde & Schwarz ZVL vector network analyzer 
at first, and then for radiation patterns and directive gain in a 
standard EM-chamber in sequence.  

The measured and simulated results of S11-curves are 
good agreement with each other as shown in Figure 4. The 
measured bandwidths are about 6.9% corresponding to 
2.39~2.56 GHz as the lower-band; and also about 5.7% 
corresponding to 5.15~5.45 GHz as the higher-band. They 
are slightly narrower than the simulated bandwidths but 
enough to cover the 2.4/5.2 GHz operation bands for WLAN 
applications. 

Figure 3  Prototype of antenna under improved design 

Figure 4  Curve of S11-frequency response 

Both the simulated and measured radiation patterns at 
2.45 and 5.25 GHz are illustrated in Figure 5. Where the 
patterns in xoz plane are almost omni-directional as well as 
a simple dipole; but the radiation along  y-axis is no longer a 
null since the contribution from the segment parallel to x-
axis; the radiation of resultant field components in three 
coordinate planes approach to isotropy as desired. 

Both the simulated and measured gains within the 
lower- and higher-bands are plotted in Figure 6. The 
measured gain varies as 1.56~2.04 dBi within the lower 
band, and 0.68~3.18 dBi within the higher band. Though 
there are some difference (<1 dB) from simulated gains, 
anyway both have the gain (t1.5 dB) similar to a simple 
dipole. 

4. Conclusion 
In this paper a very compact printed dipole antenna 

with a integrated Balun is proposed. Its impedance matching 
of VSWR<2:1 is achieved within dual-band 2.39~2.56 GHz 
and 5.15~5.35 GHz with good omni-directional radiation in 
the H-plane. This antenna with simple structure, good 
performance, low cost and easy assembly, is a qualified 
candidate for WLAN communication applications. 
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 (a) at 2.45 GHz 

             
(b) at 5.25 GHz 

Figure 5  Simulated and measured radiation patterns  
 

         
 (a) lower-band                                                                            (b) higher-band 

Figure 6  Simulated and measured gain-frequency response 
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Abstract 
A 60GHz metamaterial antenna is presented for 

applications in wireless body-area networks (WBANs). The 
antenna is based on the concept of resonant cavity and it 
comprises a cylindrical woodpile structure made from low 
loss alumina through extrusion free-forming techniques. 
The proposed antenna exhibits an omnidirectional radiation 
pattern with an enhanced gain on the plane normal to the 
cylinder axis. Such characteristics are extremely useful for 
on-body communication, since it improves the signal 
coverage for wireless sensors located on the body surface 
while reducing the energy loss in off-body radiation. 

1. Introduction 
In the past few years, ever increasing request for 

different on-body applications focused the research activity 
on the investigation and design of new specific antennas for 
Body Area Networks (BANs) [1].  

The typical frequencies used for BAN applications are 
in the range from 400 MHz to 10 GHz that overlaps with 
the already crowded cellular band. Therefore the suitability 
for on-body applications of higher frequencies in V band, is 
being investigated. Specifically, in order to allow 
communication in general applications, commissions of 
several countries established an unlicensed bandwidth of 
7 GHz, as indicated in Table 1 [2], located around the 
frequency of 60 GHz. 
 

Table 1: Unlicensed frequency bands for several 
countries 

Country Frequency 
Band [GHz] 

USA 57.05-64 
Canada 57-64 
Europe 57-64 
Japan 59-66 

Australia 59.4-62 
Korea 57-64 

 

 
Many advantages can be obtained in different fields by 

using such a frequency band. In games and entertainment, 
for instance, the possibility of having a higher data rate 

allows applications based on the transmission of 
uncompressed data streaming.  

In military field, both the increased free space 
attenuation and the maximum exhibited by the atmospheric 
absorption around 60GHz allow to reduce interference from 
other systems and radar cross section from targets.  

For what concerns BAN applications at V band, the 
tissues of the human body, in particular the skin, exhibits a 
very high electric conductivity which yields a low 
penetration depth and introduces additional losses in the 
system that could completely shadow the transmitted signal. 
In order to compensate these attenuations, directive 
antennas are found to be suitable to allow communication in 
such environment. On the other hand, the received power 
could be strongly affected by the incorrect alignment 
between transmitter and receiver. Therefore, antennas 
which present omnidirectional pattern on the plane parallel 
to the human body and high directivity on the orthogonal 
one represent a good solution to address these issues. 
Furthermore, an antenna with these radiation properties is 
not significantly affected by the proximity of the human 
body. 

Moreover, a properly designed pattern shape allows to 
confine the energy in proximity of the human body. This 
behavior permits communication among sensors network 
placed on the human body reducing the off-body 
transmission. Indeed, as recent studies have demonstrated, a 
pacemaker can be hacked to be reconfigured or to access to 
private data [3][4]. Therefore, in this sense, the confinement 
of energy in medical field allows to limit interferences on 
implantable devices for patient monitoring.  

In order to exploit the aforementioned features, the 
design of a cylindrical resonant cavity antenna, working in 
V band, is presented in this paper. By starting from the 
original antenna designed by Y. Lee [5] to work at a 
frequency of 94 GHz, the new structure, here shown, is 
based on the concept of the resonator antenna introduced by 
Trentini [6]. In general, an increase of the directivity can be 
obtained by adding a Partially-Reflecting Sheet (PRS) in 
front of the antenna. In the case shown in this paper the PRS 
has been realized as an EBG woodpile cylindrical cavity 
made of alumina, whose dimensions have been calculated 
according to the desired resonant mode.  

The feeder has been realized by using the internal 
conductor of a coaxial cable. 
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The design of cylindrical cavity, the feeder and the 
antenna matching, supported by simulation, will be shown 
in this paper. 

2. Design of Cylindrical Resonant Cavity and 
Antenna 

The designed concept of the proposed antenna is 
depicted in Fig. 1. As mentioned above, the aim of this 
study was to obtain a radiator exhibiting an omnidirectional 
radiation pattern on the azimuth plane and high directivity. 
In order to address these issues, a cylindrical resonator 
antenna was chosen. For the sake of clarity let us consider 
the conformal woodpile Electromagnetic Band Gap (EBG) 
structure shown in Fig. 1. In order to obtain a cost-effective 
prototype, the free-forming extrusion technique [7] has been 
chosen to manufacture the antenna, adapting the design 
procedure used in [5] at W band. As a first step, the unit 
element of the woodpile structure has been designed in 
order to exhibit a band gap around 60GHz. The spacing s 
between the elements determines the frequency of the band 
gap, while the ratio between s and the thickness of the 
filaments w affects its width. Since the unit cell for the 
woodpile structure is a modified version of the one 
presented in [5], the w and s parameters had to be set by 
means of an ad hoc parametric analysis: the planar woodpile 
structures were illuminated by a plane wave and the 
transmitted field, measured by a probe, was analysed.  

The optimum dimensions were found to be s=1.8mm 
and w=0.6mm. The presence of the desired band gap 
around 60GHz can be observed in Fig. 2.  

 

s

w
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Figure 1: Cylindrical Resonant Cavity Antenna: 
Woodpile EBG structure and feeder. 
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Figure 2: magnitude of the transmitted field at probe. 

The designed unit cell was used to create the cylindrical 
resonator. Since a uniform and vertically polarised electric 
field was required, the cavity had to be designed in order to 
sustain a TM0n0-type mode. The general equation giving the 
resonance frequency of a general TMmnp modes is: 

22

2
1
















H
p

R
f mn

mnp



,  (1) 

where m, n and p are integer numbers (m, p=0, 1, 2, 
3…,    n=1,  2,  3…),  R and H are, respectively, the radius and 
the   height   of   cylinder,   χmn is the n-th zero of m-th order 
Bessel Function Jm(χmn) = 0. It can be noticed how, in the 
case of TM0n0 modes, the resonance frequency depends only 
on the radius of the cavity [8]. Taking this equation into 
account, the internal radius Rin of the woodpile cylinder was 
calculated.  

The radius corresponding to the TM010 mode could not 
be considered because of manufacturing constraints, it was 
not possible to realize a cavity with Rin lower than 2mm. 
Therefore the cavity was designed to support the TM020 
mode, corresponding to Rin=4.4mm. The number of radial 
elements N and the total height h of the cylinder affect the 
directivity of the antenna, as well as its profile. In order to 
have a trade-off between directivity and dimensions, the 
parameters were set equal to N=14 and h=26.5mm. In order 
to verify the resonant behaviour of the designed structure, 
the woodpile cylinder was excited by means of a vertical 
elementary dipole placed in its central point. The electric 
field over a vertical cut plane including the axis of the 
cavity was evaluated. The results of this analysis are shown 
in Fig. 3, where the electric field distribution, obtained at 
58 GHz, has depicted. The shift of the expected resonance 
frequency can be explained by considering that the 
woodpile EBG acts as a partially reflecting surface and has 
a finite thickness that is not negligible with respect to the 
wavelength. As a result of this, some energy penetrates 
inside the sheet, and the actual reflection does not happen 
exactly on the internal surface but inside the woodpile 
structure. 
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(a)                                   (b) 

Figure 3: Cylindrical cavity: woodpile structure (a) and 
electric field distribution at 58 GHz (b). 

Having verified the correct behaviour of the cavity, the 
radiation pattern at the resonant frequency was evaluated. As 
mentioned above, the antenna should have an 
omnidirectional radiation pattern with a high directivity on 
the azimuthal plane. The result of the simulation carried on 
at 58 GHz is depicted in Fig. 4, showing that the designed 
cavity meets the design spedifications: in particular, the 
maximum directivity is 7.55 dBi, and the half power beam 
width (HPBW) is 11.7 dBi. 

 

(a)                                   (b) 

Figure 4: Radiation pattern of cylindrical cavity at 
58GHz: (a) elevation plane and (b) azimuth plane. 

2.1. Cavity feeder and antenna matching 

In order to obtain the desired properties in the actual 
antenna, a feeding structure, able to excite the same mode as 
the ideal short dipole, had to be designed. The feeder had to 
be able to generate a vertically polarised electric field. As 
proposed in [5] and in [9] for similar antennas working at 
different frequencies, the internal conductor of a 1mm 
coaxial cable has been used as a feeder for the antenna, with 
a copper disc used to hold the cavity (Fig. 5). Both the 
penetration of the cable inside the cavity h1 and the length of 
the monopole h2 affect the shape of the radiation pattern as 
well as the maximum directivity. An analysis by means of 
parametric simulations was carried out, and the above 

mentioned dimensions were set to h1=6.6mm and 
h2=2.5mm. The radiation pattern of this structure is reported 
in Fig. 6: it is possible to notice that it retains the desired 
omnidirectionality on the azimuth plane, while the 
maximum directivity is 7.43 dBi. 

 

h2

h1

 
Figure 5: Antenna feeding structure. 

Although the radiation characteristics of this configuration 
antenna are acceptable, the insertion loss is extremely high: 
the S11 at 58GHz is about -2dB. By changing h2 it is 
possible to change both real and imaginary part of the input 
impedance, thus obtaining an acceptable return loss lower 
than -10dB. But, as already mentioned, this also affects the 
radiation pattern, resulting in a complete loss of the desired 
characteristics. Hence a further degree of freedom had to be 
included in the design. Because of manufacturing 
limitations due to the limited space inside the cavity, the 
matching techniques used at lower frequencies could not be 
used [9][10][11]. For this reason, a novel and practically 
viable solution had to be found. 

 

(a)                                   (b) 

Figure 6: Radiation pattern of cylindrical cavity with 
feeder at 58GHz: (a) elevation plane and (b) azimuth 
plane  

 
To this aim, a copper disc connected to the external 

conductor of the coaxial cable was used to modify the input 
impedance, as depicted in Fig. 7 (a). Specifically, the 
position of the disc hd was adjusted together with h1 and h2, 
thus obtaining a good matching while retaining the radiation 
characteristics already achieved. The simulated S11 obtained 
for h1=9.5mm, h2=1.3mm and hd=2.1mm is reported in 
Fig. 7 (b), while the corresponding radiation pattern is 
depicted in Fig. 8. As a result of the introduction of the 
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copper disc, the resonance frequency shifted to 58.8 GHz, 
and the maximum directivity slightly decreased to 6.72 dBi. 

The complete antenna exhibits the desired 
omnidirectional pattern on the plane normal to the axis of 
the cavity, with directivity equal to 6.72 dBi at 58.8 GHz 
and a corresponding S11 equal to -17.4 dB.  

hd

S1
1 

(d
B

)

Frequency (GHz)  

(a)                                   (b) 

Figure 7: Matched antenna: (a) modified feeder and (b) 
simulated S11. 

 

 

(b)                                   (b) 

Figure 8: Radiation pattern of matched antenna: (a) 
azimuth plane and (b) elevation plane. 

3. Conclusions 
A cylindrical resonant cavity antenna, working in V band, 
has been presented in this paper. In particular the design, 
the analysis and simulation of the investigated antenna have 
been shown. The trade-off obtained between high 
directivity and omnidirectionality allows confining the 
energy in proximity of the human body, and makes this 
antenna suitable for BAN applications. As future work, a 
campaign of measurement will be held. 
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Abstract 

This paper presents a development of a full 
wave TTL-Transverse Transmission Line 
method, for the study of antennas resonator in 
spherical coordinates. This work involves the 
study of electromagnetic fields of the spherical 
antenna resonator for use in missile and 
satellite.  

1. Introduction 

This LTT-Transverse Transmission Line 
method, describes the electric and magnetic 
fields in spherical coordinates in the transverse 
directions  and θ as a function of the fields in 
the direction r, cross dielectric interfaces. Figure 
1 shows the initial inspiration for the application 
of this method in spherical coordinate’s surface, 
spherical missile and satellite [1-15].  

 

 

Figura 1. Spherical coordinates.  

 

2. Theory 

The LTT method is developed starting from 
Maxwell's equations for spherical coordinates 
[8-10]: 
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Then performing the curl in spherical 
coordinates: 
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Relating the electric fields of the same direction, 
we obtain: 
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Relating the magnetic field of the same 
direction, we obtain: 
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According to the equations of the electric and 
magnetic fields above, we find: ,  , and 
  as function of   and : 
Finding : 
Substituting the equation (10) in (6): 
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Multiplying by (-jωµ): 
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Finding : 

Substituting the equation (6) in (10):    
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Finding : 
 

Substituting (9) in (7): 
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Finding : 
 
Substituting (7) in (9): 
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Then,                           
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Considering, 
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Where: 

  is the propagations constant in the radial 
direction, r; 

 is the spectral variable in the θ direction;  

 is the spectral variable in the  direction.  is 
the wave number.  

Applying the Fourier transform domain (FTD) 
in the equations to find Eφ, E, Hφ and H: 
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3. Wave Equation Solution in 
Spherical Coordinates 

The Laplacian operator of   and   are: 
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Considering that: 
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Substituting (28) into (30) and (31) we can write 
that  :  
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Developing the terms of the equation (33): 
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Where:  
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Then, the result of equation (34) is: 
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Finding   . 

Substituting (29) into (30) and (32) we can write 
that  :  
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Then, the result of equation (45) is: 
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In agreement with Helmholtz, the equation of 
wave of   and   spherical coordinates it is: 
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Substituting   e : 
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Where:  
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Then, the result of (49) and (50) equations are: 
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Applying the Boundary Conditions in r=a: 
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After applications of the boundary conditions, 
the Dyadic Green functions are determined, and 
the complex resonant frequency is obtained 
numerically. The numerical results are then 
calculated using computational programs 
developed in Fortran Power Station and Matlab. 
 

1. Conclusions 
 
A new mathematical full wave TTL-Transverse 
Transmission Line method, in spherical 
coordinates, for use in spherical antennas was 
presented. Numerical results will be presented 
for the resonant frequency as functions of the 
diameter and of the dielectric substrate, as PBG 
-Photonic Band Gap and semiconductor 
materials. 
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Abstract 
A review of the most popular thin absorbing structures based on  
High-Impedance Surfaces (HIS) is presented. The perfect 
absorption can be achieved by exploiting either dielectric or ohmic 
(resistive) losses. The former absorption phenomenon can be 
achieved by employing a resonant structure, often referred to as 
Perfect Metamaterial Absorber, comprising for instance a metallic 
frequency selective surfaces located above a thin grounded 
dielectric substrate. The metamaterial is able to provide an 
angularly stable perfect matching in a very limited frequency 
range as the substrate losses and the dielectric thickness are 
suitably chosen. Alternatively, if a lossy frequency selective 
surface is employed in front of a grounded dielectric substrate both 
narrowband and wideband absorbing structures can be designed by 
exploiting ohmic losses.  

1. Introduction 
Recent developments in the synthesis of metamaterials has 
generated a great interest on thin electromagnetic absorbing 
materials due to the high number of practical applications 
[1] - [12]. Thin absorbing structures are beneficial to reduce 
the radar signature of targets [1], to synthesize power 
imaging devices [6], [7] or to improve the electromagnetic 
compatibility of electronic devices [13]. A wide operating 
bandwidth is one of the main requirements across the 
microwave range but frequency selective narrowband 
absorbing structures are desirable in THz range to design 
novel photodetectors [7], microbolometers [8] and phase 
modulators [9]. Promising and potentially revolutionary 
applications of metamaterial absorbers at optical frequencies 
regard the use of such structures as frequency selective 
emitters to improve the efficiency of thermophotovoltaic 
solar cells [10], [11]. 
A simple structure allowing the synthesis of both 
narrowband and wideband thin absorbers is a High-
Impedance Surface (HIS) [14]. The absorbing panel consists 
of a lossy or metallic frequency selective surface over a thin 
grounded dielectric slab. As the suitable amount of loss is 
introduced in the resonant structure, a perfect absorption can 
be achieved at a single frequency or across a large band. A 
ultra-narrowband absorption can be performed by exploiting 
dielectric losses of the commercial substrates only. This kind 
of structures are frequently referred to as Perfect 
Metamaterial Absorbers [12]. On the contrary, if a more 
wideband performances are needed, resistive losses can be 
introduced the periodic pattern through lumped resistors or 
resistive inks.  

2. Problem formulation 
A 3D sketch of the analyzed absorbing structure is reported 
in Figure 1. Some of the most common periodic elements 
are reported in the figure. The analyzed structure is basically 
a subwavelength resonant cavity characterized by an input 
impedance approaching to infinite and a reflection phase 
crossing zero at the resonance [14], [15]. The amount of 
power absorbed by the resonant cavity at the resonance is 
determined by the value of the real part of the input 
impedance since the imaginary part of the input impedance 
of a lossy structure is close to zero at the resonance . The 
magnitude of the reflection coefficient of HIS at normal 
incidence reads:  
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* |
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                     (1) 

where ZHIS represents the input impedance of the absorbing 
HIS structure and ȗ0 is the characteristic impedance of free 
space at normal incidence. The input impedance of the HIS 
structure ZHIS is equal to the parallel connection between the 
two complex impedances ZFSS and Zd. The impedances of 
the grounded substrate and the frequency selective surface in 
presence of a lossless or even lossy dielectric can be 
computed analytically on the basis of some well justified 
approximations [16]. By deriving an explicit expression of 
the real part of the input impedance of the high-impedance 
surface, which is directly related to the amount of loss at the 
resonance, several properties of the HIS absorber having 
immediate practical implications can be easily extracted. 

 
Figure 1- 3D sketch of the HIS absorber with some of the most 
common unit cell pattern. The periodic pattern can be metallic 
or resistive. 
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2.1. Derivation of the real part of the HIS input 
impedance 

In order to derive the expression of the real part of the input 
impedance ZH, the expressions of the grounded substrate 
impedance, Zd, and the FSS impedance, ZFSS, are separately 
derived on the basis of simple approximations and then 
combined. The grounded substrate input impedance is 
inductive until the substrate thickness is lower than a quarter 
wavelength whereas the periodic array on top of it is 
basically an FSS with a capacitive impedance before its 
proper resonance and with an inductive impedance after it.  
Assuming ' ''

r rH H� , the real and the imaginary part of the 
input impedance can be expressed as follows [16]: 
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where ȗ0 is the characteristic impedance of free space; k0 is 
the free space propagation constant and d is the thickness of 
the dielectric substrate. The real part of the input impedance 
depends both on the real and imaginary part of the dielectric 
permittivity while the imaginary part of Zd is almost equal to 
the lossless case.  
The impedance of a frequency selective surface can be 
represented through a series LC circuit and a couple of 
resistors which take into account both dielectric and ohmic 
losses [17]: 

� � � �2
0 1FSS DZ R R LC j CZ Z � � �            (2) 

where C and L represent the capacitance and the inductance 
of the FSS. The capacitance of an FSS printed on a dielectric 
substrate is computed by multiplying the unloaded capacitor 
by the real part of the effective dielectric permittivity due 
the surrounding dielectrics.  
The capacitor formed between the adjacent elements has a 
loss component since the electric field lines are concentrated 
in a lossy medium. Such loss component is readily 
represented by the following series resistor [16]:  
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The FSS series resistor RD is inversely proportional to the 
FSS capacitance.  
The ohmic resistor connected in series with the 
aforementioned dielectric resistor can be evaluated by 
weighting the classical expression of the surface resistance 
valid for metals or resistive inks with the ratio between 
metalized area and periodicity of the unit cell [2]:  
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Where t, į and ı represent the thickness, the skin-depth and 
the electrical conductivity of the metallic/resistive pattern, 
respectively. S=D2, D is the cell periodicity and A is the 
surface area of the lossy element within a single unit cell. 
The relation (4) implies that the smaller is the scattering 
area, the smaller is the surface resistance leading to a certain 
fixed lumped resistance (same amount of loss).  
If the FSS is made of copper, ohmic losses obtained 
according to relation (4) are generally two orders of 
magnitude lower than the dielectric resistor (3). Conversely, 
if the metal is replaced with a resistive ink, the resistor 
assumes values higher than the dielectric resistor. Ohmic 
losses comes from the currents flowing on an imperfect 
conductor and they are increasingly important as the 
working frequency raises. As matter of fact, the ohmic 
resistor is comparable with the dielectric one in THz range 
and it dominates across optical regime [18].  
The calculation of the unloaded capacitance can be 
accomplished by retrieving the reflection coefficient of a 
full-wave simulation [19]. As the substrate thickness is 
reduced (which is the case of thin metamaterial absorbers) 
the influence of higher-order (evanescent) Floquet modes 
reflected by the ground plane must be taken into account by 
adequately correcting the capacitance and the inductance 
values [17], [20].  

As already remarked, the input impedance of the HIS 
structure ZH is equal to the parallel connection between the 
two complex impedances ZFSS and Zd. At the resonance of 
the lossy structure, the imaginary part of the input 
impedance ZH crosses the zero. After some simple algebraic 
operations, the real part of the input impedance ZH at the 
resonance is derived [16]: 
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By replacing the relations (1), (3), (4) in (5), the real part of 
the input impedance at the resonance can be explicitly 
written. The expression in (5) contains all the degrees of 
freedom of the HIS absorber: it is a function of the FSS 
capacitance, of the electrical substrate thickness and of the 
real and imaginary part of the dielectric 
permittivity. ^ `Re dZ is usually much smaller than 

^ `Re FSSZ at the main resonance of the HIS [16].  
Depending of the prevalent nature of losses, different type of 
absorbers can be identified from relation (5): 
x D OR R!! : Ohmic losses negligible with respect to 

dielectric losses. The loss component is determined by 
the substrate properties. The substrate thickness and the 
FSS element needs to be chosen in order to maximize 
the absorption at the desired frequency. The structure is 
typically very narrowband. 
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x D OR R� : Both ohmic and dielectric losses contribute 
to absorption at the resonance. The resistors’ values are 
typically comparable in THz range because ohmic 
losses start to play a important role also in metallic 
resonant structures. They can assume comparable 
values also in the microwave range if low-loss 
substrates are employed. The structure is typically very 
narrowband. 

x O DR R!! : Ohmic losses are predominant. It is 
typically the case of lossy frequency selective surfaces 
manufacture with resistive inks. Ohmic losses due to 
metallic patterns are predominant also in optical range 
even if the structure is completely metallic. The 
structure is typically moderately narrowband or 
wideband. 

3. Numerical Examples 
a) Narrowband configuration 

In this section the difference between HIS absorbers made 
up of metallic or resistive FSSs are clarified through a 
numerical example. In Figure 2 the dielectric and the ohmic 
resistance of the FSS impedance are compared with the real 
part of the substrate input impedance for a HIS absorber 
comprising a simple cross shaped FSS. The substrate is a 
commercial FR4.  
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Figure 2 – Dielectric and ohmic components of the real part of the 
FSS impedance compared with the real part of the grounded 
substrate input impedance for absorbing structures comprising a 
metallic or a resistive FSS. 

In the former case the dielectric resistor is much higher than 
the ohmic resistor while in the latter case the losses 
introduced in the periodic pattern make the ohmic resistor 
predominant. The use of metallic FSSs forces the choice of 
the substrate thickness leading, according to relation (5), to 
value of the real part of the HIS input impedance close to 
the free space impedance at the resonance. If Figure 3 the 
reflection coefficient of the thin absorber comprising a 
metallic and a resistive cross is shown. Due to the very 
small substrate thickness, the absorption bandwidth of the 

metallic absorber is very narrow. The use of resistive 
patterns introduces an additional degree of freedom in the 
relation (5). For this reason, the substrate thickness leading 
to a matching of the HIS input impedance with the free 
space impedance can be arbitrary selected. In order to 
maintain a perfect absorption at the resonance while the 
substrate thickness is increased the surface resistance of the 
FSS needs to be enhanced. The bandwidth of the absorber is 
directly proportional on the substrate thickness [13]. 
Anyway, once fixed the substrate thickness, the use of 
tightly coupled patch arrays allows to maximize the 
absorption bandwidth [2], [13]. In this case the surface 
resistance of the metallic pattern is higher with respect to 
the cross element case. The reflection coefficient of the 
1.6 mm thick absorber comprising a resistive patch array is 
reported in Figure 3 for comparison. The electrical and 
geometrical parameters of the simulated structures are 
reported in Table 1. 
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Figure 3 – Reflection coefficient of a High-Impedance Surface 
comprising both metallic and resistive FSSs. Continuous line: 
MoM simulation, Dashed line: Transmission line model. 

 

a) Wideband configuration 
 High-impedance surfaces can be efficiently employed also 
to design wideband and ultra-wideband absorbers [2], [21]. 
One layer wideband absorbers are efficiently synthesized 
through resonant elements as for instance a square loop. In 

Table 1: Electrical and geometrical parameters of the 
analyzed absorbing structures. 

FSS 
Element 

Zs 
[ohm/sq] 

d 
[mm] 

D 
[mm] İr 

Metallic 
Cross ~ 0.03 0.5 8.96 4.5-

j0.088 
Resistive 

Cross 5 1.6 8.1 4.5-
j0.088 

Resistive 
Patch  40 1.6 3.7 4.5-

j0.088 
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[21] a capacitive method is adopted to design wideband 
non-magnetic absorbers employing subwavelength patch 
type FSSs. The methodology is convenient as the number of 
resistive layers exceeds two. Indeed, in the latter case, the 
use of resonant elements would require periodicities 
exceeding one wavelength and hence the onset of grating 
lobes. Two layers absorbers comprising resonant FSS, such 
as for instance a cross frame FSS [19] stacked on a ring 
FSS, are still more performing  than capacitive designs but 
they require large periodicities. In Figure 4 the reflection 
coefficient achieved with one-layer, two-layers and three 
layers resistive HIS absorbers are compared. The most 
relevant geometrical parameters are reported in Table 2. 
The table reports also the minimum physical thickness for 
an ideal absorbing structure characterized by the same 
absorption properties achieved for each configuration 
analyzed. The limit is computed according to [22]: 
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Figure 4 - Reflection coefficient of wideband 1-layer, 2layers 
and 3-layers HIS absorbers. The 1-layer and 2-layers structures 
are synthesized by employing resonant FSS elements. The 3-
layers structure has been presented in [21]. 

Table 2: Electrical and geometrical parameters of the 
analyzed absorbing structures. The physical limit is 
computed according to [22]. 

FSS 
Element 

Total 
thickness 

[mm] 

Physical 
Limit 
[mm] 

Period. 
[mm] FSS 

element 

1-layer 5 4.5 11 ring 

2-layers 10 9 20 ring+cross 
frame 

3-layers  15.1 13.3 10 patch 

4. Conclusions 
The main properties of the electrically this absorber 
synthesized by employing opportunely designed high-
impedance surfaces are discussed by recurring to a simple 
transmission line model. The differences between an 
entirely metallic absorber, typically referred to as 
metamaterial absorber, and HIS absorbers comprising 
resistive FSSs are highlighted. It is shown that dielectric 
losses are predominant for metamaterial absorbers while 
ohmic losses are the most influent in case of resistive losses. 
The extremely narrow band absorption achievable with 
metamaterial absorbers is not appealing for application in 
the microwave range but its employment in THz gap and 
optical range is promising. Finally the properties of one 
layer or multi-layers wideband absorbers are presented.    
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Abstract 

A new development of metamaterial applications in radar 
absorbers for X band is introduced. Two modifications were 
suggested based on two different approaches which are a 
new called fan shaped resonator absorber and a modified 
high impedance metamaterial absorber. Both approaches 
introduce thin radar absorber (5.3% at centre frequency) 
with wide bandwidth and high absorption level. The 
theoretical concepts of each design are explained and 
validated using full wave simulation. Results illustrate that 
the new development can achieve wider bandwidth, 
multiple operating bands; the increase in bandwidth is up to 
8 times the conventional one. Moreover, the reported 
absorbers have capability to operate with different 
polarizations.  

1. Introduction 

A great interest has been paid on studying the new 
characteristics of using artificially constructed structures 
known as "metamaterials". Metamaterials were introduced 
for the first time as a theoretical concept in 1967 by the 
Russian physicist Victor Veselago. He illustrated that if a 
material can exhibit negative electric permittivity ε and 
permeability, it has unique electromagnetic properties [1]. 

The electromagnetic constitutive parameters of a medium, 
the electric permittivity (ε) and magnetic permeability (µ), 
are used to describe the material behavior on applying an 
electromagnetic wave. In 1996, Pendry [2] has realized an 
artificial 3 D array of thin straight wires that can 
demonstrate negative permittivity. In 1999, Pendry [3] 
proposed an artificial magnetic medium consisting of an 
array of split ring resonators (SRRs) structure which can 
demonstrate negative permeability. A Composite medium 
with simultaneous negative permeability and permittivity 
has been introduced in 2000 [4]. 

The use of radar absorbing materials (RAM) has been 
increased in past years in different applications such as 
communication antennas, anechoic chambers, 
electromagnetic interference (EMI), electromagnetic 

compatibility (EMC), and stealth technology. The advance 
in the use of RAM applications aims to improve their 
performance in terms of their absorption level, operation 
bandwidth, enhancement of its physical thickness 
limitations and their properties for different oblique incident 
and incident polarizations [5-9].  

The design of thin absorbing layers for radar cross section 
reduction is a challenging task, because the thickness 
reduction leads to a decrease of the bandwidth. Another 
problem is the absorber capability for all possible incident 
polarizations. Metamaterial use in radar absorber has 
contributed in overcoming the initial problem to introduce 
very thin metamaterial radar absorber. However, the 
operating bandwidth and the capability of operation with 
different polarization is still a challenge. 

In this paper, we introduce the novel use of different 
configurations of metamaterial absorbers for the purpose of 
enhancement the performance of the RAM. The 
enhancement includes increasing the absorption level and 
achieving wide band metamaterial absorber. Comparisons 
between the performances of the metamaterial absorber 
based on conventional metamaterial configuration versus 
our modified ones are introduced. For this purpose, two 
different RAM were designed at the X band. The full wave 
electromagnetic wave simulations were employed to 
calculate the reflection coefficient for a normal incident 
plane wave.  

The commercial software (Ansoft) was employed for co 
polarized and cross polarized incident wave. Results 
illustrate that the proposed absorbers can achieve wider 
bandwidth compared to the conventional one, and capability 
of operation of different polarizations. 
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2. Fan Shaped SRR RAM 

2.1. Structure and Theory 

The design of thin absorbing layers for radar cross section 
reduction is a challenging task, because the thickness 
reduction leads to a decrease of the bandwidth. The simplest 
metamaterial absorber structure based on the use of 
conventional rectangular shaped SRR, shown in Figure 1 (a) 
is mainly narrow band and also it works for only for either 
co polarized and cross polarized wave.  
 

 
Figure 2: A unit cell geometry of (a) a rectangular SRR (b) 
a fan shaped SRR 

The equivalent circuit of the metamaterial transmission line 
RAM is shown in Figure 2 (a) and the SRR equivalent 
circuit is shown in Figure 2 (b). By using a periodic array of 
SRR over a thin substrate, it can satisfy the absorber 
equivalent circuit. The principles of achieving wide/multi 
band absorber may be achieved by proposing new resonator 
geometry, a fan shaped SRR. The idea of increasing 
bandwidth of the resonator RAM is based on using SRR 
geometry that can enhance the parasitic effect so that the 
whole metamaterial RAM can resonate at different 
frequencies.  

 

Figure 1: An equivalent circuit of the metamaterial 
transmission line RAM. (b) A SRR equivalent circuit. 

As a suggestion of solving the above drawbacks, in this 
work, we suggest the use of new fan shaped SRR shown in 
Figure 1 (b).  

For the sake of good comparison, two different RAM layers 
were designed using conventional SRR and Fan shaped 
SRR on a lossy FR4 substrate whose relative dielectric 
constant εr= 4.4, a dielectric loss tangent, tan δ = 0.02, and 
thickness of 1.6 mm. The operating frequency and 
bandwidth can be designed by the proper selection of the 
employed unit cell.  
 

2.2. Results 

The performance of the fan shaped resonator RAM is 
presented in this section. The full wave electromagnetic 
wave simulations were employed to calculate the reflection 
coefficient for a normal incident plane wave. The 
commercial software (Ansoft) was employed for co 
polarized and cross polarized incident wave.  

The simulated reflection coefficient for normal incidence of 
electromagnetic waves upon the metamaterial absorber 
implemented using rectangular SRR versus the fan shaped 
SRR are shown in Fig. 3 for the case of co polarized wave.  

 
Figure 3: The simulated reflection coefficient of rectangular 
SRR and fan shaped SRR metamaterial absorber for co-
polarized wave. 

As illustrated in Figure 3, the conventional rectangular SRR 
RAM can satisfy electromagnetic wave absorption at 
approximately 9.5 GHz with close to -15 dB reflection 
coefficient over a narrow bandwidth (10 dB fractional 
bandwidth is only 1%). On the other hand, the fan shaped 
SRR can demonstrate electromagnetic wave absorption 
centered at the same frequency 9.5 GHz with fractional 10 
dB bandwidth of approximately 4.5%. Moreover, the fan 
shaped SRR absorber can demonstrate a second absorption 
band at approximately 11.7 GHz which has better than -20 
dB reflection coefficient over approximately 10 dB 
fractional 8 % bandwidth. This means that the fan shaped 
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SRR metamaterial absorber can increase the bandwidth up 
to eight times compared to conventional SRR absorber. 

Another advantage of the fan shaped is it can satisfy the 
electromagnetic absorption for either co polarized and cross 
polarized wave. For confirming of the polarization 
capability, the simulated reflection coefficients of both 
aforementioned absorbers assuming a cross polarized 
incident wave are shown in Figure 4. As shown in the 
figure, the fan shaped metamaterial absorber can 
demonstrate almost the same absorption for the two 
possible cases of co polarized and cross polarized electric 
field incidence.  On contrast to fan shaped case, the 
conventional rectangular SRR failed to demonstrate any 
small reflection coefficient over the frequency band of 
interest as it is nearly 0 dB. 

 
Figure 4: The simulated reflection coefficient of rectangular 
SRR and fan shaped SRR metamaterial absorber for cross-
polarized wave. 

3. Slot High Impedance Metamaterial RAM  

3.1. Structure and Theory 

Another proposal of metamaterial absorber is based on the 
use of high impedance surface property that can be achieved 
using metamaterials. This metamaterial absorber is 
characterized as a thin absorber. Different approaches for 
the high impedance thin absorber have been proposed by 
Engheta [9], Kern and Werner [10], and Gao et el using the 
Sievenpiper high impedance ground plane (HIGP) [11]. 
However, it is characterized with narrow bandwidth and 
low absorption level. 

In this section we introduce a modified high impedance 
metamaterial absorber to have wider and higher absorption 
capability compared to conventional high impedance 
absorber. Also, the designed RAM is characterized with its 
capability of operation for both possible cases of 
polarization.  

The layout of the proposed modified high impedance 
metamaterial absorber is shown in Figure (4). The 

employed substrate is the same as studied before (FR4 with 
relative dielectric constant εr= 4.4, a dielectric loss tangent, 
tan δ = 0.02, and thickness of 1.6 mm).  

 
Figure 5 A unit cell geometry of the modified high 
impedance metamaterial absorber  

3.2. Results 

The performance of the proposed modified HIGP 
metamaterial resonator is presented in this section. Similar 
to previous studied case, the RAM performance was 
investigated using the electromagnetic full wave 
electromagnetic wave simulations to calculate the reflection 
coefficient for a normal incident plane wave. The 
commercial software (Ansoft) was employed for co 
polarized and cross polarized incident wave.  
 

Figure 6: The simulated reflection coefficient of the 
modified slotted patch RAM  
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The simulated reflection coefficient of the modified HIGP 
patch versus conventional one is shown in Figure 6. As 
shown in the figure, the modification done to the patch has 
resulted in increasing the return loss at the centre frequency, 
10 GHz to better than 20 dB instead of approximately 12 
dB. The modified patch RAM has a minimum 10 dB return 
loss from 9.5 GHz to 10.5 GHz whereas it is only from 9.85 
GHz to 10.4 GHz in case of conventional patch RAM. In 
other words, the fractional bandwidth has increases to 10% 
instead of 5.5% which is almost double value enhancement.  

For the sake of completeness, the modified absorber was re-
investigated for the case of cross polarization incident wave. 
The study is also done as a comparative study versus the 
conventional HIGP metamaterial patch antenna and the 
results is illustrated in Figure 7. As shown in the figure, the 
conventional patch HIGP metamaterial absorber has similar 
10 dB narrow bandwidth and its reflection coefficient can 
not go below -12 dB within this bandwidth; similar to the 
co polarized incident case illustrated in Figure 5. On the 
other hand, the modified patch HIGP metamaterial absorber 
has wider 10 dB which is almost from 9.5 GHz to 10.5 GHz 
which is approximately the same 10 dB reflection 
coefficient bandwidth of the modified patch HIGP 
metamaterial absorber illustrated in Figure 5. However, it is 
obvious that the modified patch HIGP metamaterial 
absorber response is different within this bandwidth from 
the co-polarized incident wave. But, these changes can be 
accepted since they take places below -15 dB at which only 
it reveal no more that only 3% of the incident power may 
reflect back.  

Figure 7: The simulated reflection coefficient of the 
modified slotted patch RAM  

4. Conclusions 

A new development for wide/multi band metamaterial radar 
absorber material using new type of split ring resonator, 
called fan shaped SRR and modified HIGP metamaterial 
absorber has been discussed. The performance of the two 
reported metamaterial absorbers were investigated and 
compared versus the conventional rectangular SRR 
absorber/HIGP patch metamaterial absorber. The results 

confirm that both reported new developed metamaterial 
absorbers can introduce wider and multiple bands compared 
to conventional ones. The bandwidth for fan shaped SRR 
absorber has dual band with approximately 8% bandwidth, 
up to 8 times increase compared with conventional one. The 
modified HIGP absorber has almost 10% bandwidth which 
is almost doubled the conventional one. Also, both absorber 
absorbers can sustain their performance for both co 
polarized and cross polarized waves. 
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Abstract-This paper the frequency 
response of a plasmonic absorber is 
investigated using analytical techniques. 
Effect of thickness, permittivity, 
permeability and loss tangents of the 
plasmonic materials is studied using 
transmission line model for plane wave 
propagation.  

 
Introduction: 

 
The Metamerials have been widely investigated due to 

their wide range of applications in 
electromagnetic/microwaves, as it is possible to realize 
metamaterials having constitutive parameters not 
commonly  found  among  natural materials [1]. 

 
Plasmonic materials are materials with negative 

permittivity. Plasmonic materials for microwave range are 
usually metamaterials, as plasmonic behavior in natural 
materials is usually found only in visible and ultraviolet 
range [2,3]. 

 
Radar absorbers are traditionally realized through a 

layer of lossy dielectric or magnetic material [4-7]. The 
basic idea is to match the impedance of conducting 
surface covered with the absorber material to that of free 
space, so that any incoming wave would be completely 
absorbed[4-7]. 

 
Modeling the plane wave propagation as a 

transmission line[5], a conducting ground plane covered 
with a material can be considered as a short circuited 
transmission line. The impedance observed at 

material/free space interface is then given by[5] 
 

� �tanhi oZ Z lJ    (1a) 

jJ Z HP        (1b) 

oZ P
H

    (1c) 

where Zo is the characteristic impedance, Zi the total 
impedance observed at the material/air interface, l is the 
thickness of the layer, and gamma the propagation 
constant of the wave in the material. 

 
By using a lossy material it is possible to construct a 

radar absorber, by choosing the parameters of layer so that 
Zi become equal to free space impedance[5-7]. The same 
concept can be extended to plasmonic materials and 
plasmonic absorbers have been reported recently[8,9].  

 
Plasmonic metamaterial would usually consist of 

artificial resonant structures embedded in free space or a 
dielectric[2]. Permitivity of a plasmonic material is given 
be the following equation [2]. 
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 where fp is the plasma frequency, and alpha is loss 

coefficient of the plasmonic material(usually about 0.16 
for good conductors [3]), and İb is the permittivity of the 
background material in which the plasmonic structures are 
embedded.. Inserting equation (2) in (1a) would then give 



the impedance observed at the absorber layer. Reflection 
coefficient can then be given by[5]. 

i

i

Z
Z

K
K

�
*  

�
       (3) 

 
Analytical Results: 

 
Equations (1)-(3) were used to analyze the absorption 

characteristics of a plasmonic layer over a PEC plane. 
Plasma frequency of the plasma was assumed to be 
10GHz and thickness to be 10mm. The absorber was then 
analyzed for various values of alpha and permittivity of 
matrix(background material) . The results are shown in 
figures 1-3. 

 
 

 

Fig 1:  Power reflection coefficient for various 
values of permittivity, alpha 0.4, permeability 1, thickness 

10mm, plasma frequency 10GHz 
 
 

It can observed from the results that the absorption 
increases with increasing loss coefficient of the plasma. 
The optimum value of permittivity in this case is between 
2 and 3. This is the result expected form the theory as 
higher losses would result in higher level of absorption, 
and the transmission line theory predicts an optimum 

value for the permittivity of any matching circuit[5-7]. 
 
 

 
Fig 2:  Power reflection coefficient for various 

values of permittivity, alpha 0.6, permeability 1,   
thickness 10mm, plasma frequency 10GHz 

 
 

 
Fig 3:  Power reflection coefficient for various 

values of permittivity, alpha 1, permeability 1,  thickness 
10mm, plasma frequency 10GHz 

 



            

Another factor that determines the performance of an 
absorber is the permeability. In order to study the effect of 
permeability, the power reflection coefficient was 
computed for various values of permeability of the matrix 
material, with alpha 0.6, matrix permittivity 2 and 
thickness 10mm. The results are shown in Fig. 4 

 
 

 

 

Fig 4: Power reflection coefficient for various values 
of permeability, permittivity 2, alpha 0.6, thickness 10mm, 

plasma frequency 10GHz 
 

 
The result shows the optimum value of permeability 

to be 1. Another important parameter is the plasma 
frequency, as it determines the permittivity of a plasmonic 
material at a given frequency[2]. The power reflection 
coefficient was then computed for various plasma 
frequencies. The values for matrix permittivity, 
permeability, loss factor, and layer thickness were 2, 1, 
0.6, and 10mm respectively. The results are shown in 
Fig.5 

 
From the results it can be observed that the optimum 

value for the plasma frequency is 10-12GHz. 

 
Furthermore power reflection coefficient was also 

computed for various values of layer thickness. Results 
are shown in Fig 6. The absorption bandwidth increases 
with increasing plasmonic layer thickness, as is expected 
from the theoretical work done by Rosanov[10]. 

 

 
Fig 5: Power reflection coefficient for various values 

of plasma frequency, permittivity 2, permeability 1, alpha 
0.6, thickness 10mm. 

 

 

Fig 6: Power reflection coefficient for various values 
of plasma layer thickness, permittivity 2, alpha 0.6, 



permeability 1, plasma frequency 10GHz 
 
 

Conclusion: 
 
A simple analytical model for analysis was given 

based on transmission line model of plane wave 
propagation, and a simple model for plasmonic material 
permittivity. The model was then used to analyze the 
plasmonic absorber (i.e. layer of plasma over a conducting 
plane) for various plasma parameters. This simple model 
can be used to analyze absorbers based absorbers by first 
calculating exact or approximate values of the parameters 
used in equation (1)-(3). This model would be very useful 
for quick approximate analysis of complex plasmonic 
structures. 
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Abstract

This paper describes the realization of mechanically-
reconfigurable millimeter wave antennas printed on ultra
soft Polydimethylsiloxane (PDMS) elastomeric substrates.
The antennas are fabricated using a metal transfer pro-
cess from silicon wafer to the elastomer. The interest of
building antennas on ultra-soft substrate is to achieve me-
chanical reconfiguration of the antenna parameters. Three
mechanically-reconfigurable antennas are presented: two
are frequency agile antennas using two different actuation
means - the first one is pneumatically actuated, the second
one uses electromagnetic actuation and the third antenna
presented here is a beam steering antenna. The design and
fabrication process are detailed, and computed and mea-
sured performances are given for each antenna.

1. Introduction
The worldwide unlicensed 60 GHz-band is very attractive
for high speed data links such as multipoint wireless in-
door communications, automotive radars, target acquisition
systems or wireless sensor networks. Working in this fre-
quency range implies important free space loss but also the
possibility to use relatively small and highly directive an-
tennas compared to antennas at lower frequency.

For such applications, specific antenna features are
required, and in particular beam steering and frequency
agility. In order to attain this versatility, most usual strate-
gies rely on active components such as varactors [1], PIN
diodes [2, 3] or MEMS switches [4, 5]. Those solutions
tend to add complexity to the system and generally face
high cost and important losses as the operating frequency
increases. In this context, mechanically tunable antennas
represent a promising alternative solution.

We present here several kinds of mechanically-tunable
antennas which tuning methods are based on the deforma-
tion of the substrate itself. Flexibility of the substrate is
therefore a key property. The more flexible the substrate is,
the less energy it needs to be deformed. Other mechanical
properties also need to be considered, depending on the re-
quired integrity and durability of the system, in particular
fatigue resistance, given the great number of cycles the sys-
tem can be submitted to, and shear resistance, because the

substrate is generally used in the form of a thin film.
The electromagnetic properties of the substrate are also

critical, especially as frequency increases. In our substrate
choice, we focused on the essential parameters and targeted
a material with low Young modulus (E), low dielectric con-
stant and low loss tangent coefficient.

Many soft substrates have been used to create flexi-
ble antennas: Kapton (E = 5.5 GPa) [6], poly-ethylene-
terephthalate (PET) (E = 3 GPa) [7], benzocyclobutene
(BCB) (E = 2.9 GPa) or Liquid Crystal Polymer (LCP)
(E=2.5 GPa) [8]. Tiercelin, Coquet et al. have been the
first to propose an ultra soft material, Polydimethylsilox-
ane (PDMS) (E = 1.82 MPa) as a substrate suitable for ra-
diofrequency applications up to millimeter band [9, 10, 11].
Furthermore, PDMS is low cost, biocompatible, chemically
inert, transparent and compatible with numerous micro-
fabrication techniques.

Different research groups have then successfully used
PDMS in a wide range of RF devices such as integrated
conformal antennas [12], stretchable or frequency agile liq-
uid metal based antennas [13, 14, 15] or thin metallization
stretchable antennas [16]. All those devices are operating
below 10 GHz.

Using methods derived from the work of Tiercelin et al.,
we have developed a technique to transfer different kinds of
conductor (metal or alloy) on thin PDMS film. This method
was used to yield mechanically tunable antennas. In the
following sections will be presented three tunable radio-
frequency devices. The fabrication process is detailed, and
the resulting performances are shown.

2. Frequency agile antennas
As introduced before, one solution to take advantage of the
wide available spectrum around 60 GHz, consist in using
antenna whose resonant frequency can be tuned. We first
present the principle of the mechanical tuning of anten-
nas, then two prototypes with different actuation means are
shown.

2.1. Principle: Microstrip antenna over an air cavity

Microstrip antennas supported over an air cavity have first
been studied by Lee et al. in 1984 [17]. They are composed



Figure 1: Microstrip antenna suspended over an air cavity

of a radiating element supported by a dielectric over an air
gap and a ground plane at the bottom. As seen in Fig. 1,
such an antenna can be approximated by the same radiating
patch over an uniform substrate having a permittivity:
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Then, the patch effective permittivity can be calculated
for H < W , where W is the patch width, by:
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and the antenna resonant frequency is:

Fres =
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c0

2Le
p
"eff

◆
with Le = L+�L (3)

where c0 is the speed of light in vacuum, Le is the ef-
fective patch length and �L is the extension of the physical
length of the radiating element due to fringing effect.

�L can be approximated using the following equation:

�L

H
= 0, 412

("reff + 0, 3)(WH + 0, 264)

("reff � 0, 258)(WH + 0, 8)
(4)

From those equations, one can see that a variation of the
air gap height ha induces a frequency shift. Two opposite
effects are competing. For smaller values of ha, "req de-
creases, thus the resonance frequency Fres increases as ha

increases. For higher values of ha, the predominant effect
comes from the increase of �L and Fres decreases as ha

goes up. Therefore it is possible to shift the antenna reso-
nance frequency by changing the height of the air gap.

The advantages of using such a method to tune an an-
tenna resonance frequency are twofold: the frequency se-
lection can be continuous.

To implement this idea, the next step is to find a suit-
able actuation mean. A dimensional study can reveal some
criteria relevant to the actuator choice:

• The horizontal surface of a 60 GHz patch antenna
supported by a membrane is around 1 cm2. The ac-
tuation system should fit in the same dimensions.

Figure 2: Schematic view of the inflatable antenna

• The available bandwidth ranges from 5 GHz to
10 GHz depending on the region. To get a 8 GHz tun-
ability, the membrane vertical displacement should
be around 500 µm.

• To get a 0.1 GHz frequency precision, the spacial pre-
cision needs to be around 5 µm.

Two actuation systems potentially matching those crite-
ria have been used and two frequency agile antennas have
been designed and characterized.

2.2. Inflatable antenna

The first one is an inflatable antenna, represented Fig. 2,
where an airtight cavity is inflated or deflated via an air inlet
going through the ground plane. Inflating or deflating the
cavity changes the radiating patch height, thus shifting the
resonance frequency as explained before.

The radiating patch is fed by a microstrip line. This
microstrip line is printed over the bulk part of the PDMS as
well as over the membrane part. The effective permittivity
shifts at the bulk/membrane transition. In order to keep a
matched impedance and limit the losses a special transition
had been designed.

2.2.1. Fabrication process

One of the greatest challenges in the fabrication, common
to all devices presented here, is the metallization of PDMS.
Due to the high thermal expansion of the PDMS, direct met-
allization is generally hard to realize and give poor results,
especially for microwave applications, where high conduc-
tivity and thick metallization are required.

Here we use a metallization process based on an up-
side down approach, using a sacrificial layer. The process
(Fig. 3) is the following:

a) First a 100 nm molybdenum sacrificial layer is sput-
tered on a 3 inches silicon wafer.

b) Then a 40 nm gold seed layer is deposited by evapo-
ration and patterned by lift-off.

c) Using this seed layer a 1.5 µm gold layer is electro-
plated in a resin mold made by photolitography.

2



Figure 3: Inflatable antenna fabrication process

d) An adhesion layer is then deposited over the gold
layer and patterned again by lift off.

e) This adhesion layer ensures the bonding between
the gold conductor and a thin PDMS layer (20 µm)
which is spin coated over the structure.

f) On a separate wafer coated with C4F8 a thick
(180 µm) PDMS layer is spin-coated, cut as a frame
and pealed-off the wafer. This layer can then be
bonded over the structure: the PDMS has the prop-
erty to stick to himself by forming covalent bond
when activated by a O2 plasma. The edge of the
frame needs to be carefully aligned with the line tran-
sition described before.

g) The molybdenum sacrificial layer is etched by hydro-
gen peroxide releasing the structure.

h) Finally the device is placed on a copper ground plane
in which a hole has been drilled allowing the air flow
to inflate or deflate the formed cavity.

A final prototype is shown in Fig. 4.

Figure 4: Inflatable antenna under characterisation

2.2.2. Results

In the characterization process, the antenna is inflated or
deflated using an electronic syringe pump in order to con-

trol precisely the quantity of injected fluid. The air vol-
ume required to vary from a deflated position (H = 90 µm)
to the inflated position (H = 575 µm) is 55 µl. This vol-
ume is compatible with the integration of a microfluidic
pump [18].

The impedance measurements have been performed us-
ing an Anritsu Universal test fixture 3680V coupled to an
Agilent E8361A network analyzer with TRL calibration.
During this measurement the radiating patch height has
been measured using a microscope, first by focusing on the
patch, then using a high precision z-translation stage, fo-
cusing on the ground plane. This method is 5 micron-scale
precise.

The measured reflection coefficients are represented in
Fig. 5. Each curve presents two peaks: the first one is the
actual resonance frequency, the second one at a higher fre-
quency, is attributed to mechanical mismatches between the
test fixture and the feeding line or at the bulk/membrane
transition.

There is a 8.2% resonance frequency shift from
55.35 GHz for H = 200 µm to 51.0 GHz for H = 575 µm.
The -15 dB bandwidth is larger than 4.8 GHz in all inflated
cases.

Figure 5: Measured reflection coefficients for the inflat-
able antenna. Red : H = 90 µm, Blue : H = 200 µm,
Black : H = 450 µm, Pink : H = 575 µm

2.3. Iron-Platinum antenna

The second frequency agile antenna is based on the same
principle of a radiating patch suspended over an air cavity.
The difference is the actuation method. Instead of gold, the
radiating patch and feeding line are made of iron-platinum
alloy (Fe50Pt50, � = 10.106 S.m�1) which was annealed in
a hard magnetic phase and magneto-static actuation is used.

A schematic view of the antenna is represented in
Fig. 6:

2.3.1. Fabrication process

Another process has been developed to fabricate this an-
tenna. The major difficulty come from the fact that iron-

3



Figure 6: Iron-Platinum antenna principle

platinum needs to be annealed under secondary vacuum at
high temperature in order to crystallize in a hard magnetic
phase. The manufacturing process is represented in Fig. 7.

Figure 7: Iron-Platinum antenna fabrication process

a) As in the previous process, a 100 nm molybdenum
sacrificial layer is sputtered on a 3 inches silicon
wafer

b) Then a 1.2 µm FePt layer is sputtered between two
100 nm chromium layers. The chromium layers are
used as protection against diffusion and oxidation
that may occur during the annealing process.

c) The deposited metal is patterned by lift-off and
annealed at 750 �C under secondary vacuum for
30 min.

The rest of the process is similar to the one used to fab-
ricate inflatable antenna.

d) The same adhesion layer is deposited over the gold
layer and patterned by lift off

e) A thin PDMS layer (20 µm) is spin-coated over the
structure.

f) A thick PDMS layer cut as a frame is bonded over
the thin PDMS layer.

g) The molybdenum layer is etched by hydrogen perox-
ide releasing the structure.

h) The structure is transferred this time on an alumina
strate which has been metallized on one its bottom.

Fig 8 is a picture of the fabricated FePt antenna.

Figure 8: Picture of the iron-platinum antenna

2.3.2. Results

First experiments demonstrates the feasibility of this con-
cept even if the process needs to be enhanced, in partic-
ular regarding the mechanical resistance of the metalliza-
tion which tends to break due to stress mismatch between
the different layers. Nonetheless some preliminary char-
acterizations have been carried out with early prototypes.
The material and method previously exposed are used in
the same way. The measured reflection coefficients are rep-
resented in Fig 9.

The tunability is limited to 1.9 GHz from 56.6 GHz to
58.5 GHz. This result is quite far from the expected tun-
ability computed with the commercial code HFSS which is
29.8 GHz between 36 GHz for H = 170 µm and 65.8 GHz
for H = 500 µm. Due to the brittleness of Iron-Platinum al-
loy, new devices with a gold layer for a better conductivity
and strength are under investigation. Such an improvement
in the fabrication process should greatly improve the per-
formance of this antenna.

3. Mechanical beam steering antenna
The third device presented here is a patch array antenna
which can rotate thanks to PDMS torsion hinges. It is
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Figure 9: Reflection coefficients for the FePt antenna

shown that, the metallization process and the substrate soft-
ness and resistance also allow the fabrication of flexible in-
terconnects such as the one presented in Fig 10. Such a
flexible transmission line can be used to feed an antenna
and act as a torsion hinge allowing the radiating elements
to rotate and be directed toward any direction.

Figure 10: Twisted line on PDMS

3.1. Fabrication process

The fabrication process is similar to previous one. In order
to minimize losses and increase gain, the radiating patches
are also supported on a membrane . The major difference
is that the thick PDMS layer bonded in the sixth step of the
process represented in Fig 3 is metallized on its bottom.

Once the PDMS structure is fabricated and released, a
metallized silicon pad is bonded on the bottom of the an-
tenna using epoxy glue and silver lacquer to realise the
electrical continuity. The structure is then transfered on an
epoxy frame used as a support. This assembly process is
represented Fig 11.

3.2. Results

An antenna under characterisation is represented in Fig 12.
The most interesting feature of this antenna array is that

it exhibits a continuous beam steering. Its gain is constant
for steering angles over ±90 �, far beyond the state of the art

Figure 11: Final assembly of the antenna

Figure 12: Beam steering antenna under characterization

for conventional beam scanning antennas. The measured
reflection coefficients for different angles are represented
in Fig 13. These coefficients are practically constant for
angle ranging from -90 � to +100 �.

Figure 13: Measured reflection coefficients for the beam
steering antenna

4. Conclusions
Several antenna prototypes presented here demonstrate that
PDMS is a suitable substrate for millimeter wave devices.
The obtained results also demonstrate the interest of me-
chanical reconfiguration in this field where agility is a key

5



feature.
As explained above, PDMS easy handling coupled to

the metallization process enables the fabrication of a wide
range of devices composed of different metals or alloys.
This versatility associated with the PDMS extreme soft-
ness allow us to envision new millimeter-wave systems with
original actuation means.
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